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LINEAR MAPPINGS APPROXIMATELY PRESERVING
ORTHOGONALITY IN REAL NORMED SPACES
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ABSTRACT. In a normed space we introduce an exact and approximate orthog-
onality relation. We consider classes of linear mappings approximately preserv-
ing this kind of orthogonality. We show that, in particular, the property that
a linear mapping approximately preserves the B-orthogonality is equivalent to
that it approximately preserves the p, p-orthogonality (although these orthog-
onalities need not be equivalent). Moreover, we show that every approximately
orthogonality preserving linear mapping is necessarily a scalar multiple of an
almost isometry.

1. INTRODUCTION

In a normed space, one can define various orthogonality relations and one can
consider linear mappings preserving this relations. For example, for the Birkhoff-
James orthogonality:

rlgy o Vaex il < o+ Myl

it was proved that a linear mapping preserving this orthogonality must be a
scalar multiple of an isometry (see [L0], [3]). Similar problem has been analyzed
for py, p-orthogonality in [6],[13] (this notions will be defined in the present sec-
tion). The paper [5] contains the result about the isosceles orthogonality. In this
paper, we give some characterization of linear mappings approximately preserving
orthogonality in real normed spaces.
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From this moment, throughout this paper, all normed spaces are assumed to
be over reals and at least two-dimensional. Let (X, || -||) be a real normed space.
We define two mappings p,,p": X x X — R:

x + ty||* — ||z])? x+ty|| — ||z
o) = i 120 =l e+ tl = bl

This mappings are called norm derivatives. Now, we recall their useful properties
(the proofs can be found in [1] and [8]):

(ndl) Vogex Vaer Pil@,ax +y) = allz|® + pl(z, y);

(nd2)  Voyex Vazo pllaz,y) = apl(z,y) = pi(z, ay);

(nd2)  Vayex Va<o phlow,y) = apl(z,y) = pl(z, ay);

(1d3) Veex  p(w,7) = |2

(ndd) Vaoyex  [p(z,y)| < [lf]-[lyll-
Moreover, the mappings o/, , p_ are continuous with respect to the second variable,
but not necessarily with respect to the first one. We have also

= [|z] - lim
t—0%

Vagex pi(z,y) = limpl (z + ty, y). (1.1)
The following mapping p’': X x X — R was introduced by Mili¢ié¢ [11]:
1
P(x,y) =5 (P (2,y) + ol (2,y)) (1.2)

and is called an M-semi inner product (briefly M-s.i.p.). From the above prop-
erties Qf the mappings p/,, o’ we get:

(Msipl) Vayex Voer p'(z, 02 +y) = afz] + p'(x,y);

(Msip2)  Veyex Vaer p'(az,y) = ap'(z,y) = p'(z, ay);

(Msip3) Voex  p'(z,2) = ||2]*

(Msipd)  Vayex [0/ (2,9)] < [[z]|-[[yl-
Moreover, we have

Vayex  p(2,y) = limp'(z + ty, y). (1.3)

We introduce p, -orthogonality and p_-orthogonality:
rl, y & p(x,y) =0, rl, y & p(x,y)=0,
and p-orthogonality
rl,y & pr,y) =0.
Note, that L, , 1, .1, C Llg. If (X,(|-)) is an inner product space, then
(ylz)y = pl(z,y) = p_(x,y) = p'(x,y) for arbitrary =,y € X. Hence we have
Ll=1, =1, =1,=1g.
In an inner product space an approzimate orthogonality (e-orthogonality, with
e €[0,1)) of vectors = and y is naturally defined by:
ey e [(zly) | <ellz]]-|lyll.
For an approximate Birkhoff orthogonality, we will follow the definition from [/]:
vlpy & VAER: [|2f* < o+ Myl* + 2el2|- [ Ayll.

The notions of an approximate py and p-orthogonality were defined in [0] as
follows.
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vy = oz, )| <ellzl|-[lyll;
vl y e o ()| <ellxl|-[lyll;

ey e o (@ y)l <ellzl-llyll.
It is easy to see that 15,y = —xl°, y and 25, y = —zL, y. Moreover, if
zl5 yand z1° y, then z1°y. Obviously, if the norm in X comes from an inner
product, then 15, = 15 = 1° = 1° and for ¢ = 0 all the above approximate
orthogonalities coincide with the related exact orthogonalities.
The next result (cf. [7]) establishes the connection between p/, and 15;.

Theorem 1.1. [7, Theorem 3.1] Let X be a real normed space and let € € [0,1).
Then, for arbitrary x,y € X and o € R we have:

vlpy = pl(ey) —ellzll- vl <0 < Pl () +ellz]]-lyll- (1.4)
2. LINEAR MAPPINGS PRESERVING CERTAIN KINDS OF ORTHOGONALITY

Let X,Y be real normed spaces. We say that a linear mapping h: X — Y
preserves p,-orthogonality (p_-orthogonality), if Vyyex L1,y = hxl, hy,
(Vx,yex xl, y = hxl, hy). Similarly, a linear mapping f: X — Y preserves
p-orthogonality if it satisfies:

Ve yex xlyy = fxl,fy.
The following result was proved in [6] and [13].

Theorem 2.1. [(],[13] Let X,Y be real normed spaces, f: X — Y a nonzero,
linear mapping. Then, the following conditions are equivalent:

(a) f preserves p-orthogonality;

(b) f preserves p_-orthogonality;

(c) f preserves p-orthogonality;

(@) Lfzl = A0 lell, 2 e X5

() o (fx, fy) = | fI*-p(2,y), @y € X;
(£) p_(fz, fy) = IfI?-p_(2,y), z,y€X;
(&) p'(fz, fy) = If 1P (x,y), @ye€X.

In the paper [0, Theorem 5] it was proved that (a),(b),(d),(e),(f),(g) are mu-
tually equivalent and each of them implies (c). The lacking link was given in
[13, Theorems 4.2, 4.3]. Thus in particular, linear mappings preserving p,, p_, p-
orthogonality are similarities.

3. LINEAR MAPPINGS APPROXIMATELY PRESERVING CERTAIN KINDS OF
ORTHOGONALITY

The class of linear mappings preserving orthogonality can be enlarged by admit-
ting those mappings which only approximately preserve this relation. For inner
product spaces U, W one can consider linear mappings f: U — W satisfying: for
all v,y e U, zly = fxl®fy.

Let X,Y be real normed spaces. As for B-orthogonality, one can consider the
class of linear mappings f: X — Y satisfying the following condition:

Ve yex rlpgy = frlyfy. (3.1)
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Similar classes of mappings can be considered for other orthogonality relations.
The natural problem is: to describe such a class of approximately orthogonality
preserving mappings.

As for p-orthogonality, one can consider the classes of linear mappings f: X —
Y satisfying one of the following conditions:

va:,yGX xJ—py = fxfpf% (32)
vx,yGX xJ—p+y = f‘rfp+ ny (33)
Vayex vl, y = fzL, fy. (3.4)

The latter two are equivalent. Indeed, suppose that f approximately preserves
p+-orthogonality and let @1, y. Thus —xl,,y, hence —fz 15 fy and finally
fxl5, fy, ie., f approximately preserves p_-orthogonality. The proof of the
reverse is the same. We have proved

Theorem 3.1. Let X,Y be real normed spaces and let f: X — Y be linear
mapping. Then, the following condition are equivalent:
(a) f satisfies (3.3); (b) f satisfies (3.4).

Let us quote a result from [7].

Theorem 3.2. [7, Theorem 5.1]. Let X, Y be real normed spaces and let f: X —
Y be linear and satisfy (3.3) or (3.4). Then f satisfies (3.1).

We will extend this result in the H5th section.

4. SOME PROPERTIES OF THE NORM

A normed space (X, || - ||) is said to be smooth at the point x, € X \ {0}, if
there is a unique z* € X* such that z*(z,) = ||z,|| and ||z*|| = 1. It is known
that X is smooth at the point z, € X \ {0} if and only if p’ (z,,y) = p/ (0, ¥)
for arbitrary y € X (see [1], [¢]). Now, we consider a set

Dgp(X) :={z € X : X is smooth at z} U {0}.

The following result (see [1] p. 24 and also [2], [9]) shows that the set Dy, (X) is
very large.
Theorem 4.1. Let (X, || - ||) be a finite-dimensional real normed space. Then

there ezists a set F' C X of Lebesque measure zero such that for all x in X \ F
and y in X we have p, (x,y) = p'_(x,y), and X \ F is dense in X.

In this paper, the set S C X is called star-shaped, if V,esV, cr : ax € S. The
following lemma collects the properties of the set Dy, (X).

Lemma 4.2. Let (X, ||-||) be a finite-dimensional real normed space. Then the set
Dy (X) is dense and star-shaped. Moreover, X \ D, (X) is the set of Lebesque

measure zZero.
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Proof. Applying Theorem 4.1 we get X \ F' C Dg,,(X), thus Ds,,(X) is dense
(since X \ F is dense). Next, it is clear that Dy, (X) is star-shaped, because z,
is a point of smoothness iff x, is a point of smoothness.

Moreover, we have X \ Dg,,(X) C F (since X \ F' C Dy, (X)). Since F is the
set of Lebesgue measure zero, we conclude that X \ D, (X) is also the set of
Lebesgue measure zero. O

5. MAIN RESULTS

In this section, we give a characterization of linear mappings approximately
preserving orthogonality in real normed spaces. Fix x* € X* and a € R. The
set M :={x € X : 2*(z) = a} will be called a hyperplane. Let us quote a lemma
from [13].

Lemma 5.1. [13, Lemma 4.1] Let D C X be a dense, star-shaped subset and let
M be a hyperplane such that 0 ¢ M. Then M N D = M.

Turnsek & Mojskerc [12, Theorem 3.5, Remark 3.1] proved the following result.

Theorem 5.2. [12] Let X, Y be real normed spaces, € € [O, %) andT: X =Y a
linear mapping satisfying x Ly = Taxl3Ty. Then
Voex (L =8)|T-lz]l < Tzl < || [}

We will prove that any linear mapping which approximately preserves p-orthogon
-ality, also approximately preserves p -orthogonality.

Theorem 5.3. Let X,Y be real normed spaces and let f: X —'Y be linear and
satisfy (3.2). Then f satisfies (3.3).

Proof. For the proof of (3.2) = (3.3) consider the two cases. First, assume
that dimX = dimY = 2. Let z,y € X, = 7& 0. Applying (Msipl) we get

zl, < ey, 4 y) By (3.2) we have fz 1, < Y fr+ fy) and hence

EE ||9CH2
o (fo.~45 far fy )| <el fal - ||~ fo+ £y \ Applying again (Msip1) we
are able to derive
/ ||f [ ’(
Next, we show that f is injective. Let k € ker f \ {O} If 2 € X\ {0}, then
o (f k) = Sl )| < e |- 4R+ gl

Therefore ‘”H{:H”; oz, k)‘ <e )”HszHQ oz, k:)‘, and hence p/(x, k) = 0.
This shows Vygrer f L, k. We recall that L, C Lp holds. Therefore, the latter

condition becomes
vmékerf ZE_LBI{? (52)

Since dim X = dimY =2 and f # 0, dimker f < 1 implies that X \ ker f is dense.
Thus we can find a sequence (x,,),—12.... such that x,, ¢ ker f and lim z,, = k. By

gooe
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(5.2) we have x,, Lgk for n € N. By continuity of the norm we get kLgk, so k = 0.
We proved that f is injective, so f must be surjective, since dim X = dimY = 2.

We define the set S := D, (X) N f71 (Dgn(Y)). Tt is easy to verify that S
is dense and star-shaped. Indeed, the mappings f, f~! are linear. Thus the sets
Dyn(X), f71 (Dsmn(Y)) are star-shaped, so S is also star-shaped. Applying Theo-
rem 4.2 we obtain that X\ D, (X) is the set of Lebesgue measure zero. Moreover,
the mappings f, f~! are continuous, so f is a diffecomorphism. Therefore, it is
easy to verify that X \ f~1(D,,,,(Y)) is the set of Lebesgue measure zero because
Y\ Dg(Y)) = X\ 1D (Y)). Next, we have

XA S=X\ (Dam(X) N f7H (Dam(Y))) = (X \ Dan (X)) U (X \ [T (Dam(Y))),
so we obtain that X \ S is also the set of Lebesgue measure zero. Thus S is dense
and star-shaped.

Let a,b € X be linearly independent. Define z* € X* by z*(aa + Bb) :=
Then M :={z€ X : 2*(x) =1} = {a+tb : t € R}isahyperplane and 0 ¢ M.
We have proved that S is dense and star-shaped. Applying Lemma 5.1 we get

MNS =M. (5.3)
Using (5.3) we are able to find a sequence a + t,b € S such that lim a+t¢,b=a,

e., lim ¢, =0. By (5.1) we have

o (fla+tab), f0) = LDl g (a + 1,0,0)] <

< e[|~ () + £+ tab)]

It follows from a + t,b € S that a + t,b € Dy, (X) and f(a + t,b) € Dgn(Y).
Hence pl(a + tnba ) = p;(a + tnbv ) and pl(f(a + tnb>7 ) = ler(f(a + tnb>7 ' )
Now the above inequality becomes

oy (Fla+tab), 1) — L0 1 (0 1,,0)] <

a+tnb,b)
<o |-Gk tab) + 0|1 (@ + b))

Applying (1.1) we get |/, (fa, fo)— 4 g, (a,b)| < e |42 Fact fo 1 fall. We

arrived at the following statement:

b are linearl 2
(‘;ndz;eﬁ:;z) |0 (fa. ) ”mg

0| <o - e sl fal. 5

We show that f approximately preserves p,-orthogonality. Let x,y € X be
such that L, y (we may assume = # 0 and y # 0, otherwise (3.3) holds trivially).
Thus p/, (z,y) = 0. It follows that z,y must be linearly independent. From (5.4)
we have |p!, (fz, fy)| < e[| fz|-[|fyll, whence fz 15, fy.

Now, let us prove the general case. Suppose dim X > 2, dimY > 2. We
assume that z,y € X\ {0} and 2L, y. Clearly z,y are linearly independent. We
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define f: Span{z,y} — W by fi= flspan{z,y}, and W C Y is a two-dimensional
subspace such that f (Span{z,y}) C W. By the first part, f approximately
preserves p,-orthogonality. We get f:cf oy fy, and hence fz 15, fy. OJ

We will prove that any linear mapping which approximately preserves B-
orthogonality, also approximately preserves p-orthogonality.

Theorem 5.4. Let X,Y be real normed spaces and let f: X —'Y be linear and
satisfy (3.1). Then f satisfies (3.2).

Proof. For the proof of (3.1) = (3.2) consider the two cases. First, assume that
dim X = dimY = 2. We define the set S := Dy, (X)Nf~1 (D,n(Y)). Let y € X,
x € S, v # 0. Applying (Msipl) we get =L, (—pl(z’y)x—ky). We recall that

[EIIS

1, C Lp holds. Therefore, the latter condition becomes z1p (—p (@) g o y>.

llzll
By (3.1) we have fx 1% ( fx + fy) Applying Theorem 1.1 we get

|z
”(”’ hﬂﬁv )‘ﬂf”H|HPf+“H 0s
< p;(fa ﬁ|P>f-+nQ-+du HH ||”2f et fyl.

Since x € S, we have fx € Dy, (Y). Thus p__(fz,-) = p'(fx,-) = o/ (fz,-). Now,
we can put p' in place of p/_ and p’ . Now the above inequalities become

Qx‘ﬁw”**>’ ‘M

]|
Let a,b € X be linearly independent. Define z* € X* by 2*(aa + b) =
Then M :={z€ X : z*(z) =1} ={a+tb : t € R} isahyperplane and 0 ¢ M.
To finish the proof we argue as in the last part of the previous one. In the suitable
part we consider (1.3) instead of (1.1). Now the inequality (5.5) becomes

a,b are linearly , Hf ||2 /( )

independent | = |p'(fa, fb)— la “2 p'(a,b)|<el|— lall? fa+fb||-||fal|. (5.6)
Now, we can use (5.6). In a similar way as in the proof of Theorem 5.3 we obtain
Veyex oL,y = fal5,fy. The case dim X > 2, dimY > 2 is clear. O

VyexVaes\fo} |P

f—ﬁﬂnﬂn (5.5)

Finally, from Theorems 5.2, 3.1, 3.2, 5.3 and 5.4, we obtain the following
characterization of linear mappings approximately preserving the orthogonality
relations.

Theorem 5.5. Let X, Y be real normed spaces, f: X — Y a nonzero, linear
mapping. Then, the following conditions are equivalent:

(1) f approzimately preserves p, -orthogonality;
(2) [ approzimately preserves p_-orthogonality;
(3) [ approzimately preserves p-orthogonality;

(4) [ approzimately preserves B-orthogonality.
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Moreover, each of the above conditions implies
(5) Veex (L =8)|fII-l[=l] < [[fzll < [If[-Nl=]l-

Note that, in particular, the property that a linear mapping approximately pre-
serves the B-orthogonality is equivalent to that it approximately preserves the
p+-orthogonality. Although 1% and L5, need not be equivalent unless we assume
the smoothness of the norm (see [7, Theorems 3.3, 3.4]). Thus in particular, every
linear mapping approximately preserving p-orthogonality is necessarily a scalar
multiple of an almost isometry.
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