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PSEUDOQUOTIENTS ON COMMUTATIVE BANACH
ALGEBRAS

DRAGU ATANASIU!, PIOTR MIKUSINSKI?* AND ANGELA SIPLE?

Communicated by M. Abel

ABSTRACT. We consider pseudoquotient extensions of positive linear function-
als on a commutative Banach algebra A and give conditions under which the
constructed space of pseudoquotients can be identified with all Radon measures
on the structure space A.

1. INTRODUCTION

Let A be a Banach algebra with involution. The structure space of A, denoted
by fl, is the set of all multiplicative linear functionals on A. We use  to denote
the Gelfand transform of z, that is #(¢) = &(x) for any z € A and ¢ € A.

A linear functional f : A — C is called positive, if

f(z*x) >0, for all z € A.

The set of all positive linear functionals on an algebra A is denoted by P(A).
The following theorem (attributed to Maltese in [5]) describes P(A) in terms of
measures on A.

Theorem 1.1. Let A be a commutative Banach algebra with a bounded approx-
imate identity and an isometric and symmetric involution. Let f be a linear
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functional on A. Then f € P(A) if and only if
= [ z(&)d
@) = [ #€dus(o)

for all x € A, with respect to a unique positive Radon measure on A of total
variation || f]|.

By a Radon measure on A we mean a continuous linear functional on the
space lC(fl) of continuous complex-valued functions on A with compact support
equipped with the standard inductive limit topology. The space of all such mea-
sures will be denoted by M(fl) The set of all positive Radon measures on A
will be denoted by M+(A) and the set of all bounded positive Radon measures
on A will be denoted by Mﬁ(/l) The topology of Mi(fi) is the topology of

A

uniform convergence on A and the topology of M, (A) is the topology of uniform
convergence on compact subsets of A.

Let F : P(A) — Mi(,éi) be the map defined by Maltese’s theorem, that is,
F(f) = py. In terms of the introduced notation, Theorem 1.1 states that F is
an isometry between P(A) and Mi(/l) In this paper we give conditions under
which P(A) can be extended to a space of pseudoquotients B(P(.A),S) such that
F can be extended to a bijection between B(P(A),S) and M (A).

In the next section we recall the construction of pseudoquotients and its basic
properties. The construction of pseudoqutients was introduced in [$] under the
name of “generalized quotients.” The motivation for the idea, early developments,
and later modifications, are discussed in [9]. The construction of pseudoquotients
has desirable properties. For instance, it preserves the algebraic structure of X
and has good topological properties. There is growing evidence that pseudoquo-
tients can be a useful tool (see, for example, [1], [2], or [3]).

In Section 3 we formulate and prove the main result of the paper. In the final
section we discuss some examples. We also show that the result in [2] is a special
case of the construction presented here.

2. PSEUDOQUOTIENTS

Let X be a nonempty set and let S be a commutative semigroup acting on X
injectively. The relation

(z,0) ~ (y,¥) If Yz =y
is an equivalence in X x.S. We define B(X,S) = (X x S)/~. Elements of B(X,S)
are called pseudoquotients. The equivalence class of (z, ) will be denoted by %.
Thus % = % means Yxr = py.

Elements of X can be identified with elements of B(X,.S) via the embedding
v X — B(X,S) defined by «(z) = £F, where ¢ is an arbitrary element of S.
The action of S can be extended to B(X, 5) via i = “%. If o = 1(y), for some
y € X, we simply write go% € X and gp% = y. For instance, we have gpi =x.

In the case X is a topological space or a convergence space and S is a com-
mutative semigroup of continuous injections acting on X, then we can define a
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convergence in B(X, S) as follows: If, for a sequence F,, € B(X,S), there exist a
p € Sandan F € B(X,S) such that pF,,, pF € X, foralln € N, and pF,, — ¢oF
in X, then we write F, = F in B(X,S). In other words, £, L Fin B(X,95) if
Fn:%", Fz%, and x,, — z in X, for some z,,x € X and p € S.

This convergence is sometimes referred to as type I convergence. It is quite
natural, but it need not be topological. For this reason we prefer to use the

convergence defined as follows: F,, — F in B(X,S) if every subsequence (£}, ) of

(F,) has a subsequence (F,,) such that Fj, LF
It is easy to show that the embedding ¢ : X — B(X,S), as well as the extension
of any ¢ € S to amap ¢ : B(X,S) — B(X,S) defined above, are continuous.

3. THE MAIN RESULT

In this section we will assume A to be a nonunital commutative Banach algebra
with bounded approximate identities and an isometric and symmetric involution.
In addition, we assume that A satisfies the following condition:

> There exists a sequence ai,as, ... € A such that ay,ds,... € K(A) and
for every ¢ € A there is an n such that a,(&) # 0.

For a € A, by A, we denote the operation on linear functionals on A defined

by (Aof)(x) = flaz). Let
S:{Aa:&>00n¢zl}.

Lemma 3.1. If A satisfies X33, then S is a nonempty commutative semigroup of
injective maps acting on P(A).

Proof. Without loss of generality, we may assume that a,, > 0 and that for every
¢ € A there exists an n such that a,(€) > 0 (otherwise, we take a,a* instead of
ay). If we choose A, > 0 such that Y ° | [|A,a,| < co and define a = >~ 7 | A\ya,,
then A, € S.

Clearly, S is a commutative semigroup. Let f € P(A) and A, € S. By

Maltese’s theorem [5], f(x) = /Aaﬁ(f)du(f) for some y € MY (A). Thus
A

T (E)du(€) = / H()al€)du(€).

A

(of)la) = flax) = |
Since a(§) > OAfor all £ € A, G is a positive bounded function on A. Thus
fi = ap € M5 (A) and Ay f(x) = [;2(&)di(€). Consequently A, f € P(A).

If A,f =0, then

0= flaa) = [ @(EOaute) = [ s@alano)
for all  in A. Therefore ap = 0 and p = 0, because a > 0. Thus

@)= [ a()du(e) =0,

A
Hence A, is injective.
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The map F : P(A) — M- (A) defined by Maltese’s theorem, can be extended
to a map F : B(P(A),S) — M, (A) in the natural way:
f F(f) _1
L) = s 3.1
F ( Ly_2n_2, (3.1)
It is clear that F is well-defined and that it is injective.

Theorem 3.2. Let A be a nonunital commutative Banach algebra with a bounded
approzimate identity and an isometric and symmetric involution. If A satisfies 33,

then the extended F defined by (3.1) is an bijection from B(P(A),S) to M (A).

Proof. Tt suffices to show that F is surjective. Let u € M, (A). There are a, € A
such that a, > 0, supp a,, is compact, and such that for every & € A there exists
an n such that a,(¢) > 0. Then a,u is a finite positive Radon measure on A
for every n € N. There exist positive numbers Aj, Ag, ... such that > % X\,d,p

defines a finite positive Radon measure on A. By Maltese’s theorem there exist

f € P(A) such that
pr = Aninp.
n=1

Without loss of generality, we can assume that the numbers Ay, Ao, ... are chosen

such that
o0
Z | Anan|| < occ.
n=1

Let a =) " Aya,. Then A, € S and )7, A\, anpu = ap. Thus
f py _ ap
f — p— P p—
<Aa a a "
Il

Theorem 3.3. The map F : B(P(A),S) — M (A) is a sequential homeomor-
phism.

Proof. 1 F, > F in B(P(A),S), then F, = 3, F — L.
P(A) for some f,, f € P(A), where f, — f means fn(x)

Consequently,
/Aae(g)dufn(g) — /Aii"(f)dﬂf(f)
A A

for all x € A. Since the involution in A is symmetric and I'(A)

and f, — f in
af(x) for all z € A.

{Z:2e A}
);

strongly separates points in A (see, for example, Theorem 2.2.7 in [0]), we obtain

/ §)dpyg, (&) — / (&) dps (€

for all ¢ € K(A). Therefore,

dps, (&) dpis(€)
/AsO(S) a(6) /AsO(Q a(e)
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for all p € K(A), which means that F(F,) — F(F) in M, (A).
Now assume fi,,, p € M, (A) and

[ o) = [ eepine

for all ¢ € IC(/l) There exist A, > 0, k € N, such that > .~ A\pagfi, is a finite
measure for all n € N and A, € S, where a = Y~ | Apay. Let

-1 (Z Akdk,un> = fﬁl(dun)
k=1
and

f=F" (Z AWW) “Hap).

Then <* = F~Y(u,) and =—— = F~1(u). Moreover,

4. EXAMPLES

In this section we give some examples of spaces where the assumptions of
Theorem 3.2 are satisfied.

4.1. Normal algebras. Let A be a commutative Banach algebra. We say that A
is normal [7], if for every compact K C A and closed E C A such that KNE = 0,
there exists = € A such that

z(¢)=1for € K and z(§)=0for€ € E.

If A is a normal commutative Banach algebra and A is o-compact, then A
satisfies condition Y. Indeed, if Ais o- compact, there are compact sets K,, C A
such that A = UnZ oK, and K, C K for all n € N, where K is the interior
of K, 1. Since A is regular, for every n € N there exists b, € A such that

- 1 iffeK
bn(g):{o 1ff¢ n+1 ‘

Let a,, = b,b},. Then a,, = |ZA),L|2 >0 and K,, C suppa, C K, . Clearly, for every
¢ € A, there exists n such that a, > 0.
Note that a regular commutative Banach algebra is normal, [7].
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4.2. Algebras with oc-compact-open structure spaces. For our next exam-
ple we use Shilov’s idempotent theorem [10].

Theorem 4.1 (Shilov). Let A be a commutative Banach algebra. If K is a

compact and open subset of A, then there is a unique idempotent a € A such that
a 1s the characteristic function of K.

Let A be a commutative Banach algebra such that Alis o-compact-open, that
is, A = U2 K, where K, are disjoint compact and open sets in the Gelfand
topology in A. Since, by Shilov’s idempotent theorem, for every n € N there

exist a unique idempotent a, € A such that supp a, = K,,, A satisfies condition
3.

4.3. Locally compact groups. Let G be a locally compact abelian group. A
continuous function f : G — C is called positive definite if

Z cxerf (z ' wy) >0

k=1

for all ¢1,...,¢, € C and x4,...,2, € G for any n € N. We denote the cone of
positive definite functions on G by P, (G). A character a on G is a continuous
homomorphism from G into the unit circle group T. Let G denote the group of
characters. By Bochner’s theorem [1], f € P, (G) if and only if there exists a

-~

unique bounded positive Radon measure s on G such that

o) = [ adus.

G

In [2] it was shown that, if G is o-compact, then the map f — g defined by
Bochner’s theorem can be extended to a map from a space of pseudoquotients
to all positive measures on GG. That space of pseudoquotients was B(P.(G),S)
where

S:{goeLl(G):$(§)>Of0rallfeé}.

We will show that this extension is a special case of the extension presented in
this note.
Since the convolution algebra L'(G) is regular, it satisfies X, as indicated in

4.1. For o € G we define ¢, : L}(G) — C by

%U%iéﬂwaﬂm,

where dz indicates the integral with respect to the Haar measure on G. The map
a — @, is a bijection from G onto L'(G) (see, for example, [6]). This allows us

-~

to identify M (G) and M+(L/1(\(})) If f is a positive definite function on G, we
define a positive functional on L'(G)

by
F(p) = g f(x)p(r)dr
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f

and a map from B(P,(G),S) to B(L'(G),S) by = — Ai’ where ¢(z) = ¢(z71).

1 @

Since B(L'(G),8) is isomorphic with MJF(L/l(E)), by Theorem 3.2, there is a
bijection from B(P(G),S) to M (G).
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