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EXTENSIONS OF THEORY OF REGULAR AND WEAK
REGULAR SPLITTINGS TO SINGULAR MATRICES

LITISMITA JENA!

Communicated by V. Bolotnikov

ABSTRACT. Matrix splittings are useful in finding a solution of linear systems
of equations, iteratively. In this note, we present some more convergence and
comparison results for recently introduced matrix splittings called index-proper
regular and index-proper weak regular splittings. We then apply to theory of
double index-proper splittings.

1. INTRODUCTION AND PRELIMINARIES

The need to solve linear systems of algebraic equations arises in many math-
ematical models. The most common methods used to solve such systems are
iterative methods. A large class of iterative methods for solving Ax = b, where
A e R x € R" and b € R”, can be formulated by using matrix splittings.
A matrix splitting is an expression of a given matrix as a sum or difference of
matrices. Historically, the idea of matrix splittings has its origin in the regular
splitting theory. This technique was devised by Varga, [15]. Thereafter, the the-
ory of splittings have been extended and studied by many authors for nonsingular,
singular and rectangular matrices (see [1, 4, 6, 7, 9, 12, 15, 16] and the references
cited therein). The goal of this paper is to study convergence and comparison
results for recently introduced matrix splittings called indez-proper reqular and
index-proper weak regular splittings for real square singular matrices using the
theory of Drazin inverse.
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Throughout, all our matrices are real square unless otherwise stated. The
index of A is the least nonnegative integer k such that rank(A**!)=rank(A4*),
and we denote it by ind(A). We declare that here onwards the symbol k& always
represents the index of the respective matrix. The Drazin inverse of a matrix A
is the unique solution A" satisfying the equations: A* = A¥AP A, AP = APAAP
and AAP = AP A, where k is the index of A. We next recall the definition of an
index-proper splitting. A splitting A = U — V is called an index-proper splitting
of Aif R(U*) = R(A*) and N(U*) = N(A*), where R(A) and N(A) denote the
range and the kernel of A, respectively, and k is the index of A; see [6]. It reduces
to an index splitting if ind(U) = 1; see [16]. When k = 1, then an index-proper
splitting becomes a proper splitting; cf. [1]. The asymptotic behaviors of the
iterative sequences (obtained by using the index-proper splitting A =U — V):

T =UPV +UPh, i =0,1,2,...

and
Yt =UPVYIi+UP, j=0,1,2,...

are governed by p(UPV'), where p(A) is the spectral radius of the matrix A. For
an index-proper splitting, p(UPV) < 1 if and only if the above schemes converge
to APb and AP, respectively. More on index-proper splitting can be found in the
recent articles [6, 7]. In this note, we add a few more new results to theory of
index-proper regular and weak regular splittings which are introduced in [1].

The organization of this paper is as follows. In Section 2, we present con-
vergence and comparison theorems for index-proper regular and weak regular
splittings. In Section 3, we introduce the notion of double index-proper regular
and weak regular splittings for real n x n singular matrices. Convergence and
comparison results for double index-proper regular and weak regular splitting are
also discussed in the same section.

Before proceeding further, let us recall a few results which are to be used in
further discussions. The first six results deal with non-negative matrices.

Theorem 1.1. ([15, Theorem 2.20]) Let A > 0. Then
(i) A has a nonnegative real eigenvalue equal to its spectral radius.
(ii) There exists a nonnegative eigenvector for its spectral radius.

Theorem 1.2. ([15, Theorem 2.21])
Let A > B > 0. Then p(A) > p(B).

Theorem 1.3. ([15, Theorem 3.16])
Let X > 0. Then p(X) < 1 if and only if (I — X)™! exists and (I — X)™! =

ix’f > 0.
k=0

Theorem 1.4. ([L1, Corollary 3.2])
If B> 0and z > 0 is such that Bz — az > 0, then o < p(B).
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Theorem 1.5. ([14, Lemma 2.2|)

Let X = (? g) >0 and p(B + C) < 1. Then p(X) < 1.
Let us denote the nonnegative orthants of R” by R”}, and the set of all interior
points of R”} by int(R"). Next result uses these notation.

Theorem 1.6. ([8, Theorem 25.4])
Suppose that C' < B, B~! exists, and B~ > 0. Then C~! exists and C~! > 0 if
and only if CRYN int(R%) # (.

Next four results show a few properties of an index-proper splitting.

Theorem 1.7. ([6, Theorem 3.2|)

Let A= U — V be an index-proper splitting. Then
(a) AAP = UUP = UPU = AP A;

(b) I — UPV is invertible;

(c) AP = (I —UPV)~'UP.

Since A = U — V is an index-proper splitting, so is U = A + V. Hence, we
have the following results.

Theorem 1.8. ([7, Theorem 1.6])

Let A= U — V be an index-proper splitting. Then
(a) I —|— APV and I + VAP are invertible;

(b) AP = (I + APV)UP = UD(I+VAD)

(c) UP = (I + APV)1AP = AP(I + VAP)™!
(d) UDVAD APVUP,

() UPV APV — APVUPV

(f) VUPV AP = VAPVUD.

Remark 1.9. Let A = U — V be an index-proper splitting. Then the matrices
UPV and APV (or VUP and V AP) have the same eigenvectors.

Lemma 1.10. ([7, Lemma 1.8])
Let A = U —V be an index-proper splitting. Let p;, 1 <i<sand A;, 1<j<s
be the eigenvalues of the matrices UPV (VUP) and APV (V AP), respectively.
Then for every i, there exists j such that u; = 1i

¢ such that \; =

v and for every 7, there exists

—Ha

2. INDEX-PROPER REGULAR AND WEAK REGULAR SPLITTINGS

We begin with the definition of an index-proper regular and weak regular split-
ting.

Definition 2.1. ([0, Definition 4.13], [1, Definition 3.1])

A splitting A =U — V of A € R"" is called an index-proper reqular splitting
(or also called a D-regular splitting) if it is an index-proper splitting such that
UP >0and V> 0.
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Definition 2.2. ([I, Definition 3.5])
A splitting of the foorm A = U — V of A € R™" is called an index-proper weak
reqular splitting if it is an index-proper splitting such that U” > 0 and U”V > 0.

We next present one example of a matrix splitting which is an index-proper
weak regular but not an index-proper regular.

011 0 0 3
Example 2.3. Let A= 0 2 0 |. Thenind(A) =2. TakingU =| 0 3 0
0 20 0 3 0
0 —1 2 [ 1
andV =10 1 0 |,wehaveind(U)=2and R(U?) = 1 = R(A?)
0 1 0 1 }
0 1/3 0
Hence A is an index-proper splitting. Here UP = (1/27)U?= 1 0 1/3 0 | >
0 1/3 0
0 1/3 0
0and UPV = [ 0 1/3 0 | > 0. Hence, the splitting A = U — V is index-
0 1/3 0

proper weak regular splitting and not index-proper regular splitting as V' # 0.
We now recall a convergence theorem for an index-proper regular splitting.

Theorem 2.4. ([, Theorem 3.2|)
Let A = U—V be an index-proper regular splitting. If A? > 0, then p(UPV) < 1.

The converse of the above result is also true, and was stated in [1, Theorem 3.4].
For an index-proper weak regular splitting, we have the following convergence
theorem.

Theorem 2.5. ([, Theorem 3.8])
Let A= U —V be an index-proper weak regular splitting. If p(UPV) < 1, then
AP > 0.

We next present a new proof to [1, Theorem 3.7].

Theorem 2.6. ([1, Theorem 3.7])
Let A= U —V be an index-proper weak regular splitting with N(A4*) C N(V).
If AP >0, then p(UPV) < 1.

Proof. Suppose that A” > 0. Let C = UPV. Then C > 0. Also, CUPU =
UPVUPU = UPV = C as VUPU = V, which follows from the condition
N(A*) € N(V). Set B,, = I +C +C*>+ C3+ --- + C™)UP for any pos-
itive integer m. Then B,, > 0 and B,, < B,,.1, since C' > 0. Then by
(c) of Theorem 1.7, we have UP = (I — C)AP. Using UP = (I — C)AP in
Bn=I+C+C*+C%*+---+C™UP, we have B,, = (I — C"™"1)AP. Then it
follows from B, = (I — C™™)AP that B,, < AP since C' > 0, A” > 0. Hence,
the sequence {B,,} is a monotonically increasing sequence, which is bounded

above. Hence, the sequence {B,,} is convergent with respect to any matrix norm
|- ||. Also, By1U — B,,U = C""\UPU = C"CUPU = C™C = C™"! since



EXTENSIONS OF THEORY OF REGULAR AND WEAK REGULAR SPLITTINGS 415

N(A¥) C N(V) gives VUPU = V. Hence, ||B, . U — B,U|| = [|C™] <
|| Bims1 — Bm||||U]|. We conclude that C™*! converges to the zero matrix. It then
follows that p(UPV) < 1. O

The following Lemma will be used to prove Theorem 2.9.

Lemma 2.7. ([0, Lemma 4.1]) The system Az = b has a solution if AAPbH = b.
In that case, the general solution is given by x = APb + z for some z € N(A).

Before presenting the next theorems, we would like to recall the notion of Drazin
monotonicity: an extension of inverse positive matrices to the singular case. A €
R™™ is said to be Drazin monotone if AP > 0. For invertible matrices A, Drazin
monotonicity reduces to monotonicity. A real square matrix A is called monotone
if A is inverse positive. The book by Collatz [5] has details of how monotone
matrices arise naturally in the study of finite difference approximation methods
for certain elliptic partial differential equations. The problem of characterizing
monotone matrices has been extensively dealt with in the literature.

Pye [13] showed the following equivalence for the matrices having nonnegative
Drazin inverse (i.e. AP > 0).

Theorem 2.8. ([13, Theorem 1]) AP > 0 if and only if Az € R+ N(A*) and z €
R(A*) imply = > 0.

A new characterization of Drazin monotone matrices is shown next.

Theorem 2.9. Consider the following statements.

(a) AP > 0.

(b) Az € R? + N(A*) and z € R(A*) = = > 0.

(c) RT C AR? + N(A*).

(d) There exist 2° € R and 2" € N(AF) such that Az® + 2% € int(R7). Then we
have (a) < (b) = (c) = (d).

Suppose that A has an index-proper regular splitting such that R(V) C R(A¥).
Then each of the above is equivalent to the following:

(e) p(UPV) = p(VUP) < 1.

Proof. (a) < (b): By Theorem 2.8.

(b) = (¢): Let p € R? and ¢ = APp. Then ¢ € R(A*) and by Lemma 2.7,
p=Aq+r, r e N(A) C N(A*) so that Ag = p—r € R} + N(A*). Therefore
q € R? by (b) . Hence p € AR" + N(AF).

(¢) = (d): Let u® € int(R7). Then there exist 2° € R and 2° € N(A*) such
that u® = Az? + 2% Thus Az° + 20 € int(R%).

(d) = (e): The fact R(V) C R(A*) implies A = U -V = U — UPUV =
U(I —UPV). Since A has an index-proper regular splitting, i.e., UP? >0, V >0,
R(U*) = R(A*) and N(U*) = N(A*), we have UPV > 0. Then VIUP" > 0.
Therefore I — VIUPT < I. Set C = I — VIUP" and B = I. Then C < B,
B! exists and B~' > 0. We show that there exists a vector w® € R? such
that Cw® € int(R%) is nonzero. It would then follow from Theorem 1.6 that

O~ exists and C~! > 0. The fact AP > 0 implies AT” > 0. The implications
(a) < (b) = (¢) = (d) are also true for ATP > 0. Hence, the corresponding
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(dT) implies that there exist 2° € R" and 2° € N(AkT) such that AT2% + 20 €
int(R7). Set w® = UTz"+2° Then w® = (AT + V7T)a" + 20 = ATa% + 20+ V120
Since VT > 0 and z° € R%, we have V72? € R?. Thus v’ € R}. Further,
Cu® = (I = VIUP u® = (I = VIUPT)(UT2® + 2°) = (I — VTUP")UT2" +
(I —VTUPT)Z0 = ATg0 4 20 € int(R"). Here we have used the fact that 20 €
N4y = N(UF") = N(UPT). Hence (I — VTUPT)~1 = ¢! > 0. By Theorem
1.3, it now follows that p(UPV) = p(VTUDT) <1

(e) = (a): The proof is same as the converse part of the proof of [I, Theorem
3.4]. 0

We next present a convergence result for an index-proper regular splitting under
a sufficient condition APU > 0. The sketch of the proof is similar to [12, Lemma
3.4] which is for proper nonnegative splittings of rectangular matrices.

Theorem 2.10. Let A = U —V be an index-proper regular splitting and APU >

0. Then p(UDV) (A—’W)]) < 1.

Proof. Since UP > 0, V' > 0 imply UPV > 0, by (ii) of Theorem 1.1, there
exists a nonnegative vector z (z # 0) such that UPVz = p(UPV)x. Then
r € R(UP) = R(U*) = R(A*). Therefore UPUz = x. However AP = (I —
UPV)=IUP, by Theorem 1.7 (c). Hence APU = (I — UPV)"'UPU. Then

APUz = (I — UPV)'UPUz = (I — UPV)™ 'z = mx which implies

W > 0 and is an eigenvalue of APU. Hence 0 < W < p(APU), i.
p(UPV) < '”(‘A—gU Similarly, APU > 0 guaranties the existence of a nonneg-

ative vector y (y # 0) such that APUy = p(APU)y. Then y € R(A*) = R(U¥)
implies y = UPUy. Hence ([ —UPV) Yy = (I — UPV)"WUPUy = APUy =

p(APU)y. Thus (AﬁjU)y =y —UPVy, ie., UPVy = %)—g()];ly which yields
p(UPV) > % Therefore p(UDV) = % < 1. O

We remark that Theorems 2.9 and 2.10 are also true for index-proper weak
regular splittings.

Comparison theorems between the spectral radii of matrices are useful for
choosing a better splitting between two given splittings. An accepted rule for
preferring one iteration scheme to another is to choose the scheme having the
smaller spectral radius of the respective iteration matrix. Many authors such
as Jena and Mishra [6], Jena and Pani [7], Jena et al. [9] and Mishra [12], etc.
have introduced various comparison results for different matrix splittings. Here
we take index-proper regular and weak regular splittings for our analysis.

First we present two comparison results for index-proper regular splittings.
The proofs are analogous to proofs of [9, Theorems 3.2 & 3.3]. Hence, we omit
the proofs.

Theorem 2.11. Let A = U, —V; = Us—V5 be two index-proper regular splittings.
If AP >0 and Vi < Vs, then p(UPVY) < p(UPV,) < 1.

d” means the corresponding result Theorem 2.9(d) when A is replaced by A”.
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The two conditions A” > 0 and V; < V5 in the above theorem can be merged,
and is shown next.

Remark 2.12. Let A = U; —V; = Uy —V; be two index-proper regular splittings.
It APVy < APV, then p(UPV1) < p(U3Va) < 1.

Theorem 2.13. Let A = U;—V; = Uy;— V3 be two index-proper regular splittings.
If AP >0and UP > UP, then p(UPV}) < p(UPV,) < 1.

Next two comparison results are obtained for two index-proper regular split-
tings.

Theorem 2.14. Let A = U, —V; = Uy—V5 be two index-proper regular splittings.
If 0 < APU, < APU,, then

p(UPVI) < p(Uy'Va) < 1.
Proof. By Theorem 2.10, we have p(UPV;) = % < 1 fori=1,2. Again,
the condition APU; < APU, and Theorem 1.2 together yield p(APU,) < p(APU,).

Let )\; be the eigenvalues of APU; for i = 1,2. Since )‘3__1 is a strictly increas-

ing function for \; > 0, we have 2 ;’?jgf}zgl > L (p"(‘jg;}lgl. Therefore p(UPV}) <
p(UPVL) < 1. O

Theorem 2.15. Let A = U, —V; = Uy — V5, be two index-proper regular splittings
of A with AP > 0. If VoUP > UPV;, then

p(ViUP) < p(VaUy) < 1.

Proof. We have p(UPV;) = p(V;UP) < 1 for i = 1,2 by Theorems 2.4. Also,
we have (I + APV))71AP = UP and UP = AP(I + V,AP)~! by Theorem 1.8.
Now VoUP > UPV; implies Vo AP (I + Vo AP)=1 > (I + APV;)~1APV,. Then pre-
multiplying both the sides by I + APV} and post-multiplying them by I + V,AP,
as I + APVy > 0 and I + VLAP > 0, we obtain V,bA” > APV,. Then, by
Theorem 1.2, we get p(VoAP) = p(APV3) > p(APV}). Since 2+ is a strictly

M

increasing function for A > 0, and p(VoAP) = p(APV,) > p(APV}), then we have
APV APV,

A > 2 Therefore p(UPV:) < p(UPVR) < 1. O

3. DOUBLE INDEX-PROPER REGULAR AND WEAK REGULAR SPLITTINGS

Motivated by the idea of Jena et al. [9] we now introduce the double index-
proper splitting A = P — R — S of A to Az = b which leads to the following
iterative scheme spanned by three iterates:

v = PPRay" 4+ PPS2™ + PPh, i =1,2,.... (1)

T PPR PPS xt n PPy
xt o I 0 it 0 ’

i+1 i D D D
Let y'* = (xxl >, Yl = <;§1), W = (PIR POS> and d = <PO b). Then

we have

Then

Yyl =Wy +d, i=1,2,.... (2)
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The iteration scheme (2) is convergent if p(W) < 1, and then A =P — R — S is
called a convergent double splitting.

We next introduce definitions of double index-proper regular and weak regular
splittings.

Definition 3.1. A double splitting A = P — R — S of A is called double index-
proper regular splitting if R(A*) = R(P*), N(A*) = N(P*), PP >0, R > 0 and
S > 0.

Definition 3.2. A double splitting A = P — R — S of A is called double index-
proper weak regular splitting if R(A*) = R(P*), N(A*) = N(P*), PP > 0,
PPR >0 and PPS > 0.

The above definitions reduce to index-proper regular and weak regular split-
tings by setting P = U and R+ S = V. A convergence result which relates
convergence of single and double splitting is shown next.

Theorem 3.3. Let A” > 0and A =P — R— S is a double index-proper regular
splitting (or double index-proper weak regular splitting), then p(W) < 1.

Proof. Since A = P— R— S is a double proper regular splitting (or double proper
s PPR PPS

weak regular splitting) of A, so for both the cases W = 7 0 > 0.

Setting U = Pand V = R+ S, A= U —V is an index-proper regular splitting

(or an index-proper weak regular splitting) of A. By Theorem 2.4, we then have

p(PP(R+S)) = p(UPV) < 1. By Theorem 1.5, it now follows that p(W) < 1. O

Comparison of the spectral radii of the iteration matrices are necessary to
study the convergence rate of two different systems of linear equations by iterative
methods. The scheme with the smaller spectral radius will converge faster. We
next discuss the above issue and the Drazin inverse analog of [9, Theorem 3.7].

Theorem 3.4. Let A; and Ay be two square matrices with N(AY) = N(45),
where k = ind(A;) = ind(As). Suppose that A; = P, — Ry — S; and Ay =
P, — Ry — S5 are double index-proper weak regular splittings such that A{D >0
and Ag 2 0. IfPlDAl Z P2DA2 and PlDRl Z P2DR27 then p(Wl) S p(Wg) < 17

D D D D
where W; = (Pl ]Rl P1051) and Wy = <P2 IR2 P2052>.

Proof. By Theorem 3.3, we have p(W;) < 1 for ¢ = 1,2. If p(W;) = 0, then our
claim holds trivially. Suppose that p(W;) # 0. Since A; and Ay possess double
index-proper weak regular splitting, we have W; > 0 and W5 > 0. Now, applying

Theorem 1.1 (ii) to Wi, we have Wiz = p(W;)z, where z = (il) >0, ie.,
2
PlDRlIl + Plell'Q - p(Wl)ZL'l,
r1 = (Wl)l’g.

Now N (A¥ ) N (ALY implies R(A%") = R(AE") which yields R(PF") = R(P’“T)
gives R(PF) = R( 2’“) by taking transpose on both the sides. Then PPP, =
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Prprynepry = Prepyyner) = PPP,. The conditions PPR; > PPRy and 0 <
p(W) < 1imply (PPRy — PPRy)x, > m(PQDRQ — PPRy)x,. Therefore

- o P R2x1 + P 521’2 (Wl)l’l
Wox — p(Wh)x = ( W)
. (PDR2I1 + P SQI’Q PlDlelfl — PIDSlI‘Q)
B 0
. ( PDR2 P Rl)l‘l (W1 )(PD,Sl PQDSQ>[E1)
a 0
> (p(m (P’ Ry = PP Ry — . sy (PPS1 = PQDSz)l“l)
- ) (Ry + 82) = PP(Ry+ Syl
0
. PDP2 Ag)-PlD(Pl—Al)]xl
a 0
_ ( P2DA2)1131)

Condition PPA; > PP A, now yields that Woz > p(Wi)x. Thus, by Theorem
1.4, we have p(W;) < p(W3) < 1. O

The next two examples show that the converse of Theorem 3.4 is not necessarily
true.

0 01 011
Example 3.5. Let Ay = | 0 1 0 | and A= 0 2 0 Here k£ = 2,
010 020
N(A2) = N(A3), AP >0 and AP > 0.
0 0 2 0 01 0 00
Set P = 0 20|, R = 010 and S; = 0 00 Again,
020 010 000
00 3 0 -1 0 0 0 2
P=1030],R=10 0 0 ]JandSy=| 0 1 0 |. Here A; =
0 30 0 0 O 010
P — R — 5 and Ay = — Ry — 55 are two double index-proper weak regular
splittings with 0.5000 = p(Wl) < p(Wy) = 0.5774 < 1. Here PPA; # PP A,
0 1/2 0 0 1/2 0
but PPR, > PPR,, where PP = 0 1/2 0 |, PPR, = 0 1/2 0 |,

0 1/2 0 0 1/2 0
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0 1/2 0 0 1/3 0 0 2/3 0
PPA, = 0 1/2 0|, PP = 0 1/3 0 |, PPA, = 0 2/3 0 |,
0 1/2 0 0 1/3 0 0 2/3 0
0 00
PPR,=1 0 0 0
0 00
00 2 0 0 1
Example 3.6. Let A; = 020 and A, = 0 1 0 |. Here k =
040 0 20
00 3
2, N(A?) = N(A2), AP > 0 and AD > 0. Set P, = 03 0|, R =
0 6 0
000 0 01 0 2/3 0
010 and S = 0 0 0 |. Then PP = 0 1/3 0 |, PRy =
0 20 0 00 0 2/3 0
0 2/3 0 0 4/3 0 0 0 2
0 1/3 0 |,PPA, =0 2/3 0 |. Againfor B, =| 0 2 0 |, Ry =
0 2/3 0 0 4/3 0 0 40
0 01 0 00 0 1 0
010 and Sy = 0 0O we get PP = 0 1/2 0 |,PPA, =
010 010 0 1 0
0 1 0 0 1 0
0 1/2 0 ,P2DR2: 0 1/2 0 .HenceAlzPl—Rl—SlandAgz
0 1 0 0 1 0

P, — Ry — S5 are two double index-proper weak regular splittings with 0.3333 =
p(W1) < p(Wy) = 0.5000 < 1 and here PP A; > PP Ay, but PPRy # PP Rs.

Let A= P, — R — S = P, — Ry — Sy be two double index-proper weak

D D
regular splitting of A. Then, we have W; = (Pl [Rl P1051) > 0 and Wy =
D D
(P2 ]Rz P20S2 > 0. A comparison theorem for a single system of equations

whose coefficient matrix A has two different double index-proper weak regular
splitting is presented next.

Theorem 3.7. Let AP >0and A=P, — R, — S, = P, — Ry — S5 be two double
index-proper regular splittings. Suppose that P; < P,. Then p(W;) < p(Ws,) < 1.

Proof. Since AP > 0 and the double splittings are index-proper regular, by The-
orem 3.3, p(W;) < 1 for i = 1,2. Using the given condition P; < P,, we have
A+Ri1+5 < A+ Ry+8s,i.e., Ry4+.5, > R+ 57 > 0. Since the double splittings
become single splittings by taking U; = P;, V; = R; + S; for ¢« = 1,2. Hence, by
using Theorem 2.11, we have p(PP(Ry + S1)) = p(UPV1) < p(PP(Ry + S2)) =
p(UPV3) < 1. Then by Theorem 1.5, it follows that p(Wy) < p(Ws). O

A supportive example of above Theorem 3.7 is discussed below.
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00 2 00 3
Example 3.8. Let A = 0 2 0 |. Setting P, = 03 0|, Ry =
0 20 0 3 0
0 01 00 O 0 0 4 0 0 1
010}, ss=(00 o0 |, pn=040]| BR=|[010
011 0 0 —1 040 010
0 0 1 1
and S, = 0 1 0 |. We get R(A?) = R(P?) = R(P%) = 1 Hence,
010 1

the splitting A = P, — Ry — S1 = P, — Ry — S5 are two double index-proper weak
regular splittings of index 2. Thus, we have P; < P, with p(W;) < p(W3) < 1.

A corollary of the above theorem with 0 < 57 < 55 is as follows.

Corollary 3.9. Let A” >0and A =P, — R — S, = P, — Ry — S, be two
double index-proper regular splittings. Suppose that Ry < Ry and 57 < Ss.
Then p(Wl) < p(WQ) < 1.

Proof. The conditions R; < Ry and 57 < 55 together gives 0 < R;+ 57 < Ro+ S5,
which was obtained by component wise addition of 0 < Ry < Ry and 0 < 57 < 55
Then by Theorems 1.5 and 2.11, we have p(W;) < p(W3) < 1. O

Another comparison result is obtained below.

Theorem 3.10. Let A”? >0and A =P, —R,— S5, = P,— Ry— S5 be two double
index-proper regular splittings. Suppose that PP Ry — PPR, > PPS, — PPS,.
Then p(Wy) < p(Wy) < 1 for 0 < p(Ws) < 1.

Proof. The double splitting A = P, — Ry — S is convergent, i.e., p(W;) < 1, by
Theorem 3.3 as AP > 0. Since it is given that PP Ry, — PPR, > PPS, — PP S,
from which we obtain PP(Ry + S5) > PP(R, + S;). Again, as we know that the
double splittings become single splittings by taking U; = P; and V; = R; + 5,
for i = 1,2, we have UPV, > UPV;. As the given splitting is index-proper,
then by applying the property UP = (I + APV)71AP to UPVy, > UPVy, we
have (I + APV)7rAPV, > (I + APV;)7LAPV,. This implies APV, > APV,. By
Remark 2.12, we have p(UPV}) < p(UPV;). Letting V; = R; +S; and U; = P, for
i = 1,2, we get p(UPVI) = p(PP(Ry + S1)) < p(PP(Ry + 52)) = p(U3Va) < 1.
Thus, by Theorem 1.5, we have p(W;) < p(Ws) < 1. O

The above result also holds for double index-proper weak regular splittings
with R; +.5; > 0 for i« = 1,2. Next example supports the above result.

0 0 2

Example 3.11. Taking A = 0 2 0 with P, P, Ry, Ry and S, Sy as
0 20

in Example 3.8. Then PPRy, — PPR, = and PPS, — PPS, =

o o o
o O O
o O O
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p(

0 —1/3 0

0 —1/3 0 |. So PPR,— PPR, > PPS, — PPS,. Then 0.3333 = p(W}) <
0 —1/3 0

W) = 0.6404 < 1.
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