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COUNTABLE PRODUCT OF
FUNCTION SPACES HAVING
pP-FRECHET-URYSOHN LIKE PROPERTIES

By

Angel TAMARIZ-MASCARUA

Abstract. We exhibit in this article some classes of spaces for
which properties ¥ and ¥, are countable additive, and we prove that
for some type of spaces and ultrafilters p € w*,y is equivalent to Y,
We obtain: (1) If {X,},., is a sequence of metrizable locally
compact spaces with y, (pew®), then I1,,C,(X,) is a FU(p)-
space; (2) C,(X) is a Fréchet-Urysohn (resp., FU(p)) space iff
C,(F(X)) has the same property, where F(X) is the free topological
group generated by X; (3) For a locally compact metrizable and non
countable space X, C,(X) is a Fréchet-Urysohn (resp., FU(p))
space iff C,(L,(X)) is Fréchet-Urysohn (resp., FU(p)), where
L,(X) is the dual space of C,(X); (4) For every (V:ech-complete
space X and every pe o™ for which R does not have Yps Cr(X) is
Fréchet-Urysohn iff C,(X) is a FU(p)-space. Also we give some
results concerning P-points in @”* related with p-Fréchet-Urysohn
property and topological function spaces.

0. Introduction

In [GN], [G]. [Mc], [Py]l, the authors studied the properties needed in a
space X in order to have the Fréchet-Urysohn property in the space C,(X) of

continuous functions from X to the real line R considered with the pointwise
convergence topology. They gave conditions in X in terms of cover properties. In
[McN, ] the next general result was proved:
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THEOREM 0.1. Let X be a space and let A be a hereditarily closed, compact
network. Then the following are equivalent

(a) C,(X) is a Fréchet-Urysohn space;

(b) X satisfies property Ay .

In [GT,] and [GT,] the authors considered the more general concepts of
WFU(M)-spaces and SFU(M)-spaces where M c w* . They proved:

THEOREM 0.2. ([GT,]) Let X be a space and let @+ M < w™. The following
statements are equivalent

(a) C,(X) is a SFUM)-space (resp., WFU(M)-space);

(b) X has property Sy,, (resp., Wy,,).

It is also noted in these articles (see for example [ GT,,3.2.3]) that Fréchet-
Urysohn, WFU(M) and SFU(M) properties with @# M c ®w* are not finite
multiplicative, even in C,-spaces.

On the other hand, in the generalization of the Fréchet-Urysohn property in
terms of ultrafilters, in particular the concepts of p-Fréchet-Urysohn property,
arises a rich variety of properties that could be very different from the original as
we can appreciate in the following two theorems.

THEOREM 0.3. ([GN]) (a) If C,(X) is a Fréchet-Urysohn space, then X is
zero-dimensional.
(b) ([GN]) If C,(A) is Fréchet-Urysohn where ACR, then A is of strong

measure zero.
These results are in contrast to the following theorem.

THEOREM 0.4. ([GT,]) If X" is Lindeldf for every n<w and w(X)<2®, then
there is p € ™ such that C,(X) is an FU(p)-space.

In particular, C,(R) is an FU(p)-space for some pe @* and is far from being
a Fréchet-Urysohn space.

In this article we will analyze when the Fréchet-Urysohn like properties are
countable productive in function spaces Cya(X,Y) (Sections 4, 5 and 6). In
particular, as a main result, we prove that C,(X) is an FU(p)-space iff
I,.,C,(X") has the same property, obtaining some interesting Corollaries. On the
other hand, we will find some class & of ultrafilters p e ®® for which the FU(p)
property is very similar to that of Fréchet-Urysohn. Besides, we will show that
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for a (vfech-complete space X and pel, “C,(X) is Fréchet-Urysohn” is
equivalent to “ C,(X) is an FU(p)-space” (Section 7). In Section 3 we will study
some generalizations of Telgarsky’s games defined in [Te]. Also we will obtain
some generalizations of Theorems proved in [GT,],[GT,] and [McN,] (Section 2
and Theorems 5.10, and B.6]). In the last section we determine some conditions
for which a space X has a compactification kX with a Fréchet-Urysohn like
function space. We are going to consider all these problems in the general frame
of spaces C,,(X,Y) where d is a closed network of X and AU is a compatible
uniformity of the space Y.

1. Preliminaries

The letters X,Y,Z,--- will denote Tychonoff spaces. The set of natural
numbers and its Stone- Cech compactification will be denoted by @ and Bw
respectively, and @™* = Bw \  is the collection of the non-principal ultrafilters on
®.If f:0— Bw,then f:Pw— Bw will denote the Stone extension of f. If X is
a space and x€ X, N(x) will be the set of neighborhoods of x in X. H(X) or
simply ¥ is the set of compact subsets of X and &(X) or F will denote the set
of finite subsets of X, and, as usual, P(X) is the collection of subsets of X. For a
collection €={X, : A € A} of spaces, II,_, X, will be the free topological sum of
spaces in €.

The Rudin-Keisler (pre)-order in ®* is defined as follows: for
p.ge@*, p<p.q if there is f:w—® such that f:(q)—>p. If p<p q and
q <z D, then we say that p and g are RK-equivalent (in symbols, p=,,q). It is
not difficult to verify that p==,,q iff there is a permutation 0 of @ such that
6(q)=p. The type of pew™ is the set T(p) of all RK-equivalent ultrafilters of
p. Observe that the Rudin-Keisler pre-order in @™ is an order in {T(p): pe 0™} .

A collection o of closed subsets of a space X is a network if for every xe X
and every Ve N(x) thereis Ae o suchthat xeAcV.

If X and Y are two spaces, C(X,Y) is the collection of continuous functions
from X to Y, and for Ac X and BcY we set [A,B]={feC(X,Y): f(A) c B}.
When « is a network we can consider the topology 7, in C(X,Y) generated by
¢={[A,B]:Aed and BcY is open } as a sub-base. The pair (C(X,Y),7,) is
denoted by C,(X,Y), 74 is the pointwise convergence topology and C(X,Y) with
this topology is denoted by C,(X,Y). When &-J(X), then we obtain the
compact-open topology in C(X,Y) and we write C.(X.,Y). If & is a compact
network (every Aed is compact) on X, then C,(X,Y) is a Tychonoff space.
Observe also that for every network & on X, 7, =7, where % is the family of
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finite unions of elements of 4 ; this is why we will identify each network and the
collection of finite unions of its elements with the same symbol without explicit
mention.

When we consider a compatible uniformity U in Y and & is a network on
X, we can define a uniformity OCIL in C(X,Y) as follows: for each U €U and each
Aed we put l}(A) ={(f,8) e C(X,Y)XC(X,Y):(f(x),g(x))eU for every xe€A}.
We will denote by C,,(X,Y) the space of continuous functions from X to Y
endowed with the topology 7,, generated by the uniformity oY =
{UA):UeVY,aesd}. For feCX,Y),UeU and Aesd, UANSf)={geC(X,Y):
(g(x), f(x)e U for all x € A} is a canonical neighborhood of f in 7., .If Xed
we simply write C, (X,Y) instead of C,,(X,Y). By (Y,U) we will mean that ¥
is a space and AU is a compatible uniformity on Y.

For every network & we have that 7, c7,, and if & is a compact network
on X and U is a compatible uniformity of Y, then 7, c 7, . If, in addition, & is
hereditarily closed (every closed subset of an element of & belongs to &), then
Ty CTya-

The notion of a p-limit of a sequence in a space X for p e w™ was introduced
by Bernstein in [B]: For a sequence (x,),., in X, the point x€ X is a p-limit of
(x,),<e (in symbols, x=p-limx,) if for each Ve N(x), {n<w:x,€V}e p. This
definition suggests the following genealizations of the concepts of Fréchet-
Urysohn property.

DEFINITION 1.1. Let @# M c @™ and let X be a space.

(1) (Kocinac [Ko]) X is a WFU(M)-space if for every Ac X and xeclA,
there are pe M and a sequence (x,),., in A such that x = p-lim x,.

(2) (Kocinac (Ko]) X is a SFU(M)-space if for Ac X and xecl A, there is
a sequence (x,),., in A such that x=p-limx, forevery peM.

Observe that, for pew™ ,WFU({p})-space = SFU({p})-space; in this case,
we simply say FU(p)-space (this concept was discovered by Comfort and
Savchenko independently). We remark that for a space X we have: (a) X has
countable tightness if and only if X is a WFU(w*)—space; and (b) X is a
SFU(w™)-space if and only if X is Fréchet-Urysohn.

DEFINITION 1.2. A space Y is a strictly Fréchet-Urysohn space if for every
sequence (F),_, of subsets of Y and every ye(),_,cl,F,, there exists y, € F, for
each n<w, such that y=1limy,.
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2. p-Fréchet-Urysohn property in C, , -spaces

We say that a collection 6 c P(X) is an A-cover of X with < P(X) if for
every Ae A there is Ge€9 such that Ac G. If A is the set of finite subsets of
X, % is called an @W-cover.

DEFINITION 2.1. Let & and % be two networks on X and @ # M c 0™ .
(1) A space X satisfies property (A4,B)— Wy,, if for every open «-cover 4§

in G and there is pe M such that
X=R-1lim,G,

of X there is a sequence (G,)

n<w

where this last expression means that for each Be®B, {n<w:BcG,}ep.
(2) A space X satisfies property (A,RB)—Sy,, if for every open d-cover 4
of X there is a sequence (G,),_, in 9§ such that

x=%-1lim, G,

n<w

for every peM.

(3) A space X satisfies property («4,B)—y if X satisfies (&Q,QB)—Syw* or
equivalently, if for every open «-cover 9 there is a sequence (G,),., in 4 such
that X =%B—1limG, that is, every Be % belongs to G, for every n bigger than a
natural number.

(4) A space X satisfies property (d,B)—¢ if for every open «-cover 4 of
X we can find a countable %B-subcover of 4.

(5) For a space X and a network & on X, the least cardinal & for which
every open ${-cover of X has an s -subcover of cardinality O is denoted by
A L(X). We say that a space X is A-Lindeldf if AL(X) =X,.

(6) For a cardinal number ¥ and a network & on a space X we will say that
X is H-Ad-bounded if X is infinite and every subset of X of cardinality <¥ is
contained in some element of . A space X is H-bounded if X is H-dA-
bounded.

(7) Let A be a network on X. We say that X is «-hemicompact if there is a
countable collection %’ of & which is an #-cover. A space X is hemicompact
if X is ¥ -hemicompact.

If d=%B we only write ASy,,, Ay, de etc. and when A=RB is F or K
we simply write Sy, , Wy, , v, & and kSy,,, kWy,,, ky, ke respectively. If

M ={p} for some pea)*, then (A,%B)-7y, will be the equivalent properties
(&Q,%)—S}/{p] and (&Q,%)—Wy[p,. Observe that every sd-hemicompact space

satisfies Ay .
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The following summarizes some basic relations between the properties listed
in Definition 2.1. (The proof of (4) and (6) below are similar to those given for

Theorem 1.5 and Lemma 2.2 in [GT,] respectively; see also 2.3.3. (5) is a
consequence of (4)).

THEOREM 2.2. Let A, B, 6 and D be networks on X and let @ # M,N c o*.
Then,

(1) For peM (A, B)-y = (A, B)-Sy,, = (A, B)-7, = (A4, B)-Wy,,
=(A,B)-¢.

(2) If A is compact then, (A, B)—e = X has €.

(3) If A refines € and D refines B :
(A B)-y= (€,D)~7; (4, B)-Sy), = (€,D)—S7,; (A,B)-Wy, = (€,D)—
WYy, and (A, B)—€ = (6,D)—¢.

(4) Let p,qea)* with p<gcq, let f:0— @ be such that f(q)=p, and
suppose that X =R —1im G,. Then, X =B-1lim_F, where F, =G

g m m S(n)*

(5) If for every pe M there is qe N such that p<,, q, then
(A, B)-Wy,, = (A, B)- Wy, .

(6) Let pew* and let X be a space with #le. Then, X has (&Q,%)—yp iff for
every countable open sd-cover {B, :n<w} of X there is g e®” such that q<gcP
and X=%-1lim_B,.

REMARKS AND NOTATIONS 2.3. (1) Observe that if € and 9% are networks on
X and Z respectively, Fc X and f: X — Y is a continuous function from X onto
Y, then €, ={CNF:Ce€}, f(6)={cl f(C):CeB}, €"={C,x---xC,:C, €% and
n<w} and €xPD={CxD:Ce¥ and DeD} are networks on F, Y, X" and
X X Z respectively.

(2) If A is a network and X=&4—lim,, G, for some sequence (G,),., of
subsets of X, then X=U,_, G, for each Be p. In fact, for every x e X there is an
A € A containing x. Then, x € G, for every je Bln<w:AcCG,}.

(3) If X has Ay, and ¥=(G, :n<wj} is an open A -cover of X, then there is
q <k p such that X =d-1lim G, : In fact, there is a sequence (G, )

)jcw in G such
that X=&4—liml,G"I. Define f:w—® by f(j)=n; for each j<w, and take
q=f(p).

(4) Every second countable space X satisfies € for every compact network
A on X.

(5) In that which follows @ will denote one of the elements in the set of
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properties {Sy,,:D@# M c 0™ }U{Wy,, : @# M c w*}Ule}. In particular ©% may be
the property y .

THEOREM 2.4. Let A and B be two networks on X and suppose that X
satisfies (A,B)—1. Then,

(1) Fc X has (A, B,)—8 if F is closed.

) If F=U,, F,cX where F, is closed for every i<w, {F, :n<w) is a
Bi-cover and A refines R, then F has (A ., B,)-0.

(3) Y has (f(A),f(B)—-0 if f:X>Y a continuous function from X onto Y
and, either B is compact or Y is normal or fis closed.

(4) X’ has (A’ ,B)—0 for every j<w if A is a compact network on X.

PROOF. We will only prove the assertions in 2, 3 (assuming that Y is normal)
and 4 when ¥ =Sy, (D # M c®™), the rest of the proofs are analogous.

(2) We may suppose that F, c F, c---- If 4 is an open A, -cover of F, then
% is an open A, -cover of F, for every n<w. Because of (1), for each n<w
there is a countable %, -subcover 4§, of §. Since {F,:n<w} is a B,-cover,
U<, 9, is a countable 3B, -subcover of 4. That means that F has (4, ,B)—¢€,
and hence we can suppose, without loss of generality, that % is countable:
%={G,:n<w}. The collection U={U,=G,U(X\F,)):n<w} is an open -
cover of X, so there is a sequence (U, ), in U such that X=%B-1im U, for all
pe€ M . Therefore, again using the fact that the set of F’s is a $B.-cover, we
obtain that F =%, —lim,G, forevery peM.

(3) Let 9 be an open f(sf)-cover of Y. For each A€ H, there exists G, €9
such that cl f(A)c G, . Since Y is normal. We can find for each Ae  an open
subset H, of Y satisfying clf(A)cH,cclH,cG,. The collection
H={H,:Ae s} is an open f(s)-cover of Y. Thus, F={f"'(H): He ¥} is an
open A-cover of X. So, there exists a sequence (A;),y in & for which
Xz%—limpf"(HAi) for every pe M. Therefore, Y= f(®)—1lim,G, for every
peM. ‘ .

(4) Let %G be an open d’-cover of X’. For each Aed thereisa Ge% such
that A’ cG. Since A is compact, there is an open subset U, for which
A’ c(U,Y cG.The family 9’ ={(U,) : Ae s} is an open 4’ -cover of X’ that
refines 4 (we are assuming that & is closed under finite unions). Since X has
(A,%B)-Sy,,, there is a sequence (A,) in & such that X=%-1lim U, for
every peM. Since 9B is closed under finite unions we obtain that
X' =@ ~lim (U, ). |

Jj<w

n<w
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For a network & on X, a compatible uniformity U in Y, a sequence (f,),.,
in C(X,Y), a function feC(X,Y) and a p e w™ the symbols: (4, U)~lim , f, = f,
(A, W) limf,=f, A-lim, f,=f and A-limf, =f mean that (f,),, p-
converge (resp., converge) in Cyq(X,Y) (resp., C (X,Y)).

The least cardinality of a base for a uniformity 9 is called the weight of U

and is denoted by w(U).
In the next result we obtain some relations between the tightness of

C,y(X.,Y) and C,(X,Y) and the s{-Lindelof degree of X. Its proof can be
achieved by using similar ideas to those developed in the proof of Theorem 4.7.1
in [McN,].

THEOREM 2.5. Let A be a network in a space X, and let U be a compatible
uniformity in a space Y. Then,

(1) ALX)<min{t (C, (X,Y)), t(C,, (X,Y)} if A is compact and Y contains
a non trivial path;

(2) t(Cuq (X, V)SALX)-w (W);

3) (G (X, Y)SAL(X) min{&(y,Y):yeY} if C,(X,Y) is homogeneous
where X(y,Y) is the character of yin Y.

As a consequence of the previous result we have:

THEOREM 2.6. Let A be a compact network in a space X and let Y be a
space with a non-trivial path having W as a compatible uniformity. Then,

(1) If Y is metrizable then, X has A€ < C,,(X,Y) has countable tightness;

(2) If C,(X,Y) is homogeneous and Y is first countable, then X has
Ae & C,(X,Y) has countable tightness.

Fora pew®, [[gew™ : p<q qll= 22w}; hence using Theorem 2.2.6 we obtain
the following result that generalizes (and its proof is similar to) Theorem 2.3 in
[GT,].

THEOREM 2.7. Let s be a Lindeldf network of X. If X has A€ and
w(X)<2°, then there is M c @* of cardinality =2*" such that X has sy, for
every geM .

In order to prove the main Theorem of this section we need some lemmas.

LEMMA 2.8. Let A be a network on X and let AU be a compatible uniformity
of a space Y. Let D#®cC,, (X)), fecl. xy® and UeWU. Then
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G (O, f,U)={coz,,(g):g€®} is an open d-cover of X, where coz,,(g)=
{xeX:(f(x),g(x)eU}.

PROOF. Let Aed and consider the neighborhood 0(A)(f) of f. By
assumption there is g € ﬁ(A)(f)ﬂq). Then, we have that A ccoz, ,(g). [ |

LEMMA 2.9. Let A be a compact network on X and (Y,W) be a space with a
non trivial path 0:[0,11>Y . Let # be an open A-cover of X with Xe¢X and
let UeW such that (0(0),c(1))eU. Then, f, e(cle ,xnPI\D,, where

D=, f,,U)={ge C(X,Y): coz; ,(§)c H for some He ¥} and f, is the
constant function 6(0) from X to Y.

PROOF. Since Xe¢¥,f, ¢®. Now let V(A)f,)e N(f,) where Vea and
Aed. By assumption, there is He ¥ containing A. We take a continuous
function ¢#: X —[0,1] for which #(A)={0} and t(X\H)={1}. If g=00t, then
ge®NV(AXf). ™

LEMMA 2.10. Let pew™, AU be a compatible uniformity of a space Y and
A be a network on a space X. Let (f,),., be a sequence in Cyq(X,Y). Then,
X =4 -lim coz, f, for every UeN if and only if f=(4,U)-lim, f,.

PROOF. (=) Consider a canonical neighborhood U(A)( f) of f. By asumption
we have that {n<w:Accoz,, f,}ep. Then, n<w:f, e(}(A)(f)}ep. That is
f=A,U)-1im , f, .

(<) Let Aed and UeU. We know that {n<a):f,,elj(A)(f)}ep, SO
[n<w:Accoz,,(f)}ep. [

LEMMA 2.11. Let pew*, A be a network on a space X and (Y,d) a metric
space with a compatible uniformity WU . Let (f,),<,
belonging to C(X,Y) and fe€C(X,Y), and let (¢,),., be a sequence of positive
real numbers. If for every € >0 we have that {(n<w:€, <€} e p and

be a sequence of elements

X=d-1lim, coz; . f,,

then f=(&(l,°u)-—liml,fn

PROOF. The set W(A,f,e)={ge C(X,Y):d(g(x),f(x))<€eVxe A} is a can-
onical neighborhood of f in C_,(X,Y). By assumption, {n<w: f €
WA, fe)Nn<w:e,<elep, so {(n<w:f eW(A f.e)}ep. Therefore,
f=(4,U)-1lim,, f, . |
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The following theorem is a consequence of the previous lemmas and its proof
is similar to that of Theorem 2.13'in [GT,].

THEOREM 2.12. Let @# M c w*, Let s be a compact network on a non
@-A-bounded space X and let (Y,WU) be a metrizable space with a non trivial
path. Then, C ., (X,Y) is a WFU(M)-space (resp., SFU(M)-space) if and only if
X has AWy, (resp., ASy,). In particular, C,, (X,Y) is a Fréchet-Urysohn
space if and only if X has Ay .

PROOF. =) Let % be an open &-cover of X such that X¢%. Let
0:[0,1]>Y be a path satisfying o(0)20(l) and let UeU be such that
(0(0),0(1))¢U. Define f,:X—>Y by f(x)=0(0) for every xeX. If
O =D(G, f),WU), then f,e(cle, xr,y®)\® (Cemma 2.9). Since C,,(X.Y) is a
WFU(M)-space (resp., SFU(M)-space), there is a sequence (f,),., in @ such
that f, =&Q—limpfn fora pe M (resp., for every pe M). For each n<®, choose
G, €% for which coz, ,(f,)cG,. We claim that X=s{~lim,G,: in fact, fix

Aed. Since fy=d-lim f,, (n<o:f eUA)Xf)}ep; thus, {n<o:
Accoz, ,(f,))€p. Therefore, {[n<w:AcG,}ep.

<=) Let d be a compatible metric in (Y,U). Let ®C C,4(X,Y) and suppose that
fe(chM(X.”d))\CD. If X is finite, then A=%F and C,,(X,Y) is the first

countable space Y" for some n<®. Now, suppose that X is infinite. We take
Z={x,:n<w} such that x,#x, if n<m<w and Z is not contained in any

Aed. Let £ >¢,>¢€,>... be a sequence of positive real numbers converging to
0. For each n<w, 9,=%(d,f,g,) is an open sA-cover of X (Lemma 2.3).
Define, for each n<w,#,={G\{x,}:Ge%,} and ¥ =U,_, #,. It happens that
# is an open d-cover of X. Since X has AWy, (resp., «4Sy,,), there is a
sequence (H;),; , in 3 such that X=d-lim H, fora peM (resp., for every
peM). For each j<w there are f,e€®, n;<®w and G, €%, such that
H;=G;\{x,} and G; =coz‘,0£"jfj. Thus X=&1—limp(coz_,“‘€"jfj). Suppose that
there is €>0 such that {j<w:£<8nj}ep. Then, there is m<® for which

H; (see Remark 2.3.2) and H;e¥, for

every j€ B, which is a contradiction since x, € H; for every je B. Therefore,
{j<w:8nl <¢g}ep for all €>0. Now the conclusion is obtained from Lemma
2.10. [

REMARK 2.13. Observe that the sufficiency in [Theorem 2.12| was proved only
using the facts that X is not an @- ¥ -bounded space and Y is a metrizable space,

B={j<w:n;=m}e p, hence X=U

jeB

and in the proof of the necessity we only used the hypothesis regarding Y and «.
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COROLLARY 2.14. Let A be a network on a A-hemicompact space X. If
(Y,U) is metrizable, then C,,(X,Y) is Fréchet-Urysohn. In particular, for every
hemicompact (resp., countable) space X, C,(X,Y) (resp., C,(X,Y)) is a Fréchet-
Urysohn space.

PROOF. If Xed, then 7,, is the uniform topology, so C, ,(X.,Y) is
metrizable. If X ¢ o, then X is not an @- s -bounded space, and is easy to see
that X has s{y. Then, C ,(X,Y) is a Fréchet-Urysohn space. [

PROBLEM 2.15. For every O -compact space X and every metrizable space
Y,is C,(X,Y) Fréchet-Urysohn?

THEOREM 2.16. Let @# M c 0™, let A be a compact network on a non ©-
A -bounded space X and let (Y,WU) be a metrizable space with a non trivial path.
Then, Cyq(X.,Y) is an SFU(M)-space (resp., WFU(M)-space) if and only if
(Cya (X, Y))? is an SFU(M)-space (resp., WFU(M)-space).

PROOF. Let D be a countable discrete space and let €=% (D) be the set of
finite subsets of D. € is a compact network on D and D is “€-hemicompact.
Because of Theorem 2.12 we know that X has «Sy,,, and using the result in
Lemma 5.10 below, X x D has (d4x%)— Sy,, (see 2.3.1) Applying again 2.12, we
obtain that C ¢ 4 (XX D,Y)=(C,4,(X,Y))® is an SFU(M)-space. |

For a network & on a space X we say that X has strictly dy if for each
sequence (%9,),., of open d—covers of X, there exists G, €%, for each n<w,
such that X = -1im G, . ‘

Following arguments similar to those used in [GN, pag 155] it is possible to
prove that for every network & on a non ®@- s -bounded space X, sy is
equivalent to strict {y property. Moreover, using Lemmas and 2.11 and
making some changes in the proof of (y”)=> (iii) in [GN, pag 156] we also
obtain:

LEMMA 2.17. Let X be a space and A be a network on X. Let (Y,OU) be a
metrizable space. If X satisfies strictly sy, then C o (X,Y) is a strictly Fréchet-
Urysohn space.

Hence we obtain the following result (see Theorem 0.1).

THEOREM 2.18. Let A be a compact network on a non @- sd-bounded space
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X and let (Y,OW) be a metrizable space with a non trivial path. Then the following
conditions are equivalent.

(a) C,4(X,Y) is a strictly Fréchet-Urysohn space;

(b) Cya(X,Y) is a Fréchet-Urysohn space;

(¢) X has Ay .

(d) X satisfies strictly Ay .

We cannot obtain a similar result when we consider the more general
properties that we are taking into account in this paper. In fact, R satisfies y, for
some pew* (Theorem 0.4) but R does not satisfy strictly y, for any peo*
(see [ GT,, Corollary 2.5]).

3. Topological Games

In this Section we are going to analyze some topological games which
generalize those defined by Telgarski in [Te] and we will relate this theory with
properties ASy,, and 4Wy,,.

For a space (X,7) and two closed networks 4 and % on X, and for
D+Mcw* we define the following games G(«A,%B,X), G'(4,B X),
Gy (A, B, X) and G, (A,RB, X): There are two players I and II. They alternately
choose elements belonging to a sequence in P(X) so that each player knows
A,RB,(X,7), and the n first choices made by both players when the n + 1 element
of P(X) has to be chosen. Player I chooses first and each of his choices belongs
to . If A, is the n choice of I, then the n choice of II is an open set G, such
that A, cG,. A play in G, where G=G(HA,B,X) (resp.,. G=G'(A4,B, X);
G=Gy, (A, B,X);, G=G,,(A,B, X)), is a sequence P=(A,G,A,,G,,
A,,G,,---) such that for each n<w A, cG,. I wins P if for each Be%® there is
n<® such that Bc G, (resp., X=%R-1limG,; there is peM such that
X=%B-1lim,G,; forevery peM, X=RB-1im,G,). Il wins P if I does not win P.
A finite sequence (E,),. in P(X) is admissible for the game G if there is a play
P in G such that P=(E,---,E_,---). A function s is a strategy for I (resp.,II) in G
if the domain of s consists of admissible sequences (E,,---,E,) with n even (resp.,
odd) and with values in P(X) such that for each (E,,--,E,) in the domain of s,
(E\,---,E,,s(E,,---,E,)) is an admissible sequence. A strategy s is said to be
winning for I (resp., II) in G if I (resp., II) using s wins each play of G. I(G)
(resp., II(G)) denotes the set of all winning strategies of I (resp., II) in G.

When B=sd we denote G(A,B,X), G'(A,B X), Gyp (A, RB,X) and
Gy (A, B, X) by G(A,X), G'(4,X), G, (4,X) and G,y (A, X) respectively, and
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by G(X), G'(X), G, (X) and Gy, (X) if A=RB=F={Fc X:F is finite}. Also,
if M={p} for some pew®, we write G,(4,B,X) instead of
G (4,9, X) = Gy (4, B, X).

THEOREM 3.1. Let ¢ #M c @™ and let A and B be two closed networks in
X. Then, (G (A, B,X) %D Gy (A, B,X)) 2D LGy, (4, B, X)) %D <
(G(A,B,X)=D.

PROOF. It is not difficult to see that I(G'(.sd,%,X))#@:I(GSM(&Q,%,X))
= 1(Gy, (A, B, X)) 2D =UG(A, B, X))#. So, we have only to prove that
H(G(4,B,X) %D = 1(G'(A,B, X)) #D. We give a similar proof to that given for
Theorem 1 in [GN]: Assume that s is a winning strategy for I in G(«,%,X). We
now give a winning strategy ¢ for I in G'(«4,%,X). Let t(@)=A, =s(D)e A be
the first choice of I. If (A,G,,,A,G, have been choosen, let
HA,,G,--,A,,G,)=A,,, be defined as follows: for each subsequence
1< <i, <--<i; <n we put

A(il""’ij):S(Ai|’Giy’Aiz’Giz""’Ai;’Gi/)'

Let A, =U{AG), i) 1<i, <---i, <n).

We claim that the play P=(A,,G,,---,A,,G,,--+) is a win for I in G'(«4,%B,X).
In fact, if it were not, there would be Be % and a sequence 1<i <:--<i <---
such that B would not be a subset of G, for every n<w. But
(A,.],G,.I,---,A,.",G,.",---) is a win for I in G(A,%B,X) because of the way ¢ was
defined. So, for some j, BC G,.j , which is a contradiction. n

THEOREM 3.2. Let A and B be two networks of a space X. Then,
I(G(A,RB, X)) =D implies that X satisfies (H4,B)—7y.

PROOF. If X does not have (H,%B)—7, then there is an open {—cover 4 of X
such that for every sequence G,,---,G,,--- of 9§ there is Be% which is not
contained in a subsequence GG, of (G,),q- Thus, II has a winning
strategy for G'(A,%B,X). In fact, for each choice A e of I, II has to take
G, €% such that A, cG,. So, I(G(4,B,X)) = (G (4, B,X)=C. ®

The proof of the next Theorem is basically the same to that given for
Theorem 4.7 in [Te].

<o D€ a sequence of disjoint spaces and for each

THEOREM 3.3. Let (X))
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n<w let A, , B, be two networks on X, such that (G(A, ,B,,X,)) =D for all
n<w. Then, (G(A,B,X))#D where X is the sum of spaces X, and A=
Ucwt, s B =U,., B, -

n<w n? n<w

4. Countable Product of Fréchet-Urysohn C_, -spaces.

DEFINITION 4.1. (1) (Telgarsky) For a network & in a space X we say that
X is dA-scattered if for every closed set E in X there is a point xe £ and a
neighborhood V of x such that C1,VNEe«.

(2) A network & in a space X is said to be y-real if [0,1] has f(d)y for
some f e C(X,[0,1]).

An example of a non ¥ -real network on a sequential space X is the set of
countable closed subsets of X. In fact, as was remarked by Gerlitz and Nagy
([GN, pag 157)), if (G,),., is a sequence of subsets of [0,1] having Lebesgue
measure < 1/2, then G, has Lebesgue measure < 1/2.

THEOREM 4.2. Let X be a é’ech—complete space, and let A be a non Yy -real
network on X. If X has Ay then X is A-Lindelof and scattered.

PROOF. We know that dy =4 ¢, and if X is not scattered then we can find a
compact subset K of X that may be continuously mapped onto [0,1]. So, [0,1] has
f(d)y for some feC(X,[0,1]) (Theorem 2.4 and 3.2.J in [En]), which is a

contradiction. n
In the next result we put Theorem 9.3 in [Te] and together.

THEOREM 4.3. Let X be a space and A be a network on X. Then, X is
Lindelof and HA-scattered = 1(G(A,X))#D= X has Avy.

Therefore, using Theorems 2.12, 3.3 and 4.3 we conclude the following

COROLLARY 4.4. Let {X,:n<w} be a countable set of Lindeldf spaces, and
let, for each n<w, A, be a compact network on X,. If for each i<w, X, is
A -scattered, then, for every sequence ((Y,,U,)),., of metrizable spaces, we
have that

Cy,a, (X, Y) %X Cy o (X,,¥) X

is a Fréchet-Urysohn space.
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PROOF. In fact, the free topological sum X =1 _, X, has s{y where o is
the collection of finite unions of elements of U,_,,. Since & is compact, X is
not an - -bounded space. Hence, for every metrizable space (¥Y,U),
C,a(X.Y) is a Fréchet-Urysohn space ((Theorem 2.12). We conclude our proof
by observing that [I,, C, 4 (X;,Y)) is homeomorphic to a closed subspace of
Cya(X,I1,,Y;) where AU is the Cartesian product of the uniformities {U,},,-

As a consequence of Theorem 4 in and in virtue of Theorems 4.2 and
we obtain: (recall that #(X) =% denotes the family of finite subsets of X)

THEOREM 4.5. Let X be a éech—complete space and let A be a non Yy -real
Lindelof network containing % . Then the following are equivalent

(a) X has y:

(b) X satisfies Ay:

(c) X is a Lindeldf scattered space.

PROOF. (a) & (c¢) is Gerlitz-Nagy’s Theorem. Because of Fc o, scattered
implies & -scattered and so (¢) = (b) is a consequence of [Theorem 4.3. Finally,
(b) = (c) because of [Theorem 4.2 and the fact that an {-Lindelof space, where
every element of & is Lindeldf, is a Lindelof space. [

Theorems and give us the following:

COROLLARY 4.6. Let X be a éech-complete space, let d containing F be a
compact non Y -real network on a non ©- A-bounded space X, and let (Y,U) be
a metrizable space with a non trivial path. Then C,(X) is Fréchet-Uryson if and
only if C o (X,Y) is Fréchet-Urysohn.

COROLLARY 4.7. Let X, be a éech-complete space satisfying y for every
n<®.Then U, , X, has y.

n<w

PROOF. Every space X, is Lindel6f and scattered, so Z=[I_. X is

n<w n

(v?ech-complete ([En, pag 198]) Lindelof and scattered. Therefore Zhas y. B

On account of [Corollary 4.7 it follows that if X=U,., X, where X, is a
éech-complete space with y for every n<w, then X has y: in fact, U, X, is
a continuous image of II,_, X, .

As a consequence of [Theorem 4.5, the space of ordinals [0,a] has 7y, so for
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every ordinal number & with countable cofinality, [0,«) also has y . It is possible
to prove even more: I(G([0,a]))# O and [0,) is an X,-simple space, that is, for
every continuous function f from [0, ) into a space of weight <X, the cardinality
of f([0,cr)) does not exceed X,. Hence, if cof a<R,, then C,([0,cx)) is a
Fréchet-Urysohn strongly X,-monolithic space (see [Ar,]). In general [0,a) is
not a Lindelof space, but using some similar techniques to those developed in [G,
ps. 260-262] it is possible to prove that for every ordinal number @, [0,c) has the
Gerlits property ¢ (it is important to recall here that ¢+€=7).

Since y is preserved under finite powers and closed subsets, then a product
X xY has y iff X[1Y satisfies vy ., So, we obtain:

COROLLARY 4.8. Let X, be a O'—éech-complete space satisfying y for
every 1<i<n.Then, X, X---xXX, has V.

THEOREM 4.9. Let X, be a 6 - Cech - complete space such that C.(X,) is a
Fréchet-Urysohn space for every n<w. Then II,.,C,(X,) is a Fréchet-Urysohn

space.

PROOF. The space II,., X, is the union of a countable collection of
(vjech-complete subspaces; hence it is the continuous image of a free topological
sum of a countable collection of éech—complete spaces. So, using 4.7 and
Theorem 2.4, we have that II,_, X, has y. Thus, [I,_, C,(X,) is a Fréchet-
Urysohn space. [

Observe that this result can be generalized to C,,(X,Y)-spaces by using
Corollary 4.6,

Nogura proved that if (X,),.,
X, x---x X, is a strictly Fréchet-Urysohn space for every n<w, then J]__ X, is

i<w ‘i

is a sequence of spaces such that

strictly Fréchet-Urysohn (we express this saying that strictly Fréchet-Urysohn
property is an almost countable productive property). So, [Theorem 2.18 produce
the following:

THEOREM 4.10. For each i<w let s, be a compact network on a non
- A, -bounded space X,, and let (Y,U) be a metrizable space with a non trivial
path. Then, for every n<w Il C, o(X.,Y) is Fréchet-Urysohn iff
II.., Cy a(X..Y) is Fréchet-Urysohn.

COROLLARY 4.11. Let (X,),., be a sequence of spaces. Then, for every n<w,
[cc, C,(X,) is Fréchet-Urysohn iff I1,., C,(X,) is a Fréchet-Urysohn space.
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S. The dual space L _(X) and the free topological groups A(X)
and F(X).

In the following theorems we are going to use the notations established in
2.35.

THEOREM 5.1. Let A be a compact network on a space X. Suppose that X is
a non @-A-bounded space. Then, X has AV if and only if Z=11,_, X" satisfies
(U, A" )0 . Moreover, if ¥ =¢, the assertion is true for every space X.

PROOF. «) is a consequence of [Theorem 2.4\
=) Let B=U,_,A". If ¥=¢€, we can prove, following similar arguments to
those given in the proof of Theorem 2.4.4, that for every n<®, X II---1I X" has
%B,e where B, is the collection of finite unions of elements belonging to U '
So, if 9 is an open B -cover, there is for each n<® a countable collection 9,
of % which is a B, -cover. Then, U
Now, suppose that =Sy, for some @# M cw* (for the other possible

%, is a countable %B-subcover of 4.

n<w

values of ¢ the proof is analogous). If X is finite, then Z is countable and
discrete, hence B =% and we obtain the desired conclusion since every countable

space has y . If X is infinite, let N ={x,---,x,---}< X such that x;, #x; if i# j and

N is not contained in any element of . Let % be an open JB-cover of Z. For
each n<w we put ¥, ={Vc X:V is open and VIIV*II---IIV" <G for some

A

Ge%4). We define ¥, ={V\{x,}:Ved#, }. We claim that the collection

§€=Un<w %?C" is an open s -cover of X. In fact, let Aesd and let s = min
[n<w:x, ¢ A}; there is Ge% such that F=AIIA*Il--'-1IA' cG. Since A is
compact there is an open subset V of X such that Fcll.. V' cG. Hence

AcV\i{x]}. So % is an sd-cover of X. By assumption, there is (lflj)jm in %
such that X = ~-lim I:Ij for every pe M where I;{j =V \{x,}e §€,,i. For each

Jj <o there is G, € G satisfying:

v, (v, I--- (V)" <G,
Observe that {n;:j<®} must be a cofinal increasing sequence of ® because if
there is m<w® such that n,<m for every j<w, and if Aed is such that
{x,+-,x,}cA,no FIJ. contains A, which is a contradiction.

Now we claim that Z=%-1lim,G, for every pe M. In fact, let Be®.
There is K € 54 and there is n<® such that Bc I, K'. Since X =s{~lim, ﬁj
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for every peM, {k<a):KcV_,\{x,,/}}ep for all peM. Thus, {k<w:
KcV_/.\{x”l}}ﬂ{k<w:nj>n}c{j<a):Bch}ep for every pe M. ]

The following two Corollaries are consequences of Theorems and 5.1.

COROLLARY 5.2. Let @# M c w™ let X be a space and Y be metrizable with
a non trivial path. Then, C,(X,Y) is a SFUM)-space (resp., WFU(M)-space) if
and only if 1Il,.,C,(X",Y) is a SFUWM)-space (resp., WFU(M)-space). In
particular, C,(X,Y) is Fréchet-Urysohn if and only if Il,.,C,(X".Y) is a
Fréchet-Urysohn space.

COROLLARY 5.3. Let @ # M c o™, let X be a non @-bounded space and let Y
be a metrizable space with a non trivial path. Then, C (X,Y) is a SFU(M)-space
(resp., WFU(M)-space) if and only if I1,., C.(X",Y) is a SFU(M)-space (resp.,
WFU(M)-space). In particular, C (X,Y) is Fréchet-Urysohn if and only if
I1,., C.(X".Y) is a Fréchet-Urysohn space.

There are spaces Y having a compact network & for which Y has # ¢ but
Y does not have (U, 4")8. A trivial example is Y ={0,1},d=%F, and d=7,
with p e @™ such that R does not satisfy v,- For topological function spaces this
can also happen, even when the base space is compact, in fact, C. Laflamme
proved that it is consistent with ZFC that there is a P-point pe ®* for which
R=C,({x}) has y,; because of [Theorem 6.3 below C,({x})”=R” does not
satisfy Y,- The natural question now is: Does C,(X”) have Y, if C,(X) does?

When X is a compact zero-dimensional space the answer to this question is

affirmative:

COROLLARY 5.4. Let pe ™ and let X be a compact zero-dimensional space.
Then C,(X) has v, if and only if C,(X®) has y,.

PROOF. =) It is a consequence of and Proposition 1V.8.2 in
[Ar].

<) C,(X) is homeomorphic to a closed subset of C,(X). In fact,
pr*: C,(X)—> C,(X”) is a closed embedding where pr:X“ — X is one of the

projections (see [Ar]). |

For a space X, we will denote by F(X,e) (resp., A(X, e)) the free topological
(resp., Abelian) group generated by X with a distinguished point e€ X (see
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[Gr]). We know that F(X,e) and A(X,e) are continuous images of the space
I, ., (X" x{=1,1}"). Furthermore, X is homeomorphic to a closed subset of both
F(X,e) and A(X,e), so we obtain, from [Theorem 5.1, the following:

THEOREM 5.5. Let s be a compact network on a non @- A -bounded space
X and let e€ X . Then, the following are equivalent

(a) X has AV.

(b) A(X,e) has BY.

(¢c) F(X,e) has BY.
where B={A] -...-A7 1A, ed, g e{-1,1},1<i<n and n<w}.

PROOF. =) Let {-1,1} be considered with the discrete topology and set
Z=1,.,(X"x{-1L1}"). The map f:Z— F(X,e) (resp., f:Z— A(X,e)) defined
by f(x,,--,x,,€,-,€,)=x"-...-x:" is an onto continuous function. If X has ${®
then X x{-1,1} satisfies (AxF)—1 (Theorem 2.4.4). Because of Theorem 5.1
we have that Z has [U,,(AX%)"]-0. So by Theorem 2.4.3, F(X,e) (resp.,
A(X,e)) has BDY.

<) We may consider X as a closed subset of F(X,e) and A(X,e). On the
other hand, &c®B, and for every A,-,A,€d and every
£, €{-L1}, (A" ... AMNX A U---UA UA where eeAed. Now the
conclusion follows from Theorem 2.2.3. |

COROLLARY 5.6. Let DM c ™ , let Y be a metrizable space and X a
space with e X . Then, the following are equivalent

(a) C,(X,Y) is a SFUM)-space (resp., WFU(M)-space).

(b) C,(A(X,e),Y) is a SFUM)-space (resp., WFU(M)-space).

(¢) C,(F(X,e),Y) is a SFUM)-space (resp., WEFU(M)-space).

In particular, C,(X,Y) is Fréchet-Urysohn < C,(A(X,e),Y) is a Fréchet-
Urysohn space < C,(F(X,e),Y) is a Fréchet-Urysohn space.

In order to have a similar result for the compact-open topology it is enough
that every compact subset of F(X) (resp., A(X)) is contained in an A -...-A>
with A, compact for every i<n.If X is a k,-space (A space is said to be k, if
it is the union of an increasing sequence of compact subspaces having their weak
topology), then F(X) is also a k,-space ([Or]), so C,(F(X)) is completely
metrizable (see and [McN,]).

We say that a subset A of a topological group G generates G if A contains the
identity of G, algebraically generates G and has the finest topology compatible
with both the group structure and the original topology on A. Ordmen and Smith-
Thomas ([OS-T]) proved that every topological group G generated by a k,-space
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A is a quotient image of F(A), so:

THEOREM 5.7. Let ¢ # M c w™. Let G be a topological group generated by a
k,-space A. Then,

(a) If A has Sy, (resp., Wy, ), then C,(G) is a SFU(M)-space (resp.,
WFU(M)-space).

(b) C,(G) is completely metrizable.

PROOF. (a) If A has Sy,, (resp., Wy,,), then F(A) does too (Theorem 5.5)).

Besides, G is a continuous image of F(A), so G has Sy,, (resp., Wy,,).
(b) As was noted above, F(A) is a k,-space, hence, since G is a quotient image
of F(A), G is a k,-space. Then C,(G) is a completely metrizable space. ]

The dual space L,(X) of C,(X), with the pointwise convergence topology, is
a continuous image of the space [I,_,(X" XR"), so we also obtain from

5.1 the following result.

THEOREM 5.8. Let A be a compact network on a space X and let € be a
compact network on R. Then,

Rx X has (éxd)-09= L, (X) has BY = X has AV

where

B={CA +---+C,A,:A €A,C, €6 for every 1<i<n and n<w}.

n-"n

PROOF. RXx X is a non w— (€ x s)-bounded space; so I, ,(R" x X") satisfies

DY where D=U,_,(€"xA") (Theorem 5.1.). The function f:II,.,(R"xX")
— L (X) defined by f(n,---,7,,%,,:*,x,) = hXx, + bx, +---+r,x, is continuous. Since

P is compact we can use and deduce that L (X) has f(2)-0¢. It

remains to note that f(D)=%RB.
Besides, if L,(X) has B, then X has %, . Observe that dc B,and for

every n<® and every (C,--,C,,A,,A)EC" XA", (GA+--+CA)N
XcAU---UA, edA . Using 2.2.3 we conclude that X has 9. (]

The complete circle of implications in the last Theorem can be obtained when
X is a non @-bounded space and d=H by applying the following two lemmas.
The first one is trivial and the second one is a generalization of in

[GT,].

LEMMA 5.9. Let A be a compact network on X and let € be a network on Y
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containing Y. If X has AV, then X XY has (A X6)-10.

LEMMA 5.10. Let A be a compact network on a non @- HA-bounded space X .
Let € be a compact network on a €-hemicompact space Y. If X satisfies AV,
then X XY has (A xXQ)—1. Moreover, if 9=¢, the assertion is true for every
space X. ‘

PROOF. We prove the lemma when © =Sy, where @# M c ®®*, the rest of
the assertions can be proved in a similar way. Because of the previous Lemma
we have only to prove the case when Y¢%6. Let (Y,),., be a strictly increasing
sequence of elements in € witnessing the “€-hemicompactness of Y. If X is
finite, then =% and X XY is a countable union of elements belonging to  x €,
hence XxY has (A x%€)-Sy,. Suppose now that X is infinite and let
F={x,:n<w}c X be such that x;#x; if i#j and F is not contained in any
element of . Let % be an open (A X 6)-cover of XX Y. For each n<® we put
¥, ={Vc X:V is open and there is G €9 such that VxY < G}. It happens that
#H'=U,.0, ¥, where ¥, ={V\{x,}:Ve#,)} is an open s-cover of X. So, there
is a sequence (H;),, in #’ such that X=g-lim, H; for every pe M, where
H; =YV, \{xnj} for some open set Vi of X and some natural number n;. As was
noted in the proof of Theorem 3.1, the set {n;:j<w} is a cofinal increasing
sequence in ®. For each j<w there is G; €% such that V,xY, cG;. It is
possible now to prove that X XY =(4x€)-lim,G,; for every peM. n

For yeL (X) we define I(y) as follows. If y=0 is the zero element of
'L, (X),then I(y) =0.If y20,then I(y) = min {n<®: there are x,,-x,€X and
f,++,7, € R such that y=rx +---+rx,}. Let L, (X)={ye L, (X):l(y)<n}.

Observe that for ¥ €{Sy,,,Wy,, DM cw*}Ule}, X and Y spaces, Fc X
closed and f:X — Y a continuous onto function, we have (see Theorem 2.4) (i)
X has H(X)® implies F has H(F)¥; (ii) X has H(X)9¥ implies X" has H(X")J;
and (iii) X has H(X)¥ implies Y satisfies H(Y)? if f is perfect. Besides, if X is
locally compact, then X has K¢ iff X has ¥ where A={ClU:U is open and
C1U is compact}. These remarks and the previous Lemmas imply

COROLLARY 5.11. Let X be a locally compact non ®-bounded space and let Y
be a metric space with a non trivial path. Then, C,(X,Y) is a Fréchet-Urysohn
space iff C/(L,,(X),Y) is Fréchet-Urysohn for a 0<n<@ (hence, for every
O<n<w).

PROOF. =) Let O0<n<w be fixed. R is hemicompact and X has K7y and is
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not W-bounded; so RxX has Hy (Lemma 5.10). Because of Proposition 1 in
[P]. Theorem 5.1 and the remarks made above we conclude that L, (X) has Xy.
Since X is a closed non @-bounded subspace of L, (X), this is not @-bounded,
so C,(L,,(X),Y) is Fréchet-Urysohn (I'heorem 2.12).

<) Because of [Theorem 2.12, L, (X) has Hy (see 2.13). Since X is
homeomorphic to a closed subset of L,,(X), then X has ¥y (Theorem 2.4). On
the other hand, X is not @-bounded, so C,(X,Y) is a Fréchet-Urysohn space. W

PROBLEM 5.12. Does L,(X) satisfy Hy if X does?
For metrizable spaces we have:

COROLLARY 5.13. Let @# M c 0™ and let X be a non-countable metrizable
either locally compact or O -compact space. Then, X has Sy, (resp., Wy,,) if
and only if L (X) has Sy, (resp., Wy,,).

PROOF. If X has a Sy,,, then X is O-compact. So, there is a compact
metrizable non countable space satisfying Sy,,. This implies that X xR has Sy,,
(Theorem 6.1 below). Now we have to apply Theorems 5.8 and2.4. H

This result is not true if X is countable because in that case X has ¥y but
L,(X) never satisfies this property. In fact, R\{0} is a continuous image of
L, (X) which is a closed subspace of L (X).

6. The countable product of p-Fréchet-Urysohn C_ , -spaces.

In this section we will give some results about the property y,,(pea)*) in a
free topological sum; that is, we will find sufficient conditions in order to obtain
the p-Fréchet-Urysohn property in a countable product of function spaces where

each factor is an FU(p)-space.

THEOREM 6.1. Let @ # M c w™. The following statements are equivalent

(1) R has Sy, (resp., Wy,,»).

(2) There is a compact metrizable and non countable space X with Sy,
(resp., Wy,).

(3) Every O -compact metrizable space X has Svy,, (resp., Wy,,).

(4) There is a éech-complete non scattered space satisfying Sy, (resp.,

Wyu).

PROOF. (1) ¢ (3) was basically proved in [GT,]; (3) = (2) and (1) = (4)
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are trivial.

(2) = (1) Since X is second countable and non countable, there is J# Fc X
which is perfect. Furthermore, F is completely metrizable because X is. Then F
contains a copy of the Cantor set ([En, 4.5.5]). Using [ GT,, Theorem 3.18] we
conclude that R has Sy, (resp., Wy,,).

(4) = (1) Every (v?ech-complete non scattered space contains a compact
subset which can be continuously mapped onto [0,1] (see 2.4. and Theorem 3.18
in [GT,]). [

As a consequence of the previous Theorem we have:

THEOREM 6.2. Let @# M c w*, let X, be a metrizable O -compact space
and Y, be a metrizable space for every n<w. If either: (i) every X, is

countable, or (ii) there is i <® for which X, is non countable, Y, has a non trivial
path and C,(X,,Y;) is a SFUM)-space (resp., WFU(M)-space), then

I1,.,C.(X,.Y,) is a SFU(M)-space (resp., WFU(M)-space).

PROOF. If every X, (i<w) is countable, then X=]I, , X, is countable and
so X has 7y . If this is not the case, since there exists a compact metrizable and
non countable subspace of X, with Sy, (resp., Wy, ) (Theorem 2.12), the
metrizable O -compact space [I,_, X, also has Sy,, (resp., Wy,,) (Theorem 6.1).
Then, in both cases, because of Theorem 2.12, ]I, C,(X,,II,Y,)=
Il C,(X,.Y,) is a SFU(M)-space (resp., WFU(M)-space). Therefore, its
closed subset [1,_, C,(X,.Y,) also has this property. 1

n<w

COROLLARY 6.3. Let @# M c w* and let X, be a metrizable either locally
compact or O -compact space having Sy, (resp., Wy, ) for 1<i<n. Then
X, x---x X, has Sy,, (resp., Wy,,).

PROOF. The space Z=X, [I---1I X, has Sy, (resp., Wy,) and II_ X, is a
closed subset of Z". n

When we are considering compact metrizable spaces we can strengthen
Corollary 6.3 as follows.

THEOREM 6.4. Let @# M c w* and let (X,),., be a sequence of compact
metrizable spaces. If there is i<w® for which X, is a non countable space
satisfying Svy,, (resp., Wy,,), then Il,., X, has Sy, (resp., Wy,,).
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PROOF. In fact, [],., X, is a compact metrizable sapce; we only have to
apply Theorem 6.1. |

This last result cannot be generalized to metric locally compact spaces. In
fact, R® does not satisfy y, if pew® is a P-point in @*([GT,]), but as was
proved by C. Laflamme, it is consistent with ZFC that there exists a P-point
p€®* such that R has v,.

The result concerning R” and P-points can be generalized as follows.

THEOREM 6.5. Let pe @™ be a P-point in w*, and let X, be a non countably
compact space for every n<w. Then, I1,_, X, does not satisfy 1

PROOF. Suppose that X=[I,, X, satisfies y,. For each i<w let
Z, ={z/,z},>"»Z,,»©} be a countable closed and discrete subset of
X (zi#z7 ifs#21). If xeX,, we take G e N(x) such that |G:NZ|<1. For each
pair of natural numbers i, n let 4/ be the collection of the unions of < n elements
belonging to 4’ ={G':xeX,}. Put ¥, ={n.'(G):Ge 4!} and F=U,_,F, where
z, is the projection from X =], _, X, onto X,. ¥ is an open ®W-cover of X, so

n<w I

in &% for which X=1im F .

pon
The collection {A, ={n<w:F, € F,;}:j<w} is a partition of @. We claim that

there is a sequence (F)),.,
A; ¢ p forevery j<o. In fact, suppose that there is j <@ such that A, € p. For
each m<w we define f, € X as follows: n,(f,)=z..Let S(m)={n<w:f, €F,}.
Since X =lim, F,, S(m)e p. Hence, there exists n, € A,(1(Nyy;,, S(@)) € p. Then
firsfim €F, =7;'(G) where Ge%/. This means that z/,---,z/,, € G, but this is
a contradiction because, by construction, no element of ‘5; can contain j+l
elements of Z;. Thus A; ¢ p for every j<w. Since p is a P-point, there is A€ p
such that |ANA|<w for every j<w. Besides, X=U,, F,. If A, #0, we set
ANA; ={n(j,0),-+,n(j,r;)}. Then, we have that X=U{U, F,:j<® and
A; #}. For each j<w with A;#O and for each i<r, let G,;, €%/ which
satisfies 7;'(G,;;)) = Fy,.- Take x=(x)),, €X where x;e€X\Ug G, if
A;#@, and x;€X; otherwise. It happens that xeU{U F,:j<®
and A; # O}, which is a contradiction. |

COROLLARY 6.6. Let X be a normal and non countably compact space and let
p€®* be a P-point. Then C,(C,(X)) is not an FU(p)-space.

PROOF. By assumption we can take a countable discrete and closed subset D
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of X. Since X is normal and D is closed, C,(D) is a continuous image of C, (X).
If C,(X) has 7,,s0does C,(D)=R" which is in contradiction with Theorem 6.3.
||

We have already seen that R” does not satisfy y, if p is a P-point in ®*. In
[ GT,, Theorem 3.20] the authors gave a list of necessary and sufficient conditions
in order to guarantee that R® has y,(pe ®*). As a consequence of these
remarks we have (see 2.3.5):

THEOREM 6.7. The following statements are equivalent.
(a) R® satisfies ¥ (resp., H1).
(b) Every é‘ech—complete space of countable weight has U (resp., H1).

PROOF. We have only to prove (a) = (b). If R® has ¥ (resp., H1¥) then
J(@)® x[0,1]° satisfies ¥ where J(@) is the hedgehog of spininess @ ([GT,])
(resp., X9, Theorem 2.4.4 and remarks before [Corollary 5.11). On the other
hand, every second countable and éech-complete space X can be considered as a
closed subset of J(w)” x[0,11° ([So]). So X has & (resp., H1I). [ |

PROBLEM 6.8. Is p-Fréchet-Urysohn an almost countable productive property
in the class of C,-spaces when pew®* (resp., pew™ is semiselective,
selective)? (see Theorem 4.11).

7. The property y, and the real line.

In this section we will see that if pe ™ is such that R does not have Y,
then property ¥, is similar to property y, and they coincide in the class of
éech—complete spaces. The proof of the next two theorems can be achieved
using Theorem 3.18 in [GT,] and following completely analogous proofs to those
given for Corollary to Lemma 1 and Theorem 5 in [GN], respectively.

THEOREM 7.1. Let pe®® such that R does not satisfy y,. Then, every

space with Y, is zero-dimensional.

THEOREM 7.2. Let pe ™ such that R does not satisfy Y,- Then, a space X
has vy, if and only if X has € and every continuous image of X in R has vy,.

Every (Vjech-complete non-scattered space X contains a compact subspace
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which can be continuously mapped onto [0,1]. So, in virtue of Theorems 4.5 and
4.7 we obtain the following interesting result.

THEOREM 7.3. Let pe®® such that R does not satisfy ¥,, and let X be a
countable union of Lindelof éech-complete subspaces. Then, X has y if and
only if X has 7.

PROBLEM 7.4. Let pe ™ such that R does not satisfy ¥, Is Theorem 7.3
true for k-spaces or Baire spaces?

PROBLEM 7.5. Is it consistent with ZFC that y, =y for every pew* for
which R does not satisfy v ?

PROBLEM 7.6. Let X be a subset of R satisfying y, where pew® is such
that R does not have y,. Is X of strong measure zero?

8. Compact spaces and properties ¥ and 7,.

After all we have already analyzed it is natural to ask under what conditions,
X has a compactification kX such that C,(kX) is Fréchet-Urysohn. Because of
Gerlitz-Nagy’s Theorem (see [Theorem 4.5), this question may be posed as:
Under what conditions on X, does X have a scattered compactification? In this
Section we are going to give some results in this direction.

The first follows from and the fact that every locally scattered

space is scattered.

THEOREM 8.1. Let X be a locally compact (resp., locally compact and
Lindelof) space. Then, the following conditions are equivalent.

(a) X has locally y (resp., satisfies v ).

(b) The one-point compactification a(X) of X has vy .

(c) There is a compactification x(X) of X with vy.

PROOF. We give here the proof of (a) = (b). For each x € X there exist V,
and W, elements of N'(x) such that V, is compact and W, satisfies y. Consider a
neighbourhood U, of x such that xeU, < clU, cW,. Thus, clU, has ¥y and
V.NclU, is a compact set with y, which implies that V. clU, e N(x) is
scattered. So X is scattered, since every locally scattered space is scattered.
Now, it is not difficult to prove that a(X) is also scattered. The conclusion in (b)
now follows from Theorem 4 in [GN] (see Theorem 4.5).
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We cannot dropped the Lindel6f condition in the last Theorem; in fact, the
compact space of ordinals [0,®,] has y but [0,®,) does not have this property.

When we consider 7,-like properties we also have a result concerning
compactifications. First, we need a Lemma (In the sequel the symbol ¢ will
denote one of the properties belonging to (SYy : @#EMco*yU{Wyy, D #
M c o*}).

LEMMA 8.2. Let Y be a space with A€ where A is a network on Y having
an element A, with the following property: For every countable collection
U,,U,,--- of neighborhoods of A,, the subspace Z=Y\(\,_, U, has d,V. Then Y
satisfies AV .

PROOF. Suppose that =Sy, where @#M cw™. Let 4 be an open -
cover of Y. Since Y has sle we can suppose, without loss of generality, that %
is countable. Let 9'={Ge%:A, cG}. 4 ={G,,---,G,---} is again an open -
cover of Y. By assumption Z=Y\()

i<

<0 G; has A, ¥, so there is a sequence
(Jidww such that Zcd,-lim, G, for every peM. It happens that
Y=H4-lim,G, forevery peM. [ |

THEOREM 8.3. Let X be a metrizable locally compact (resp., metrizable
locally compact and Lindeldf) space and let @# M c @* . Then, the following
are equivalent.

(a) X has locally ¥ (resp., satisfies ¥).

(b) The one-point compactification o(X) of X has 0.

(¢) There is a compactification k(X) of X with .

PROOF. (b) = (c) is trivial.

(c) = (a): If x(X) is scattered, then X is scattered, so X has locally y
(Theorem 4.5). Besides, if X is Lindelof, then X is a O -compact space, so X
again has y (Corollary 4.7). If x(X) is a non scattered space, then we obtain the
desired conclusion using Theorem 6.1.

(a) = (b): First case: For some point x € X, x has a compact non countable
neighborhood having ¢©. Then every O -compact metrizable space has ¢
(Theorem 6.1). Let V,,---,V, ,--- be open neighbourhoods of x,ea(X)\X. So
X\N,.,V, is a 0-compact metrizable space that must satisfy ¢ . It remains to

apply Lemma 8.2.
Second case: For each xe X the compact neighborhoods V, of x having ¢

are countable. Since every countable compact space is scattered (in fact, in this
case V, is homeomorphic to a countable ordinal space [dGB]), X is a scattered
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space. Therefore, a(X) is a scattered space; and we conclude that (X) has y
(Theorem 4.5)). [

PROBLEM 8.4. (1) Does every éech-complete Lindelof scattered space have
a scattered compactification?

(2) Under what conditions on X, is BX scattered?

Using the facts that every second countable space can be embedded into
[0,1]% and every compact non-scattered space contains a closed subset that can be
continuously mapped onto [0,1], and using Theorem 3.18 in [GT,] we obtain:

THEOREM 8.5. Let @# M c w*. The following conditions are equivalent.

(a) R has V.

(b) Every second countable space has a compactification with 9.

(c) There is a second countable non-scattered space which has a
compactification satisfying U .

The natural generalization of Theorem 3.18 in [GT,] is also true. The symbol
my(x,X) denotes the T-character of x in the space X ([J]).

THEOREM 8.6. Let @# M c @* and let u be an uncountable cardinal. The
following are equivalent.

(a) Every compact space of weight | has U .

(b) Every zero-dimensional compact space of weight | satisfies ¥ .

(¢) 2" has ©. ‘

(d) [0,1]"has V.

(e) There is a compact space X having U such that ny(x,X)2u for every
xeX.

PROOF. (a) = (b) = (c) are obvious. Since every compact space of weight
U is a continuous image of a closed subset of 2* ([En, Theorem 3.2.2]), (¢) =
(a) and (¢) = (d) holds. Besides, my(x,[0,1)¥)>u for every xe€[0,1)%, so we
obtain (d) = (e). Finally, (e) = (c) is a consequence of [J, Theorem 3.18]. W

Observe that Theorems 6.1, 8.3, 8.3 and 8.6 are trivial if we put ¥ instead
of ¥ in each condition.
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