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NONCOMMUTATIVE SPECTRAL SYNTHESIS FOR THE
INVOLUTIVE BANACH ALGEBRA ASSOCIATED WITH A
TOPOLOGICAL DYNAMICAL SYSTEM
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ABSTRACT. If ¥ = (X,0) is a topological dynamical system, where X is a
compact Hausdorff space and ¢ is a homeomorphism of X, then a crossed
product involutive Banach algebra ¢!(X) is naturally associated with these
data. If X consists of one point, then £!() is the group algebra of the integers,
hence the general ¢!(X) could be regarded as a noncommutative ¢!-algebra. In
this paper, we study spectral synthesis for the closed ideals of ¢!(X) in two
versions, one modeled after C'(X), and one modeled after ¢'(Z). We identify
the closed ideals which are equal to (what is the analogue of) the kernel of their
hull, and determine when this holds for all closed ideals, i.e., when spectral
synthesis holds. In both models, this is the case precisely when ¥ is free.

1. INTRODUCTION

Suppose G is a locally compact abelian group, with dual group G IfIC LY(G)
is a closed ideal, then its hull A(I) C @ is the closed set of common zeroes of the
Fourier transforms of the elements of I, or, equivalently, the set of all maximal
modular ideals of L'(G) containing I. If S C G is closed, then its kernel K(S) is
the closed ideal of L'(G) defined as K(S) := es ™. It is a non-trivial fact (the

regularity of L'(G)) that AK(S) = S for all closed S C @, and a closed subset S
of G is called a set of spectral synthesis if K (.9) is the only closed ideal I of L'(G)

Date: Received: 15 August 2012; Accepted: 25 November 2012.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 46K99; Secondary 46H10, 47165.
Key words and phrases. Involutive Banach algebra, crossed product, structure of ideals,
spectral synthesis, topological dynamical system.
103



104 M. DE JEU, J. TOMIYAMA

such that A(I) = S. Determining sets of spectral synthesis is a delicate problem,

and one may ask whether it is possible that all closed subsets of G are sets of
spectral synthesis, in which case spectral synthesis is said to hold for G. This is
asking for the injectivity of £ on the set of closed ideals, or, equivalently, requiring
that each closed ideal I is of the form K(.S) for some closed subset S of G (which
is then necessarily equal to A(I)). In that case, one can think of each I as being
synthesised, via intersection, from the maximal modular ideal—which one can
regard as the evidently existing closed ideals of L'(G)—in K(I). Alternatively,
one can view each [ as being reconstructed from the set of common zeroes of
the Fourier transforms of the elements of I. This problem was finally settled by

Malliavin [9], [10, Theorem 7.6.1]: spectral synthesis holds for G if and only if G
is compact. For compact G, all closed ideals of L'(G) are then self-adjoint, and
the converse is also true, cf. [10, Theorem 7.7.1]. Hence all closed ideals of L'(G)

are self-adjoint if and only if G is compact.

Spectral synthesis has also been studied for other semisimple regular com-
mutative Banach algebras than L!(G); see, for example, [3, Chapter 8], or [7,
Chapter 5]. Apart from L'(G), with G compact and abelian, the only other com-
mon class of commutative Banach algebras for which spectral synthesis holds, and
that we are aware of, are the algebras Cy(X), for a locally compact Hausdorff
space X. Passing to possibly noncommutative algebras, we note that for general
C*-algebras every closed ideal is the intersection of primitive ideals [2]. Thus,
here again every closed ideal can be synthesised from evidently present ideals,
emerging from the representation theory of the algebra.

In this paper, we consider spectral synthesis for the involutive Banach algebra
¢}(X) that is naturally associated with a dynamical system ¥, consisting of a
compact Hausdorff space X and a homeomorphism ¢ of X. Its enveloping C*-
algebra C*(3) is well studied, but the investigation of this underlying involutive
Banach algebra itself is of a more recent nature and was initiated in [5] and [0].
These algebras are considerably more complicated than their C*-envelopes, as
already becomes obvious from the case where X consists of one point. In that
case, (*(X) = (*(Z), so that its C*-envelope is C(T), and whereas C(T) has
only self-adjoint closed ideals, ¢!(Z) also has non-self-adjoint closed ideals; and
whereas spectral synthesis holds for C(T), it fails for ¢*(Z). For general X, C*(X)
naturally has only self-adjoint closed ideals, but it is known that this holds for the
underlying algebra ¢!(3) precisely when X is free [5, Theorem 4.4], as an analogue
of the result that L!'(G) has only self-adjoint closed ideals precisely when G is
compact. Can we, then, also settle the matter of the validity of spectral synthesis
for this non-commutative ¢'-algebra ¢'(X), as it has been settled for L'(G)?

In answering this question we have interpreted “spectral synthesis” as the re-
construction of a closed ideal of ¢1(X) from a suitably defined set of common
zeroes of functions associated to all the elements of the ideal, thus (as in the
above examples) establishing that it belongs to an evidently existing family of
ideals of ¢}(¥). There are two natural candidates to do this. Firstly, as in [10],
one can take C'(X) as a model, and ask which closed ideals are determined by
the common zeroes of the coefficients of the elements of the ideal. Theorem 3.6
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provides a number of answers, one of which is that these are precisely the ideals
that are intersections of closed ideals naturally associated to orbit closures. Con-
sequently, such ideals are intersections of primitive ideals, but the latter cannot
be chosen freely. Spectral synthesis in this model then holds when every closed
ideal can be so reconstructed, and Theorem 3.13 gives a number of equivalent
conditions for this to hold, one of these being requiring ¥ to be free. Secondly,
one can take L!'(G), or in this case £}(Z), as a model, and consider the common
zeroes of all (generalised) Fourier transforms of the elements of the closed ideal.
In that case, Theorem 4.16 asserts that the reconstructible ideals are precisely
the intersections of (freely chosen) primitive ideals naturally associated to the
points of X. According to Theorem 4.19, spectral synthesis holds in this model
precisely when X is free again.

Thus the question of global spectral synthesis in both models has been settled.
If it does not hold, then the study of spectral sets becomes relevant, but we leave
that for future research.

To conclude this introduction, let us mention that these algebras ¢!(X) are
rather well accessible concrete examples of involutive Banach algebras, and with
a rich variety of possible properties, depending on the dynamics. Major open
issues are the question whether ¢'(3) is always Hermitian, whether the closure of
a proper ideal of £1(X) in C*(X) is always proper (see Remark 4.13), and whether
each self-adjoint closed ideal is the kernel of an involutive representation of ¢1(%).
We hope to be able to report further on these algebras and their structure in the
future.

This paper is organised as follows.

Section 2 contains not only the necessary notions and notations, but also a
detailed investigation of three families of closed ideals of /! (X). These ideals play
a key role in the subsequent sections.

Section 3 is concerned with spectral synthesis in the C'(X)-model. The main
results are Theorem 3.6 (identifying the reconstructible ideals), Theorem 3.7 (for-
mulating the properties of the analogues of the hull and kernel operators), and
Theorem 3.13 (determining when spectral synthesis holds in this model).

Section 4 takes up spectral synthesis in the ¢!(Z)-model. The main results
are now Theorem 4.16 (identifying the reconstructible ideals), Theorem 4.17 and
(formulating the properties of the analogies of the hull and kernel operator), and
Theorem 4.19 (determining when spectral synthesis holds in this model).

Appendix A contains the underlying abstract framework of hull-kernel-type
operators. It is completely elementary, but we know of no reference for the basic
properties of the combination of such operators, which we use in both Section 3
and Section 4. By explicitly including them here we also hope to avoid any
future mildly annoying verification of these elementary, but not entirely obvious,
generalities in other examples.

2. PRELIMINARIES

In this section, we establish the basic notations and introduce the algebra £*(X),
along with three families of ideals. In Section 3 and Section 4, the ideals thus
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obtained will play a role similar to that of the maximal modular ideals in spectral
synthesis for L!'(G), where G is a locally compact abelian group.

Throughout this paper, X is a non-empty compact Hausdorff space, and o :
X — X is a homeomorphism. If z € X, we write Z -z and Z - z for its orbit
and the closure of its orbit, respectively. We let Aper(o) and Per(o) denote the
aperiodic and the periodic points of o, respectively. For p > 1, let Per,(o) be the
set of points of period p.

The involutive algebra of continuous complex-valued functions on X is denoted
by C(X), and we write « for be the involutive automorphism of C'(X) induced
by o via a(f) := foo !, for f € C(X).

If S C X, then we let K(S) = {f € X : fls = 0} be its usual kernel. If T is
an ideal of C(X), let A(I) = {x € X : f(x) = 0 for all f € I} be its usual hull.
Then K(S) = K(S), A(I) = A(I), and A and K are mutually inverse bijections
between the set of closed ideals of C'(X) on the one hand, and the set of closed
subsets of X on the other hand. Their restrictions are mutually inverse bijections
between the set of a-invariant closed ideals of C'(X) and the set of o-invariant
closed subsets of X.

2.1. (*(X) and behaviour of ideals. Via n — a", the integers act on C'(X).
With || - || denoting the supremum norm on C'(X), we let

() ={a:Z - C(X): [la] := Y lla(n)]| < oo},

We supply ¢}(X) with the usual twisted convolution as multiplication,

(aa)(n) == a(k)-a*(a'(n k) (a,a’ € (X)),

kEZ

and define an involution by
a*(n) = am(a(-n)) (a € '(X)),

so that it becomes a unital Banach *-algebra with isometric involution. We let
C*(X) denote its enveloping C*-algebra. If X consists of one point, then ¢}(X) is
the group algebra ¢'(Z), and C*(X) can be identified with C/(T).

A convenient way to work with ¢! (X)) is provided by the following. For n,m € Z,

let
(m) 1 ifm=mn;
X} )0 ifm#n,

where the constants denote the corresponding constant functions in C'(X). Then
X{o} is the identity element of ¢*(X). Let § = xq13; then xq_1; = 67" = 6*. If we
put 8° = Xjo}, then 6" = Xy, for all n € Z. We may view C'(X) as a closed
abelian *-subalgebra of /!(X), namely as {agd° : ap € C(X)}. If a € £1(X), and if
we write a(n) = a, for short, thena =) a,0", and ||a|| = >_,, |las| < co. In the
rest of this paper we will constantly use this series representation a = ) a,0" of
an arbitrary element a € ¢*(X), for uniquely determined a,, € C(X). Thus (}(2)
is generated as a unital Banach algebra by an isometrically isomorphic copy of
C(X) and the elements 6 and !, subject to the relation 6 f6~! = a(f) = foo™!,
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for f € C(X). The isometric involution is determined by f* = f (f € C(X)),
and §* = 6~!. Hence the inner automorphism Ad § of £!(3) is involutive, it leaves
C(X) invariant, and its restriction to C'(X) is a.

Let cgo(2) denote the finitely supported elements of £}(X). It is a dense invo-
lutive subalgebra.

Definition 2.1. In this paper, a primitive ideal of (1(X) is the kernel of a topo-
logically irreducible unital involutive representation of (*(X) on a Hilbert space.

Note that this definition is not the one as used in, e.g., [1], where a primitive
ideal is defined in a purely algebraic fashion as the kernel of an abstract alge-
braically irreducible representation on an arbitrary complex vector space. Our
definition is convenient for our purposes, to shorten terminology somewhat, and
modeled after the situation for C*-algebras, for which the primitive ideals as in
[1] are precisely the ideals defined analogously to Definition 2.1 (see [2] for this
non-trivial fact). The usual argument shows that an involutive representation of
(}(X) on a Hilbert space is automatically continuous, in fact even contractive.
Hence a primitive ideal is a self-adjoint closed ideal.

If L € C(X) is a linear subspace, let:

(1) L(0) :={a =), and" € coo(X) : a, € L for all n € Z};

(2) L((9)) :={a=>, and" € (*(2) : a, € L for all n € Z}.

The following is readily verified.
Lemma 2.2. Let L be a linear subspace of C(X). Then:

(1) Z(0) = Z() = L((9))

(2) L(8) is closed in (*(X) if and only if L = {0}, and L((9)) is closed if and
only if L is closed.

(3) L(0) is an ideal of coo(X) if and only if L is an a-invariant ideal of C(X);

(4) L((0)) is a closed ideal of (*(X) if and only if L is an a-invariant closed
ideal of C(X). In that case, L((0)) is self-adjoint;

(5) If {Lo : « € A} is a collection of linear subspaces of C(X), then:
(a> ZQEA La<5) = (ZaeA L )( )7 and maeA (5> = (maéA LQ)((S);
() e Lal(0)C(T e La)(0)). and (Yyep Lal(6)) = (s La) (9)):

As in [17] for C*(X), we distinguish three types of ideals in ¢*(X). For their
definition we use the canonical involutive norm one projection F : (%) — C(X),
given by E(a) = ag, for a = )" a,0™ € (*(X). The following properties are easy
to check.

Lemma 2.3. Let a =Y a,0" € (*(X). Then:
(1) E(f-a-g) = fgE(a) (f,g€C(X));
(2) E(0-a-6Y)=06-FEa)- 0t =a(E(a)) = FE(a)oo™!;
(3) E(a*a) = 32, |an o o"|*;

(4) E is injective on the positive cone of (*(X);
(5) If[ is an ideal of (*(X), then:
(I) is an a-invariant ideal of C(X);
(I)={an:a=>, a,6" € I};

E
E
I C E(I)((9));
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(d) E(I) = {0} if and only if I = {0}.
If {Lo : a € A} is a collection of linear subspaces of ('(X), then E(Y, .4 La) =
2 aca B(La).
Definition 2.4. Let I be an ideal of (*(X). Then
(1) I is well behaved if E(I) C I;
(2) I is badly behaved if E(I) = C(X);
(3) I is plain if E(I) # C(X) and E(I) ¢ I.

Example 2.5. If X consists of one point, so that (*(X) = (*(Z), then there are
no plain ideals. The well behaved ideals are {0} and all ideals containing coo(Z).
The badly behaved ideals are all ideals containing coo(Z), together with the badly
behaved ideals which are not well behaved; the latter family admaitting no explicit
description. The picture simplifies when restricting our attention to closed ideals:
there are no plain closed ideals in (*(Z), and the only well behaved closed ideals
are {0} and (*(Z). The badly behaved closed ideals of (*(Z) are precisely the non-
zero closed ideals. We will see later (cf. Proposition 2.12) how plain self-adjoint
closed ideals can sometimes be obtained for non-trivial X .

The following Lemma follows easily from the definitions.

Lemma 2.6. (1) Arbitrary intersections and sums of well behaved ideals are

well behaved.

(2) If the ideal I is badly behaved and J D I for an ideal J, then J is badly
behaved.

(3) An ideal I is both well behaved and badly behaved if and only if it contains
coo(X); all other ideals fall into precisely one category.

(4) The closed ideal £1(X) is the only closed ideal that is both well behaved and
badly behaved; all other closed ideals fall into precisely one category.

Lemma 2.7. Let I be an ideal of (*(X). Then:
(1) I is well behaved if and only if E(I) = 1N C(X);
(2) If I is well behaved and closed, then E(I) = 1N C(X) is an a-invariant
closed ideal of C'(X).

Proof. Suppose that I is a well behaved ideal. Then E(I) C INC(X) C E(I).
Hence E(I) = I N C(X), and the converse is clear. The second part is now
obvious. 0

This leads to the following description of the well behaved closed ideals and
their automatic self-adjointness.

Corollary 2.8. (1) The involutive norm one projection E induces a bijection
I < E(I) between the well behaved closed ideals of ¢*(X) and the a-
invariant closed ideals of C(X); the inverse map sends an a-invariant
closed ideal I' of C(X) to I'((9)).

(2) All well behaved closed ideals of (*(X) are self-adjoint.

Proof. The routine proof of the first part is left to the reader. For the second,
one need then merely note that all closed ideals of C'(X) are self-adjoint. O]
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Although we will not need it, the following result is worth noticing: a quotient
of /1(X) by a well behaved closed ideal is again an algebra in our class.

Proposition 2.9. Let I be a well behaved closed ideal of (*(X). Put S; = A(E(I)),
so that Sy is a o-invariant closed subset of X, and let o; denote the restriction of
o to Sy. Let ¥y = (S5, 07) denote the resulting dynamical system, with associated
algebra (*(3;), generated by C(S;) and a unitary 6;. Then the map, sending
>, and™ € LH(X) to Y, anls, 07, is a contractive unital involutive Banach algebra
homomorphism from (*(2) onto £*(X;), inducing an isometric involutive Banach
algebra isomorphism between (*(X)/I and (*(XZ;).

Proof. We recall that a bounded surjective linear map 7' : X — Y between two
Banach spaces is a quotient map, i.e., it induces an isometry between X /KerT
and Y, precisely when T" maps the open unit ball of X onto that of Y. Now Res :
C(X) — C(Sy) is a surjective (by Tietze’s Theorem) morphism of C*-algebras.
The induced map between C(X)/k(S;) and C(Sy) is then an isomorphism of
C*-algebras, hence automatically isometric. Therefore Res : C'(X) — C(Sy) is
a quotient map. Since there are only countably many coefficients to be taken
into account, it is now clear that the described map between ¢'(X) and ¢!(3;)
is surjective, and in fact again a quotient map. As it is easily checked to be
a unital involutive Banach algebra homomorphism, and its kernel is equal to
K(S1)((6)) = KA(E(I)((0)) = E(I)((d)) = I, it induces an isometric involutive
Banach algebra isomorphism between ¢*(X)/I and ¢*(X;). O

2.2. Three families of ideals. We will now describe a number of irreducible
involutive representations of ¢!(X) that made an earlier appearance in [0], and
investigate their kernels. The ideals thus obtained will be an important ingredient
in Sections 3 and 4.

As a consequence of the general theory, cf. [2], there is bijection (via extension
and restriction) between the pure states of ¢!(X) and C*(3), and between the
irreducible GNS-representations of the two algebras. Now, for each x € X, point
evaluation is a pure state ev, on C(X), and all pure state extensions of ev, to
C*(X) therefore yield irreducible GNS-representations of C*(X), hence of ¢!(X)
by restriction. Since these pure state extensions of point evaluations to C*(X)
(hence to ¢*(X)) are well understood, as are their GNS-representations, we obtain
explicitly given irreducible involutive representations of ¢!(X). Referring to [13,
§4] for further details and proofs, the description is as follows.

First of all, if x € Aper(o), then there is a unique pure state extension of ev,
to ¢1(X), which we denote by ¢,. The Hilbert space for the GNS-representation
7, corresponding to ¢, has an orthonormal basis (ej)xez, and the representation
itself is determined by 7,(d)er = epy1, for k € Z, and 7.(f)er = f(o*x)ey, for
k € Z. The vector ey reproduces the state ¢, of C*(3).

If © € Per(o), say © € Pery(c) (p > 1), then the pure state extensions of
ev, to £}(X) are in bijection with the points in T, and we denote these pure
states of £1(X) by ¢, ., for A € T. The Hilbert space for the GNS-representation
Ty corresponding to ¢, has an orthonormal basis {ep,...,ep,_1}, ma(0) is
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represented with respect to this basis by the matrix

00 ...0A\
10 ...00
01 ...00 [,
00 ..10

and, for f € C(X), m, A(f) is represented with respect to this basis by the matrix

f(z) 0o ... 0
0  flox) ... 0
0 0 ... florlz)

The vector ey reproduces the state ¢, of £1(X).

If z € Aper(o), then we write P, for the primitive ideal Ker 7, of £}(3), and
if + € Per(o) and A € T, then the primitive ideal Kerm, ) is denoted by P, ,.
If € Per(o), we let Q, = (Nyep Prx- Note that these ideals P,, P,y and @,
are self-adjoint. If X consists of one point x, so that ¢}(X) = ¢'(Z), then only
the second family P, occurs, and P, = {a € (/(X) : F(a)(\) = 0}, where
F(a)(A) = > ,czA"an (A € T) is the usual Fourier transform (defined in a form
more convenient in our setup than the alternative F(a)(X) = ), .,A "a,). Hence
we retrieve the usual maximal modular ideals for £(Z) and we have Q, = {0} by
the injectivity of the Fourier transform.

Unless X consists of one point, there exist unitary equivalences between mem-
bers of the family {7, : € Aper(c)} U {m, : © € Per(c), A € T}. Hence the
indices as used for these families of primitive ideals should not be thought of as a
unique parametrisation, quite contrary to the case of £*(Z). In Remark 2.16 we
will give the precise relation between the indices, the unitary equivalence classes
of involutive representations, and the primitive ideals.

The following description is the basis for further investigation of these ideals.

Proposition 2.10. Let Y a,0" € (*(2).

(1) If v € Aper(o), then a € P, if and only if a,|75 =0, for alln € Z.
(2) If v € Pery(o) for somep > 1, and A € T, then a € P, if and only if

S Nagyi(2') = 0, (2.1)
leZ

forallj€{0,1,...,p—1} and all ' € Z - x.
(3) If x € Per(o), then a € Q. if and only if a,|z.. =0, for alln € Z.

Proof. The first part follows easily from the requirement 7,(a)e, = 0 (k € Z),
which is equivalent to a € P,. As to the second part, taking into account that
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T (0)P = A - id we see that a € P, if and only if

0="> monlan)mon(5)"ex

nez
p—1

= 30D Tl (0) e
j=0 1eZ
p—1

=2 [meawm] T e,
j=0 Liez

for all k € {0,1,...,p — 1}. Since, for fixed k, the elements m, \(6)7er (j =
0,...,p—1) are, up to non-zero multiples, simply the basis vectors {eq, ..., e,-1},
and the action of C'(X) on this basis is diagonal, this holds if and only if

> N Ten(0) e =0,

l€Z
for all j,k € {0,1,...,p — 1}. Applying 7, \(6)7 to this relation, we find the
equivalent requirement

Z)\lﬂx,)\(allprj o aj)ek = O,

leZ

for all j,k € {0,1,...,p — 1}. Making the diagonal action of C'(X) explicit this

translates into
Z)\lalp+j(0j+kx) =0,
1€z

for all j,k € {0,1,...,p— 1}, which is the vanishing property on Z - z as stated
in the second part of the Proposition.

Turning to the third part, let p be the period of z. If a,[z., =0 for all n € Z,
then part (2) implies that a € P, for all A € T, hence a € Q. = (yop Pon-
Conversely, if a € P, , for all A € T, then (2.1) holds for all j € {0,1,...,p— 1},
all ' € Z - x and all A € T. For fixed j and 2/, the validity of (2.1) for all A € T
simply means that the map | — a4;(2), which is in ¢'(Z), has zero Fourier
transform. Hence ay,y;(2') =0foralll e Z, j € {0,1,...,p—1} and 2’ € Z - x,
which is an alternative way of expressing that a, [z, = 0 for all n € Z. O

For the definition of ()., countable intersection will do, as is implied by the
next result.

Corollary 2.11. Let x € Per(o), and let T, be a dense subset of T. Then

Proof. Certainly ), C Nyer, Py x. For the reverse inclusion, ifa = > a,0" € P, »
for all A € T,, then the Fourier transform occurring in the conclusion of the proof
of the third part of Proposition 2.10 is zero on T, hence on T, and it follows as
before that a,[z.. = 0, for all n € Z. Hence a € Q). O
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We will now collect a number of further consequences of Proposition 2.10,
and we start with the existence of well behaved, badly behaved and (possibly)
plain self-adjoint closed ideals in ¢!(3), as announced in the discussion following
Lemma 2.6. Note that for £*(Z) only the second and third part of Proposition 2.12
are NON-vacuous.

Proposition 2.12.

(1) If » € Aper(o), then P, = K(Z-x)((5)) is a well behaved proper (self-
adjoint) closed ideal.

(2) If v € Per(o) and A € T, then P, is a badly behaved proper self-adjoint
closed ideal.

(3) If x € Per(o), then:
(a) Q. = K(Z - x)((0)) is a well behaved proper (self-adjoint) closed ideal;
(b) If X € T, then Q, is the largest well behaved ideal contained in P, .

(4) If x1 € Aper(o) and x4 € Per(o) N (X \Z - 1), then P,, N Py, \ is a plain
(hence proper) self-adjoint closed ideal, for all X\ € T.

Proof. Parts (1) and (3)(a) are immediate from the first and third part of Propo-
sition 2.10, respectively. For part (3)(b), if a = ) a,0™ € I, where [ is a well
behaved ideal contained in P, y, then a,0" € I C P, ,, for all n € Z. Since (2.1)
then shows that a, [z, = 0, for all n € Z, we see that a € (). Hence I C @Q),.

As to the second part, suppose x € Per,(c). Now note that, for arbitrary
felC(X),a:=f—(f/Nisin P, ), since 7, ,(6?) = A -id. Hence f = E(a) €
E(P,)).

Turning to the fourth part, note that E(P,, N P, ) C E(P,) ={f € C(X):
flzz; = 0} # C(X). Next, choose f € C(X) such that f[z - = 0and f(z2) # 0.
If p is the period of xy, let a := f—(f/A)dP. Since m, (f) = 0 and 7., A(67) = A-id,
ais in P, N P,, . However, by the second part of Proposition 2.10, E(a) = f
is not in P,, ) since f(xg) # 0, hence it is certainly not in P,, N P,, . Hence
E(P,, N Py, ) ¢ Py NPy, and we see that P,, N P,, , is plain. O

Another consequence of Proposition 2.10 is the following.

Proposition 2.13. The family {r, : © € Aper(c)} U {m, : € Per(o), A € T}
of involutive representations of (*(3) separates the elements of (*(%).

Proof. This is clear from the first and third part of Proposition 2.12. Alter-
natively, we can remark that it must be the case, as it is even true for the
superalgebra C*(X) of ¢*(3), as a special case of [15, Proposition 2]. The con-
ceptual proof as given in [15] translates to a slightly easier one for ¢}(¥), as
follows. If a = > a,0™ € (1(X) is in the kernel of all 7, (z € Aper(o)) and
Tz (x € Per(o), A € T), then certainly the states on £!(3) used to define these
representations vanish at a*a. Since these states were taken to constitute all pure
state extensions of all states ev, on C(X), for x € X, the Krein-Milman theorem
implies that all state extensions of all states ev, (z € X) vanish at a*a. Now
observe that, for all z € X, the map a — ag(x) is a state on ¢}(3) extending
ev,. The positivity follows from the fact that (a*a)o = Y., |a, o 0”|?, and this
also makes clear that, if a*a is in the simultaneous kernel of these states, then
a=0. 0J
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An argument similar to that in the proof of Proposition 2.13 shows that it is
a priori clear that, if a = ) a,0" is in P, or @), then a,(c"z) = 0 (n € Z).
Applying this to ad® (k € Z), which is in the same ideal, we see that P, C
K(Z - x)((0)) (z € Aper(c)) and that Q, C K(Z-z)((5)) (z € Per(c)). Since the
reverse inclusion is clear from the description of the pertinent representations,
one obtains an alternative proof of the first and third part of Proposition 2.12.

The following is obvious from the first and third part of Proposition 2.12.

Corollary 2.14. Let OC be the set of orbit closures {Z -z : x € X}. For
Z- -z € OC, let

I(Z77) = P, if x € Aper(o);
) Q. if 2 € Per(o).

Then I is a well defined inclusion reversing bijection between OC and the set
{P, : x € Aper(o)} U {Q, : x € Per(o)}, which consists of well behaved (self-
adjoint) closed ideals of (*(X). It is given explicitly as I(Z - x) = K(Z - z)((6)).

We conclude this section with complete information on the properness, trivial-
ity and all possible inclusions within and between these three families in our next
result, followed by two of its consequences.

Proposition 2.15.

(1) (a) The ideals P, (x € Aper(o)), P,y (x € Per(o),A € T), and Q.
(z € Per(o)) are proper self-adjoint closed ideals of (*(3).
(b) (i) Foraz € Aper(o), P, = {0} if and only if Z- v = X.
(ii) For x € Per(o) and A € T, P, # {0}.
(iii) For x € Per(o), Q. = {0} if and only if Z -z = X.

(2) The three sets {P, : x € Aper(o)}, {Pex : @ € Per(o), A € T} and
{Q. : x € Per(o)} of proper self-adjoint closed ideals of (*(X) are pairwise
disjoint.

(3) (a) For xy,x9 € Aper(o), Py, C Py, if and only if Z - x1 D Z - 5.

(b) For z1,x9 € Per(o) and A, Ao € T, the following are equivalent;
(1) PI1,/\1 C PCL‘2,)\2 ;
(11) 7 - T = 7 - To and )\1 = )\2,’
(ill) Pryry = Prys-
(¢) For xy,x9 € Per(o), the following are equivalent:
(i) Qay C Qu;
(11) 7 X = Z'l’g,’
(iii) Ry = Quy.
(4) (a) Let x1 € Aper(o), zo € Per(o), and A € T. Then:
(l) Piﬂl z PIQ,A;
(ii) Py, C Py, if and only if Z - vy D Z - xs.
(b) Let x1 € Aper(o) and x5 € Per(c). Then:
(1) Poy 2 Quys
(i) Pr, C Qu, if and only if Z - xy D Z - xs.
(c) Let x1,xo € Per(c) and A\ € T. Then:
(1) Qxl Z P:vz,)\;
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(1) Qu, C Py if and only if Z - 1 = Z - x.

Proof. Part (1)(a) is obvious. Part (1)(b)(i) and (1)(b)(iii) follow from Proposi-
tion 2.12; part (1)(b)(ii) is clear since 7, is a finite dimensional representation
of the infinite dimensional algebra ¢!(X).

As to part (2), the first and third part of Proposition 2.10 imply that there is
no overlap between the two families {P, : © € Aper(o)} and {Q, : € Per(o)}.
That the remaining two intersections are empty follows from Proposition 2.12:
since the ideals P, (x € Aper(c)) and @, (z € Per(o) are well behaved proper
closed ideals, and the ideals P, ) (x € Per(o),\ € T) are badly behaved proper
closed ideals, there can be no overlap in view of part (4) of Lemma 2.6.

Turning to part (3), part (3)(a) and (3)(c) are obvious from Proposition 2.10.
As to (3)(b), suppose that P, n, C Py, . If Z-21 # Z - x4, then there exists
f € C(X) such that flz,, = 0 and f[z.,, # 0. The description of 7, 5, and
Tz, then makes it clear that f € P, \,, but f ¢ P, ,. Hence the orbits must
coincide, and we let p be the period of x; and x9. Since 1 — (1/A1)0P € Py, »,, it
is in Py, », and applying m,, », yields 1 — (A2/A1) = 0, hence Ay = A\;. Therefore
(3)(b)(i) implies (3)(b)(ii). It is clear from the second part of Proposition 2.10
that (3)(b)(ii) implies (3)(b)(iii), and the remaining implication in (3)(b) is trivial.

For part (4)(a)(i), if P,, D P, then the kernel of the infinite dimensional
irreducible representation 7,, would contain an ideal of the algebra of finite
codimension in the algebra, which is impossible. As to (4)(a)(ii), assume that
P,, C Py, . Since the first part of Proposition 2.10 shows that K(Z - 1) C P,
we have K(Z - x1) C Py, ». An application of the second part of Proposition 2.12
with j = 0, or an appeal to the description of 7, , then implies that K(Z - z1) C
K(Z - x5). Hence Z - x1 D Z - x5. The converse implication in (4)(a)(ii) is imme-
diate from the first and second part of Proposition 2.10.

Part (4)(b) is immediate from the first and third part of Proposition 2.10.

For (4)(c)(i), if Qs D Py,., then, using that part (2) of Proposition 2.12
shows that P, is badly behaved, the second part of Lemma 2.6 implies that
@, is likewise badly behaved. This yields a contradiction between part (4) of
Lemma 2.6 and part (3)(a) of Proposition 2.12. The proof of (4)(c)(ii) is similar
to that of (4)(a)(ii). O

Naturally, part (2) of Proposition 2.15 also follows from part (4).

Remark 2.16.

(1) It follows from [12, Corollary 4.1.4] that, among the set {7, : € Aper(o)}
U{mr : = € Per(o),A € T} of irreducible involutive representations
of ¢}(¥), unitary equivalence occurs precisely between 7,, and 7,, for
x1, Ty € Aper(o) in the same orbit, and between m,, \ and 7, ) for z1, x5 €
Per(o) in the same orbit. Certainly the corresponding primitive ideals are
then equal, but the converse is not true in general. As Proposition 2.15
shows, if 2y € Per(0), A\g € T, it is still true that the only representations
in {m, : x € Aper(c)} U {m,» : x € Per(o), A € T} with P, ), as primitive
ideal are the 7,/ ), with 2’ € Z - x, i.e., precisely the involutive represen-
tations unitarily equivalent to 7, »,. For o € Aper(o) this need not hold:
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the representations in {m, : x € Aper(o)} U {m,\ : © € Per(o),\ € T}
with P,, as primitive ideal are precisely the 7, with 2’ € Aper(o) such
that Z -2’ = Z - x¢, and it is possible that the set of such 2’ (the quasi-
orbit of z) is strictly larger than Z - x.

(2) If X is metrizable, then |11, Theorem 7.7] gives a number of equivalent
conditions for the property that each irreducible representations of C*(X)
is uniquely determined, up to unitary equivalence, by its primitive ideal.
One of these is that the Birkhoff center ¢(o) of ¥ coincides with Per(o),
and another is that all irreducible representations of C*(X) are unitarily
equivalent with the representations arising from pure state extensions of
point evaluations as above (see [14, Proposition 7.5] for an explicit coun-
terexample if ¢(o) 2 Per(0)).

It is tempting to try to deduce, from the known result for C*(X%),
that the analogous three properties are, for metrizable X, also equiva-
lent for ('(X). Tt follows obviously from the result for C*(X) that each
irreducible involutive representation of £*(X) is unitarily equivalent with
an irreducible involutive representation, arising from a pure state exten-
sion of a point evaluations as above, precisely when ¢(o) = Per(o). The
question is harder, however, whether an involutive representation of ¢!(X)
is then also uniquely determined, up to unitary equivalence, by its prim-
itive ideal. The obstacle (if it should be true) for the obvious “‘proof”
is that, while the involutive representations of ¢}(X) and C*(X) are in
natural bijection, the relation is not so clear for primitive ideals: If two
irreducible involutive representations of £!(3) with the same kernel are ex-
tended to irreducible involutive representations of C*(X), then there is no
obvious reason why these extended irreducible involutive representations
should have the same kernel in C*(X).

We collect a number of consequences of Proposition 2.15; the first follows by
inspection.

Corollary 2.17. Let I,J € {P, : * € Aper(o)} U {P,, : © € Per(o), A €
T} U {Q. : x € Per(o)}. Then the only possible proper inclusions I G J are the
following.

(1) Py G P, (x1,22 € Aper(o)): this holds if and only if Z- xy 2 7 - xa;

(2) P, ; P, (r1 € Aper(o), xo € Per(o), A € T): this holds if and only if
Z- -1 D7 - To,

(3) Py G Qu, (w1 € Aper(o), xy € Per(o)): this holds if and only if Z - x1 O
Z, - To,

(4) Qey G Puyn (21,32 € Per(o), A € T): this holds if and only if Z -z, =
Z - ZIo.

Part (4)(a) and (4)(b) of Proposition 2.15 imply the following.

Corollary 2.18. Let 1 € Aper(o) and xo € Per(o). Then the following are
equivalent:

(1) There exists A € T such that P,, C Py, \;
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(2) Z-x1 DZ - x5
(3) Pl'l - QIQ = m)\e’ﬂ‘ Pﬂ?z,)\'

3. SPECTRAL SYNTHESIS: C(X)-MODEL

In this section we introduce the noncommutative hull and kernel for ideals of
(*(X), modeled after C'(X) in a manner analogous to that in [16], and study the
problem of spectral synthesis.

Definition 3.1. For for a linear subspace I of (*(X) define its noncommutative

hull, H (I), as
17-[([):{xeX:an(x):0f0ralla:Zan5"elandallnEZ},

and for a subset S of X define its noncommutative kernel, K (S), as

S)={a= Zanén € 1*(%) : apls =0 for all n € Z},

with the usual convention that K (0) = (1(X).

The following two results are routinely verified, using part (5)(b) of Lemma 2.3
for the penultimate statement in Lemma 3.2.

Lemma 3.2. Let I be a linear subspace of (*(X). Then:
(1) H (I) is a closed subset of X ;
(2) ]f] is a linear subspace of (*(2), and I' C I, then H (I') D H (I).
(3) H (1) =4 (I);
(4) H (I) = X if and only if I = {0}.
If{I,: a € A} is a collection of linear subspaces of (*(X), then:
(5) H (X aeala) = Naea H (a);
(6) H (Nacala) 2 Usea H (La).
If I is an ideal of *(X), then:
(7) H (I) is a o-invariant closed subset of X ;
(8) H (I) = h(E(I)); o
(9) H (I) =0 if and only if E(I) = C(X).

Lemma 3.3. Let S C X. Then:
(1) K(S) = k(S)((0)) is a closed C(X)-subbimodule of (*(X), which is right
invariant under § and 671;
(2) If 8" C S, then K (S") D K (5);
(3) % (5) = K (5);
(4) If S is o-invariant, then K (S) is a well behaved (self-adjoint) closed ideal
0f€1(2>7 and E(K(S)) = K(S>7
(5) K (S) = €1(%) if and only if S = 0, and K (S) = {0} if and only if
S =X;
If {S, : a € A} is a collection of subsets of X, then:

(6) K (UaeA Sa) = ﬂaeA K (Sa);
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(7) K(NaeaSa) 2 Daeca K(Sa)-
Lemma 3.4.
(1) If S C X is o-invariant, then H K (S) = AK(S) = S;

(2) If I is an ideal of £*(X), then K H (I) = E(I)((5)) = E(I)((5)) D I.

Proof. For the first part, an application of Lemma 3.2, Lemma 3.3, and the first
part of Corollary 2.8 shows that

H K (S) = H [K(S)((9))]
= [E[K(S)((9))]]
= hK(S)
=9.
For the second part, using Lemma 3.2, Lemma 3.3, and Lemma 2.2, we have

KH(I) =K [h(E(I))]

= [KA(E(1))] ((9))
= B(1)((9))

= E(1)((%))

2 E(1)((9))

o1

OJ

Corollary 3.5. Let I be an ideal of (*(X). Then K H (I) =1 if an only if T is
a well behaved (self-adjoint) closed ideal.

Proof. It K H (I) = I, then it is clear from Lemma 3.3 that I is well behaved,
(self-adjoint) and closed. Conversely, if I is well behaved and closed, then the
second part of Lemma 3.4 and the first part of Corollary 2.8 show that K #H (I) =

E)((0)=1=1. O
It is now possible to give a number of alternative descriptions of well behaved
closed ideals in Theorem 3.6 below, reminiscent of similar results for a well be-
haved closed ideal of C*(X) ([15, Theorem 2]). For part of the formulation we
recall that the dual action a of T on ¢}(X) is the strongly continuous represen-
tation A — ) (A € T) of T as isometric involutive automorphisms of ¢!(3)
determined by
ax(f)=f (feC(X)), ax(d")=A"" (neZ),
for A € T. Hence, if a =Y, a,0" € (}(X), and X € T, then ay(a) =Y., A"a,d"
Therefore the relation
E(a) = / ay(a) dA, (3.1)
T

which needs some proof in the case of C*(X), is rather obvious for ¢}(%).

Theorem 3.6. Let I be a closed ideal of (*(X). Then the following are equivalent:
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1 is well behaved;

E(I) = 1N C(X);

1= B(1)((9));

I=%KH(I);

If I is a closed ideal of *(2), then I' C I if and only if H (I') D H (I);
I is invariant under the dual action of T on (*(X);

There ezist Sap C Aper(o) and S, C Per(o) such that

I= ()P ()@
2ESap z€Sp
In that case, if Sy, C Aper(c) and S, C Per(o) are chosen such that

HED) =) Z 2v |JZ 2 (3.2)

2E€Sap x€Sp

giwing the o-invariant closed subset A(E(I)) as the closure of a union of orbits,

then

$ESap CCESP

establishes I explicitly as an intersection as in part (6). If, furthermore, T, is
dense in T, for all x € S}, then

I= () P()[) P (3.4)

z€Sap  xESp AET,

establishes I as an intersection of primitive ideals corresponding to pure state
extensions of evaluations in points in Sy, U Sy,

Proof. The equivalence of (1) and (2) is the first part of Lemma 2.7. Corollary 2.8
shows that (1) implies (3). If (3) holds, then part (2) of Lemma 2.2 and the fact
that [ is closed imply that E(I) is closed, hence Corollary 2.8 shows that I is well
behaved. Hence (1) and (3) are equivalent, and Corollary 3.5 shows that (1) and
(4) are equivalent. The equivalence of (4) and (5) is Lemma A.5. If (6) holds, then
(3.1) makes it clear that E(/) C I, hence I is well behaved, and (6) implies (1).
If (3) holds, then the definition of the dual action shows that (6) holds as well.
Since all ideals in the intersection in (7) are well behaved by Proposition 2.12,
their intersection is likewise a well behaved ideal by virtue of Lemma 2.6. Hence
(7) implies (1), and the proof will be finished once we establish that (3) implies
(7). While doing so, we will establish the remaining statements as well.

Assume, then, that (3) holds. Since E(I) is an a-invariant ideal of C'(X),
R(E(I)) is a closed o-invariant subset of X. Consequently, a choice of S,, C
Aper(o) and S, C Per(o) such that (3.2) holds is certainly possible. As already
observed, the validity of (3) implies that E(I) is closed. Hence E(I) = KA(E(I)),
yielding

B = () KZ-2) () KEZ 2).

.Z‘ESap xeSp
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Since I = E(I)((6)) by assumption, part (5)(b) of Lemma 2.2 shows that

I= () KZ 2)(() [ KZ-2)((3))

2E€Sap x€Sp

An appeal to the first and third part of Proposition 2.12 then shows that (3.3)
holds, and Corollary 2.11 transforms (3.3) into (3.4). O]

We will now consider spectral synthesis in the current model, i.e., investigate
the extent to which the operators # , K are mutually inverse. We will make use of
the generalities in Appendix A, since the combination of Lemma 3.2, Lemma 3.3,
and Lemma 3.4 shows that we are in the context of Appendix A, as is the con-
tent of the second sentence of Theorem 3.7. Since Corollary 3.5 describes the
fixed points of K o A , Corollary A.2 and Lemma A.4 then imply the remaining
statements.

Note that part (1), (3) and (4) are valid regardless of the dynamics, and that
the validity or failure of spectral synthesis is considered in (2).

Theorem 3.7. Let 4 be the set of all closed ideals of £*(3) and let B be the set of
all o-invariant closed subsets of X, both ordered by inclusion. Then H : 4 — B
and K : B — A are decreasing, K oH (I) = I for alll € A, and H o K = ids.
Let A, be the set of well behaved closed ideals of £1(3). Then:

(1) H : Ay, — B and K : B — Ay, are mutually inverse bijections;
(2) The following are equivalent:
(a) H is injective on 4;
(b) Each closed ideal I of (*(X) is of the form K (S) for a o-invariant
closed subset S of X;
(c) Each closed ideal of (*(X) is well behaved;
(d) For each o-invariant closed subset S of X, K (S) is the unique closed
ideal I' of (*(3) such that H (I') = S.
(3) For each well behaved closed ideal of (*(X), H (I) is the unique o-invariant
closed subset S" of X such that K (S') = I;
(4) If I is a closed ideal of £1(X), then K H (I) is the smallest well behaved
closed ideal of (*(X) containing I, and also the largest closed ideal I' of
(X)) such that H (I') = H (I).

For spectral synthesis to hold in this model one needs to have mutually inverse
bijections 4 and K between A4 and B. Theorem 3.7 shows that it is only the
injectivity of H on A4 that is not automatic, because the inclusion 4,, C 4 can
be proper. For example, part (9) of Lemma 3.2 shows that (in fact also for non-
closed ideals) H (I) = () precisely when F(I) is dense in C(X). In particular, this
will be the case for each badly behaved closed ideal I, and the next example shows
that this non-injectivity on A4 caused by the existence of proper badly behaved
closed ideals can be rather substantial.

Example 3.8. If X consists of one point z, so that (*(X) = ((Z), then each
non-zero closed ideal I of £*(X) is badly behaved, as observed in Example 2.5,

hence H (I) = O for all such I.
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The bijections in part (1) of Theorem 3.7 reduce to the trivial decreasing bijec-

tions between the tiny part A, = {{0},01(2)} of A and B = {0, {x}}.

Nevertheless, also in the presence of proper badly behaved closed ideals or of
plain closed ideals, the bijection between 4, and ‘B is informative, provided that
it does not reduce to a triviality as for ¢'(Z). The next result describes when
this degenerate situation occurs. It should be compared with [5, Theorem 4.2],
stating that ¢'(X) has only trivial closed ideals (or: only trivial self-adjoint closed
ideals), precisely when 3 is minimal and X has an infinite number of points.

Corollary 3.9. The following are equivalent:

(1) The only well behaved closed ideals of ¢*(X) are {0} and (*(3);
(2) X is minimal, i.e., every point in X has dense orbit.

Proof. Assume that (1) holds. For each » € X, K(Z - x)((d)) is a well behaved
closed ideal, as a consequence of Corollary 2.8. Since it is clearly proper, it equals
{0}, and Corollary 2.8 implies that K(Z-x) = {0}, yielding that Z -z = X.
Conversely, if (2) holds, let I be a proper well behaved closed ideal. Then, again
by Corollary 2.8, I = E(I)((6)). Since E(I) is then a proper closed ideal of C'(X),
A(E(I)) is a non-empty o-invariant subset of X, hence equal to X. Therefore
E(I) = Kh(E(I)) = {0}, hence I = 0. O

Theorem 3.7 gives a hint as to when # could be injective on 4: then all
closed ideals must be well behaved, and in particular they will then all be self-
adjoint. As is known [, Theorem 4.4] this can only occur if ¥ is free. We will
now proceed to show that freeness of X is also sufficient for, hence equivalent
with, the injectivity of H on A4 and hence with spectral synthesis holding in this
model. The following technical lemma is instrumental for this: its first two parts
follow easily from [5, Proposition 2.4] and the third and fourth part are trivial.

Lemma 3.10. Suppose that 3 is free. If x € X and N > 1 are given, then
there exist an open neighbourhood U of x and unimodular functions 0y, ...,0,n €
C(X) with the following property: If a =Y. _, a,0" € (X(X) is arbitrary, and
o Z?:l a0, =Y, oy al0", then

(1) a6 = Qo;

(2) anlv =0, for 0 <|n| < N;

(3) if an(x) =0, for somen € Z and x € X, then a,,(z) = 0;

(4) llagll < llanll, for alln € Z.

nel

The previous result shows that, while staying in the same C(X)-subbimodule,
one can locally annihilate any finite given set (not containing ag) of coefficients
of a, while retaining E(a). Since zeroes of coefficients are preserved, and the
norm of the coefficients does not increase, repeating this process a finite number
of steps takes us to the global level.

Lemma 3.11. Suppose that X is free. If N > 1 is given, then there exist finitely
many unimodular functions 0y,...,0y € C(X) with the following property: If
a=3cza,0" € (1(X) is arbitrary, and 3 SV Oaby =3, a0, then

nez 'n
(1) ap = ao;
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(2) al, =0, for 0 < |n| < N;
(3) if an(x) =0, for somen € Z and x € X, then a,(z) = 0;
(4) llagll < llanll, for alln € Z.

Proof. With N given, we apply Lemma 3.10 to each x € X, and obtain a
neighbourhood U, of x and unimodular functions 6,1,...,0,4~ € C(X), such
that the operator L, : ¢'(X) — ¢'(X), mapping a = > ,a,0" € ('(X) to
o 2?11 0,100, has the properties (1)—(4) as stated in Lemma 3.10. By com-
pactness of X, there are finitely many x1,...,z¢c such that X = UZC:1 Us,. The
operator L,, o...0 L, is then described by a summation involving M = 4N¢
unimodular functions as stated in the present Lemma. Moreover, the invariance
parts (3) and (4) of Lemma 3.10, together with the annihilation of the coefficient
with index in {—N,...,—1,1,..., N} on U,, once L,, is applied, imply part (2),
(3) and (4) of the present Lemma. O

Corollary 3.12. Suppose that 33 is free.
(1) If a € £1(X), then E(a) € C(X) - a-C(X).
(2) Every closed ideal of £*(X) is well behaved.

Proof. The second part follows trivially from the first. As to that, let a =
> nand" € £(X) and € > 0. Choose N > 1 such that 37, .y lla.| < € and
next apply Lemma 3.11 to find an element o' = ) _, a;6" € C(X) -a-C(X)
such that

(1) ap = ao;

(2) al, =0, for 0 < |n| < N;

(3) [l ]l < |lan||, for all n € Z.
Then [|E(a) — d|| = llag — d'| = 2o n llanll < 2o llanll < e 0

The main theorem on spectral synthesis holding in this model is now simply a
matter of putting the pieces together. Needless to say, if the equivalent statements
below hold, then all parts of Theorem 3.6 apply to all (then automatically well
behaved) closed ideals of £*(X).

Theorem 3.13. The following are equivalent:

(1) The maps I — H (I) and S — K (S) are mutually inverse bijections
between the set of closed ideals of £*(3) and the set of o-invariant closed
subsets of X ;

) Every closed ideal of (*(X) is well behaved;

) Ewvery closed ideal of (*(X) is self-adjoint;

)

)

Every primitive ideal of £1(3) is well behaved;
Every closed ideal of (*(X) is the intersection of well behaved primitive
1deals;
(6) Every closed ideal of £*(X) is the intersection of primitive ideals;
(7) X is free.
In that case, if I is a closed ideal of (*(2), and S C X is such that

AED) =z =

z€eSs

(2
(3
(4
(5
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giwing the o-invariant closed subset A(E(I)) as the closure of a union of orbits,

then
I=(P

zeS
establishes I explicitly as an intersection as in part (5).

Proof. The equivalence of (1) and (2) is immediate from the second part of The-
orem 3.7. It was already observed in Corollary 2.8 that, for general X, all well
behaved closed ideals are self-adjoint; hence (2) implies (3). By [5, Theorem 4.4],
(3) and (7) are equivalent. Corollary 3.12 shows that (7) implies (2). It is trivial
that (2) implies (4). For any 2 € Per(o) and A € T, the second part Propo-
sition 2.12 furnishes a primitive ideal P, ) that is not well behaved, hence (4)
implies (7). Thus the equivalence of (1), (2), (3), (4) and (7) has been estab-
lished, and we turn to (5). Since arbitrary intersections of well behaved ideals
are well behaved, according to Lemma 2.3, (5) implies (2). If (2) holds, then
(7) holds as well, and therefore the set S, of periodic points in Theorem 3.6 is
necessarily empty, so that (3.3) establishes every closed ideal as an intersection of
well behaved primitive ideals. Hence (2) implies (5). Since obviously (5) implies
(6) and (6) implies (3), the proof of the equivalence of (1) through (7) is now
complete. The remaining statement is immediate from Theorem 3.6. O

Remark 3.14. Regardless of the dynamics, it is always true that every closed
ideal of C*(X) is the intersection of a number of the C*(3)-counterparts of the
primitive ideals P, (z € Aper(o)) and P, » (x € Per(c), A € T) [15, Proposition 2].
Certainly every closed ideal of C*(X) is an intersection of primitive ideals, but
that this standard family is always sufficient is remarkable. If X is metrizable,

then it is known (cf. [1], where a generalisation of the Effros-Hahn conjecture
in [3] is proved) that the primitive ideals of C*(X) are precisely the ones in our
standard family, and [15, Proposition 2| is then obvious, but for non-metrizable

X there seems to be no a priori guarantee for this to hold.

One might hope that each closed ideal of ¢*(X) is the intersection of primitive
ideals. However, such an intersection will always be self-adjoint, and hence a
necessary condition for this is that ¥ should be free. As Theorem 3.13 shows, this
condition is also sufficient, and in that case the primitive ideals P, (z € Aper(o))
of (1(X) are already sufficiently many. If X is metrizable, then [/] implies again
that this is the complete set of primitive ideals of £*(X), but for non-metrizable
X this may no longer be true.

4. SPECTRAL SYNTHESIS: ¢*(Z)-MODEL

In this section we study spectral synthesis in a model analogous to the Fourier
transform for 1(Z). Compared with the previous section, the roles of the opera-
tors H and K are now taken over by the operators Z and Z, respectively, which
are the analogues of the usual hull and kernel operators, respectively, for L'(G).

To start with, we define the injective contraction § : ¢}(X) — C(X x T) as

Fla) (@, ) =) Nap(x) (a=) a,0" €l'(L),x€ X,A€T).



NONCOMMUTATIVE SPECTRAL SYNTHESIS 123

It collects the Fourier transforms of all maps n — a,(x), for x € X, and when X
consists of one point it is the usual Fourier transform. The following properties
are routine to verify.

Lemma 4.1. Let a =) a,0" € (*(X), (z,\) € X x T, k € Z, and f € C(X).

Then:
(1) (1) =1;
(2) F(a-6*)(x,\) = eF(a)(z, \);
(3) F(6*-a)(x,\) = NeF(a) (o= a, \);
(4) S(f-a)(x,A) = f(x)F(a)(x,\);
(5) Sla- )z, A) =2, Aan(x) f(0"x);
(6) S(a")(z,A) =232, Aan(omz)

When L is a linear subspace of £}(X2), let
Z(L)={(z,\) €e X xT: §(a)(x,\) =0 for all a € L}
be the possibly empty set of common zeroes of all transforms of elements of L.
If X consists of one point, and I is an ideal of ¢!(Z), then Z(I) is the usual hull

of I.
The following is readily established, using Lemma 4.1 for the final statement.

Lemma 4.2. Let L be a linear subspace of (*(2). Then:
(1) Z(L) is a closed subset of X x T;
(2) Z(L) =X x T if and only if L = {0}, and Z(L) =0 if L = (1(X).
(3) If L' is a linear subspace of (X(X), and L' C L, then Z(L') D Z(L);
(4) Z(L) = Z(L);
(5) Z(L) > H (L) x
(6) If L C C(X), then Z(]) =h(I)xT.

If{L, : a € A} is a collection of linear subspaces of £(X), then:

(7) Z (ZO{GA La) = ﬂaGA Z (La);
(8) Z(ﬂaGA La) ) UaEA Z(La)
If I is an ideal of £1(X2), then Z(I) is a o x idr-invariant closed subset of X x T.

Remark 4.3.

(1) Note that it is not asserted, not even for a closed ideal I, that Z (1) = () if
and only if T = (*(X). The question whether Z (I) # () for every proper
closed ideal of /}(X) touches upon one of the basic issues concerning the
relation between ¢*(¥) and C*(X); see Proposition 4.12.

(2) It is not obvious at this point that Z (1) = Z(I*), for each closed ideal I
of £1(3). This will be established later in Corollary 4.18.

The candidate inverse Z for Z is defined in two steps. If S C X x T, define
Z(S) = {a € (%) : F(a)(x,\) =0 for all (z,)) € S},
and ~
I(S)={ac (X)) :a-f€Z(S) for all f € C(X)}.
If X consists of one point, then Z(S) and Z(5) coincide and are the usual kernel
of S CT.
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We have the following elementary properties, which are routine to verify, using
the injectivity of the Fourier transform on ¢!(Z) for part (6).

Lemma 4.4. Let S C X x T. Then:
(1) z(S) is a closed linear subspace of (*(X);

AxT)=Kk(A)((9)), for all A C X;
S) C Z(S);

S) ={'(2) if and only if S =0;

S =X xT, then Z(S) = {0};

S"C S, then Z(S") D Z(S);

S) =Z(S);

AxT)cC K(A)((9)), forall AC X.

X T is o X idyp-tnvariant, then:

(13) Z(S) is a closed subspace of (*(X), which is invariant under the left action
of C(X), and under left and right multiplication with 6%, for k € 7Z.
(14) Z(S) is a closed ideal of £'(X);
(15) Z(S) = Z(S) if and only if Z(S) is a closed ideal of £*(X).
If {S, : a € A} is a collection of subsets of X x T, then:

(16) ZUyen Sa) = Noca Z(S0):

)
(17) I(maeA SO!) 2 ZQEA:Z’-(SQ);
(18) I(UaeA Sa% = maeA Z(Sa);
D)

SSNNN

e

Lemma 4.5.
(1) If L is a linear subspace of (*(X), then ZZ(L) O L.

(2) If SC X x T, then ZZ(S) D ZZ(S)D S;
(3) If I is an ideal of (*(X), then ZZ(I) D I;

Proof. The first part is obvious, and so is the inclusion Zf(S) D 5. Since
Z(S) C Z(S), part (2) follows. As to the third part, we know that I C Z(Z(1)).
Since [ is an ideal, [ - C(X) =1 C Z(Z (1)), so that I C Z(Z (I)). O

Part (3) of Lemma 4.2, part (10) of Lemma 4.4, and part (2) and (3) of
Lemma 4.5 together imply that we are in the context of Appendix A, when
we let Z assign a o X idp-invariant subset of X x T to an ideal of £}(3), with Z
going in the opposite direction. Consequently,

Iz (1) = 2(I),
for each ideal I of ¢}(X), and
T2I(S) = Z(5),
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for each o X idp-invariant subset S of X x T. Of course, one can restrict the
domain of Z to the closed ideals of ¢}(X), and that of Z to the closed o x idy-
invariant subsets of X x T; that is also a context for Appendix A.

Before invoking the results of Appendix A we need to collect more material,
such as a description of the fixed points of ZZ in the set of closed ideals of ¢! (X).
The first step is to consider well behaved ideals.

Proposition 4.6. If I is a well behaved ideal of (*(X), then Z (1) = H (I) x T.
The map Z and I are mutually inverse bijections between the set of all well
behaved closed ideals of (*(X) on the one hand, and the subset {A x T : A C

X closed and o-invariant} of the set of all o x idr-invariant closed subsets of
X x T on the other hand.

Proof. Lemma 4.2 shows that Z (I) D # (I)xT. On the other hand, since E(I) C
I, it is immediate that Z(I) C Z(E(l)) = A(E(I)) x T = H (I) x T. Hence
Z(I)=%H (I) x T. Since H is injective on the set of well behaved closed ideals
of 1(X), so is Z. For surjectivity, assume that A C X is closed and o-invariant.
Lemma 4.4 shows that Z(A x T) = K(A)((8)), but, since A is o-invariant, this is
already an ideal, so Z(A x T) = Z(A x T) = K(A)((9)) is a well behaved closed
ideal, and clearly H (Z(A x T)) = H (K(A)((d))) = AK(A) = A. From what we
have already seen, we conclude that Z(Z(AxT)) = [H (Z(AxT))]xT = AxT.
Hence Z is surjective, and Z and Z are mutually inverse bijections between these
restricted domains. O

Hence the well behaved ideals are fixed under Z2Z but, quite contrary to Sec-
tion 3, there are others. In order to obtain a full description of these fixed points,
we investigate our three standard families of ideals.

We start with the well behaved (self-adjoint) closed ideals P,, for x € Aper(o).
The following is immediate from Proposition 4.6 and (for part (3)) Lemma A.5.

Corollary 4.7. Let x € Aper(o). Then:
(1) Z2(Py)=[Z x| xT;
(2) Z([Z -] x T) = Py;
(3) If I is an ideal of (*(X), then I C P, if and only if Z(I) D Z(P,).

Actually, part (3) can be improved quite a bit, which will be instrumental in
the proof of the key Proposition 4.15.

Proposition 4.8. Let x € Aper(c), and let I be an ideal of (*(X). Then the
following are equivalent:
(1) Z2(I)N[Z-x] x T #0;
(2) Z(I)N{x} x T # 0;
(3) Z2(I) D {x} xT;
4) (1) > [Z 7] x T;
(5) I CP,.
Proof. Obviously (5) implies (4), (4) implies (3), and (3) implies (2); (2) and (1)

are equivalent since Z(I) is ¢ X idp-invariant. We will prove that (2) implies
(5); so assume that (z,\) € Z(I) for some A € T. Let a = ) a,0" € I. We
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will start by showing that ag(x) = 0. Let € > 0, and choose N > 1 such that
2 insn llan|| < €. Since z € Aper(o), there exists f € C(X) with [f[| = 1
and such that f(o"z) = 0, for 0 < |n| < N, while f(z) = 1. Now a- f =
Yo an-(foo™™)6", and since a - f is in I we have

0= S(a- f)lz,A)
= XNay(z)f(o"x)

=ap(z) + Y Nan(x)f(o"x).

|n|>N

Since the latter term is at most € in absolute value, |ag(x)| < €. Hence ag(x) = 0.

Since we know Z (1) to be a closed o x idr-invariant subset of X x T, (z/, \)
is likewise in Z(I), for all 2/ € Z-x. Hence the above argument shows that
apl7= = 0. Since a-6* is in I, for all k € Z, we can now conclude that a, 7= = 0,
for all n € Z. Hence, by part (1) of Proposition 2.10, a is in FP,. O

We now turn to the badly behaved self-adjoint closed ideals P, y, for € Per(o)
and A € T. As we will see in Corollary 4.10, they are quite well behaved as far
as Z and Z are concerned.

Proposition 4.9. Let x € Per,(c), A € T, and let I be an ideal of (*(X). Then
the following are equivalent:

(1) Z(I)N{z} x{peT:pr=A}#0;
(2) Z(1) D {z} x {peT: P =A};
B) ZU)D[Z-z]x{peT: =2}
(4) I C Py .

Proof. Assume that (4) holds, and that ¢» = X. Supposea =) a,0" € I C P, .

Then (2.1) shows that
Z :ulpalp—i-j (.T,) =0,

lez
for all j € {0,1,...,p — 1}, and all 2/ € Z - z. Multiplying this relation by g/,
and summing the result over the set of all j, shows that §(a)(2, ) = 0. Hence
(4) implies (3). Certainly (3) implies (2), and (2) implies (1). We will show that
(1) implies (4). Suppose, then, that y? = X\ and that (x,u) € Z(I). Fix a € I.
For all f € C(X), a- f is in I, hence as in the proof of Proposition 4.8 we know
that

For jo € {0,1,...,p — 1} fixed, choose f such that f(c™7x) = 0 for jo # j €
{0,1,...,p— 1}, and f(c7z) = 1. Then in the above equation only the inner
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summation for j = jy survives, and together with p = A this yields

>~ Naipisy(o~ ) =0.
lez
The second part of Proposition 2.10 then shows that a € P, ). O

Corollary 4.10. Let x € Per,(o), and A € T. Then:
(1) Z(Pon) = [Z 2] x {n €T : g = A},
(2) Z({Z-z] x{peT:p’ = A}) = Pry;
(3) If I is an ideal of (1(X), then the following are equivalent:
(a) Z(I)NZ(P,) #0;
(b) 2(I) D Z(Pen);
(C) IC ny)\.

Proof. Proposition 4.9 shows that Z (P, ) D [Z-z] x {p € T : u? = A}. For the
reverse inclusion, assume that (2/, ) € Z(P,)), for some 2/ € X and p € T.
Since 1 — (1/A\)0” is in P, ), we see that 1 — (u?/A) = 0, hence p? = . In order to
show that we must have ' € Z - x, note that P,y D @, hence Z (P, ) C Z(Q.),
implying that (2, ) € Z(Q,). Since @), is a well behaved ideal, Lemma 4.2 shows
that Z(Q,) = H(Q,) X T =[Z-z] x T. Hence 2’ € Z - x. This concludes the
proof of part (1). For part (2), we note that certainly ZZ (P, ) D P,. On
the other hand, Z(ZZ(P,))) = Z(P,)) = [Z-z] x {p € T : u? = A} by part
(1), hence Proposition 4.9 shows that ZZ (P, ) C P,. Therefore, ZZ (P, ) =
P, . Then (2) follows from this and an application of Z to the equality in
(1). Part (3) follows easily from part (1), the o X idp-invariance of Z(I), and
Proposition 4.9. 0

Finally, for our third family, Proposition 4.6 and Lemma A.5 imply the follow-
ing.
Corollary 4.11. Let x € Per(o). Then:
(1) 2(Q2) =[Z-z] x T,
(2) Z([Z - 2] X T) = Qa5
(3) If I is an ideal of (*(X), then I C Q. if and only if Z(I) D Z(Q.).

Before proceeding, let us collect a few consequences of the results thus far.

Proposition 4.12. Let I be an ideal of (*(X). Then the closure of I in C*(X) is
a proper closed ideal of C*(X) if and only if Z(I) # 0.

Proof. It Z(I) # (0, then Proposition 4.8 and Proposition 4.9 imply that I is
contained in an ideal P,, for some z € Aper(c), or in an ideal P, ), for some
x € Per(o) and A € T. Hence it is contained in the kernel of the extension of
the involutive representation 7, or m,  to C*(X). As these kernels are proper
closed ideals of C*(3), the closure of I in C*(X) is also proper. Conversely, if the
closure of I in C*(X) is proper, then by [15, Proposition 2], this closure is the
intersection of a number of kernels of such extended involutive representations.
Taking the intersection with ¢1(X) then implies that I is contained in an ideal
P,, for some x € Aper(o), or in an ideal P, ,, for some x € Per(c) and A € T.
Proposition 4.8 and Proposition 4.9 then show that Z(I) # 0. O



128 M. DE JEU, J. TOMIYAMA

Remark 4.13. If it were true that Z(I) # 0, for all proper ideals of ¢!(X), then
many of the known results for C*(3) that relate the dynamics to the ideal struc-
ture of the algebra would have immediate counterparts for £*(X). For example, it
is known (cf. [5, Theorem 4.2]) that ¢*(32) has only trivial closed ideals precisely
when X has an infinite number of points, and ¥ is minimal. The difficult part is
to conclude the minimality from the dynamics, but if we could pass from proper
closed ideals of £*(X) to proper closed ideals of C*(), then this would be obvious
from its counterpart for C*(X) (cf. [13, Theorem 5.3])

Proposition 4.14. If I is a badly behaved ideal of (*(X), then Z(I) C Per(c)xT.

Proof. If Z(I) G Per(o) x T then Proposition 4.8 implies that I C P,, for some
x € Aper(c). This contradicts that P, is not badly behaved. O

We will now use the fact that we are in the setup of Appendix A, when we let
A4 be the closed ideals of ¢*(X), and B the o x idp-invariant subsets of X x T,
with Z mapping the former into the latter, and Z going in the opposite direction.
It is then possible to describe the fixed points of ZZ: according to Corollary A.2,
these are precisely the closed ideals of the form Z(.S), with S a ¢ x idr-invariant
subset of X x T. To make such ideals explicit, the following result is needed.

Proposition 4.15.
(1) Let x € Aper(o), and suppose ) # S C [Z-x] x T is o X idyp-invariant.
Then Z(S) = P,.
(2) Letx € Pery(o), and suppose ) # SCZ(Ppy) = [Z-x]x{p €T : u? = A}
is o X idy-invariant. Then I(S) = P, .

Proof. As to (1), since ZZ(S) D S # 0, the condition in part (1) of Proposi-

tion 4.8 is satisfied for Z(S), and we conclude that Z(S) C P,. On the other
hand, certainly S C [Z x| x T = Z(P,), hence Z(S) D ZZ(P,) = P,. Thus

Z(S) = P,. The second part is proved similarly, using Proposition 4.9. O
Theorem 4.16. Let I be an ideal of (*(X). Then the following are equivalent:
(1) ZZ(1)=1;

(2) There exist (possibly empty) sets S,, C Aper(c), S, C Per(o), and, for
each x € Sy, a set T, C T, such that

TESap x€Sp AeT,

(3) I is the kernel of an involutive representation of (*(X);

(4) If I’ is an ideal of (*(X), then I' C I if and only if Z(I') D Z(I).
In that case, I is a self-adjoint closed ideal of (*(X). If Sap C Aper(o), S, C
Per(o), and, for each x© € Sop U Sy, T, C T, are such that

2= U Ulz-elx 0 U ULz 2] x uh

2ESap AET, z€Sp peTy

I= (P () )P

TESap z€Sp neTy

then
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is an explicit intersection as in part (2).

Proof. From Appendix A we know that the ideals as in part (1) are precisely the
ideals of the form Z(S), for S a ¢ x idy-invariant subset of X x T. We will show
that these ideals are precisely the intersections as in the right hand side of (4.1).
If S C X xTis o xidr-invariant, then it is evidently possible to find subsets
Sap C Aper(o), S, C Per(o), and, for each z € S,, U S, a set T,, C T such that

s= U Utzal < U ULz el x .

2ESap AT, €S neTy

Now Proposition 4.15 shows that Z([Z - x| x {\}) equals P,, if x € Aper(o),
and that it equals P, ,», if + € Per(o). Hence the penultimate statement in
Lemma 4.4 shows that Z(S) is an intersection as in the right hand side of (4.1).
Conversely, all ideals I that can be written as an intersection in (4.1) can be
obtained as Z(S) for a suitable o X idp-invariant S C X x T: according to
Corollary 4.7, Corollary 4.10, and the penultimate statement of Lemma 4.4, if
S = Uses,, 2 (P2) Uses, User, Z2(Fen), then Z(S) = I. Thus (1) and (2) are
equivalent.

If I is an intersection as in (4.1), note that each of these ideals is the kernel
of an involutive representation. Hence I is the kernel of the Hilbert sum of these
representations. Hence (2) implies (3). If (3) holds, then we need only extend
the given involutive representation 7 to an involutive representation 7 of C*(X),
use [15, Proposition 2| to write Ker7 as an intersection of the counterparts of
the P, and P, , for C*(X), and take the intersection of the ensuing relation with
(*(X) to see that (3) implies (2). The equivalence of (1) and (4) is a restatement
of Lemma A.5 in the present context.

This completes the proof of the equivalences. Any such ideal is clearly self-
adjoint, and the remaining statement has been established during the previous
part of the proof. O

Now that the fixed points of ZZ have been identified, the results in Appendix A
yield the following.

Theorem 4.17. Let A be the set of all closed ideals of (*(X) and let B = {Z(I) :
I € A} be the ensuing subset of the set of all o X idy-invariant closed subsets of
X x T, both ordered by inclusion. Then Z : A — B and L : B — A are
decreasing, Zo Z (1) = I for alll € A, and Z oT = idg. Let Ainwep be the set of
all kernels of involutive representations of £*(X). Then:

(1) Z : Apyrep = B and L : B — Ainwrep are mutually inverse bijections;

(2) The following are equivalent:
(a) Z is injective on A;

(b) Each closed ideal I of (*(X) is of the form Z(S) for some S € B;

(c) Each closed ideal of (*(X) is the kernel of an involutive representation
of (3,

(d) For each S € B, Z(S) is the unique closed ideal I' of ¢*(X) such that
Z(I"=25.
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(3) For each ideal I that is the kernel of an involutive representation of (*(X),
Z(I) is the unique element S of B such that Z(S) = I;

(4) If I is a closed ideal of (*(X), then TZ(I) is the smallest kernel of an
involutive representation of (*(X) that contains I, and it also the largest
closed ideal I' of (*(X) such that Z(I') = Z(I). It is self-adjoint and, if
Sap C Aper(o), S, C Per(o), and, for each x € S.p U S, T, C T, are
such that

2= U Ulz-elx 0 U ULz 2] x {uh

TESap AT, €Sy neT,

72(I)= () P () ) P

2ESap x€Sp pneTy

then

Proof. Everything is clear from the results in Appendix A, except for the explicit
intersection in part (4). As to this, note that ZZ(ZZ(I)) = ZZ(I), hence
Theorem 4.16 shows how ZZ (I) can be written as an intersection corresponding
to a decomposition of Z(ZZ (1)) = Z(I). O

We can now resolve the second issue raised in Remark 4.3.
Corollary 4.18. Let I be an ideal of (*(X). Then Z (1) = Z(I*).

Proof. We may assume that I is closed. Part (4) of Theorem 4.17 furnishes a self-
adjoint ideal I’ D I such that Z (I') = Z(I) (where I' = (1(X) if Z (I) = 0). Since
I' D> I*, we have Z (I*) D Z(I') = Z(I). Likewise, Z(I*) D Z(I**)=Z(I). O

It is now possible to give conditions equivalent to spectral synthesis holding
in this model. Of course, Theorem 4.16 is then applicable to all closed ideals of
¢}(X). Moreover, since the freeness of X is one of the conditions, all equivalent
conditions of Theorem 3.13 are also valid, and Theorem 3.6 is applicable to all
closed ideals.

Theorem 4.19. The following are equivalent:

(1) The maps I — Z(I) and S — Z(S) are mutually inverse bijections be-
tween the set of closed ideals of ¢*(X) on the one hand, and the subset
{Z(I) : I aclosed ideal of £1(X)} of all o x idy-invariant closed subsets
of X x T on the other hand;

(2) Every closed ideal of (*(X) is the kernel of an involutive representation of
gl (2)’

(3) Every closed ideal of (*(X) is self-adjoint;

(4) Every closed ideal of £*(X) is the intersection of primitive ideals;

(5) X is free.

Proof. The equivalence of (1) and (2) is immediate from Theorem 4.17. Certainly
(2) implies (3), which by Theorem 3.13 is equivalent with (4) and (5). If (5)
holds, then Theorem 3.13 shows that each closed ideal of £!(X) is an intersection
of kernels of involutive representations, hence is itself such a kernel. Thus (5)
implies (2). O
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Remark 4.20. The above result can be interpreted, as follows. The corresponding
properties under (2), (3), and (4) in Theorem 4.19 are valid for all C*-algebras.
For the Banach algebras with isometric involution under consideration, these
three properties are either all present or all absent, and they are all present
precisely when the underlying dynamical system is free.

Remark 4.21. For general locally compact abelian G, L'(G) is a regular commu-
tative Banach algebra, i.e., every closed subset of G is the hull of a closed ideal of
L'(G). One might surmise that, in our case, the set B in Theorem 4.19 consists
of all o x idp-invariant closed subsets of X x T. This is, however, not the case.
If the system is free, then the combination of Theorem 4.19, Theorem 4.16 and
Proposition 4.6 shows that B = {A x T : A C X o-invariant and closed}, and
this set does not exhaust the o x idp-invariant closed subsets of X x T.

APPENDIX A. HULLS AND KERNELS: ABSTRACT FRAMEWORK

In this Appendix, we collect some basic results on the general set-theoretical
framework underlying hull-kernel-type constructions. Although the results and
arguments are elementary and have been used in many particular cases, we are
not aware of a general reference, and in view of their occurrence in both Section 3
and Section 4, we find it worthwhile to make them explicit.

Let A and B be sets, supplied with a binary relation < which is anti-symmetric,
ie., if ay,a0 € A, a1 < as and ay < aq, then a; = as, and likewise for B. We
use as > a; as an equivalent notation for a; < as, and likewise for B. We do
not assume < to be reflexive or transitive. Furthermore, let a : A — B and
B : B — A be maps with the following properties.

Assumption.
(1) (a) Boala) > a, for all a € A;
(b) if a1,as € A and a; > ag, then a(ar) < alaz);
(2) (a) aoB(b) = b, for all b € B;
(b) if by, by € B and by > by, then B(by) < B(b2).

Thus there is full symmetry in A and « on the one hand, and B and  on
the other hand. Hence in the results below it would be sufficient to give just one
of the statements, but it seems convenient for practical situations to formulate
both. Naturally, we prove only one of them.

A typical example of this setup occurs when A is the set of closed ideals of a
commutative Banach algebra, and B is the power set of its maximal ideal space,
with < denoting inclusion in both cases. If I € A, then one lets a(l) be the
usual hull A(7) of I, and if S € B, then 3(S) is the usual kernel K£(S) of S. The
fixed elements in B of a0 3 = h o K constitute the closed subsets in the hull-
kernel topology on the maximal ideal space. The collection of such closed subsets
coincides with the collection of hulls of closed ideals, (cf. part (2) of Corollary A.2)
and one of the main issues in spectral synthesis for commutative Banach algebras
is the injectivity of the map o = £ on the set A of closed ideals.

Likewise, the introduction of the Jacobson topology on the primitive ideal
space of a general algebra falls within this framework, and the same holds true
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for the operations in Sections 3 and 4. In Section 3 one takes for A the set of
ideals of ¢!(X) (ordered by inclusion), with @ = # , and for B the subsets of
X (ordered by inclusion), with 8 = K. In Section 4 one takes for A the set
of ideals (or: closed ideals) of £!(3) (ordered by inclusion) again, but now with
a = Z, and for B the subsets (or: closed subsets) of X x T invariant under
o X idr (ordered by inclusion), with § = Z. That the above Assumption is then
satisfied is the content of Lemma 3.2, Lemma 3.3, and Lemma 3.4 for Section 3,
and of Lemma 4.2, Lemma 4.4 and Lemma 4.5 for Section 4.

Lemma A.1. aofoa=«aand foaof =0.

Proof. Let a € A. Then o a(a) > a by part (1)(a) of the Assumption, hence
part (1)(b) of the Assumption implies a o f o a(a) < «(a). On the other hand,
part (2)(a) of the Assumption shows that « o o «a(a) = a o S(a(a)) = ala).
Hence we have equality. O

Corollary A.2 and Corollary A.3 are based only on the properties of a and (3 in
Lemma A.1. We let Fix(ao ) denote the fixed points in B of ao 3, and similarly
for Fix(f o ).

Corollary A.2.

(1) (Boa) =Boa and (ao B =aop.

(2) a(A) =Fix(ao ) and B(B) = Fix(f o av).

(3) The restricted maps « : Fix(f o a) — Fix(awo §) and p : Fix(a o ) —
Fix(5 o a) are mutually inverse bijections.

(4) (a) The following are equivalent:

(i) a s m]ectwe on A;

(i) A= B(B);

(iii) A Fix(5 o a);

(iv) {a € A: a(a) =b} = {B(b)}, for all b € Fix(a o f3).

(b) The following are equivalent:

i) B is myectwe on B;

i) B = a(A);

(iii) B = le(a o f3);

(iv) {b € B: B(b) = a} = {a(a)}, for all a € Fix(f o ).

Proof. Part (1) is immediate from Lemma A.1. As to part (2), if b € a(A), say
b= a(a) for a € A, then a o (b) = (0o foa)(a) = ala) =b by Lemma A.1.
Hence a(A) C Fix(ao ). Since the reverse inclusion is obvious, we have equality.
For part (3), we need only remark that the codomains are appropriate as a conse-
quence of part (2), since it is then obvious that the restricted maps are mutually
inverse bijections. The parts (2) and (3) yield a(A) = Fix(ao ) = a(Fix(foa)),
and this implies the equivalence in part (4)(a). O

The picture to keep in mind is the following.
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Fix(8 o a)

The following is now clear.

Corollary A.3. Ifa € A, then {d’ € Fix(foa):a(d)=ala)} ={Foala)}.
If b€ B, then {i/ € Fix(ao 8) : B(b') = B(b)} = {axo B(D)}.
Lemma A .4.

(1) Let a € A. Then

foala) =min{d € Fix(Boa):d > a}
=max{d € A: a(d) =ala)}.
(2) Let b e B. Then
ao B(b) = min{t’ € Fix(ao ) : b' > b}
=max{l' € B: (V) = B(b)}.

Proof. Let a € A, and put S; = {d’ € Fix(foa) : @’ > a}. From part (1)(a) of the
Assumption we have foa(a) > a. Since furthermore foa(a) € B(B) = Fix(foa),
we see that foa(a) € S;. If o/ € Sy, then o' > « implies a(d’) < a(a),
hence o a(a’) = o a(a). Since additionally o' € Fix(5 o «), we see that
a' = foa(a). Hence o a is the (automatically unique) smallest element of Sy,
as required. Turning to the second equality, let Sy = {a’ € A : a(d’) = a(a)}.
Since a(f o a(a)) = a(a) by Lemma A.1, we see that o a(a) € Sy. If @’ € S,
then a(a’) = a(a) implies f o a(a) = B o a(d') = a/. Hence f o a(a) is the
(automatically unique) largest element of S5, as required. U

Lemma A.5. Let a € A. Then the following are equivalent:
(1) Forallad' € A, d' < a if and only if a(a’) > a(a);
(2) a € Fix(f o a);
(3) a € B(B).
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Let b € B. Then the following are equivalent:

(4) For allb' € B, V' < b if and only if B(V') = B(b);
(5) b € Fix(ao f);
(6) bea(A).

Proof. We prove the statement for A. Suppose (1) holds. Since a(foa(a)) = a(a),
we then have o a(a) < a. As always 5 o a(a) > a, we have equality. Hence (1)
implies (2). Assume that (2) holds, and suppose a’ € A. Certainly a’ < a implies
a(a') = a(a). If a(a’) = a(a), then foa(a’) < foa(a) = a. Since foa(ad’) = o,
we have @’ < a. Hence (2) implies (1). The equivalence of the second and third
part has already been noted in Corollary A.2. O
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