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CR rigidity of pseudo harmonic maps

and pseudo biharmonic maps

Hajime URAKAWA

(Received October 1, 2014; Revised February 20, 2015)

Abstract. The CR analogue of B.-Y. Chen’s conjecture on pseudo biharmonic maps
will be shown. Pseudo biharmonic, but not pseudo harmonic, isometric immersions
with pseudo parallel pseudo mean curvature vector fields, will be characterized.

Key words: isometric immersion, harmonic map, biharmonic map, pseudo-harmonic
map, pseudo-biharmonic map.

1. Introduction

Harmonic maps play a central role in geometry; they are critical points of
the energy functional E(p) = (1/2) [, |de[*vy for smooth maps ¢ of (M, g)
into (N, h). The Euler-Lagrange equations are given by the vanishing of the
tension filed 7(¢). In 1983, Eells and Lemaire [12] extended the notion of
harmonic map to biharmonic map, which are critical points of the bienergy
functional Fa(¢) = (1/2) [y, |T(¢)|*vg. After Jiang [20] studied the first
and second variation formulas of F5, extensive studies in this area have
been done (for instance, see [6], [22], [25], [16], [17], [19]). Every harmonic
maps is always biharmonic by definition. Chen raised ([7]) famous Chen’s
conjecture and later, Caddeo, Montaldo, Piu and Oniciuc raised ([6]) the
generalized Chen’s conjecture.

B.-Y. Chen’s conjecture:

FEvery biharmonic submanifold of the Euclidean space R™ must be har-
monic (minimal).

The generalized B.-Y. Chen’s conjecture:

Every biharmonic submanifold of a Riemannian manifold of non-
positive curvature must be harmonic (minimal).
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For the generalized Chen’s conjecture, Ou and Tang gave ([30]) a counter
example in a Riemannian manifold of negative curvature. For Chen’s con-
jecture, some affirmative answers were known for surfaces in the three di-
mensional Euclidean space ([7]), and hypersurfaces of the four dimensional
Euclidean space ([15], [9]). Akutagawa and Maeta showed ([1]) that any
properly immersed biharmonic submanifold of the Euclidean space R” is
harmonic (minimal).

To the generalized Chen’s conjecture, we showed ([28]) that: for a com-
plete Riemannian manifold (M, g), a Riemannian manifold (N, h) of non-
positive curvature, then, every biharmonic map ¢ : (M,g) — (N, h) with
finite energy and finite bienergy is harmonic. In the case Vol(M,g) = oo,
every biharmonic map ¢ : (M, g) — (N, h) with finite bienergy is harmonic.
This gave ([26], [27], [28]) affirmative answers to the generalized Chen’s
conjecture under the L2-condition and the completeness of (M, g).

In 1970’s, Chern and Moser initiated ([8]) the geometry and analysis
of strictly convex C' R manifolds, and many mathematicians works on CR
manifolds (cf. [11]). Recently, Barletta, Dragomir and Urakawa gave ([5])
the notion of pseudo harmonic map, and also Dragomir and Montaldo settled
([10]) the one of pseudo biharmonic map.

In this paper, we raise

The CR analogue of the generalized Chen’s conjecture:

Let (M, go) be a complete strictly pseudoconver CR manifold, and as-
sume that (N, h) is a Riemannian manifold of non-positive curvature. Then,
every pseudo biharmonic isometric immersion ¢ : (M, gg) — (N, h) must be
pseudo harmonic.

We will show this conjecture holds under some L? condition on a com-
plete strongly pseudoconvex C'R manifold (cf. Theorem 3.2), and will give
characterization theorems on pseudo biharmonic immersions from C'R man-
ifolds into the unit sphere or the complex projective space (cf. Theorems
6.2 and 7.1). More precisely, we will show

Theorem 1.1 (cf. Theorem 3.2) Let ¢ be a pseudo biharmonic map of a
complete CR manifold (M, gg) into a Riemannian manifold (N,h) of non-
positive curvature. Then,

If the pseudo energy Ey(p) and the pseudo bienergy Ey 2(p) are finite,
then ¢ is pseudo harmonic.
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For isometric immersions of a CR manifold (M?"*!, gy) into the unit
sphere S?"*2(1) of curvature 1, we have

Theorem 1.2 (cf. Corollary 6.2) For such immersion, assume that the
pseudo mean curvature is pseudo parallel, but not pseudo harmonic.

Then, @ is pseudo biharmonic if and only if the restriction of the second
fundamental form By, to the holomorphic subspace Hy(M) of TyM (x € M)
satisfies that

||Bso|H(M)><H(M)||2 = 2n.

For isometric immersions of a C'R manifold (M?" 1 gy) into the complex
projective space (P"*1(c), h, J) of holomorphic sectional curvature ¢ > 0, we
have

Theorem 1.3 (cf. Theorem 7.1)  For such immersion, assume that the
pseudo mean curvature is pseudo parallel, but not pseudo harmonic. Then,
© is pseudo biharmonic if and only if one of the following holds:

(1) J(dp(T)) is tangent to p(M) and

C
|Bol vy man > = Z(Qn +3).

(2) J(dep(T)) is normal to (M) and

C n
| Bolaayxmanl? = 1(271) =3¢

Here, T is the charactersitic vector field of (M, gp), Hy(M)®RT, = T, (M),
and By|mmyx m (v @8 the restriction of the second fundamental form B, to

Several examples of pseudo biharmonic immersions of (M, g) into the
unit sphere or complex projective space will be given.

2. Preliminaries

2.1.
We prepare the materials for the first and second variational formulas
for the bienergy functional and biharmonic maps. Let us recall the definition
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of a harmonic map ¢ : (M, g) — (N, h), of a compact Riemannian manifold
(M, g) into another Riemannian manifold (V,h), which is an extremal of
the energy functional defined by

E(p) = /M e()vg,

where e(p) := (1/2)|dp|? is called the energy density of . That is, for any
variation {¢;} of ¢ with ¢o = ¢,

d

dt

i) = — h(7(p),V)vy =0, .
B /M (r(), V), =0 (2.1)

where V' € T'(p~1TN) is a variation vector field along ¢ which is given by
V(z) = (d/dt)|i=0p:(z) € Ty@yN, (x € M), and the tension field is given
by 7(¢) = >.7%, Bu(ei,e;) € T(p 'TN), where {e;}7, is a locally defined

orthonormal frame field on (M, g), and B,, is the second fundamental form
of ¢ defined by

= Vx(dp(Y)) — dp(V4Y), (2:2)

for all vector fields X,Y € X(M). Here, VY, and V", are Levi-Civita con-
nections on TM, TN of (M, g), (N, h), respectively, and V, and V are the
induced ones on o TN, and T*M ® ¢~ 'TN, respectively. By (2.1), ¢ is
harmonic if and only if 7(p) = 0.

The second variation formula is given as follows. Assume that ¢ is
harmonic. Then,

d2
dat?

t) = h ,V)ug, .
Bl /M (J(V).V) (2.3)

where J is an elliptic differential operator, called the Jacobi operator acting
on I'(p~!TN) given by

J(V)=AV - R(V), (2.4)
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where AV = V'VV = -7 (V. V.V - ﬁvgi ., V} is the rough
Laplacian and R is a linear operator on I'(p 'TN) given by R(V) =
S RNV, de(ei))de(ei), and R" is the curvature tensor of (N, h) given
by R"(U,V) = VhyVhy — Vi Vhy — V) for U, V e X(N).

J. Eells and L. Lemaire [12] proposed polyharmonic (k-harmonic) maps
and Jiang [20] studied the first and second variation formulas of biharmonic
maps. Let us consider the bienergy functional defined by

Bae) =5 [ oo, (25)

where [V[2 = h(V,V), V € (¢ 'TN).
The first variation formula of the bienergy functional is given by

il B == [ hn) v, (2.6
Here,
() == J(1(9)) = A(7(0)) — R(7(9)), (2.7)

which is called the bitension field of ¢, and J is given in (2.4).

A smooth map ¢ of (M, g) into (N, h) is said to be biharmonic if 72 (p) =
0. By definition, every harmonic map is biharmonic. For an isometric
immersion, it is minimal if and only if it is harmonic.

2.2.

Following Dragomir and Montaldo [10], and also Barletta, Dragomir
and Urakawa [5], we will prepare the materials on pseudo harmonic maps
and pseudo biharmonic maps.

Let M be a strictly pseudoconvex C'R manifold of (2n + 1)-dimension,
T, the characteristic vector field on M, J is the complex structure of the
subspace H, (M) of T,,(M) (x € M), and gy, the Webster Riemannian metric
on M defined for X,Y € H(M) by

gﬂ(Xv Y) = (d@)(X, JY)v g@(XvT) =0, gG(T?T) = 1.

Let us recall for a C* map ¢ of (M, gy) into another Riemannian man-
ifold (N, h), the pseudo energy Ep(y) is defined ([5]) by
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/ Z h) (X, X;)0 A (dO)™, (2.8)

where {X;}2"; is an orthonormal frame field on (H (M), gg). Then, the first
variational formula of Ej(y) is as follows ([5]). For every variation {¢;} of

@ with oo = ¢,
d

dt

Ey(pr) = / h(ny (), V)6 A (d6)" =0, (2.9)
t=0 M

where V € T(¢ !TN) is defined by V(z) = (d/dt)li—opt(x) € Ty N,
(x € M). Here, 1,(¢) is the pseudo tension field which is given by

ZB (X4, X), (2.10)

where B, (X,Y) (X, Y € X(M)) is the second fundamental form (2.2) for a
C* map of (M, gg) into (N, h). Then, ¢ is pseudo harmonic if 7,(p) = 0.
The second variational formula of Ej, is given as follows ([5, p. 733]):

d2
dt?

Exor) = [ BCA(V). V)0 A (@0)", (2.11)
t=0 M

where Jj, is a subelliptic operator acting on I'(¢ 1T N) given by
(V) =Ap V —Rp(V). (2.12)
Here, for V € T'(¢~'TN)),

( 2n
AV =TV =S {Va,(Vx,V) — Vo x, V],
1=1

(2.13)

Ro(V) =Y RMV,do(X;))de(X),

\ i=1

where V is the Tanaka-Webster connection, and V, the induced connection
on ¢~ TN induced from the Levi-Civita connection V", and {X;}2";, alocal
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orthonormal frame field on (H(M),gg), respectively. Here, (vH) xV =
VxuV (X € X(M),V € T(¢~'TN)), corresponding to the decomposition
X = X" 4+ go(X, )T (X¥ € H(M)), and define 75(X) = X# (X €
T.(M)), and (WH)* is the formal adjoint of v

Dragomir and Montaldo [10] introduced the pseudo bienergy given by

1

Eralp) =5 [ Hrn(e).m(e)0 A (@9)", (214)

where 7, () is the pseudo tension field of p. They gave the first variational
formula of Ej o as follows ([10, p.227]):

d

dt

Eyaler) = / h(mya(9). V)6 A (d6)", (2.15)
t=0 M

where 7, 2(¢p) is called the pseudo bitension field given by
2n
To,2(9) = Ap(7(9)) = D R ((p), dip(X,))dp(X,). (2.16)
i=1

Then, a smooth map ¢ of (M, gg) into (INV,h) is said to be pseudo bi-
harmonic if 7, 2(¢) = 0. By definition, a pseudo harmonic map is always
pseudo biharmonic.

3. Generalized Chen’s conjecture for pseudo biharmonic maps

3.1.

First, let us recall the usual Weitzenbeck formula for a C* map from
a Riemannian manifod (M,g) of (2n + 1) dimension into a Riemannian
manifold (N, h):

Lemma 3.1 (The Weitzenbeck formula)  For every C* map ¢ of (M, g) of
(2n+1)-dimension into a Riemannian manifold (N, h), the Hodge Laplacian
A acting on the 1-form dp, regarded as a @ 'TN-valued 1 form, dp €
I'(T*M ® ¢~ 'TN), we have

Adp=V*Vdp+8. (3.1)

Here, let us recall the rough Laplacian
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2n—+1
ViVi= > {Ve, Ve, — Vo, e} (3.2)
k=1
S(X) = —(R(X,ex)dp)(er), (X € X(M)). (3.3)

Here, V9, V" are the Levi-Civita connections of (M,g), (N,h), and v
is the induced connection on T*M ® ¢ TN defined by (Vxdp)(Y) =
Vxdo(Y) —dp(VIxY), V is the induced connection on o 'TN given by
Vxdp(Y) =V, x)de(Y), (X, Y € X(M)), and {ex};" is a locally de-
fined orthonormal vector field on (M,g). The curvature tensor field R in
(3.3) is defined by

(R(X,Y)dp)(Z) := R(X,Y)dp(Z) — dp(R*(X,Y)Z)
= R"(dp(X),do(Y))dp(Z) — dp(RY(X,Y) Z),

for X, Y, Z € (M), where R, R9, and R" are the curvature tensors of the
induced connection ¥V, V9 and V", respectively.

Notice that for an isometric immersion ¢ : (M,g) — (N,h), it holds
that

(Vxdp)(Y) = B,(X,Y), (X,Y € X(M)). (3.4)

3.2.

In this part, we first raise the C'R analogue of the generalized Chen’s
conjecture, and settle it for pseudo biharmonic maps with finite pseudo
energy and finite pseudo bienergy.

Let us recall a strictly pseudoconvex C'R manifold (possibly non com-
pact) (M, gp) of (2n+ 1)-dimension, and the Webster Riemannian metric gg
given by

99(X7Y) = (dﬁ)(X, JY)? 99<X7 T) =0, g@(T7 T) =1

for X, Y € H(M). Recall the material on the Levi-Civita connection V9
of (M, gg). Due to Lemma 1.3, Page 38 in [11], it holds that,

V9 =V4+(Q-A)@T+720+200J, (3.5)
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where V is the Tanaka-Webster connection, @ = df, and A(X,Y) =
9o(7X,Y), 7X = Ty (T, X), and Ty is the torsion tensor of V. And also,
(Te6)(X,Y)=0Y)rX, (00 J)(X,Y)=(1/2){0(X)JY +6(Y)J X} for all
vector fields X, Y on M. Here, J is the complex structure on H (M) and is
extended as an endomorphism on (M) by JT = 0.

Then, we have

V& Xk = Vx, X — A(Xy, Xi)T, (3.6)
VT =0, (3.7)

where {X;}27, is a locally defined orthonormal frame field on H (M) with
respect to gg, and 7' is the characteristic vector field of (M, gg). For (3.6), it
follows from that Q(Xy, Xx) = 0, (T®0)(Xk, Xx) = 0, and (00J)( Xy, Xi) =
0 since 6(Xj;) = 0. For (3.7), notice that the Tanaka-Webster connection
V satisfies VT = 0, and also 77" = 0 and JT' = 0, so that Q(7,7T) =
0, A(T,T) =0, (r® 0)(T,T) = 0(0 ® J)(T,T) = 0 which imply (3.7).

For (3.2) in the Weitenbeck formula in Lemma 3.1, by taking { X} (k =
1,...,2n), T}, as an orthonormal basis {ey,} of our (M, ¢?), and due to (3.6)
and (3.7), we have

(V* Vdp)(X)
= (Apdp)(X)

2n+1 . " .
=~ > Ve Ve, = Vou,, Ydo(X)
k=1

2n
== {Vx Vx, - Voo x,1do(X) = {Vr Vr = Vgap}de(X)
k=1

2n
= - Z{vxk vXk: - VVXka}d(p(X)

k=1
2n
—{VrVr+ Z A(Xg, Ag)Vr}de(X)
o . ~k=1 ) o
== {Vx, Vx, = Vvy, x, }do(X) = Vo Vr de(X) (3.8)

k=1
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since 32" A(Xy, Xi) = 0 (cf. [11, p. 35]).
For (3.3) in the Weitzenbeck formula in Lemma 3.1, we have

2n—+1
S(X) == Y (R(X,ex)dp)(er)

k=1

:_Z (X, Xi)de)(Xy,) — (R(X, T)de)(T)

= - Z {RM(dp(X), dp(Xy))dp(Xk) — dp(RY (X, Xi)Xk)}

— {RMdp(X),dp(T))dp(T) — dp(R%* (X, T)T)}. (3.9)
And, we have the following formulas for (3.1) in our case,

Adp(X)=dd" dp(X)

= —d7(p)(X)
Therefore, we have
—(Apdip)(X Z {Vx. Vx, = Vg, x, do(X

—(Adp)(X) + S(X) — Vr Vrde(X)
=Vx7(p)

fZ{R’L dp(X), dp(Xy,))de(Xy) — dp(R (X, Xi) X3)}

— {R"(de(X), dp(T))dgp(T) — de(R? (X, T)T)}
— VrVrde(X). (3.11)

3.3.
Let us consider the generalized B.-Y. Chen’s conjecture for pseudo bihar-
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monic maps which is C R analogue of the usual generalized Chen’s conjecture
for biharmonic maps:

The CR analogue of the generalized B.-Y. Chen’s conjecture
for pseudo biharmonic maps:

Let (M, gg) be a complete strictly pseudoconvex C R manifold, and as-
sume that (N, h) is a Riemannian manifold of non-positive curvature.

Then, every pseudo biharmonic isometric immersion ¢ : (M,gg) —
(N, h) must be pseudo harmonic.

In this section, we want to show that the above conjecture is true under
the finiteness of the pseudo energy and pseudo bienergy.

Theorem 3.2 Assume that ¢ is a pseudo biharmonic map of a strictly
pseudoconvex complete C R manifold (M, gg) into another Riemannian man-
ifold (N, h) of non positive curvature.

If ¢ has finite pseudo bienergy Ey 2(¢) < 0o and finite pseudo energy
Ey(p) < 00, then it is pseudo harmonic, i.e., 7,(p) = 0.

Proof of Theorem 3.2. The proof is divided into several steps.

(The first step) For an arbitrarily fixed point xg € M, let B,(z9) =
{z € M :r(z) < r} where r(x) is a distance function on (M, gg), and let us
take a cut off function n on (M, gy), i.e.,

(0<n) <1 (z€M),

n@)=1 (v €Bx()),

n(z) =0 (z & Bar(w0)), (3.12)
|V9e 7| S% (z € M),

where r, V9 are the distance function, the Levi-Civita connection of (M, gg),
respectively. Assume that ¢ : (M, gg) — (N, h) is a pseudo biharmonic map,
i.e.,

T, 2(0) = Jo(1(¢))
= Ap(1p(0)) — Z R (1y(), deo(X;))dp(X;)

= 0. (3.13)
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(The second step) Then, we have

/ (Bo(ry(9)). 7 ()8 A (d6)"
M

= [0 SR (). 0ol X)) (X,). ()0 A (d0)”
<0 (3.14)

since (N, h) has the non-positive sectional curvature. But, for the left hand
side of (3.14), it holds that

/ (Do), 72 7(12))0 A (dB)”
M

- /MWH (@), T (1 7()))6 A (d0)"
= /M 2 (Vx;m(9), Vx, (07 m())0 A (d0)". (3.15)

Here, let us recall, for V, W € T'(¢~1TN)),

2n
VW) =S VIV W) =3 (T, V, VW),

« 7j=1

where {e, } is a locally defined orthonormal frame field of (M, gg) and ?ﬁw
(X € X(M), W € (¢~ 1TN)) is defined by

VAW =S {XT [)V5 + £V Vi}
J

for W =3, fi;V; (fj € C*(M) and V; € I'(p~'TN). Here, X! is the
H(M)-component of X corresponding to the decomposition of T, (M) =
H,(M)®RT, (x € M), and V is the induced connection of ¢ !T'N from
the Levi-Civita connection V" of (N, h).

Since
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Vx,; (1 () = 20 X;n () +1° Vx,7(0), (3.16)

the right hand side of (3.15) is equal to
2n o 0
[ [T fon oy
M

+2 /M ZWvXﬂb(w), (X m)mu(0))0 A (dO)". (3.17)

Therefore, together with (3.14), we have
2n o 5
/ 7> [ Vx, m(e)| 0 A (dO)"
M D
2n o
<=2 [ S ¥ nle). Xmne)o A do)"
M5

= -2 /M ;Wj, W;)0 A ()™, (3.18)

where we define V;, W; € (¢ 'TN) (j =1,...,2n) by
Vi =nVx, n(p), Wj = (X;m)m(p).
Then, since it holds that 0 < |/ V; + (1/\ﬁ)I/Vz‘2 for every € > 0, we have,

the right hand side of (3.18)
2n 1 2n
ge/ Z\V}-]QQA(CJG)”Jr/ Z|Wj\20A(d9)” (3.19)
M ;-1 €JmiT

foe every € > 0. By taking € = 1/2, we obtain

2n
/ S [Tx,m(0) 20 A (d6)"
Mo T
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<s /M;nz\vijb(so)f@A(d9)”+2 /M;\Xjnf!rb(so)fm(de)".
(3.20)

Therefore, we obtain, due to the properties that n = 1 on B, (xg), and
IXgm? < |[Veenf? < (2/r)?
> e [ Xgnl < [Voon|= < (2/r)7,

/B S V()0 A (o) < /M 2 g ¥ x,7(2)[20 A (d0)"

(o) j—1
2n ) N
<4 [ Sl ()0 n o)
M

<% | m@Ponwor. @)

(The third step) By our assumption that Ej, 2(p) = (1/2) [5,7(¢)|?6
A (dB)™ < oo and (M, gg) is complete, if we let r — oo, then B, (z() goes to
M, and the right hand side of (3.21) goes to zero. We have

/M > [V, ()| 0 A (d0)" = 0. (3.22)

This implies that
Vx(p) =0 (for all X € H(M)). (3.23)
(The fourth step) Let us take a 1 form o on M defined by

() = {(dw(X),Tb(SO)% (X € H(M)),
0 (X=1).
Then, we have

2n

/M 1a]0 A (dB)" = /M < _

j=1

1/2
oz(Xj)|2> oA (dO)"
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1/2
< (aePo r @) ([ mtoPon (aoy)

=2/ Ey()Ep2(p) < oo,

where we put dyp := 21221 do(Xi) ® X,

ldypl® = g0(Xi, Xj)h(dp(X5), dp(X;)) = > h(dp(Xs), deo(X;
i=1

i,j=1

and
1 2 n
Ey(p) = B |dpp] 0 A (dO)™.
M

Furthermore, let us define a C°° function dpa on M by

Sy = — Z(vxja)(Xj) = - Z {Xj(a(X;)) = (Vx, X))},

where V is the Tanaka-Webster connection. Notice that

2n

div(e) =) (VE,a)(X;) + (VFa)(T)

=3 (Kl o mn(Xy) — o 0 7 (VX))

+T(aomg(T))—aong(VET)

= Z {Xj(a(Xj)) - a(TrH(Vgngj))}

= Z {X;(a(X;)) — a(Vx, X))}

= —(SbOé,

(3.24)

))?

(3.25)

(3.26)

(3.27)
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where 7g @ T,,(M) — H,(M) is the natural projection. We used the facts
that VT = 0, and 7y (VYY) = VxY (X,Y € H(M)) ([2, p.37]). Here,
recall again V9 is the Levi-Civita connection of gg, and V is the Tanaka-
Webster connection. Then, we have, for (3.26),

S = — Z {X;(do(X;), () — (dp(Vx, X;), () }

_ (Vx, (de(X;)), 1)) + (dp(X;), Vx, ()
a Z{ (dp(Vx; X;), () }

2n

_ _< > {Vx, (do(X;)) — do(Vx, X;)}, Tb(¢)>

Jj=1

= —|n(p). (3.28)
We used (3.23) Vx,7,(¢) = 0 to derive the last second equality of (3.28).
Then, due to (3.28), we have for Ep 2(¢p),

Epa(p / |75(0)|%0 A (dB)™

_ —/ Sy 0 A (d0)"
2 M

_ % /M div(a) A (d8)"

= 0. (3.29)

In the last equality, we used Gaffney’s theorem ([28, p.271], [14]).
Therefore, we obtain 7,(p) = 0, i.e., ¢ is pseudo harmonic. O

4. Parallel pseudo biharmonic isometric immersion into rank one
symmetric spaces

On the contrary of the Section Three, we consider isometric immersions
into the unit sphere or the complex projective spaces which are pseudo
biharmonic. One of the main theorem of this section is as follows:
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Theorem 4.1  Let ¢ : (M, gg) — S?"T2(1) be an isometric immersion of a
CR manifold (M, gg) of (2n+1)-dimension into the unit sphere S*"T2(1) of
constant sectional curvature 1 and (2n + 2)-dimension. Assume that ¢ ad-
mits a parallel pseudo mean curvature vector field with non-zero pseudo mean
curvature. The following equivalences hold: The immersion ¢ is pseudo bi-
harmonic if and only if

2n
i=1
if and only if

1Byl tany < mran || = 2n, (4.2)

where \; (1 < i < 2n+ 1 are the principal curvatures of the immersion ¢
whose \apy1 corresponds to the characteristic vector field T' of (M, gg), and
By |a(ayx H(r) 18 the restriction of the second fundamental form od ¢ to the
orthogonal complement H(M) of T in the tangent space (T, (M), gg).

As applications of this theorem, we will give pseudo biharmonic immer-
sions into the unit sphere which are not pseudo harmonic.

The other case of rank one symmetric space is the complex projective
space P"*1(c). We obtain the following theorem:

Theorem 4.2 Let ¢ : (M?** go — P l(c) be an isometric immer-
sion of CR manifold (M, ge) into the complex projective space P"*1(c) of
constant holomorphic sectional curvature ¢ and complex (n + 1)-dimension.
Assume that ¢ has parallel pseudo-mean curvature vector filed with non-zero
pseudo mean curvature. Then, the following equivalence relation holds: The
immersion @ is pseudo-biharmonic if and only if the following hold:

FEither (1) J(dyp(T)) is tangent to ¢(M) and

HBLP‘H(M)XH(M)HQ = 2(2”4‘3)7 (4.3)

or (2) J(de(T)) is normal to (M) and

C

HBL,0|H(M)><H(M)H2 = 1(27?) =c (4.4)

|3
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As applications of this theorem, we will give pseudo biharmonic, but

not pseudo harmonic immersions (M, gg) into the complex projective space
P H(e).

5. Admissible immersions of strongly pseudoconvex C'R mani-
folds

In this section, we introduce the notion of admissible isometric immer-
sion of strongly pseudoconvex C'R manifold (M, gg), and will show the fol-
lowing two lemmas related to Ay (74(p)) which are necessary to prove main
theorems.

Definition 5.1 Let (M?"*1 gy) be a strictly pseudoconvex C'R manifold,
and T,M = H,(M) ® RT,, (x € M), the orthogonal decomposition of the
tangent space T, M (x € M), where T is the characteristic vector field of
(M?"FY gg), @ : (M?*"*1 gg) — (N,h) be an isometric immersion. The
immersion ¢ is called to be admissible if the second fundamental form B,
satisfies that

B,(X,T)=0 (5.1)

for all vector field X in H(M).
The following clarifies the meaning of the admissibility condition:

Proposition 5.2 Let ¢ be an isometric immersion of a strongly pseudo-
convex CR manifold (M>*", gg) into another Riemannian manifold (N, h).
Then, ¢ is admissible if and only if

(1) do(T,) (x € M) is a principal curvature vector field along ¢ with some
principal curvature \(x) (x € M).
This is equivalent the following:

(2) The shape operator A¢ of the immersion ¢ : (M, gg) — (N, h) preserves
H, (M) (z € M) invariantly for a normal vector field &.

Proof of Proposition 5.2. We first note for every normal vector field £ of
the isometric immersion ¢ : (M, gg) — (N, h), it holds that

(Bo(X,T),8) = 90(Ae X, T) = go(X, AcT), (X € Ho(M)).  (#)
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Thus, if ¢ is admissible, then the left hand side of (#) vanishes, then we
have immediately that

{Agx € Hy,(M) (X € H,(M)), o)

AT, = Mx)T, (for some real number A(x)).

Conversely, if one of the conditions of (b) holds, then it turns out im-
mediately that ¢ is admissible. ([l

The following two lemmas will be essential to us later.

Lemma 5.3 Let ¢ : (M?*""1 g4) — (N,h) be an admissible isometric
immersion with pseudo parallel pseudo mean curvature vector field, i.e.,

Vxm(p) =0 (X € H(M)). Then, the pseudo tension field m,(p) satis-
fies that

—Ay(1()) = (=As(76(p)), dp(Xi))dip(X5)
+ (Vx,7(), do( X)) (Vx,dip) (X;), (5.2)
where {X; ?Ql is a local orthonormal frame field of H(M) with respect to
g0-

Lemma 5.4 Under the same assumptions of the above lemma, we have

Ay (15(9)) = (1), R (dep(X;), dio( X)) dip (X)) dip(X )
+(1(), R"(dp(X;), dp(T))dp(T) )dip(X;)

— (%), (Vx,dep) (X)) (Vx.dp) (X;), (5.3)

where RM(U, V)W s the curvature tensor field of (N,h) defined by

RMU, V)W = VE(VEW) = VE(VAW) _VFU,V]W for vector fields U, V, W
on N, and V" is the Levi-Civita connection of (N, h).

Proof of Lemma 5.3. The proof is divided into several steps.

(The first step) Since we assume the pseudo mean curvature vector
field 7,(¢) is pseudo parallel, i.e., Vx7,(¢) = 0 (X € H(M)), the in-
duced connection V of the Levi-Civita connection V" to the induced bundle
@ ITN satisfies that, for all X € X(M),
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= =T =L =T
Vx() = Vx7(p) + Vxmo(p) = Vxn(p) € (@ TM).
Then. we have, for all X € H(M),

2n
Vxm(p) = > (Vxm(ep), do(X;))de(X;) + (Vx7(e), do(T))dep(T)

Jj=1
2n

=Y (Vxm(), dp(X;))dp(X;). (5.4)

=1

Due to the assumption of the admissibility of ¢, for all X € H(M),

(Vxm(),dp(T)) = X{(1(), dp(T)) — (1), Vxdp(T)) =0.  (5.5)

In fact, 7(p) = 21221 B, (X, X;) is orthogonal to do(T'M) with respect to
(, ), we have (1(p),dp(T)) = 0. So, the first term of (5.5) vanishes. By
the admissibility of ¢, for all X € H(M),

0= Bo(X,T) = Vxdg(T) — dp(VYT), (5.6)
so that Vxdy(T) is tangential, which implies that

(1o(0), Vxdp(T)) = 0.

We have (5.5), and then (5.4).
(The second step) We calculate —Ay(7,(¢)). We have by (5.4),

—Au(1(9)) =D AVx, (Vx,7(9) = Ve, x,7(0) }
=1

o ]

> Vx AA(Vxm(p), dp(X;))dp(X;)}

>
- ' 2n

=Y (Vo x.7(0): do(X;))dp(X;)

j=1




CR rigidity of pseudo biharmonic maps 161

(Vx, (Vx,1(9)), do(X;))dip(X;)

3 i + (Vx,7(9), Vi, (dp(X;)))dp(X;)
S| T VX)), de(X;)) Vi, de(X;)
— (Vo x:1(9), dp(X;))d(X;)

j=1
2n -~ -
Vx. , V. (do(X)))de(X;
i Z ( Xin(SD) x; (de( Jl)> o( ]) (5.7)
i,j=1 + <VX¢TI7((10)7 dSO(XJ»szd(p(XJ)
(The third step) Here, we have

(Vx,dp)(X;) = Vx,dp(X;) — dp(Vx, X;) € THM, 5:5)
Vx,m(p) € T+ M, '

where V is the Tanaka-Webster connection and Vx, X; € H(M). Then, we
have, in the first term of the second sum of (5.7),

2n
> (Vx.m(9), Vi, do(X;))do(X;)

i,j=1

=) (Vx, (), (Vx,do) (X)) + dp(V x, X;) )dp(X;)

ij=1

= Z <szTb<30)7d(p(szXj)>dg0(Xj)

= 3 (Txmhde( S Tx X X0%) oK), (59)
ij=1 k=1

because of Vx, X; € H(M). Since the Tanaka-Webster connection V satis-
fies Vgg = 0, we have

(Vx, Xj, Xi) = Xi( Xy, Xi) — (Xj, Vx, Xi) = —(Xj, Vx, X).
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Thus, (5.9) turns to

2n

D~ (Txm(e), Vxdo(X;))dp(X;)

= Z (Vx,Xj, Xk><ﬁXin(90)a dp(X))dp(X;)

t,7,k=1

2n

== Y (X, Vx, X)) (Vx,7(9), do(Xi))deo(X;)
i,7,k=1

== > (Vx,7(9), dp( X)) deo(Vx, Xi). (5.10)
k=1

(The fourth step) By inserting (5.10) into (5.7), the second sum of
(5.7) turns to

i <VXﬁb(80)»VXi(dW(Xj)))dw(Xj)]
52 L (Vxam(9), de(X;)) Vx,de(X;)
_ f;i <§7X27b(¢)7d@(A%)><ind¢();7) ]
Q=1 _<ﬁXin<90)7d‘P(Xj»d(P(inXj)
= > (Vx, (), dp(X;)) (Vx,d) (X;). (5.11)
ij=1
Thus, by (5.7) and (5.11), we obtain Lemma 5.3. O

Proof of Lemma 5.4. We will calculate the right hand side of (5.2) in
Lemma 5.3. The proof is divided into several steps.

(The first step) We first note that

(Vx,1(0), dp(X;)) + (15(0), Vi, dp(X;)) = Xi{m(p), dipo( X))
— 0. (5.12)

Thus, by (5.12), we have
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—(1(), Vx,dp(X;))
= —(n(), Vx,dp(X;) — dp(Vx, X;))
= —(m(p), Vx,dp(X;) — do(V x, X;))
(by (m(0), dp(T)) = 0)
= —(n(), (Vx.dp) (X;))- (5.13)

(Vx,m(p), do(X;))

) -
) —

(The second step) By differentiating (5.12), we have
(Vx,(Vx.1(9), do(X;)) + 2(Vx, (), Vx,do(X;))
+ <7'b VX (VX dp(X ))> =0. (5.14)
And we have

<viiXin(90)7d(p(Xj)> + <Tb((,0)7ﬁvxixid§0(Xj)>
= Vx, Xi(n (), do(X;)) = 0. (5.15)

Thus, by (5.14) and (5.15), we have

(=Ap(1(9)), dp(X5)) + 2(Vx,7(), Vx,dp(X;))
+ (1 (), —Ap(dp(X;))) = 0. (5.16)

(The third step) For the second term of the left hand side of (5.16),
we have

2(Vx, (), Vx,dp(X;)) = —2(m (), (Vx,d0) (Vx, X;)). (5.17)

Because, the left hand side of (5.17) is

2(Vx, (), Vx,dp(X;)) = 2(Vx, (), (Vax,dp) (X;) + dp(VE X;))
= 2(Vx,m(9), (Vx,dp)(X;) + dp(Vx, X;))

(
(

= 2(Vx,7(), dp(Vx, X))
(), Vx,dp(Vx, X;))
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(by (1), dp(Vx, X)) = 0)
= —2(7(), (Vx,dp)(Vx,X;)) (5.18)

which is the right hand side of (5.17). In the last step of (5.18), we used
the equality (14(¢), Vx,dp(T)) = 0 which follows from that Vx,dp(T) is
tangential.

(The fourth step) For the third term of the left hand side of (5.16), we
have

(To(0), —Ap(dp(X};)))

- <rb<so>, (~Bodp)(X;) +2 Z(ﬁxkdw><vxkxj>>. (5.19)
k=1

Because, by the definition of Ay, we have

(T6(0), —Ap(dp(X;)))

<Tb(§0)a Z {ﬁxk (vXk d(p(Xj)) - ﬁka Xk d‘lO(XJ)}>

k=1

2n

(1) 3 (T (T, 00 (5) + (V. X))

k=1

— (Vox, x.d9)(X;) — d@(vakaXj)}>

_ <w>7 S (V0 T ) (X;) + (V) (Vi X5)
k=1

+ (Vx,,d9) (Vx, X;) + dp(Vx, Vx, X;)

- ﬁvxkxkdw)(m}

_ <Tb<so>, (—Bod) (X)) + 2 Z(ﬁxkdso)(vxkxj)}
k=1

which is (5.19). To get the last equality of the above, we used the following
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equations:  for all X € H(M), it holds that
(1o(), (Vxdp)(T)) = (1(p), dp(X)) = (7). (Vxdip)(T)) = 0. (5.20)
To get (5.20), due to the admissibility of ¢, we have
(Vxdp)(T) = (Vxdp)(T) = dp(VET) = Bo(X,T) =0,

and then, (Vxdy)(T) is tangential for all X € H(M). We have (5.20), and
then (5.19).

(The fifth step) Then, the right hand side of (5.19) is equal to

2n
<Tb<so>, (~Rodp) (X)) + 23 (T, dp)(V, Xj>>

k=1

- <Tb(90)avxﬂ(90)

=Y {R"(de(X;), dp(Xy))dip(Xy) — dp(RP (X, X)) X1,) }
k=1

Y {RMdp(X;), de(T))dp(T) — dp((R* (X;, T)T'}
k=1
- ﬁT 67“ d(p(Xj)

which follows from the formula (3.11).
Here, notice that

(Tp(0), Vx,T(0)) = 0. (5.22)

Because 7 () is normal, and Vx,7(¢) is tangential. And also we have

(o), Vr(dp(X;)) =0, (5.23)

(1(0), Vor Vr dp(X;)) = 0. (5.24)
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To see (5.23), since we assume ¢ is an admissible isometric immersion, we
have

Vrdp(X;) = ViX; =V X; + B,(T. X;) = V{' X; (5.25)

which is tangential, so that we have (5.23). Furthermore, to see (5.24), we
have

Ve Vrde(X;) = V(VE X))
= Vi (VEX;)
= V¥ (VY X,) + B(T, V¥ X,). (5.26)
Here, for every X € H(M),
V¥ X e HM).
Indeed, since go(T, X) =0, and VT =0 (cf. [11, pp. 47, and 48]),
96(T, V7 X) =T(go(T, X)) = 9o(VF'T, X) = 0,

which implies VX € H(M). Thus, the admissibility implies that the sec-
ond term of (5.26) vanishes. Thus, the right hand side of (5.26) is tangential,
which implies (5.24).

Therefore, we obtain

<Tb<¢>, (~Badg) (X)) +2 " (T xd) (T, Xj>>

k=1
== (m(), R"(dp(X;), dp(Xk))de( X))
k=1
2n
= (nlp), R"(de(X;), dp(T))dip(T))
k=1

+23 (m(9), (Vx,do) (Vx, X)) (5.27)
k=1
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(The sixth step) Now, return to (5.16), by using (5.17), (5.19) and
(5.27), we have

= (=N,
+ (), —Ap(dp(X;)))

(To(0)), dip(X;)) + 2(V x,7(0), Vix, dip(X;))
(
= (=84 (1)), dp(X;)) = 2(m (), (Vx,d2) (Vx, X))
(
(

+ (1(¢), —Ap(dep(X;)))
= (= Ay(1()), dp(X;)) — 2(m (), (Vx,d) (Vx, X;))
+<n,< ) Badg) () + 23 (Fxpde) (T, X >>
k=1

= (=2u(1(9)), dp(X;)) = 2(m(0), (Vx,dp) (Vx, X))

< ZRh dip(X;), dep( X)) dep(Xr)

2n

- A dpT)P(T) 25 () (VX )
— (-~ Au(nl)). dp(X;)
< me ), do(Xi))dp(Xy)
- RMdpl(X)). dp(T)d(T) ). (5.25)
(The seventh step)  Inserting (5.28) into (5.2) of Lemma 5.3, we obtain

~Bu(nle)) = (e ZRh 4p(X,). dpl X)) dp(X) Ydp(X;)

+ (1), R"(dep(X;), dep(T))dp(T) ) dip( X )
+ (Vx, (), dp(X;)) (V x,d) (X;). (5.29)
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At last, for the third term of (5.29), we have

(Vx,m(), dp(X;)) = Xi(mp(0), do(X;)) — (m(), Vix,dep(X;))
= (), (Vx,dp)(X))). (5-30)
Together with (5.29) and (5.30), we have (5.3) of Lemma 5.4. O

Due to Lemma 5.4 and the definition of biharmonicity, we obtain im-
mediately

Theorem 5.5 Let p be an admissible isometric immersion of a strongly
pseudoconver CR manifold (M,gg) into another Riemannian manifold
(N,h) whose pseudo mean curvature vector field along ¢ is pseudo paral-
lel, i.e., Vx1o(p) =0, (X € H(M)). Then, ¢ is pseudo biharmonic if and
only if

T2(p) == Ap(()) — ZRh (76(0), dep( X)) dep(X;) = 0 (5.31)

if and only if

= > hn(e), RM(dp(X;), dp(Xi)do( X)) dp(X;)
jk=1

= > h(nle), R (dp(X;), dp(T))de(T) ) dp(X;)
j=1

+ ) h(n(e), Bo(X. Xi)) Bo(X;, X
k=1

- Z R"(1(0), deo(X;)) dp(X;) = 0, (5.32)

where {X;}32, is an orthonormal frame field of (H(M), gg).

Remark 5.6 Due to [20, p.220, Lemma 10], and the definition of bi-
tension field 72(p) for an isometric immersion ¢ of a Riemannian manifold
(M, g) into another Riemannian manifold (N, h), we can also obtain imme-
diately the following useful theorem:
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Theorem Let ¢ be an isometric immersion of a Riemannian manifold
(M™,g) into another Riemannian manifold (N™, h) whose mean curvature
vector field along @ is pseudo parallel. Let {ej | be an orthonormal frame
field of (M, g). Then, ¢ is biharmonic if and only if

() == A(T()) — Z R"(7(p),e5)e; =0 (5.33)
if and only if
= > h(r(e), R"(dp(e;), dip(er))dp(er)) dp(e;)
j,k=1

+ Z h e],ek))B (ej,ex)

7,k=1

— Z Rh ©),dp(e;))dp(ej) = 0. (5.34)

6. Isometric immersions into the unit sphere

In this section, we treat with admissible isometric immersions of
(M?"*+1 gg) into the unit sphere (N,h) = S?"*2(1) with parallel pseudo
mean curvature vector field with non-zero pseudo mean curvature.

The curvature tensor field R" of the target space (N,h) = S2"*2(1)
satifies that

RMX,Y)Z =h(Z,Y)X — WZ,X)Y (6.1)

for all vector fields X, Y, Z on N. Then, we have
(R"(dp(X;), dp(Xp))dp(X)) ™ =0, (6.2)
(R"(dg(X;), dp(T))dep(T)) " =0, (6.3)

for all i,5 =1,...,2n. Therefore, we obtain by (5.3) in Lemma 5.4,

—A(1(0)) = = (), (Vx,dep) (X)) (Vx,dp) (X;). (6.4)
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On the other hand, we have

ZRh (), dp( X)) d(Xr)

= > h(d(Xi), dp(Xi))7o(0) = D h(do(Xk), 7(0)) 75 (¢0)
k=1 k=1
= 2n7p(y). (6.5)

Now, let us recall the pseudo biharmonicity of ¢ is equivalent to that
—Ay(1p(9)) + ZRh (), dp(X1.))dp(Xy) =0 (6.6)

which is equivalent to that

~(1(), (Vx,d0) (X)) (Vx,d0) (X;) + 2n7(p) = 0. (6.7)

For our immersion ¢ : (M, gg) — S?"*2(1), let £ be the unit normal
vector filed on M along ¢, we have by definition,

(Vx,dp)(X;) = By(Xi, X;) = Hy; €. (6.8)
Then, we have by definition of 7,(¢p),

() = i (Vx,do) (X;) = <ZH> (6.9)

i=1

Therefore, we have

I (@) = (ZH) ||s|2=<§ﬂﬁ)2. (6.10)

By the admissibility, we have
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2n
IBoI” = > I1Bo(Xi, X)) 12 + 2 |Bo (X, )P + | Bo(T, T)|?
4,j=1 =1
2n
= > I iy €17 + | Bo(T, T)|)?
i,j=1
2n
= Y Hi)” +||Bo(T, T (6.11)
i,j=1

Due to (6.7), (6.8) and (6.9), the biharmonicity of ¢ is equivalent to that

2n 2n
02—<<2Hkk:>§>Hijf>Hij§+2n<ZHkkz)5 (6.12)
k=1 k=1

which is equivalent to that

0= (iﬂkk>{ - i Hij2+2n}

k=1 i,5=1
= I (D) { = 1 Boll* + | Bo(T, T)|1? + 2n} (6.13)

by (6.11). By our assumption of non-zero pseudo mean curvature, ||7,(¢)|| #
0 at every point, we obtain the following equivalence relation: ¢ is pseudo
biharmonic if and only if

1By ||* = | Bo(T, T)II* + 2n (6.14)

at every point in M.
By summing up the above, we obtain the following theorem:

Theorem 6.1 Let ¢ be an sdmissible isometric immersion of a strictly
pseudoconver CR manifold (M, gg) into the unit sphere (N, h) = S2"2(1)
Assume that the pseudo mean curvature vector field is pseudo parallel with
non-zero pseudo mean curvature. Then, ¢ is pseudo biharmonic if and only

if

1Bl = |Bo(T, )| + 2n. (6.15)
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The admissibility condition is that: dg(T) is the principal curvature
vector field along ¢ with some principal curvature, say Agp41. Le.,

AgT == )\2n+1 T

Then, we have

2n—+1
IBoI> = > A% and | Bo(T, 7)1 = Ao
i=1

By Theorem 6.1, we have immediately. Thus, we obtain

Corollary 6.2  Let ¢ : (M*" g4) — S2"*2(1) be an isometric immer-
sion whose the pseudo mean curvature vector field is pseudo parallel and has
non-zero pseudo mean curvature. Then, ¢ is pseudo biharmonic if and only

if it holds that

2n
Y Nt =2n (6.16)
i=1
which is equivalent to that
2
| Belransmanl|” = 2n, (6.17)

where By |maryxm(a) 18 the restriction of By, to the subspace H(M) of the
tangent space TyM (x € M).

7. Isometric immersions to the complex projective space

In this section, we will consider admissible isometric immersions of
(M?"*1 gg) into the complex projective space (N,h) = P**1(c) (¢ > 0)
whose mean curvature vector field is parallel with non-zero pseudo mean
curvature.

7.1.
Let us recall that the curvature tensor field (N, h) = P"*1(c) is given
by
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RN U, VYW = z{h(V, WU — h(U, W)V
+h(JV,W)JU = h(JU,W)JV + 2h(U, JV)JW}, (T.1)

where J is the adapted complex structure of P"*1(c), and U, V and W are
vector fields on P"*1(c), respectively. Therefore, we have

B! dp(X;), dip(Xx))dio(Xr)
= {h(de(X0), de(X0))dip(X;) = hldp(X;), dio(Xi) dip(Xo)
+ h(J dp(Xi), dp(Xi)) Jdp(X;) — h(Jdp(X;), dp(Xy)) T do(Xi)
+ 2h(dp(X;), Jdip(X1)) Jdo( X))
= de(X;) = 6,0 dp(Xy) + 3 h(dp(X,), Jdp(Xi) Tdp(X0)}.  (72)

We show first

2n

> h(nle), RM(de(X;), do(Xi))dp(Xy)) dp(X;)
k=1

_ _% h(m (), J dp(T))(J dp(T))

= T D h(de(X)), T(T () ) dp(X)). (7.3)
Recall here that the tangential part of Z € T, ()N (z € M) is given by
2n
27 = W(Z,dp(X)dp(X;) + h(Z, dp(T)dg(T).  (7.4)
i=1

Since h(1p(p),dp(X;)) =0 (j =1,...,2n), and (7.2), one can calculate the
left hand side of (7.3) as follows:

> h(n(p), R"(dp(X;), do(Xk))dp(Xy)) dp(X;)

J,k=1
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2n

=S5 3 h(m(), hl(do(X;), T deo(Xe)Vhl(m(0), T dip( X)) dip(X )
k=1

2n
3c

=5 Z h(J dp(X;), dp(Xi))h(J (), dp(Xk))dp(X;)
jik=1

2n

_ % 3 h<J do(X;), " (T (), dcp(Xk))dgo(Xk))dSD(Xj)
=1 k=1

= 5 ST dp(X), (T ()T = BT 1), dol(T))do(T)) di(X;)

j=1

= 253 R dp(X,), (T (o) (X))

Jj=1
2n

+ 2T (0, del(T) S (dp(X;), T do(T))dp(X;)

j=1

2n
_ _% D (X)), (T () dpl(X;)

3¢

— Zh(n(g), J dp(T))(J dp(T)) . (7.5)

Then, (7.5) is just (7.3).
Second, by a similar way,

2n

> (mlep), RM(dip(X;), dio(T))dep(T))dip(X)
j=1

™

2n
=3 (i, 5 hldel(X,), T dp(T) T dp(T) Yol ;)

=8 T

h(ro(), J dp(T))(J dp(T)) T (7.6)

in the last equality of (7.6) we used that h(dp(T),J de(T)) = 0.
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Thus, we have

3c

Ap(no(p)) = h(mo(e), Jdp(T))(Jde(T)) "

+ (Tb(¢)7 Bgo(Xia Xj)>B<p(Xi7 Xj)

2n
3c

=7 Z h(do(X;), J((Jm()) " dp(X;)

j=1

+ ((16(), Bo(Xi, X)) By (Xi, Xj). (7.7)

Therefore, an isometric immersion ¢ is pseudo biharmonic if and only
if the pseudo biharmonic map equation folds:

ZRh (1o(p), do( X1 )d(X}) = 0. (7.8)
By (7.7) and (7.1), (7.8) is equivalent to that the following (7.9) holds:
Zh dp(X;), J((J7o(p) ")) dip(X;)
+ (), Bo(Xi, X;)) Bo (X, X;)
- % (i Zh do(X;), I ()T dp(Xy,)
= 0. (7.9)

7.2.
Let & be the unit normal vector field along the admissible isometric
immersion ¢ : (M, gg) — P*""1(c) (¢ > 0).
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We have immediately

2n
ne) = 3 (T dp) () ( His )&
b kz::l X k) Z kk (7.10)
J () = <ZHkk> JE,
and then, we have
h(&, JE&) =0. (7.11)

Indeed, we have

which implies that h(§, JE§) = 0.
Due to (7.11), J ¢ is tangential. By (7.10), J7(¢) is also tangential.
Therefore, we have

(Tm(@)) " = T (). (7.12)
In particular, we have
D hdp(X5), J(T () 1)) dp(X ;)
j=1
= Z h(de(X;), J(J 1(0)))dp(X;)
= —Zh(dw( ) () dip(X;)
=0 (7.13)

by using (7.12) and 7,(¢) is a normal vector field along .
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Since J 7(¢) is tangential, we can write as

2n

Tro(p) =Y h(dp(Xy), J 7(9))dp(Xi) + h(de(T), J () dip(T),
k=1

which implies that

2n

> h(de(X), T () dp(X)
k=1

= J 7(p) — h(de(T), J To(p))dp(T). (7.14)

Therefore, applying J to (7.14), we have

2n

> h(dp(Xy), J 7(9)J dp(Xr)
k=1

= J*1y(p) — Mdp(T), J () dep(T)
= —7(p) = h(dp(T), J ()] de(T). (7.15)

Inserting (7.15) into (7.9), the left hand side of (7.9) is equal to

2n
3c

T2 h(de(X), I(T () ) (X))

Jj=1

4 Z h(1y(p), Bp(Xi, X;) By, (X4, X;)

-2+ 1{ ~ mle) =~ hlde(T), er<go>>sta<T>}

2n

= Z h(m (), Bq;(Xia Xj))BsO(Xi’Xj)

ij=1

_nt3) ey % h(dp(T), J () dp(T), (7.16)
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where we used (7.13) for vanishing the first term of the left hand side of
(7.16).

Due to (7.9) and (7.16), we obtain the equivalence relation that ¢ is
biharmonic if and only if both the equations

) WA (T), T () d(T))T =0, (717)

and

(2) Z h(o (), By (Xi, X)) By (Xi, X;) — 0(2714+3)Tb(90)
—%M@M&JM@NMﬂﬂﬁza (715)

hold.

7.3.

For the first equation (1) (7.17) is equivalent to that
Md(T), T7y(¢) =0 or (Jdp(T))T =0. (7.19)

But, by (7.10), we have

h(dp(T), J (¢ <ZHM> ), J€)

(}jmg (Jdp(T),).  (7.20)

By our assumption that the pseudo mean curvature Zizl Hy # 0, to hold
that h(dp(T),J (¢)) = 0 is equivalent to that

h(J de(T), &) = 0. (7.21)
And to hold that (J dp(T))" = 0 is equivalent to that

Jdp(T) = h(Jde(T),&)E. (7.22)
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Thus, (1) (7.17) holds if and only if
(7.21) h(Jde(T), &) =0, or
(7.22) Jdp(T) = h(Jdp(T),&)E.

In the case (7.21) holds, we have

h(de(T), J 1())(J dp(T) T = 0, (7.23)

which implies that (2) (7.18) turns out that

c(2n+3)

Z h Tb XzaX )B<P(X17XJ) - 4

n(p)=0.  (7.24)

In the case that (7.22) holds, we have that

h(dp(T), J 7())(J dp(T) T
= h(de(T), J 1(0))h(J dp(T), £)¢

(ZHkk) ), JOR(Jdp(T), £)¢  (by (7.10)

<Zﬂkk) (7 de(T), €)%, (7.25)
In the case that (7.21) holds, (2) (7.18) turns out that

Z (), B (X0, X)) — 205D 7

(Zm) (J do(T), €% = 0. (7.26)

By inserting (7.10) into (7.24), the left hand side of (7.24) is equal to
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Zh(ZHkk§7Hljf) z]f_ (2n+3 ZHkkf

i,7=1 k=1
el c(2n + 3)
— (Z Hkk> { Z }g. (7.27)
k=1 2,j=1
(2) (7.18) is equivalent to that
el c(2n+3)
> Hy? = —— (7.28)
ij=1

by our assumption that S o™, Hyy, # 0.
In the case that (7.22) holds, by inserting (7.10) into (7.26), the left
hand side of (7.26) is equal to

2n 2n
3 h(ZHkkg, Hijg>Hij§ (2”+3 ZHkkf

i,j=1 k=1 k=1
+§h(<]d (X), &)? i]{ ¢
4 12 ) 2 kk

Since (7.22) Jdp(T') = h(J dp(T), £)&, we have
h(J dp(T),€)* = h(J dp(T),d p(T))

= h(de(T),dp(T)) = go(T,T) =

which implies again by our assumption Ziil Hyy # 0, that (2) (7.18) is
equivalent to that

2n
c(2n + 3) 30 s N
g _— Z = E H;;= — 5¢= 0. (7.30)

1,j=1 i,j=1
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Therefore, we obtain

Theorem 7.1  Assume that ¢ : (M, gg) — P 1(c) = (N,h) (¢ > 0) is an
admissible isometric immersion whose pseudo mean curvature vector filed
along ¢ is pseudo parallel with non-zero pseudo mean curvature. Then, ¢ is

biharmonic if and only if one of the following two cases occurs:
(1) h(Jdp(T), §) =0 and

20 + 3
1Bl san< | = C(nf)a (7.31)
(2)  Jdp(T) = h(J dp(T), )¢ and
|Belmnxmon]|* = 5 e (7.32)

8. Examples of pseudo harmonic maps and pseudo biharmonic
maps

In this section, we give some examples of pseudo biharmonic maps.

Example 8.1 Let (M?"*1 gy) = S?"T1(r) be the sphere of radius r (0 <
r < 1) which is embedded in the unit sphere S?"*2(1), i.e., the natural
embedding ¢ : S?"H1(r) — §27+2(1) is given by

@0 : ST ) 52 = (21,00, .., Tong2) — (27,1 —12) € S T2(1).

This ¢ is a standard isometric with constant principal curvature A\; =
cot[cos™1 ], (=1 < t < 1), with the multiplicity m; = dim M = 2n + 1.
Due to Theorem 6.2, it is pseudo biharmonic if and only if

(AM)?x2n=2n < A =cot[cos '] = +1.

& tzcos(ii)z\}i. (8.1)

This is just the example which is biharmonic but not minimal given by C.
Oniciuc ([29]). Note that ¢ : S?"T1(r) — §27+2(1) is pseudo harmonic if
and only if
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TYace(Bw\H(M)XH(M)) =0 & M=0
&t =cos <72T> =1 (8.2)

This t = 1 gives a great hypersphere which is also minimal.

Example 8.2 Let the Hopf fibration 7 : S?"3(1) — P"*+1(4), and, let
M := S (cosu) x §2"+1(sinu) C S2"+3(1) (0 < u < 7/2). Then, we have
o M2t = 7[‘(]/\4\) C P"*1(4) which is a homogeneous real hypersurface of
P +1(4) of type A; in the table of R. Takagi ([31]) whose principal curvatures
and their multiplicities are given as follows ([31]):

(8.3)

A1 = cotu, multiplicity m; = 2n,
A2 = 2cot(2u), multiplicity mo = 1.

Since 2 cot(2u) = cot u — tanu, the mean curvature H and || B,||? are given
by

H= 2n+1{(2n+ 1)cotu — tanu}, (8.4)

| Bo|I? = m1 A1? + ma A? = tan® u + (2n + 1) cot? u — 2. (8.5)
R. Takagi showed ([31]) to this example, that ¢ : M?" Tt — Pntl(4) is
the geodesic sphere S?"*1 and J(—¢) is the mean curvature vector of the

principal curvature Ao (cf. Remark 1.1 in [31, p.48]), where £ is a unit
normal vector field along .

In the case (1) of Theorem 7.1, i.e., (M?" 1 gg) = (521 gy) is a
strictly pseudoconvex C'R manifold and J dp(7T) is tangential, we have

0= h(Jdp(T),€) = h(J* dp(T), J §) = h(dp(T), J (=€),

and h(de(T),de(H(M))) = 0. Then, the principal curvature vector field
J(—¢) with principal curvature Ao = 2cot(2u) coincides with dp(X) for
some X € H(M). Since

1X1 = [lde (X[ = 1T (= = [I€]l = 1,
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we can choose an orthonormal basis { X;}27, of H(M) in such a way X; = X.
Then, {do(T),dp(X2),...,dp(X2,)} give principal curvature vector fields
along ¢ with principal curvature A\; = cotu. Then,

2n
(@) = Z B, (X;, X;) = 2cot(2u) + (2n — 1) cot u
i=1
= 2n cot u — tan u. (8.6)

Therefore, ¢ is pseudo harmonic if and only if
() =0 & tanu = V2n. (8.7)
By Theorem 7.1, (1), ¢ is pseudo biharmonic if and only if

2 3
HBW|H(M)><H(M)H2 = c(n4—&—) =2n+3. (8.8)

Since the left hand side of (8.8) coincides with

|B = (2cot(2u))? + (2n — 1) cot* u

| I
¢l H(M)xH(M)
= (cotu — tanu)? + (2n — 1) cot? u
= 2ncot? u — 2 + tan? u, (8.9)
we have that (8.8) holds if and only if
2ncot® u + tan® u = 2n + 5 & 22— (2n+5)x+2n=0, (8.10)

where & = tan? u. Therefore, ¢ is pseudo biharmonic if and only if tanwu is
Va or /3, where a and f3 are positive roots of (8.10).

In the case (2) of Theorem 7.1, i.e., (M1 go) = S2"F1 g4) is a
strictly pseudoconvex C'R manifold, and J dy(T") is normal, i.e., J dp(T) =
h(J dp(T)E)E. Then, we have that

0 # dp(T) = h(dp(T), J(=£))J (=€)

And J(—¢) is the principal curvature vector field along ¢ with the principal
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curvature Ay, and dp(H (M)) is the space spanned by the principal curvature
vectors along ¢ with the principal curvature A; since h(dp(H(M)), J(=£)) =
0. Then the pseudo tension field 7,(¢) is given by

() =Y By(Xi, X;) = (2ncotu)é # 0, (8.11)
i=1

so that ¢ is not pseudo harmonic. Due to the case (2) of Theorem 7.1 that
J dp(T) is normal, ¢ is pseudo biharmonic if and only if

2n = || Byl sy x|

= myi)\ 2
= 2ncot?u (8.12)
occurs. Thus, we obtain
tan?u = 1. (8.13)

Therefore, if tanu = 1 (u = 7/4), then the corresponding isometric im-
mersion ¢ : (M?" T gy) — P*"F1(4) is pseudo biharmonic, but not pseudo
harmonic.

Remark 8.1 Let us recall our previous work ([16], [17]) that ¢
(M?"F1 gg) — P*HL(4) is biharmonic if and only if

n-+2
2

e 22 -2n+3)z+2n+1=0, (z = tan? u). (8.14)

| By ||? = tan?u + (2n + 1) cot? u — 2 = 4

The equation (8.14) has two positive solutions «, 3, and if we put tanu =
Vaor VB (0 < u < w/2), then ¢ : (M** gg) — P"1(4) is bi-
harmonic, and vice versa. Since the mean curvature is given by (8.4),
o+ (M**+ gg) — P"FY(4) is harmonic (i.e., minimal) if and only if

tanu =+2n+1 (0 < u < 7/2).

Acknowledgement. This work was finished during the stay at the Uni-
versity of Basilicata, Potenza, Italy, September of 2014. The author was



CR rigidity of pseudo biharmonic maps 185

invited by Professor Sorin Dragomir to the University of Basilicata, Italy.

The author would like to express his sincere gratitude to Professor Sorin
Dragomir and Professor Elisabetta Barletta for their kind hospitality and
helpful discussions.

[7]

[8]

[10]
[11]
[12]
[13]
[14]
[15]

[16]

References

Akutagawa K. and Maeta S., Biharmonic properly immersed submanifolds
in Euclidean spaces. Geometriae Dedicata 164 (2013), 351-355.

Aribi A., Le spectre du sous-laplacien sur les variétés C R strictement pseu-
doconvezes. Univ. Tours, France, These, 2012.

Balmus A., Montaldo S. and Oniciuc C., Classification results for bihar-
monic submanifolds in spheres. Israel J. Math. 168 (2008), 201-220.
Balmus A., Montaldo S. and Oniciuc C., Biharmonic hypersurfaces in 4-
dimensional space forms. Math. Nachr. 283 (2010), 1696-1705.

Barletta E., Dragomir S. and Urakawa H., Pseudoharmonic maps from a
nondegenerate C'R manifold into a Riemannian manifold. Indiana Univ.
Math. J. 50 (2001), 719-746.

Caddeo R., Montaldo S. and Piu P., On biharmonic maps. Contemp. Math.
288 (2001), 286—290.

Chen B. Y., Some open problems and conjectures on submanifolds of finite
type. Soochow J. Math. 17 (1991), 169-188.

Chern S. S. and Moser J. K., Real hypersurfaces in complex manifolds. Acta
Math. 133 (1974), 48-69.

Defever F., Hypersurfaces in E* with harmonic mean curvature vetor. Math.
Nachr. 196 (1998), 61-69.

Dragomir S. and Montaldo S., Subelliptic biharmonic maps. J. Geom. Anal.
24 (2014), 223-245.

Dragomir S. and Tomassini G., Differential Geometry and Analysis on CR
Mamnifolds, Progress in Math. 246, Birkhouser, 2006.

Eells J. and Lemaire L., Selected Topics in Harmonic Maps, CBMS, Re-
gional Conference Series in Math., Amer. Math. Soc., 50, 1983.

Fetcu D. and Oniciuc C., Biharmonic integral C-parallel submanifolds in
7-dimensional Sasakian space forms. Tohoku Math. J. 64 (2012), 195-222.
Gaffney M. F., A special Stokes’ theorem for complete Riemannian mani-
fold. Ann. Math. 60 (1954), 140-145.

Hasanis T. and Vlachos T., Hypersurfaces in E* with harmonic mean cur-
vaturer vector field. Math. Nachr. 172 (1995), 145-169.

Ichiyama T., Inoguchi J. and Urakawa H., Biharmonic maps and bi- Yang-



186

(17]

(18]
(19]

(20]

[21]
[22]
[23]
[24]
[25]

(26]

[27]

(28]

(29]
(30]
(31]
(32]

(33]

H. Urakawa

Mills fields. Note di Mat. 28 (2009), 233-275.

Ichiyama T., Inoguchi J. and Urakawa H., Classifications and isolation
phenomena of biharmonic maps and bi- Yang-Mills fields. Note di Mat. 30
(2010), 15-48.

Inoguchi J., Submanifolds with harmonic mean curvature vector filed in
contact 3-manifolds. Colloq. Math. 100 (2004), 163-179.

Ishihara S. and Ishikawa S., Notes on relatively harmonic immersions.
Hokkaido Math. J. 4 (1975), 234-246.

Jiang G. Y., 2-harmonic maps and their first and second variational for-
mula. Chinese Ann. Math. TA (1986), 388-402; Note di Mat. 28 (2009),
209-232.

Loubeau E. and Oniciuc C., The index of biharmonic maps in spheres.
Compositio Math. 141 (2005), 729-745.

Loubeau E. and Oniciuc C., On the biharmonic and harmonic indices of
the Hopf map. Trans. Amer. Math. Soc. 359 (2007), 5239-5256.

Loubeau E. and Ou Y.-L., Biharmonic maps and morphisms from confor-
mal mappings. Tohoku Math. J. 62 (2010), 55-73.

Maeta S. and Urakawa U., Biharmonic Lagrangian submanifolds in Kdahler
manifolds. Glasgow Math. J. 55 (2013), 465-480.

Montaldo S. and Oniciuc C., A short survey on biharmonic maps between
Riemannian manifolds. Rev. Un. Mat. Argentina 47 (2006), 1-22.
Nakauchi N. and Urakawa H., Biharmonic hypersurfaces in a Riemannian
manifold with non-positive Ricci curvature. Ann. Global Anal. Geom. 40
(2011), 125-131.

Nakauchi N. and Urakawa H., Biharmonic submanifolds in a Riemannian
manifold with non-positive curvature. Results in Math. 63 (2013), 467-474.
Nakauchi N., Urakawa H. and Gudmundsson S., Biharmonic maps into
a Riemannian manifold of non-positive curvature. Geom. Dedicata 169
(2014), 263-272.

Oniciuc C., Biharmonic maps between Riemannian manifolds. Ann. Stiint
Univ. Al I. Cuza Iasi, Mat. (N.S.), 48 (2002), 237-248.

Ou Y.-L. and Tang L., The generalized Chen’s conjecture on biharmonic
submanifolds is false. Michigan Math. J. 61 (2012), 531-542.

Takagi R., Real hypersurfaces in a complex projective space with constant
principal curvatures. J. Math. Soc. Japan 27 (1975), 43-53.

Tanaka N., A differential geometric study on strongly pseudo-convexr man-
ifolds, Kinokuniya Book Store Co. Ltd., Kyoto, 1975.

Webster S. M., Pseudohermitian structures on a real hypersurface. J. Diff.
Geom. 13 (1978), 25-41.



CR rigidity of pseudo biharmonic maps 187

Division of Mathematics

Graduate School of Information Sciences
Tohoku University

Aoba 6-3-09, Sendai, 980-8579, Japan

Current address:

Institute for International Education
Tohoku University

Kawauchi 41, Sendai 980-8576, Japan
E-mail: urakawa@@math.is.tohoku.ac.jp



