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Abstract. We treat Killing-transversally symmetric spaces
(briefly, KTS-spaces), that is, Riemannian manifolds equipped with
a complete unit Killing vector field such that the reflections with
respect to the flow lines of that field can be extended to global
isometries. Such manifolds are homogeneous spaces equipped with a
naturally reductive homogeneous structure and they provide a rich
set of examples of reflection spaces. We prove that each simply
connected reducible KTS-space M is a Riemannian product of a
symmetric space M’ and a special kind of KTS-space M”, called a
contact KTS-space. Such a particular manifold M” is an
irreducible, odd-dimensional principal G'-bundle over a Hermitian
symmetric space. The main purpose of the paper is to give a
classification of this special class of manifolds M”.

1. Introduction

A Riemannian manifold (M,g) is said to be a locally Killing-transversally
symmetric space (briefly, a locally KTS-space) if it is equipped with a
Riemannian foliation whose leaves are generated by a unit Killing vector field &
and such that the local reflections with respect to these leaves are isometries. It is
said to be a globally KTS-space if £ is complete and if the local isometric
reflections can be extended to global ones. Several aspects of the geometry of
these spaces have been treated in [7]-[13] where a lot of examples are given.
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The motivation for the consideration of this class of Riemannian manifolds
stems from the study of two particular classes of manifolds. On the one hand,
these spaces form a subclass of the class of manifolds equipped with a
transversally symmetric Riemannian foliation [27], [28] and on the other hand,
they extend the class of (locally or globally) ¢-symmetric spaces. The latter ones
are considered in contact geometry [25], where they play a similar role as
the Hermitian symmetric spaces in Kahler geometry. Their classification is
treated in [3], [4], [15], [20]. (See also [6] for a survey, more details and further
references.)

It is worthwhile to note that the globally KTS-spaces provide a large class of
examples of reflection spaces. The latter ones were introduced and studied in
[21].

The main purpose of this paper is to discuss the classification of the (globally)
KTS-spaces. Such a space is necessarily a homogeneous space endowed with a
naturally reductive homogeneous structure (see Section 2). In Section 5 we prove
that a reducible simply connected KTS-space M is a Riemannian product of a
Riemannian symmetric space M’ and a KTS-space M” of a special type, namely
such that the dual one-form n of £ is a contact form on M”. Such spaces M”
are called contact KTS-spaces. They are always irreducible and odd-
dimensional. In Section 2 we show that KTS-spaces are principal G'-bundles
over a symmetric space. In Section 3 we prove that for a simply connected
contact KTS-space the base space of the fibration is always a Hermitian
symmetric space. This fact is used in Section 4 where we treat the construction
and the classification of the contact KTS-spaces in detail. Section 2 also contains

some preliminary material.

2. Locally and globally Killing-transversally symmetric spaces

Let (M, g) be an n-dimensional, smooth, connected Riemannian manifold with
n=>2. V denotes the Levi Civita connection and R the associated Riemannian

curvature tensor defined by
R,y = V[U,Vl S\

for all U,V € X(M), the Lie algebra of C~ vector fields on M.

Further, let & be a unit Killing vector field on (M,g) and ¥, the flow
generated by it. It is a Riemannian flow which is called an isometric flow [26].
The leaves of this Riemannian foliation are geodesics and moreover, a geodesic
which is orthogonal to the flow field & at one of its points is orthogonal to it at all
of its points. Such geodesics are called transversal (or horizontal) geodesics.
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Further, the foliation is locally a Riemannian submersion. So, let me (M, g) and
let U be a small open neighborhood of m such that £ is regular on U . Then the
map 7:U—> WU =AU/ is a submersion. Let g’ denote the metric on U defined

by

(X, Y)=g(X"*,Y*)
for X’,Y’eX(U’) where XY’ denote the horizontal lifts of X’, Y’ with
respect to the (n—1)-dimensional horizontal distribution of AU’ determined by the

one-form 1 on M given by
nW) =gWU,&),
U e X¥(M). Then the Levi Civita connection V’ of g’ is determined by
’ ’ I*
VY =mnV, Y,

XY eX(W).

Next, we may use the O’Neill tensors A and T to study the flow %é. See
for more detrails (and also [1], [24], [26]). In our case T = O since the leaves are
geodesics. For the integrability tensor A we have

AUg = VUé’ AﬁU - O,
AY =(V,Y) ==A,X, g(AY,E)=-g(A&,Y)

where U e X(M) and X,Y are horizontal vectors fields. v denotes the vertical
component. Further, put

HU =-A/¢
and define the (0, 2)-tensor field 4 by
h(U,V)=g(HU,V),

U,VeX(M). Since &is a Killing field, 4 is clearly skew-symmetric. Then we
obtain '

A Y =h(X,Y)E= %n([X, 1)’

for all horizontal fields X, Y. This yields
2.1) h=—dn.
Here we note that A = 0, or equivalently A = 0, if and only if the horizontal

distribution is integrable and in that case, since T = 0, (M,g) is locally a product
of an (n—1)-dimensional manifold and a line. Further, V and V’ are related by
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(2.2) Vi Y = (V43 Y)Y + h(X7*,Y)E.
Using the given formulas we obtain easily

LEMMA 2.1. We have
(Vh)(X,Y)=8((V,A),Y,8) =0,
R(X,Y,Z,8)=(V, h)X,Y),
R(X,E,Y,E)=g(HX,HY)=-g(H*X,Y)

for all horizontal X, Y, Z.

Since HE=0, it follows that the sectional curvature K(X,£)=0 for all
horizontal X if and only if A = 0. Moreover, K(X,£)>0 for all X if and only if H
has maximal rank n — 1 in which case n is necessarily odd. This is equivalent to
the statement that 7 is a contact form. A flow }?5 with this property is called a
contact flow and a flow %é such that R(X,Y,Z,£)=0 for all horizontal X, Y, Z is

said to be a normal flow [8], [12].
From we then obtain

PROPOSITION 2.1. Let 3’5 be an isometric flow on (M,g). Then §, is normal
if and only if
(V, H)V = g(HU,HV)é+n(V)H?U

forall U,VeX(M).

Further, for a normal flow the curvature tensor satisfies the identities
Ry &=n(V)HU-n(U)H*V,
R,V = g(HU,HV)§ +n(V)H U,

U,VeX(M). This and yield that the curvature tensors of V and V’ are
related by

(2.3) (Riy.Z')* =R, . 2" — g(HY™*,Z*)HX"*
+g(HX"*,Z"*)HY"* + 2g(HX"*,Y"*)HZ"*,

for all X",Y’,Z" e X(U’) [8].
Now, let H’ be the tensor field of type (1,1) on AU’ determined by

H’X'=m,(HX*), X’e X(U’). Then H’ is skew-symmetric with respect to g’
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and we have

(V. H)Y" = (Vi H)Y')* + g(HX™* HY"*)E.

Using this and [Proposition 2.1 we derive that 3’5 is normal if and only if V’H’ =0
(see also [8]) and then we have

(2.4) Ry + Ry, =0

for X", Y’ e X(U).
Next, let (M,g) be equipped with an isometric flow “&5 and define the tensor
field T of type (1,2) by

(2.5) T,V = g(HU,V)é+n(U)HV —n(V)HU

for all tangent U,V. (Note that this 7 is unrelated to the O’Neill tensor.) Then
we have T,U=0. Moreover, V =V -7 defines a metric connection which is
called the canonical connection of the isometric flow }?5 [8]. Its torsion K is
given by K =-2T and its geodesics are the same as those of V. A direct
computation shows that & and 1 are V -parallel. Further, &, is normal if and only
if VT =0 [8],[12] and in this case we have

(2.6) R, = Ry, +IT,,T,1-2T; , .

In what follows we define now the locally and globally Killing-transversally
symmetric spaces. Therefore, let m € M and let o be the flow line of & through it.
A local diffeomorphism s, of M defined in a neighborhood AU of m is said to be
the (local) reflection with respect to o if for every transversal geodesic ¥(s),
where Y(0) lies in the intersection of AU and o, we have

(s, 2 Y)8)=7(=5)

for all s with y(xs)€ U, s being the arc length of y. Then S, =s, (m) is given
by

S, =(-1+2n®&)(m)
and it is a linear isometry. Moreover, s, satisfies
s, = e€xp,,°S, oexp, .
First, we state
DEFINITION 2.1. A locally Killing-transversally symmetric space (briefly a

locally KTS-space) is a Riemannian manifold (M,g) equipped with an isometric
flow }}é such that the local reflection s, with respect to the flow line through it is
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a (local) isometry for all me M. In what follows we will denote (M,g,‘(\sﬂé) by

(M, 8,8).
For the locally KTS-spaces we have the following characterizations by using

the curvature tensor R and the canonical connection.

PROPOSITION 2.2 [8]. The following statements are equivalent for an
(M.8,6):

(i) (M,g,&) is alocally KTS-space;

(i) }\yg is normal and (V,R)(X,Y,X,Y)=0 for all horizontal X, Y;

(iii) VR=VH = 0 (or equivalently, VR =VH =0).

PROPOSITION 2.3 [10]. Let %5 be a contact flow on (M,g). Then (M,g,&) is
a locally KTS-space if and only if }?é is normal and

(V,R(X,HX,X,HX)=0

for all horizontal X.

PROPOSITION 2.4 [8]. Let }?5 be a normal flow on (M,g). Then (M,g,§) isa
locally KTS-space if and only if each base space AU’ of a local Riemannian
submersion w:U — WU =W/ & is a locally symmetric space.

Locally KTS-spaces are locally homogeneous spaces. More precisely, using
the theory of homogeneous structures studied in [29], we have

PROPOSITION 2.5 [8]. (M,g,&) is a locally KTS-space if and only if the
tensor field T defines a homogeneous structure on it.

Note that, because T,U =0, T determines then a naturally reductive structure

Secondly, we consider

DEFINITION 2.2. Let (M,g) be a Riemannian manifold and £ a nowhere
vanishing complete Killing vector field on M. Then (M,g,&) is said to be a
(globally) Killing-transversally symmetric space (briefly, a KTS-space) if and
only if each local reflection s, can be extended to a global isometry.

Note that this implies that & is a unit vector field.
Clearly, any KTS-space is a locally KTS-space. Further, we have
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THEOREM 2.1 [7]. A complete, connected, simply connected locally KTS-

space is a KTS-space.
From this we get at once

COROLLARY 2.1. Let M be the universal covering of a complete locally
KTS-space (M,g,E) and ¥ the covering map. Then (M,g =Y¥*g,&), where & is
the lift of &, is a KTS-space.

It is worthwhile to note here that the consideration of KTS-spaces was
motivated by the study of ¢-symmetric spaces. These spaces were introduced by
Takahashi [25] in Sasakian geometry where they may be considered as the
analogs of Hermitian symmetric spaces in Kihler geometry. These manifolds are
Sasakian spaces with a characteristic vector field & which generates a one-
parameter group of global isometries and such that the local reflections with
respect to the integral curves of this field & can be extended to global
automorphisms of the contact metric structure. Sasakian space forms are the most
simple examples but there are a lot more. (We refer to [2], [32], [31. [6].
for more information and further references.) Further, they provide examples of
KTS-spaces and moreover, if (M,g,&) is a ¢-symmetric space, then also
(M,cg,c&) is a KTS-space for any non-vanishing constant c. Conversely, it is
proved in that if (M,g,&) is a KTS-space with K(X,E)=c>#0 for all
horizontal X, then (M,c’g,c”'E) is equipped with a @-symmetric structure having
¢ '€ as characteristic vector field.

In the rest of the paper a lot of other examples will be given but we will now
describe some easy ones. First, it is clear that any Euclidean space is a KTS-
space by considering an arbitrary unit parallel vector field as Killing vector field.
Further, all odd-dimensional spheres S***'(r) are also KTS-spaces. To see this,

§***'(r) as a hypersphere in C**' and put £=JN where N is a unit

consider
normal vector field of the hypersphere and J the natural complex structure of

C"*'. (See for example [2].) In this context we have

PROPOSITION 2.6 [7]. Let (M.,g) be an irreducible simply connected
symmetric space and %g an isometric flow on it. Then (M,g,&) is a KTS-space if
and only if (M ,g) is isometric to an odd-dimensional sphere.

Next, using Definition 2.2 we obtain the following list of examples:
(i) (M, xM,,g,(£,0)) where (M,,g,5 is a KTS-space, (M,,g,) a
symmetric space and g the product metric. For (m,,m,) e M, XM, the reflection
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is given by
(pl’p?_)'_—) (silnl (pl )’Sli: (pz))

where s,'"I is the reflection with respect to the flow line of & through m, on M,
and 53:2 is the geodesic symmetry with center m, on M,;
(ii) (M xR,g,(£,0)) and (M xS',g,(&,0)) where (M,g,$) is a KTS-space;

(iii)(MxR,g,(O,%)) and (M xS',5,(0,&)) where (M,g) is a symmetric

and £ a unit tangent vector field on S'.
Now we shall focus our attention on the homogeneity of the KTS-spaces. Let

A(M) denote the group of all isometries of (M,g,&) leaving & invariant, that is,
the automorphisms of the KTS-space (M, g,€). It is a closed subgroup of the full

isometry group 3(M,g) and hence a Lie group. Since the reflections s, preserve
&forall me M, s, € A(M). Further, let G' be the one-parameter group of global
transformations y, generated by the vector field £&. Then G' is a Lie subgroup of

A(M) which belongs to its center. We have

THEOREM 2.2. If (M,g,&) is a KTS-space, then A(M) acts transitively on
M.

PROOF. Since the group of isometries generated by all global reflections
with respect to the flow lines and also G' belong to A(M), the proof is essentially
the same as that given in [8] for the local version. I

Using [Proposition 2.5 and the note following it, we have

THEOREM 2.3. A simply connected KTS-space is a naturally reductive

homogeneous space.

Since M is connected, the identity component G = A, (M) of A(M) acts
transitively on M too and M can be identified with the coset manifold G/K, where
K is the isotropy subgroup of G at some point o € M, under the diffeomorphism
gK — g(o), geG. Let (G, 7) be the universal covering of G. Then G is a Lie
group and #:G — G is a Lie group homomorphism. Denote by K the identity
component of #'(K). Then G/K is simply connected. The map
¥:G/K — G/K given by W(gK)=#(g)K is differentiable and onto. If on G/K
we consider the metric tensor ¥ * g, then ¥ is a local isometry and (G/R,¥) is
a covering of M (see, for example, [14, p. 74]). So, M=G/K and from

Corollary 2.1 we get that (M = G/I?,g,f) is a KTS-space. Note that, since 7. is
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an isomorphism, K coincides with the connected subgroup of G associated with
the Lie algebra f of K.

The orbit space M’=M/E of a KTS-space (M,g,&) admits a unique
structure of a differentiable manifold such that the natural projection n: M — M’
is a submersion. In fact, M’ may be identified in a natural way with the coset
space G/K-G' and G/K - G/K-G' is a submersion. Note that & is a regular
vector field.

The Lie group G' is isomorphic to either the circle group S§' or to R
depending on whether the leaves are compact or not. Here we identify S' with
the set {€*™,te R}. If G' is a circle and [ is the length of the integral curves of &,
then S' acts freely on M on the right by

2.7) moe’™ =y, (m)

for each me M. If G' isisomorphic to R, we identify the action of r€ R on M
with that of y, €e G'. In both cases M is a principal fibre bundle over M’ with
structural group G'. The corresponding fundamental vector field ¢ generated by
d/dt for G' = §' is given by

2.8) somy=L (o™= IE,

t r=0
and in that case /™'n defines a connection form on M. For G' =R, ¢=¢ and then
7 is a connection form. Moreover, in the first case, using and the fact that

S' is Abelian, the usual structure equation is reduced to

_Llap=_1
Q—ldn lh

where Q is the curvature form. Now, let A’ be the (0,2)-tensor field on M’ given
by

hI(X/’ YI) —_ gl(HIXI’ YI)
for all X", Y’eX(M’). Then h=nm*(h’) and the characteristic class eM,(M)e
H*(M’,Z) of M over M’ (see [17]) satisfies

(2.9) e, (M) = [—%h’] .

In what follows we shall consider the KTS-space (M,g,&) as a principal bundle
over M’ =M /& with the description given above.
We have

THEOREM 2.4. Let (M,g,E) be a KTS-space. Then the base space (M’,g’)
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is a symmetric space. The geodesic symmetry s/, at m’=m(m), me M, satisfies

(2.10) Sy oM=T]os,

m’

PROOF. is a consistent definition of s/,, m’ € M’ and we derive
(sp )u(m’)y=—1

from it on T,.M’. Further, since

(2.11) 5, X% = (50, X)*

nm*

where X’ € X(M’), we see that s/, is an isometry with respect to g’. So the
required result follows. a

We finish this section with a uniqueness result for KTS-spaces which will be

used later.

PROPOSITION 2.7. Let (M,,g,,§,) and (M,,g,,E,) be simply connected KTS-
spaces over a symmetric space (M’,g’) which have the same field H’ on M’.
Then there exists an isometry f:(M,,g,)— (M,,g,) such that f.& —§&,.

PROOF. Let o0, € M, and o0, € M, be such that 7, (o,)=nr,(0,). since =m, and
7, are Riemannian submersions, the endomorphism L:T, M, — T, M, defined by

LX * = ijz* s L&lnl = 5202

0

where X’eT, , ,M’,is an isometry and moreover

(o))

(2.12) LoH =H,oL.
Using the homogeneous structures 7, and 7, defined as in [(2.5), we obtain

LT, V=T,,LV
and hence,
LK, (U,V)=K,(LU,LV)
where U,VeT, M, and K, (respectively K,) is the torsion of the canonical
connection V, (respectively V,).
Further, [(2.12) and [(2.3)| yield
LR, ,yW = Ry v LW

and hence, with [2.6):
LR, W = Ry LW.

Moreover, applying Proposition 2.2, we have VK, =V,K, =V R =V,R,=0. So
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there exists a unique affine isomorphism f of M, onto M, such that f*o| =L [18].

In addition, since V, and V, are metric and L is an isometry, f is an isometry.
Finally, since & and &, are Killing vector fields, we obtain f,& =&, which

completes the proof. W

3. Contact KTS-spaces

Let (M, g) be a Riemannian manifold equipped with a contact flow E?’é. From
now on we will consider contact KTS-spaces.
First we have

PROPOSITION 3.1 [13]. Let ?{*5 be a normal contact flow on a simply
connected, complete Riemannian manifold (M,g). Then (M,g,&) is a (contact)
KTS-space if and only if it is a naturally reductive homogeneous space with
invariant unit vector field &.

Further, using [31, Proposition 6.10], we get

PROPOSITION 3.2. A contact KTS-space M is an irreducible Riemannian
manifold and its homogeneous holonomy group coincides with the group SO(n) of
all isometries (n = dim M).

Next, we consider the symmetric base space (M’=M/&,g’) of a contact
KTS-space (M,g,&). Let A(M’) denote the group of all its H’-preserving
isometries. Since it is a closed subgroup of J(M’), it is a Lie transformation
group of M’. Since the reflections are H-preserving it follows, using (2.11), that
H’ is invariant under the geodesic symmetries of M’. Hence A(M’) contains all
the symmetries and so, it acts transitively on M’. Moreover, 3 (M’) is semi-
simple if and only if A (M’) is semi-simple and in this case A ,(M’)=3 (M’)
(see [14, proof of Lemma 4.3, Chapter VIII]). For a more detailed study we start
with the case of an irreducible M’. We have

THEOREM 3.1. Let (M,g,&) be a contact KTS-space such that the base
space (M’,g’) is an irreducible symmetric space. Then the sectional curvature
K(X,E), X horizontal, is a non-vanishing constant k=c*>0. Moreover,
(M,czg,c—lH,c"lé,cr]) is a @-symmetric space over the Hermitian symmetric
space (M’,c*g’,c'H’).
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PROOF. M’ may be represented as G/K where G=3,(M’) is semi-simple
and acts effectively on M’, and K is compact [14, Theorem 4.1, Chapter V]. Let
q=f®m be the canonical decomposition of the Lie algebra g of G. Under the
identification of m with T, M’, o’ being the coset K, H’, defines a linear
endomorphism of nt which we extend to g by H,.X =0 for X € f. We shall prove
that H’, is a derivation of g, that is,

H’.[X,Y1=[H.X,Y]+[X, H.Y),

X,Y eq. First, this identity is trivial for X,Yef. For Xef and Yem it is
satisfied since H’ is Ad(K)-invariant. Finally, let X,Yem. Since R}, =
—ad, ([X,Y]), (2.4) yields

ad

n

[H.X,Y1+ad,[X,HY]=0.

Now, using the fact that the representation f — ad, (f) is faithful, we get from
this:
[H.X,Y]+[X,H.Y]=0

and so, H/, is a derivation.

Now, since G is semi-simple, every derivation of g is inner [5, Corollaire 3,
p. 73]. So there is an element Z €@ such that H/ =ad(Z)). As H/) is of
maximal rank n—1=dimM’, Z et and consequently, Z is in the center of f.
Now, using [18, Proposition 7.5, Chapter XI] we get that g is simple and applying
[18, Theorem 9.6, Chapter XI] M’ admits an invariant Hermitian structure. From
[14, Proposition 6.2, Chapter VIII] the center Z(K) of K is one-dimensional and
analytically isomorphic to the circle group. The complex structure J, on m can

be expressed as J,, =ad

nt

(Z,) where Z, belongs to the center of f. Then, there
exists a non-vanishing constant ¢ such that Z =cZ, and so H) =cJ,.. Thus,
(M’,g’,c”'H’) is a Hermitian symmetric space. Then, using Lemma 2.1, we get
K(X,E)=c? for all horizontal X. The rest follows now by direct computation or
as in [8, Theorem 3.2] and so (M’,c*g,c'H,c™'E,cn) is a ¢-symmetric space. W

REMARK 3.1. Note that if in the situation of [Theorem 3.1, M fibers over M’

such that we have a principal S'-bundle and if ® denotes the Kihler form of
(M’,g’,J) (that is, ®(X’,Y") =g (JX",Y’), X', Y’ € X(M")), then the characteristic

class e,,.(M) coincides with the cohomology class [—%(D] where [ is the length of
the fibers.

Further we prove
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THEOREM 3.2. The base space (M’,g’) of a simply connected contact KTS-
space (M, g,&) is a (simply connected) Hermitian symmetric space. Moreover, if
M’ =M{xM!x---xM! is its de Rham decomposition and ¥ ,, i=0,---,r, are the
smooth distributions on M obtained by the horizontal lifts of the tangent vectors to
M, then, for each meM, X(m)=H ,(im)®H (m)®---®F (m) is an H-
invariant orthogonal decomposition of the horizontal subspace ¥ (m) and each
sectional curvature K(‘z}’fj,é), Jj=1---,r, is a positive constant.

PROOF. Let (M,g,&) be a simply connected contact KTS-space over a
symmetric space M’. From the existence of local sections of the submersion
m:M — M’ and from the fact that the fibers are connected one gets that M’ is
also simply connected. Let G=A, (M’) and let K denote the isotropy subgroup of
G at some point o’ of M’. If (G,'P) is the universal covering group of G and K
the identity component of ¥~ (K),then M’=G/K.

Next, let M’ =M/ x M/x---x M’ be the de Rham decomposition of M’ where
M§ is a Euclidean space and M{,---,M;] are irreducible symmetric spaces.
Further, G and K admit decompositions G=G,XG, x---XG, and K= K, x
K, x---x K, such that M/=G./K,, i=0,1,---,r. Consider also the compact and
non-compact factors M, and M’ of M’. Then M’'=M{xXM] XM, G=G,x
G, xG_,K=K,xK,xK_ and M,=G,/K,,M=G,/K,,M’"=G_/K_. Let
m, m,, m,, m_ denote the eigenspaces for the eigenvalue —1 of o, where o is
the automorphism of G given by o :g> s/.gs/.. As usual these eigenspaces may
be identified with tangent spaces to M’, M{, M/, M’ and m=m,®@m_ @ m_.

Since H’,:m —m is Ad(K)-invariant, it follows that m,, m_, m_ are
invariant under H’, (see proof of Proposition 4.4 in Chapter VIII of [14]). As
G, and G_ are semi-simple Lie groups and H’, is of maximal rank, it follows as
in the proof of Theorem 3.1, that there isa Z, € Z(f,) and a Z_e Z(f_) such that

H;,‘m+ =ad,, (Z,) and H;,'m_ =ad, (Z.). But, Z +Z =Z +---+Z  where
ij € Z(fj:), j=1,---,r,and this yields
H,, =H,, X ad,, (Z,)x---xad, (Z,).
So, each M/ =G,;/K; admits an invariant Hermitian structure J, and there
exist non-vanishing constants c,,---,c, such that
(3.1) ad, (Z;)=cJ;.

Then the linear operator on m, @ m_ given by

Lad, (z)x--xLad, (z)
Top : c r

r
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defines an almost complex structure on M X M’ . Hence, taking also into account
that the dimension of M/ is even, we have a Hermitian structure on M’. Lemma
2.1 yields that the sectional curvatures K(%¢,,&)=c;, j=1L--,r. B

4. Construction of contact KTS-spaces

In this section we will construct several classes of contact KTS-spaces which
will play a fundamental role in the classification.

4.1. Contact KTS-spaces over irreducible Hermitian
symmetric spaces

Let M’=G/K be an n’-dimensional irreducible Hermitian symmetric space
where G is a connected simple Lie group with trivial center and acting
effectively on M’, and K connected and compact. Let g=f@®m~ be the
canonical decomposition of the Lie algebra g. Since all G-invariant Riemannian
metrics on M’ coincide up to a constant factor, we assume that, under the
identification of m~ with 7,,M’, o’ being the coset K, the Riemannian metric on
M’ is given by BB . where B is the Killing form of g. < 0 if G is compact and
B> 0 if G is non-compact. The center of f is one-dimensional and there exists a
Z,e Z(f) such that J, = ad (Z,) defines the corresponding complex structure J
on M’. Since f is compact, we have f=H® RZ, where [ is the compact semi-
simple subalgebra [f,f]. Let H c K be the connected subgroup associated to fj.
Then H is also compact and M = G/H is a manifold with m=m" @RZ as
tangent space at the origin. Moreover, the canonical projection 7w:M — M’
defines a principal S'-bundle.

Using (see also [16], [25]), M = G/H is a globally ¢-symmetric space

and an invariant Sasakian structure on M is determined by the Ad(H)-invariant
tensors (g,.9,,5,,n,) on m where g, is the inner product JBB on m’,

g,(&,,&E,)=1 and by supposing that the decomposition m~ @ RZ, is orthogonal,
¢,=ad,(Z)), &, =—(1/2n’B)Z, and where 7, is the one-form on m such that

n,(E)=1, n,(m”)=0. Similarly, one can define, for each ceR-{0}, an
invariant Sasakian structure determined by the Ad(H)-invariant tensors ¢,,c ¢,

and the inner product (,) defined by c¢’BB on m~, (c7&,c?E)=1 and by
supposing that m” @ R,Z  is on orthogomal, decomposition. With this structure
M fibers again over M’ with Riemannian metric given by czﬂB"r. Now, from
[Theorem 3.1, we can construct KTS-structures on M which makes from 7 a
Riemannian submersion. More specifically, these structures are given by

1
4.1 =_
( ) [é« 2nlcﬁ Zu’ g(]
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where the inner product g, is defined as g, with g (£, )=1. Here, H/=cJ,
and the sectional curvature K(X,&)=c” for all horizontal X.

Let H and K be the connected subgroups of G, the universal covering of G,
associated to the Lie algebras f) and f, respectively. Then the universal covering
M of M may be written as G/H and M’ as G/K . In this case M is a principal
fiber bundle over M’ via the above construction with group K/ H. Note that H is
also compact since f) is compact and semi-simple. On M we get the

corresponding KTS-structures (g,,&.) (see [Corollary 2.1)).
So, using [Proposition 2.7 and Theorem 3.1 we obtain

THEOREM 4.1. Let (M’'=G/K, g’ =BB,J) be an n’-dimensional irreducible
Hermitian symmetric space. Then each simply connected KTS-space over
(M’,g’) is isomorphic to (M =G/ H,g.,E.) for some c e R—{0}.

When G is compact, then G is also compact [14, Theorem 6.9, p. 133]) and
so, :M — M’ is a principal S'-bundle. The length of the fibers on (M,gc,éc)
depends on c. In fact, if /. and /. are the lengths of the integral curves of EC and
5 in (M,g,) and (M,3..), respectively, then we have

l

(4.2) 7L_ =

¢

C

c’|

yields that the fundamental vector fields generated by d/dt and its
connection forms coincide up to sign for all non-zero ¢. Note that (M, g_c,é_c)
corresponds, in the additive group of all principal S'-bundles over M’, with the
inverse element of (A7I, gc,éf).

REMARK 4.1. To work with the characteristic class eM,(M) we shall fix
the scalar B’ <0 such that the corresponding Kéhler form ®&° satisfies
eM,(M)=[—-(1/2n')d>"]. From Remark 3.1 it then follows that the length of the
fibers of the simply connected ¢-symmetric space (M,g",@",é",ﬁ“) over
(M’,g’ = B°B) is precisely 2m. Moreover, using [(4.2)], the length /. of the fibers

of the KTS-space (M, gc,éc) satisfies
2ncf

l‘, =175 |-
l B

Now, let G, be the cyclic subgroup of S' of order n. Then the quotient space

M /G, is a principal S'-bundle over M’ (see [17, p. 37]) and it is a KTS-space

with the natural structure that (g.,£. ) induces on M/G,. We will use the same

notation for this induced structure. It follows from [17, Theorem 11] that all
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principal fiber bundles over M’ with structural group S' are of the form M/G" ,
neZ. Using the isomorphism between the additive group of all principal §'-
bundles over M’ and the second cohomology group H’(M’,Z) of M’ with
integer coefficients, it follows that e,.(M/G,)=ne,.(M). From Remark 3.1 it
follows that the length of the integral curves of Ec. on (M/G,,8.) is I./n where
[. denotes the corresponding length on (M,2.). The fundamental vector field
G, on M/G, satisfies ¢, = (1/n)g where ¢ is that on M.

Finally, we consider the case of a Hermitian symmetric space M’ of non-
compact type. Then M fibers over M’ defining a principal R'-bundle (see [15,
Section I1.5.2]). Now, let Z[/] denote the subgroup of R generated by an element
leR, 1>0. If | > 0, then M/Z[I] is a principal S'-bundle over M’ and
(gy,&.), c € R—- {0}, again defines on M/Z[l] a class of KTS-structures. In this
case, the length of the fibers on (M/Z[l],g(,,éc) is independent of ¢, more
precisely it is equal to /. However, from [(2.8), and Remark 3.1 we find that
the fundamental vector field ¢ and the characteristic class eM,(M/Z[l]) are given
by ¢=1& and e,,.(M/Z[l])=[~(c/D®P].

4.2. Contact KTS-spaces over Hermitian symmetric spaces
of compact type

Let M/, =G/K be a Hermitian symmetric space of compact type and
M’ =M/!x---x M’ its de Rham decomposition into irreducible factors. Then
M!=G,/K,, i=1,--,r, where each G, is a connected, compact, simple Lie group
with trivial center. The Riemannian metric on M, is of the form
<,>=f,B,L---1B,B where B, is the Killing form of G, and B, <0. From
we get that the simply connected contact KTS-spaces over each M;
are given by M,:c”;,./ﬁ,.,g(,i,&_l ), ¢c; € R—{0}, where g_ denotes the unique
invariant metric determined by (f3;B; and 5(.,,) following the construction given in
Section 4.1. We identify these principal S'-bundles with the product manifolds
M x---x M, x---x M/ as principal S'-bundles over M/. From (17, Theorem 11],
since M, =G/K and K is compact, {M,, i=1,---,r} generate the group of all
principal S'-bundles over M, or equivalently, the set of their characteristic
classes {e,, (M,), i=1,---,r} generates H*(M,Z).

Let (M_,g,&) be a KTS-space which fibers over M,. If M, is a principal
R'-bundle, then, for each >0, M, /Z[l] is a principal S'-bundle and so, we may

suppose that (up to a covering) M, is a principal circle bundle over M. Let |
denote the length of its fibers. Then there exist integers n,,---,n, such that
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(4.3) ey, (M,) =S ne, (M,).
i=1

Now, from Remark 4.1 we have

eM,.f<M,->=[—lipi“h;]=[——1—p:"<b:'}

., 2r

i=1,---,r, where p, denotes the projection of M/ onto M. So, using
3.2, we get

ey, (M,) = [—%h’]= I:—%Zcipi*d)‘.il = %2 27c, B,
=1 -

B’
i=1 i

eM,_,(Mi)

and hence, by comparing this with [(4.3), we obtain

In. B’
44 o=t
(4.4) ¢ 2B,

Taking into account Remark 4.1 this may also be written as

4.5) c =£;1—i,

il

where [, denotes the length of the fibers of the ¢@-symmetric space
(M,'s g," (b,‘, 5,-» ﬁ,) over (M,” ﬁ,’Bi) . From m and we get that
K(¥,,&)=c? for each ie{l,--,r} and so

in 2
K(%,,é):(j}) :
Moreover, the (1, 1)-tensor H’ on M/ satisfies

_l_r_zl_ In

(4.6) H’ lJlx-»-x—’J.
1

L7

Now, suppose that M, is a principal circle bundle over M; with
characteristic class ey, (M,)=3%1, n,eMl_,(IVI,.). Then, for each />0, M, carries a
KTS-structure (g,,&) over M, where the length of its integral curves is

precisely [. In fact, from [17, Theorem 5 and Theorem 11] M, may be written as
M,=(M,/G, x--xM, /G, )/ T

where 7' denotes the (r—1)-dimensional torus and the action of T’ on
M,/G, x--xM,/G, is defined by

(4.7) (my,---,m, )(8y,",5,) =(mlflsi,mzs;‘,~--,m,s;‘).
' i=2
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Let p:/\7l,/G,,I x---xM,/G", — M, be the canonical projection and put
[(m,,---,m )= p(m,,---,m,). Then the action of S' on M, is given by

[(m,---,m)ls =[{(ms,---,m )] =---=[(m, - ,mzs)]

and the projection m:M,_ — M; is defined by mep=m x---xm, where =,
i=1,---,r is the projection of M, /G, onto M;.So, the fundamental vector field ¢
generated by d/dt on M, is determined by ¢=p,g; for any i€{l,---,r}, where g,

denotes the fundamental vector field on M,/G,,,. From (2.8) we have

¢, = (L /n,)E and so,
L
C.’_n—ip*gj-

Now, put & =(1/1)c, I being an arbitrary positive real number. Then, by choosing
c; asin(4.5)for 1 =i =<r, we get

(4.8) &= ‘Cl—p*éi-
Each one-form (n;/l)7), is a connection form on M,/G, and hence, (1/0)n,,
where 7, is the unique differential form on M, such that

p*M, =i, XX, 1,

defines a connection form on M, (see [17]). yields 71,(§)=1. Moreover,
for X’ e X(M!) we have

X’* = p*((pl*X,)*s'"’(pr*X’)*)'

Now, we denote by g, the unique Riemannian metric on M, such that
g(&,E)=1, & is orthogonal to kern, and 7 : M, —» M, becomes a Riemannian
submersion. Then & is a unit Killing vector field on (M,,g,) and the length of its
integral curves is precisely /.

For each m=[(m,,---,m,)le M, there is a unique function s,:M,6 —> M,
satisfying

sm<>p=po(s,',,I X+ XS, )
where s, denotes the reflection of M,./Gni at m,. It then follows easily that s,

is the reflection at m and hence (M,,g,,&,) is a contact KTS-space.
Thus, using [Proposition 2.7 and [(4.4), (4.6) we may conclude

THEOREM 4.2. Let M. be a Hermitian symmetric space of compact type
and M, =M/x---x M’ its de Rham decomposition. Then each simply connected
contact KTS-space over M. is isomorphic, for some | > 0 and non-vanishing
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integers n,,---,n,, to (M,,§,,E) where

M,=(M;IG, x---xM, G, )T

The sectional curvature K(%,,S,) on M_, i=1,---,r (where ¥ is defined as in
Theorem 3.2) is constant and satisfies

l Bo 2

E n;P;

K(%fﬂ—(m) ,

where [3 is the negative scalar such that the corresponding Kdihler form ®! on

’ . YR | P
M; verifies ey, (M) —[——2—”<D,.].

REMARK 4.2. gives the existence of contact KTS-spaces over
an arbitrary Hermitian symmetric space of compact type. However, for ¢-
symmetric spaces such existence is subjected to certain restrictions on the metrics
of the base spaces (see [15, Theorem A]).

Let M!=G/K be an irreducible Hermitian symmetric space of compact
type. On M/ we consider the Riemannian metrics g, and g, determined by
B,B and B,B, respectively, where B is the Killing form of the Lie algebra g of
G. If B,/p, is an irrational number, then it follows from [15, Proposition III.2]
or directly from that there do not exist any ¢-symmetric space which fibers
over the product symmetric space (M,g,)xX(M/,g,).

We also have that for B, # B, the quotient space

(M, xM,)/S'

is a contact KTS-space but it does not admit a structure of a ¢-symmetric space

over M, x M. (see [13]).

4.3. Contact KTS-spaces over Hermitian symmetric spaces
of non-compact and of Euclidean type
Let M’ be a Hermitian symmetric space of non-compact type and
M’ = M!x---x M/ its de Rham decomposition. In a similar way as in Section 4.2
we get the coset space

M’ =(M!x--xM’)/R"™

as a simply connected principal R'-bundle over M’ where the action of R™™ on
M, x---x M, is defined by
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(m,,---,m,)(tz,---,t,)=(m, it,.,mz(—tz),---,m,(—t,)).
i=2

Note that this action, just as that given by [(4.7), depends on the KTS-structure
(g(_,,éjfl) on 1171i. The fundamental vector field ¢ generated by d/dt on M_ is

determined by
gzp*gc,‘
for any ie€{l,---,r} where p denotes the canonical projection p:Mlx

XM, > M_.We put £ = . Again, we define the connection form n on M_ as
the unique differential form on M_ such that

p*77 = fl(‘, X oo X ﬁ‘ .

If g denotes the Riemannian metric on M_ constructed as in Section 4.2, we get
that (M_,g,&) is a KTS-space. From [2.1) it follows that the corresponding (0,2)-
tensor & is determined by

p*h=h, x---xh

and consequently, for the (1,1)-tensor H” on M’ we get

(4.9) H =cJ, x-xc,J..

Thus, from [Proposition 2.7 and [Theorem 3.2 we have

THEOREM 4.3. Let M’ be a Hermitian symmetric space of non-compact type
with the de Rham decomposition M’ = M, x---x M. Then each simply connected
contact KTS-space over M’ is isomorphic to

(M_=(M,x---xM,)IR",g,&)

where the KTS-structures (g,£) defined as above depend on the r real parameters

Cl’”"C .

r

From it follows that for each / > 0 the characteristic class of the principal
S'-bundle M_/Z[l] over M’ satisfies
ey, (M_1Z[1)=Y e, (M, ] Z[I]).
=2
Next, let H(p,1), p=1, be the connected, simply connected nilpotent Lie

group of (real) matrices of the form
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p+l p+2

1 a - a aj

0o 1 - 0 a*
A=|: = T Col

0 0 - 1 a%y

0 0 - 0 1

that is, the (2p+1)-dimensional Heisenberg group. Denote by y,,y,..2, 1Sk<p,
the coordinate functions on H(p,1) defined by

yAW=a" , y,  (A=alll ., 2(A)=al"

for any A€ H(p,1). Then we have

THEOREM 4.4, The simply connected contact KTS-spaces over the
Euclidean space E*" are isomorphic to (H(p,1),8,..4 > E=0/0z7) where
2
&1
(4.10) 8rn, = ;{Z((dyk ) +(dy,.) )} + (dz - .Z‘ y,dypH]
= <I<p
and A,---, A, are positive real parameters.

PROOF. It follows from [Proposition 2.7 that the different simply connected

KTS-spaces over a given symmetric space M’ are related to the possible parallel
skew-symmetric tensor fields H’ on M’ where as mentioned before H’X’=

ﬂ*(HX’*). On E*” we can choose a coordinate system (x,,'--,x,,) such that H’
is defined by
d d d d
4.11 H’ = , H’ =—U, =
( ) axk ‘uk &x,ﬁk &xp+k ¢ axk
where u,,---, 14, are positive real numbers.

Then, using [8], it follows that (H(p,l),gllmlp,é:a/az) is a KTS-space.
With the projection 7 : H(p,1) — E*” given by

t oo 1o 1
(yl,.”,yzp’Z)H[?/_ﬂ,—Tyl’ ’\/prp’\/’):ypﬂ’ ’\/prZp}

H(p,1) is a principal R'-bundle which is a Riemannian submersion and the
corresponding tensor field H’ on E*” coincides with that given in putting
=12, k=1,-,p. |
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The characteristic class of the principal S'-bundle H(p, 1)/ Z[l] over E*" is
given, in terms of the coordinate system (x,"--,x,,) on E*’ by

e,., (H(p,1)/Z[I]) = [—%ﬁlkdxk Adx,,, ]
) k=1

Finally, consider the Hermitian symmetric space M’=E’”xM’. Since
H(p,1) and M_ are principal R'-bundles over E*” and M’, respectively, the
manifold

N=(H(p,)xM_)/R

is a simply connected principal R'-bundle over M’ as in the non-compact case.
Following the notations as above, the (0,2)-tensor field »” on M’ is given by

w:(ﬁakdxk Ad.x,,+k)><c,d)| XX D,
k=1

Hence, using again [Proposition 2.7 we obtain that each simply connected contact
KTS-space over M’ is isomorphic to (N,g,£) where the family of KTS-structures
(g.6) now depends on the p + r parameters 4,,---,4 ,¢,,",c,.

4.4 Contact KTS-spaces over a Hermitian symmetric space

Let M’=E?” xM’x M’ be a simply connected Hermitian symmetric space
where E?”, M’ and M’ are, respectively, of Euclidean, non-compact and
compact type. Let M’ =M!x---xM; and M =M, X---xM] be the decompo-
sitions into irreducible Hermitian symmetric spaces of M’ and M. Consider
also the contact KTS-space (M,,g,,&) over M, where M, is the following

quotient manifold (see Theorem 4.2):
M, =M, /G, x--xM/G, )T

g+l
and where / > O is the length of the fibers. The coset space N/Z[l] where
N =(H(p,1)XM_)/R is also a principal S'-bundle with the same length ! for its
fibers. Then for each / > 0 we construct non-isomorphic contact KTS-structures
on the manifold

M=(N/Z[l]xM,)/S"

considered as principal S'-bundles over M’ = E*”? x M’ x M".
Using the method given in Section 4.2, we may obtain KTS-structure (g,5)
such that the corresponding tensor field A’ of type (0,2) is given by

b= ( S Adx, Adx,,, ) x[e®, x Tc,,®,,,
k=l i=1 j

+J
i—1 q
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with

So we obtain, by [Proposition 2.7,

THEOREM 4.5. Let M’=E*” xM’ XM be a simply connected Hermitian
symmetric space and M’ =Mx---xM, and M]=M,  x---xM] the de Rham
decompositions of M’ and M’ respectively. Then each simply connected contact
KTS-space over M’ is isomorphic, for some | > 0 and some non-vanishing
integers n,,,,--*,n,, to (M,g,é) where

M=(N/Z[I]xM,)IS',
N=(H(p,)XM_)/R and M, =(M,,,/G,  x--xM, /G, )IT™"". The family of
KTS-structures (g,8) depends on the p + q parameters A,,---,4,,¢,,"",¢

q°

5. The de Rham decomposition for KTS-spaces

The main purpose of this final section is to prove

THEOREM 5.1. Let (M,g,6) be a simply connected KTS-space. Then (M,g)
is irreducible if and only if N is a contact form. In this case dim M =n is neces-
sarily odd. Further, if rankH = 2k < n — 1, then M is a direct product

(M,g)=(M’",g")x(M"”,8")

where (M’,g’,&) is an irreducible KTS-space of dimension 2k+1 and (M”,g”)
is a symmetric space.

To prove this result we shall need the following two lemmas. The first one is
the KTS-version of [Proposition 3.1 of for ¢-symmetric spaces and its proof
is similar. So we omit it. (See also [13]).

LEMMA 5.1. Let (M,g,&) be a simply connected KTS-space and let V be
the canonical connection of the isometric flow (&5. Then there is a coset
representation of M in the form M =G/ G, such that

(i) G is a connected Lie group with G < A(M);

(ii) there is an Ad(G,)-invariant decomposition g =g ,® m of the Lie algebra
g of G adapted to the naturally reductive homogeneous space (G/G,,g) for
which V is the canonical connection of the second kind.
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Next, we state

LEMMA 52 [19]. Let (M,g)=G/G, be a simply connected naturally
reductive space with an adapted canonical connection V. Suppose that the
tangent space V=T M at the origin admits an orthogonal decomposition
V=V, ®V, such that its torsion and curvature tensors satisfy

n.(K(X,Y)) = K(n,X,mY),
m(Ry2Z) = Eitan,YniZ’

fori=1,2andall X,Y,ZeV where m, and ©t, denote the canonical projections.
Then M is a direct product (M,g)=(M,,g)x(M,,g,) with dimM,=dimV,,
i=1,2. Here, the factors (M,,g,) are again naturally reductive.

Now, we are ready for the

PROOF OF THEOREM 5.1. From it follows that (M,g)=G/G, is
a naturally reductive homogeneous space with G-invariant vector field £ and the
canonical connection V of the flow E?é as canonical connection.

First, we suppose that the one-form 7 is not a contact form and hence, that
rank H =2k <n-1. We shall prove that (M, g) satisfies the conditions of [Lemmad
5.2. Since H is skew-symmetric V=T M admits an orthonormal basis
(X, X0 Xk > X1, 6, and there exist real numbers A,,---, 4, such that

H X, = X, , HX, = —l,X,,
HX,, , = A'kX2k , HX,, = "’lkxzk-w
H()X2k+l = T = H(an—l - = H()é() = 0

Now, put V, =span{X,, -, X,,,&,}, V, =span{X,,,,,-*-,X,,}. Since K =-2T and
with the expression for T given in Section 2, we get that K (X,,X,) and
I?,,(Xa,é,,), 1<a, b<2k, belongto V,. For 2k+1<h, I<n-1 we get

K, (X,.X)=K,(X,,X,)=K,(X,,§,)=0.
Hence,
ﬂi(K,(X, Y)) = I?O(ﬂ'ix,ﬂ'iY)

for all X,Y e V. Further, for 1<a,b,c <2k we get that on,,x,, X, €V,. Indeed, let
U eV, such that X, = H,U. Since R, , -K =0 we obtain
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R()X‘, X, XL'

0.

E}X‘,Xh I?()(U’ éo) = I-(—()(EX,,Xb U’ éo) = H{)I_QI)X“X,,U

N | —
|-

Moreover,

R-OX,-Xj (J=R()§(,Xin=0
for 1<i, j<n-1.Next, we show that R, x, =0 for 1<a<2k, 2k+1<h<n-1.

To see this, put X, = HU, U € V,. Then, using the second Bianchi identity for V,
we get

_lg _1z % _
R()X"X,, - 5 Rol?,, (UENX, — 5 {Rol?,,(x,, LU + Rol?,, (U.X;)E, } =0.

So,if 2k+1<[, m<n-1, we have R , X, €V,. All this then yields
7, (RyyZ) = Rﬂ,-Xn'iYﬂ:iZ'

Thus, from Lemma 5.2, we conclude that (M,g) is a direct product
(M’,g"Yyx(M”,g8”). Moreover, if R’ denotes the curvature tensor of (M’,g’), we
get

R(X,Y,X,E)=R(X,Y,X,6)=0
for all horizontal vector X,Y on M’. Moreover, n is a contact form on M’

because rank H =rank H,,, =2k =dim M’ —1. So, using [Proposition 3.1, we obtain
that (M’, g’,&) is a contact KTS-space. On the other hand, since

K (X,,X)=0, 2k+1<h, I<n-1,

we get that (M”,g”) is a symmetric space [19, (12)].
The converse follows at once from Proposition 3.2. n

COROLLARY 5.1. Let (M,g,6) be a simply connected KTS-space. Then we
have the following de Rham decomposition:

M=M,xM XXM XM,

where M, is a Euclidean space, M,,---,M, are irreducible symmetric spaces and
M,,, is a contact KTS-space. Moreover, M fibers over the symmetric space

M =MyxM XXM XM,

where M}, is the simply connected Hermitian symmetric space M, /€.
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