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SUBORDINATION PROPERTIES OF MULTIVALENT
FUNCTIONS DEFINED BY CERTAIN INTEGRAL OPERATOR
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Communicated by T. Sugawa

ABSTRACT. The object of this paper is to investigate some inclusion rela-
tionships and a number of other useful properties among certain subclasses
of analytic and p-valent functions, which are defined here by certain integral
operator.

1. INTRODUCTION AND PRELIMINARIES

Let A(p) denote the class of functions of the form

fR)=2"+ > a", (pneN={12..1}), (1.1)

n=p+1
which are analytic and p—valent in the unit disc U={z € C:|z| < 1}. If f and
g are analytic in U, we say that f is subordinate to g, written symbolically as
follows:

f=g or [f(z)<g(2),
if there exists a Schwarz function w, which (by definition) is analytic in U with
w(0) =0 and |w(z)| < 1, z € U, such that f(z) = g(w(z)), z € U. In particular,
if the function g is univalent in U, then we have the following equivalency (cf.,
e.g. [1]; see also [0, p. 4]):

f(z) < g(2) & f(0) = g(0) and f(U) C g(U).
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For the functions f € A(p) given by (1.1) and g € A(p) defined by

the Hadamard (or convolution) product of f and g is given by

(Frg)z) =2+ 3 abuz" = (g% f)(2).

n=p+1
Motivated essentially by Jung et al. [2], Shams et al. [10] introduced the
operator I : A(p) — A(p) as follows:
I f(2) = 2P pt1 : k+p R
Z+Z(l€+p+1 ap1pz ", a€R.

Using the above definition relation, it is easy verify that the operator becomes
an integral operator

z

1% f(z) = (Zlf(olé;a O/ (log %)a_lf(t) dt, for a>0,

0
L f(z) = f(z), for a=0,
and, moreover

218 f(2) = (p+ D) f(2) I8 f(2), for a€R (1.2)

o —

= I was

We mention that the one-parameter family of integral operator
defined by Jung et al. [2].

Definition 1.1. For fixed parameters A and B (—1 < B < A< 1)and 8 € [0, p),
we say that a function f € A(p) is in the class S;(83; A, B) if it satisfies the
following subordination condition:

1 /202 f(2)Y 14 Az
p—ﬁ( I /() _B)<1+Bz‘

In particular, for A =1 and B = —1 we write S;(8;1, —1) = S;(53), where

5;*(5):{feA<p):Rez(g+((Zz>))>ﬁ,zeU}.

2. PRELIMINARIES

We begin by recalling each of the following lemmas which will be required in
our present investigation.

Lemma 2.1. [5],[0] Let a function h be analytic and convez (univalent) in U,
with h(0) = 1. Suppose also that the function ¢ given by

0(2) =1+bz+b2+.... (2.1)
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1s analytic in U. If

< h(z) (c#0, Rec>0), (2.2)

then

z

0(2) < U(z) = zi / " h(t) dt < h(z),

and U is the best dominant of (2.2).

Lemma 2.2. [6] Suppose that the function U : C? x U — C satisfies the following
condition

Re VU (iz,y;2) < e,
1
for allx € R and y < —5(1 + 2?), and for all z € U. If the function ¢ of the
form (2.1) is analytic in U and
Re U (p(2),2¢/(2);2) > ¢, z € U,

then
Rep(z) >0, z € U.

Note that a more general form of this Lemma is given by the first part of
Theorem 2.3i [0, p. 35].

Lemma 2.3. [3] Let A # 0 be a real number, ; >0 and 0 < B < 1. Suppose
also that the function W(z) = 1+ ¢,2" + cp12" ™ + ... s analytic in U and that

aM
nA+a

-a) (1+2)

AN
11—A+>\B|+\/1+(1+%)

If the function 0(z) = 1+ e 2" + e, 12" + ... is analytic in U and satisfies the
following subordination condition:

U(){1= A+ A[(1=B)0(2) + 6] } < 1+ Mz,

U(z) <1+ z, (né€N),

where

M=

then
Ref(z) >0, z € U.

With a view to stating a well-known result (Lemma 2.4 below), we denote by
P(7) the class of function ¢ given by (2.1) which are analytic in U and satisfy
the inequality

Rep(z) >v, z€e U (y<1).
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Lemma 2.4. [3] Let the function ¢ given by (2.1) be in the class P(vy). Then

2(1 —9)
Rep(z) > 2y -1+ ,2€U <1).
p(2) = 27 1717 (v<1)
Lemma 2.5. [11] For 0 < <y <1,

P(v1) % P(y2) C P(vy3), where ~3=1—=2(1—7)(1— ).
The result is the best possible.

For any complex numbers ay, s, 51 (81 ¢ Zg ), the Gauss hypergeometric func-
tion is defined by

nop z ai(ar + Dag(ag + 1) z_2 N

B 1! Bi(Br +1) 2!
The above series converges absolutely for all z € U, and hence represents an
analytic function in the unit disc U (see, for details, [12, Chapter 14]).

Each of the identities asserted by Lemma below is well-known (cf., e.g. [12,
Chapter 14]).

oFi (o, 05 fr52) = 1+

Lemma 2.6. [12] For any complex parameters oy, an, 1 (61 ¢ Zy), the next
equalities hold:

1
/ta2—1(1 — )TN (1 — zt)"™Mat
0

r r —
_ (az) (51 a2) 2F1(oz1,062;51§2)7 Reﬁl > Reay > 0;

['(51)
(2.3)
2F1(041,042;51;2) = 2F1(042,041;51;2)5 (2'4)
2F1(041, 062;51;2) = (1 - Z>_a1 o (041,51 — ag; Bi; > i 1) . (2-5)

3. PROPERTIES INVOLVING THE OPERATOR Ifj

Unless otherwise mentioned, we assume throughout this paper that —1 < B <
A <1, A >0andp e N. By using the above lemmas, first we will prove the next
result:

Theorem 3.1. Let A > 0, a € R and -1 < B; < A; <1, j = 1,2. If the
functions f; € A(p) satisfy the following subordination condition:

I fi(2) 7 fi(2) 1+ Az
1— )22 p QA 12 =1,2 3.1
(-2 AP < =12, (3.1)
then .
I“F(z 17" F(z 1 1—-2
2P zP 1—2
where

F= Iﬁ(fl * [2)
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and

The result is the best possible when B = By = —1.

Proof. Suppose that the functions f; € A(p), j = 1, 2, satisfy the condition (3.1).
Setting

I fiz) I fi(z)
pi(2) = (1= N =+ A, =12, (33)
we see that
1—A;
Py € P(V])? where Vi = Ja J= 172
1 - B;

Thus, by making use of the identity (1.2) and (3.3), we obtain

1 o » [ P
L) = e [ g ar, =12 3.40)

0

Now, if we let
F(z) = I (f1 % f2)(2),
then, by using (3.4) and the fact that
19 F() = 13 (12 (1 # £2) () = 12(F)(2) < 3(f2)(2),

a simple computation shows that

Iy F(z) = Y / £ g (t) dt,

where

“F(z) 1oV F(2)

gpo(z):(l—)\)pzp + 2\-E g
1 p+1 Zpl
P [ ) dr (3.5)
0

Since ¢; € P(v;), j = 1,2, it follows from Lemma 2.5 that

1%y € P(v3), with 73 =1—-2(1 —y)n(l — ),
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and the bound 73 is the best possible. Hence, by using Lemma 2.4 in (3.5), we
deduce that

1
1 p+1
Rego(z) = o [ w1 Re(py # pa)(uz) du

A(A, — B))(Ay — B 1 [uS !
(s )

where 7 is given by (3.2).
When B; = By = —1, we consider the functions f; € A(p) which satisfy the
hypothesis (3.1) and are given by

1w [ e (14 At
I;‘fj(Z)Zpi zp‘il/til*( 4 ) dt, j=1,2.

1-1

Then it follows from (3.5) and Lemma 2.4 that

1
L[ e 1+ A)(1+A
900(2)_2% u (1—(1+A1)(1+A2)+( +11_)(uz+ 2)) "

0

1
=1—(1+ A1+ A) + 1+ A1+ A)(1—2) o (1, 1; pi +1; j 1)

1 +1 1
1= (L AN+ A) + 5 (1+ A (1 + 4) oFy (1, 1; pT +1; 5) ,
as z — —1, which completes the proof of Theorem 3.1. O

Putting A; =1—-2n;,, Bj=-1(0<n; <1, j=1,2) and @ = 1 in Theorem
3.1, we obtain the following result.

Corollary 3.2. Let A > 0 and let the functions f; € A(p), 7 = 1,2, satisfy the

following inequality:

Re [(1—)\)2;11 /ij(t)dt+)\%} >, 2€ U (0<n; <1).
0

Then

Re {(1 —) i;} /Z(f1 « fo) (1) dt + A

>, 2 €U,

(f1* {’2)(2)}
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where

. 1 +1 1

and the result is the best possible.

Putting A; =1—-2n;, B =-1(0<1n; <1, j=12),anda=XA=11in
Theorem 3.1, we obtain the following result.

Corollary 3.3. If the functions f; € A(p), j = 1,2, satisfy the following inequal-

1ty
fi(2)
R,e]Z—p>7]j, 2eU(0<n <1),

then

2L e i

0

1 1

Re

and the result is the best possible.

Remark 3.4. (i) We note that this result was also obtained by Patel et al. [9,
Corollary 5.

(ii) It is easy to see that ]::N(p) = oF (1, L;p+2; %) is a decreasing funcfion
inp,and 1 < F(p) < F(1) = 4(1 —log2) = 1.2274.... Moreover, F(p)
can be computed explicitly for each p € N, that is

udu:2(p+1)/2(x_1>pdx

Z (Z) # (2" —1) + (—1)"log 2] .

k=1

~ p

Fo) =2+ 1) [ 15

=2(p+1)

Theorem 3.5. Let A >0, a € R, -1 < B <1 and B< A. If f € A(p) satisfy
the following subordination condition:

I f(2) ot (z){l—l—Az

1—)\)2 + A2 .
( ) p o T B (3.6)
then o
f()>§zeU (3.7)

where

A A p+1 B

= 1—-= )1 =Bt (1,1 1: f B
. 2+ ( B)( 7 (L g )i B

bl if B=0.

pt1+A
The result is the best possible.
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Proof. 1f we let

Iy f(2)
__ P
SO(Z) - P ’ (38)
then ¢ is of the form (2.1) and is analytic in U. Differentiating (3.8) with respect

to z and using the identity (1.2), we obtain
a—1
L /()
2P

From (3.6), (3.8) and (3.9), we get

2'(2)

= (z) + (3.9)

1+ Az

A
Pt O < g

Now, by applying Lemma 2.1, we get

1 plzpl 1 At
P < QL) =Tt [
0

A

B B ) "Bz 1
p+1

P4
PRSI S

where we have also made a change of variables followed by the use of the identities
(2.3), (2.4) and (2.5). Next we will show that

inf { ReQ(z) : || < 1} = Q(-1). (3.10)

é+(1—é>(1+Bz)12F1<1,1;p+1+1 b= ) if B#0

if B=0,

We have
1+ Az S 1— Ar

R =r<l1
e1+Bz_1—Br’ |2l =r ’

and setting

1+ Azs (p+1)s"%
<s<1 A
1T Bos (0<s<1) and duv(s) 3

which is a positive measure on the closed interval [0, 1], we get

g(s,z) = ds,

Q@%i/m&@%®%

so that
1
1— Asr
> — — g .
ReQ(z) > / " Ber dv(s) =Q(-r), |z|=r<1

0

Upon letting 7 — 17 in the above inequality, we obtain the assertion (3.10). Now,
the estimation (3.7) follows directly from (3.10).
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In order to show that the estimate (3.7) is the best possible, we consider the
function f € A(p) defined by

Iz‘f(z) _p+1/ Lﬂ_ll—l—Auzd
ZP A

A u’
1+ Buz

from which it is easily seen that

12 f(2) U f(z) 1+ Az
1—-)2)-2 AL =
( ) zP + zP 1+ Bz

and that

1
Igf(z)_)p—i—l/ ptl 11—Au
2P A

0

A A 1 B
—+(1——)(1—13)—12F1<1,1;pJr +1; > if B0

_J) B B A B-1
o 1
1Pt 4 if B=0,
p+1+A
as z — —1, and the proof of Theorem 3.5 is thus completed. OJ

Remark 3.6. With the aid of the elementary inequality
Rew” > (Rew)”, (Rew >0, 0<~vy<1),
we could similarly prove that the assumptions of the above theorem implies
I¢ f(2)\”
Re(Lp()) >(,2€eU (0<y<1,
z
whenever ¢ > 0.

Putting A=1-2n (n < 1), B=—1and o = 1 in Theorem 3.5, we obtain the
following result.

Corollary 3.7. Let A\ > 0 and let a function f € A(p) satisfy the following
imequality:

Re{ p+1/f dt+)\ )]>77,26U (n<1).

Then
p+1
Re[ o / f(t)dt

and the result is the best possible.

p+1 1

Putting A = v = 1 in Theorem 3.5, for the special case A =1 — 27 (y < 1),
and B = —1 we obtain the following result.
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Corollary 3.8. If f € A(p) satisfies the following condition:

Ia—l
Repz—f(z)>’y,z€U (v <1, a €R),
then
Iaf() 1

The result is the best possible.

For a function f € A(p), the integral operator F,, : A(p) — A(p) is defined by
(cf, e.g. [1])

z

Fup(f)(z) = L2228 / () di = (z”+ Z EXP, ) « 1(2)

ZH
0
=P (Lp+pip+p+1i2) f(Z), zeU (u>-p). (3.11)

Theorem 3.9. Let A >0, a € R, =1 < B <1, B< A and u > —p. Suppose
that f € A(p) and F,,(f) is given by (3.11). If

b Fw(Nz) (T fE) 1+ Az

1—) 12
( )=+ o pr T B (3.12)
then
I“F z
Re—“pz()f)( ) > po, 2 € U,
V4
where
A A -~ w4+p B )
= 1-=)1-=-B)1'3F (1,1 1, —— B
- sr(-g) e (1 gt B
PLh Sy if B=0.
pAp+A

The result is the best possible.
Proof. 1t follows from the definition (3.11) that

(L FlE) = W+ DEFE) —pE (D). (319
If we let
o F
G(z) = L2 2l /)(Z), (3.14)
2P
then the hypothesis (3.12) in conjunction with (3.13) and (3.14) would yield
L Fup(N) T f(2) A 1+ Az
_ 14 P P — 4
(1—=X) o + A o G(Z)+M+sz(z)—< T Be

The remaining part of the proof of Theorem 3.9 is similar to that of Theorem 3.5
and we omit the details. O
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Theorem 3.10. Let A > 0, a e R, 0 < 8 < p and p € N, and let a function
f € A(p) satisfy the following subordination condition:

B IONN O

(1—=2X) o + 22 g <14 Mz, (3.15)
where ¢
n
M, = , 3.16
s (310
. Ap —B) p+1+A n
thn=——=and§ = ~————=1+——. Th (B).
with n P and & P +p—ﬁ en f € S3(pB)
Proof. Putting
I f(2)
__ P
plz) = 2L, (317)

then ¢ is of the form (2.1) and is analytic in U. From Theorem 3.5 with A = M,
B =0 and m =1, we have

p+1
1+—M
which is equivalent to
M,
lo(z) — 1| < ?:N< 1, ze U. (3.18)
If we set
1 (205 /()
P(z) = - -8 0< B <p), 3.19
& =5 ( ) (3.19)
then, by using the identity (1.2) followed by (3.17), we obtain
L f(2) p—B8  p-5
S 2 et (3:20)
In view of (3.20), the assumption (3.15) can be written as follows:
(1 =n)p(2) + nP(2)p(z) = 1] < My = &N, 2 € U, (3.21)
We need to show that (3.21) yields
ReP(z) >0, z€ U. (3.22)

If we suppose that Re P(z) # 0, z € U, then there exists a point zy € U such
that P(zy) = iz for some = € R. To prove (3.22), it is sufficient to obtain a
contradiction from the following inequality:

W = |(1 = n) ¢(20) + nP(20)p(20) = 1] = M.

Letting ¢(z9) = u + dv, then, by using (3.18) and the triangle inequality, we
obtain that

W2 = |(1 =n) ¢(20) + nP(20)p(20) — 1’2
= (u® +0*)n2® + 2nvz + |(1 — ) p(z0) — 1|
> (u® +0*)e” + 2pva + (n — |1 — 5| N)?,
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and thus

W2 = M} > (u® +0°) n’a® + 2nvz + (n — |1 — g N)* — &N*.
Setting

U(z) = (u® + o) i*a® + 2oz + (7 — |1 — 9| N)* = N2,
we note that (3.21) holds true if U(x) > 0 for any = € R. Since
(u2 + v2) n* >0,

the inequality W(x) > 0 holds true if the discriminant A < 0, that is

A= 4{77%2 —° (u? +0%) [(n —1—n|N)” - 52N2] } <0,
which is equivalent to

VL= (=1 =0 N)* + EN?] < u? [(n — |1 = 9| N)* = &N?].

Putting ¢(zp) — 1 = pe'® for some real § € R, we get

1)2

uw? (14 pcosf)?

p*sin’ 0

Since the above expression attains its maximum value at cosf = —p, by using
(3.18), we obtain

ot N (= [1-nN) - €N
2T l=p T 1=NY 1= (n—[1—n|N)*+ &N

which yields A < 0. Therefore, W > M;, which contradicts (3.12), hence

Re P(z) > 0, z € U. This proves that f € S;(5), which completes the proof

of Theorem 3.10. |

Taking a = 1 in Theorem 3.10, we obtain:

Corollary 3.11. Let A > 0 and suppose that f € A(p) satisfies the following
differential subordination

(1-\ p+1/f dt+AM<1+Mlz

~p+1
where My is given by (3.16). Then f € S}(8), 0 < 8 <p.
Theorem 3.12. Let A\ >0,0< 5 <p,peNand p>0. If f € A(p) such that

BIG) 4y e

and satisfies the following differential subordination:

(1= ) (w)u NURIO) (Ig f(z))u_l <1+ Mz, (3.23)

2P pzp~1 2P
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where the powers are understood as the principal value, and

( A
(p— B)A (1 + —)
= = if n>0
_ A
My = |p—(p—5)k|+\/p2+ <p+;)
r_>b,, if 1=0,
.\ P
then f € S (8).
Proof. If ;1 = 0, then the condition (3.23) is equivalent to
2 (15 f(2)
—a - P <p—0,z€l,
L f(2)
which, in turn, implies that f € Sy(3).
If we consider p > 0, let denotes
12 £(2)\"
_ p
o(z) = (—zp ) . (3.24)

Choosing the principal value in (3.24), we note that ¢ is of the form (2.1) and is
analytic in U. Differentiating (3.24) with respect to z, we obtain

(1) (I;*i“#)”“ﬁgf(z))’ <I§f(z))“1 o)+ o)

pzpt 2P p
which, in view of Lemma 2.1 (with ¢ = %), yields

up
z) <1+
©(2) TR

Also, with the aid of (3.24), the subordination (3.23) can be written as follows:

e {1-24a | (1-2) per+ 2]} <14 an

where P is given by (3.19). Therefore, by Lemma 2.3, we find that
ReP(z) >0, z € U,

MQZ.

that is /
2 (I f(2))
Re—2 >0, 2€eU (0<8<p),
L /) ( )
which completes the proof of Theorem 3.12. 0

Putting a = 0 in Theorem 3.12, we obtain the following result.
Corollary 3.13. Let A>0,0< 3 <p,peNand p>0. If f € A(p) such that
f(z)

zP

#0, ze U,
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and satisfies the following differential subordination:
FEN" | 2f(2) ()"
1—=XN) | —= A——= | —= 14+ M.
( ><Z,, T ) T
where the powers are understood as the principal value and My is given as in
Theorem 3.12, then f € Sy(f3).

Remark 3.14. (i) We note that this result was also obtained by Patel et al.
[9, Corollary 4];

(ii) Putting p=1 in Corollary 3.13, we obtain the result of Liu [3, Theorem
2.2 with n = 1].

Putting a = 0 and A = 1 in Theorem 3.12, we obtain the following result.
Corollary 3.15. Let ¢t >0,0< g <pandp € N. If f € A(p) such that
f(z)

zP

#0, ze U,

and satisfies the inequality:

2f'(2) (f(Z))“_ ‘< (p=8) (pp+1)

f(2) 2P P 2,2 2’
u5+\/p p? + (pp+1)

where the powers are understood as the principal value, then f € S} (B8).

z e U,

Remark 3.16. (i) Putting p = 1 in Corollary 3.15, we obtain the result of Liu
[3, Corollary 2.1, with n = 1J;
(ii) Putting p = =1 in Corollary 3.15, we obtain the result of Mocanu and
Oros [7, Corollary 2.2 with n = 1].

1

Taking = 0 and A = ——, 0
p—p

< B < p in Theorem 3.12, we obtain the

following result.

Corollary 3.17. Let n>0,0< g <p and p € N. If f € A(p) such that
% #0, z € U,
and satisfies the inequality:
_g_ M)” M(M)” _ ‘
-0 () <355 () +o-r
(p—B) [pp(p — B) +1]

< , z €U,
(0= 1)+ /P20 — B + [pulp — B) + 1

where the powers are understood as the principal value, then f € S;(B).

Remark 3.18. (i) Putting p = 1 in Corollary 3.17, we get the result of Liu [3,
Corollary 2.2, with n = 1J;
(ii) Putting p = p = 1 in Corollary 3.17, we obtain the result of Mocanu and
Oros [7, Corollary 2.4 with n = 1].
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Theorem 3.19. If the function g € A(p) satisfies the condition

1 tg(z
Re 22 5 50), 26U (aeR),
then 1 g(2)
z
Re ong— >0, z€ U,
L7 g(2)
where
- 1— F(p) ~ 1
Y(p) = ———=— and F(p) = oF} (1, Lip+2; —) : (3.25)
2p+4 — F(p) 2
Proof. According to the Remark 3.4 (ii), it is easy to check the inequalities
1—-F _
J <~(p) <0, (3.26)
2 - F(p)

while a simple computation shows that

Lgz) = (Tg2)Y v lalz)
p p _ p
Re p” + P ( p” ) = Re 0 ~(p), z € U. (3.27)
If we denote N
_ ()

Y

plz) =—
then ¢ is analytic in U with ¢(0) = 1, and the above inequality is equivalent to
1+ (1—-2y(p))z
/
< .
P (2) T
Now, according to Lemma 2.1, this subordination implies
L+ (1-29(p)= Iy 9(2)
< AANES
o(2) T e—
By applying Corollary 3.8 together with the relation (3.26), this last inequality
yields
Ia-i—l >
Re 2 9(%)

zp

p(2) +

, le. R > 7(p), z € U.

>a@y+a—§@»[ﬂq(Lgp+z%)—¢]>o,zeU,@2&

hence, if we let
I 9(2)
¢(2) = S
I+ g(2)
then ¢ is of the form (2.1), and from (3.28) and (3.29) we have that ¢ is analytic
in U.
It is easy to show that
Lglz) =z (L) L) 2¢/(2)
P P _p 2 _ 100,
29 2 (282) - 222 (200 + 22— wiota). a0 aheo),

where

(3.29)

Ia+1

m@wm)zﬁ—ﬁgzcﬁ+—ﬁ—),

2P p+1
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then the inequality (3.27) can be written as
ReW(¢(2), 2¢/(2);2) > 3(p), 2 € U.

1
For all real x and y < —5(1 + 2?), we have

Ia+1
ReV(ix,y;2) = (L - :132) Rep—g(z)

p+1 zP
1 ) 1" g(z) 1 I g(2)
= _2(p+1){1Jr 2p+ 1)+ 1 }RGT ST T
1 N _ 1 N
< 31 {v(p) + (1 =7(p)) |:2F1 (1, Lip+2; 5) - 1” =7(p), z €U,

where we used (3.28) and the definition of 7(p) from the assumption. By Lemma
2.2 we get Re¢(z) > 0, z € U, which completes the proof of Theorem 3.19. [

Theorem 3.20. Let f; € A(p) (j =1,2). If the functions

| R

pz—i?() € P(vy;), (0<v,<1, a €R),
then the function g = I7(f1 * fa) satisfies the following inequality:

Iozfl
Re pa—g(z) >0, ze U,
Iy g(2)
provided that
1=2(1 =m)(1 =2) 2 75(p), (3.30)

where 7(p) is defined by (3.25).
Proof. Denoting g = I fo, where fo = fi * fo, by using (1.2) it is easy to show

that 1 !
LA BTG L et ot gy

ZP 2P zp P

L [ 0 ) + 2 0 0 )]
DL o)

Then, by the assumption of Theorem 3.20, it follows from Lemma 2.5 that
— a— a— a— /
(G RN L B e ()
2P zP zP p+1 zP

>p:=1-2(1—m)(1—"), z€ T,

which is equivalent to

1972 g(z
Repz—f() > 8, 2eU.

Using the assumption (3.30) and applying Theorem 3.19, for the case when the
parameter « is replaced by a — 1, we obtain our result. O
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