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The Euler limit and initial layer of the

nonlinear Boltzmann equation

By Seiji Uka1 and Kiyoshi Asano
(Received November 8, 1982)

1. Problem and main results

In his paper [11], Nishida proved the followings. The Cauchy problem
for the nonlinear Boltzmann equation in the kinetic theory of rarefied gases
has a unique classical solution f* locally in time ¢ on an interval [0, 7] inde-
pendent of the mean free path ¢>0, if the initial distribution fo is sufficiently
close to an absolute Maxwellian and is analytic in the space variable z.
When ¢—0, f* converges on [0, 7] to some f°. For (0, 7], the limit fois
a local Maxwellian whose mass density p (¢, z), flow velocity v(z, x), tem-
perature 7'(¢, x) are unique solutions to the Cauchy problem with initial data
specified by f, for the compressible Euler equation obtained from the Boltz-
mann equation as the first approximation to the Hilbert expansion.

The uniform existence in ¢ of the solution f* was established using an
abstract nonlinear Cauchy-Kowalewski theorem developed by Nishida [10],
Nirenberg and Ovsjannikov [13]. The convergence of /* was shown under
the additional assumption p(0, ) >0, based on the compactness argument
supplemented with the uniqueness theorem for the relevant Euler equation.

In general the convergence is not uniform in # near r=0 and the limit
S has a discontinuity at #=0. . This singular behavior at e=¢=0 describes
the initial layer of the solution of the Boltzmann equation, and the limit VA
plays a role of the outer solution in the theory of singular perturbations.

The aim of the present note is twofold. The first is to give a simplified
proof which makes only use of the classical contraction mapping principle.
The use of a rather complicated abstract theorem of [9], [10], can be
avoided by introducing a simple time-dependent norm which is analogous
to that used by Asano [1] to obtain local solutions of the Boltzmann equation.
As by-products, we can remove the assumption p(0, £) >0, and find a con-
vergence rate. The second aim is concerned with the initial layer. It will
be shown that a necessary and sufficient condition for the uniform con-
vergence and for the continuity of f° on [0, 7] is that the initial £ is itself
a Maxwellian. This answers the Hilbert paradox that the Hilbert expansion
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solution to the Boltzmann equation is uniquely determined by the initial
fluid state [6].

All our proofs are applicable to the initial boundary value problem for
the Boltzmann equation in the half-space or in a rectangular domain with
the specular reflection boundary condition, with an elementary modification

stated in [6], [14], [15] Then our results remains valid and it is worth

noting that in these special cases no boundary layers appear.

The Cauchy problem for the Boltzmann equation is written as

1) L e QIS (65 8E0, ) xR X R,
Sli=o=fo> (x,6)eR* X R".

Here f=f'(t, z, &) is the density of gas particles having the position x and
velocity & at time #, - means the inner product in R", ¢>0 is the mean
free path and Q expresses a quadratic integral operator representing the
collision of gas particles and acting only on the variable £&. The reader will
be referred to for the derivation of the Boltzmann equation as well as

fundamental properties of Q. In this note only the gas of Grad’s cutoff
hard potential will be dealt with.

When ¢—0, (1.1) raises a singular perturbation problem. To find the
corresponding reduced problem, suppose f* have a limit f° and e(f;+§&-F.f*)
—0 as e—0. Then letting ¢ tend to 0 in (1.1), we find

(1.2) QIA.S1=0.

According to [3], unique solutions to (1.2) are Maxwellians

(1. 3) f° — (ZTK}W p—le—vi*/aT

Here p, v, T are the mass density, flow velocity and temperature respectively,
the hydrodynamical quantities independent of the individual particle velocity
£ If they are constants in ¢ and z, then f° of (1.3) is called an absolute
Maxwellian, and if they depend on ¢ and z, it is called a local Maxwellian.
In order to distinguish them we denote the absolute Maxwellian by g=g(é).

(1. 2) does not determine p, v and 7. To accomplish the reduced equa-
tion we need the functions

ho@=1, h@ =8 (1<j<n), hu® =581

and note that p, v, T are determined by the moments of & with respect to
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1 e,
. p‘U = <h0’fb> H]
(1. 4) ov;=<hp f, 1<j<n,

n 1
? pT+7 PI'U,2: <hn+l,f0> >

where <h,f>={h(&)f(€)dé. According to [3], h/s are collision invaliants,
R’Il
1.e.,

<y QUASD =0, 0<j<n+1,
for any f, which, substituted into (1. 1), yields

0 .

Passing to the limit as ¢—0, using (1.4) and taking into account that
{(—V)hui1, f©=pvT, then lead to the system of nonlinear hyperbolic con-
servation laws

0
or p+V+(pv)=0,

(16 o (T -(or)+Tp=0, ‘ov=(v),

a0 (oler 10 )47 oo+ S 1ok)op0) =0,

supplemented by the equation of state of the ideal gas

1 2
T:?)—P:;e’

where p, e are the pressure and internal energy per unit mass, respectively.
(1. 6) may be considered as the compressible Euler equation derived from the
Boltzmann equation. This is also obtained as the first approximation to the
Hilbert expansion, see [3].

The justification of this asymptotic procedure requires, first of all, solu-
tions to (1.1) which exist on the interval [0, 7] independent of ¢. Solutions
in the large in time have been found in [12], for initial data f; near
absolute Maxwellians, but as ¢—0, f; should be chosen indefinitely close to
the Maxwellians. For arbitrary initials f, (rapidly decreasing in &), local
solutions exists [1], [7], on the interval [0, z*] where r*>0 depends on ¢ as
well as fj and may tend to 0 with .
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In order to obtain the desired solutions, therefore, we shall assume that
fo is not only close to an absolute Maxwellian but also analytic in x. To
make this precise and for later purposes, we prepare some notations and
function spaces. -

We denote by #=.7,u the Fourier transform of a function z€%”
(R* X R?) with respect to z,

ik, &) = 7 ulk, &) = (2n>‘"’2ge‘”°'”u (z,8 dx, kER", i=+ —1,

R

and denote by X5' the Banach space of functions v’ (R} X Ry) satisfying
(1.7) el = sup (14 k) (14 18]) e (k, &) <oo
x,¢eR™ ‘

where a, [, BeR. We claim that if >0, u€ X5 is analytic in x&R"+1B,
where B,={rxER"| |z|<a}.

The space X% is the closed subspace of X%, hence by itself a Banach
space with the norm (1.7), consisting of such #’s that

1.8) (|t +1E|>R) w0 (RO,

Here X (Jk|+|&| >R) is the characteristic function of the domain |k +[§|>R
in Rrx R?. And we used and will use the convention that ¢(k)u expresses
T3 (k) d(k, &) where ¢(k) may depend also on ¢, &, etc, but not on z. Then
we define the Banach space

YD) = {u=ult)le ™ u@) € BL:X5)}
(1. 9)
Neella,r,2,8,r = SUP ()| amrt,te »
ter

where yER, ICR is an interval and B%I; X) denotes the space of bounded

continuous functions defined on I with values in a Banach space X. Similarly,

C/I; X) will denote the space of X-valued continuous functions on I
Finally we also need the Banach space

Zgrt=B((0, o) 5 YH([0, <]))
(1. 10)

Wetllay .0, = SUP  [|2* @amrti s
>0, te[0,7]

where 7>0. A time-dependent norm appears in (1.9) and (1. 10).

Now we can state the main results of this note. Since (1.1) is to be
solved near an absolute Maxwellian g=g(£), we put
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f=9+9"u, Jo=9+9"%,,

and state our results in terms of # and %, The equation for u to solve
will be presented in the next section. The first result is slightly stronger
than that of and will be proven in the next two sections.

THEOREM 1.1. Let g be an absolute Maxwellian and suppose

a>0, I>n, p>5 +1.

Then there exist positive numbers a,, a; and for each initial data f, satisfying
wEX;!, |[2t0] a2, < a0,
the followings hold with some positive numbers y and .

(1) For each ¢>0, (1.1) has a unique classical solution f=f* on the
time interval [0, t] such that

ueZirt, W2t ar,2,8,c < 1l|20]|a,z,5 »

% w €C((0, 00) 3 Y [0, 7).

(i) As e—>0, u* converges to a limit W'Yy ((0,z]) strongly in Y&
([8, z]) for any 6>0. '

(i) For t=(0,7], P=g+9Y%° is a local Maxwellian whose hydro-
dynamical quantities p, v, T solve the compressible Euler equation (1.6) in
the classical sense.

REMARK 1.2. f=f* converges also at #=0 trivially to the initial data
Jfo- In general, however, the convergence is not uniform on [0, 7] though so
is it on [d, 7], 6>0. And the limit f=f(#) is not necessarily continuous at
t=0. Indeed if f°(40) exists (strongly), it should be a Maxwellian as a limit
of Maxwellians f°(#), ¢>0, while f%0) is the initial data £, which may be
other than a Maxwellian. On the other hand the moments (A, f%(z)> are
continuous on [0, 7] in a topology induced from that of X#*~! for functions
not depending on &.  This follows readily from [Theorem 1.1 applied to (1. 5).

ReMARk 1.3. Nishida proved of [Theorem 1.1 under the
additional assumption p(0, z)=<h,, fo) >0. In this case v(0,z) and T (0, x)
are well-defined by (1.4) and analytic in z, with p(0, z). For such smooth
initial data, the uniqueness theorem is available for the Cauchy problem to
the Euler equation (1.6) because (1.6) is a nonlinear symmetric hyperbolic
system provided p>0 (see Kato [8]). Since his proof of the convergence
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relies on the compactness of {f?}, 0<e<1, he needed this fact so as to
ensure the uniqueness of the limit of the subsequences. In our situation
0(0, £) <0 may be allowed if a; can be found large enough. Then v(0, z),
T (0, z) happen to be singular at those points x where 0(0, x)=0, and no
uniqueness theorems are known for such initial data.

As for the convergence rate, we prove the following theorem in § 3.

TueorReEM 1.4. Under the condition of Theorem 1.1 and for ¢€[0, 1),
there are positive numbers ay(<ay), ai such that if |ltolla, 1< aty then for
all ¢>0 and t=(0, 7], :

/2
(I I -

REMARK 1.5. It has not been able to know if we can take ay=ay.
The convergence rate found here is far short for the verification of the
Hilbert expansion.

According to Remark 1.3, it is necessary, in order for the initial layer
not to appear, that the initial f; itself is a Maxwellian. That this is also
sufficient will be shown in §4, in the form of the

TueoreM 1.6. Under the situation of Theorem 1.1, suppose in addi-

tion,
i is a local Mazxwellian,

(1.11) (") fo .
(i) u X34 .
Then 4° of Theorem 1.1 belongs to Yg™'([0,7]) and u* converges to u®
strongly there. Moreover, p, v, T of f° are unique classical solutions to
the Cauchy problem for (1.6) with the initial data specified by those of fo

ReMARrk 1.7. Caflisch proved a reverse version of the above theo-
rem in the following sense. Suppose the Cauchy problem to (1.6) have
solutions p, v, T in an appropriate Sobolev space, on some time interval
[0,7]. Construct the local Maxwellian f° by (1. 3) from these p, v, T. Then
(1.1) with f,=/%0) has a unique solution f* for each ¢>0 and

| @& —fol<Ce,

on [0,7]. [Theorem 1.6 indicates that the Cauchy problem to (1.6) has
indeed a solution if the initial data are specified by f; satisfying the confitions
stated in [Theorem 1.6. Then p(0, 2) <0 may be permitted, though it should
be analytic. On the other hand it seems difficult to obtain Sobolev space
solutions to (1.6) without the assumption p(0, z)>0, [8].
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2. Existence of solution for & >0

In terms of « and by virtue of (1.2), the Cauchy problem (1.1) can be
rewritten as

0 1 1 ,
(2.1) Tt = 8Vt Lu+-gf[u,u], t, z, &) (0, o) X R*X R,
limo =10, (g <R xR,

where we have defined the operators L, I' by

Lu=2972Q[g, 9"*u] ,
I’ [u, v] = g72Q [¢"*u, g"*0] ,
Q[+, +] being understood to be a bilinear symmeric operator induced from

the quadratic operator Q. L is linear and I" is bilinear symmetric.

Define the linearized Boltzmann operator
2.2  B=—gl4—L,

and suppose it generates a strongly continuous semigroup (shortly a semigroup)
B If u=u'(t) is a solution to (2.1), then it should solve the integral
equation

(2. 3) u (t)=eB'yy+ Se"‘“‘—i— I'[u(s), u*(s)] ds .

0
It is this equation to which we apply the contraction mapping principle.

To this end, we first quote from [5], some necessary properties of
L and I The operator L has the decomposition

L=—-4+K,
where 4 is the multiplication operator
A=y X%,

(2. 4) WOELn(RY,  w<v@<nu(1+1¢),

with some positive constants v, v;,, while K is an integral operator in &
having nice properties, among which we mention L

(2. 5) HKu“ﬁSCHuHﬁ—l ’

where BER and ||u||,=sup (1+|£]),/«#(é)]. The operator L is selfadjoint and
nonpositive in L?(R?) and has 0 as an isolated eigenvalue of multiplicity
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n+2, whose eigenspace is spanned by h,;gv% 0<j<n+1, h; being those of
§ 1. Denote the corresponding eigenprojection by P, Then

(2. 6) Pyl [u,v] =0

for any %, v. Finally we note

@27 4T [ o), <Cllullloll,.

In order to simplify the notations in the below, we choose the parameter
T l, p) fixed arbitrarily in the region

« 7, T, a—y7=0, l, BER,
unless otherwise stated, and put
k=X, YO=YpD, Z=Zy*,
=1l lless =M Ware,pe -

Further, || ||, is the norm in (2.5) and C denotes various constants =0
depending only on a, /, 8, but not on 7, .

THEOREM 2.1. (i) B* is a semigroup generator in X for each ¢>0.
(i) If wesX, then
e%u, & CY((0, 00) X [0, 00) 5 X)
as a function of (s, t)E(0, o0) X [0, o).

Proor. (i) has been stated in [11] without proof. Here we give a
proof since it is needed to prove the continuity in ¢ in (i} Define the
operator

A= =gt A,
where P, is taken in the distribution sense. Then #,A'u=A‘(k) 4 where
A ) 1
Ay = —(iks+ T () x

Let 5( denote the space of 2% (R X RY) satisfying (1.7) and (1.8). It is
a Banach space with the norm of (1.7) and %, is isometric from X onto

X. Therefore if A* is a generator in X, then so is A* (k) in X, and vice
versa. We infer that

\ 1
(2. 8) QAN — okttt 5
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Regard this as the definition of the operator e!4°® for a while, and write
as ¢=q¢le, t, k, €) the function in its right hand side. By (2.4), |¢]| e,
so that

(2.9) et ® ]|, e[, ,
and for any compact set 2QC R} X R?,
des 1) BY((0, o0) X [0, o0) ; L™(8)).
which, together with (1. 8), proves
(2.10)  e#'® geB((0, 00) x [0, 00); X).

This continuity in ¢ indicates that (2.8) indeed defines a semigroup on X.
Obviously its generator is A*(k) restricted to the domain of the generator.

Denote this generator again as A‘(k). Hence A‘ is a generator in X if
endowed with the domain D(A*) induced from that of A‘(k), and satisfies
(2.10) with an obvious modification. In addition,

(2.11) Xt D(AY) .

In view of (2.5), we can now redefine B* as
B=A+~K,  D(B)=D(A),

and apply to it the well-known theorem on the bounded perturbation of
semigroups. Then (i) follows and moreover for u€X, there holds

) 1 1
£ 13
eBu= > U, U, z(e“‘ —Kx) et'u,
=0

where * means the convolution in ¢,

¢

Flpge) = £ie—9 gl ds.

0

Owing to (2.5) and (2.10) for A‘, the convergence is uniform for (¢, f)E
[3, 00) X [0, 7], for any 6, z>0, stongly in X, and

U.eB([5, ) x[0,7]; X),
whence [ii] follows.

REMARK 2.2. (1.8) is essential for the proof of (2.10). Thus
2.1 is no more valid if X is replaced by X.
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To proceed further we should write .#,Bu=258'(k) 4 with
B(#)=A B+ K=—ikex+ L,

and appeal to the spectral analysis for B!(k) (¢=1) developed in [4, 12, 15, 16].
The following theorem contains some of those results restated for Bt(k)=

%—B‘(ek}. This was also used in [11]. See for a complete proof.

THEOREM 2.3. There are positive numbers ky, 06, a positive integer

m(<n+2) and a constant C>0 such that the followings hold for each
e2>0.

(i) For |k <kye,

b o = ji S (k) + Ule, 1, B) ,
where
(a) A;(r)EC®([— ko, ko)), Re 2; (k) <0, with the asymptotic expansions
(k) = iZ(jl)lc—Z(f)lcz—l—O(IxIs) (lx]——»O) ,
with coefficients AP €R and 1P >0,

(b) P;(k) are orthogonal projections on L*=L*(RY) for each fixed k,
and

Py(k) = PP (k)+ k| PP (k) + |k[2PP(k), k= K[|k,
where P are also orthogonal projections on L2, Py=7}] P is the projection
in (2.6) and
' 1P ulls <Cllul| 2 [=0,1,2,
and
(¢) putting QU)=I— i‘l Py(k), U is given by U=eB"®Q(ck) =Q(ck)et? ®
~
and has the decomposition
U=et"® Q(ck)+Uile, 8, k)
|1 Ustal |y < Cem st (|t gy +- ]| 22) -
(ii) For |k| > kle,
elB ) — ptd' | Uy (e, t, B),
|| Uael s < Ce=o (| aallp s+ 124l 22) -
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A simple consequence of this is the
n .
ProposiTiON 2.4. Let B> and u,cX. Then

(i) efueZ,
(i) e ol <Clluo]| -
Proor. In view of [Theorem 2.7, it suffices to show [ii). Using Theo-

rem 2.3 and (2.9), we evaluate each term of the decomposition

m+2

e = 2 E),
F B3 (t) o= U (| k] <mofe) BT P (k) o,  1<j<m,
(2.12)  FoBnatue=1(|k <xofe) Ule, t; B)
F oEisa(Bts = 1 (k] > mofe) e3'®
Then [ii] follows if we take into account that for ‘B>%,

(2.13) |[2e]| 22 < Clfuel 5 -

The following elementary lemma is useful in what follows. The proof

is omitted.
LEMMA 2.5. (i) For any a€C, Rea<0 and ¢€]0,1],
le*—1|<Clal”.
For any t>6>0, 6>0 and ¢€[0, 1),

t—ao
L(t, 6, b) = S e 29 pds e,

0
t

Lt o, b) S o009 ps—ods < Ct= ,

o~ O

t 0-, S —b(t—-s)bl+o< - )o‘ds<c—a.
0

All the constants C>0 are independent of a, b, t.

We shall use' of the above lemma putting b=rl|k|, _v(?E)_ and %‘L, all

of which are unbounded when |k|, |&§|—o0, ¢—0, and on which, never-
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theless, the constants C do not depend. In particular, the case b=ry|k| is
essential in the proof of the next proposition which reveals the reason why
the use of the time-dependent norm (1.10) makes possible the application of
the contraction mapping principle. The importance of the case b=v(§) was

found by Grad [6].
Put Q,=I—P,=Q(0) and define the operator H=H* by

@.14)  Hf=e"xQur AF().
PROPOSITION 2.6. Suppose f>4 +1 and f=f*€Z. Then,
(i) Hfez,
(ii) I gc(l + %)mf'm ,

where the constant C>0 is independent of y and .

Proor. We should show this for each of the operators
215  Hf =E«Qre Af@®), 1<j<m+2.

First we establish [ii]. The conclusions as well as notations of
2.3 will be used freely. Let 1<j<m. Since

(2.16)  Py(ck) Qo =clk| (PP +<[kI PP) Q,

and by the aid of (2.13) with u replaced by 4f and B by ‘8—1>%,

t

17 Hif 11, <C(1+ (Bl | emcemrmm sl
(2.17) 0

1

<CLE B Lt 0,71k P,

where || ;= llay.0.50 and (¢, k)=(1+|k|)"%e ~“«®¥ This proves [ii] for
H;, 1<j<m. Similarly, we can get

Hetfi‘uo*Qo_i_ Af,<CL(¢, k) sup I(,(t, 0, “li‘(fl)HU('”lz,
(2.18) e

Uy &8, BQ05 AF@ILSCale & L{5,0,2 i,

whence (ii] follows for Hj.;, j=1,2.
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It remains to prove (i). If AfeZ, then by virtue of Theorem 2.1,
(2.19) H:f*eC0((0, 00) 5 Y ([0, oo])) .

The former, however, is not the case on accout of (2.4). This can be
overcome in a simple way. Note from and (1. 8) that

I H%(1¢] >R) fll =0 (R—o0),

and from (2. 4) that since AX(|¢§|<R)f €Z (2.19) is true if f* is replaced by
(€| <R)f* for each fixed R. Combine these two to see that (2.19) holds
under the mere assumption f*&Z. This and [ii] show (i).

Finally we need to study the operator I'. The following proof shows
implicitly that Z is a Banach algebra if [>n and $>0.

PROPOSITION 2.7. Suppose I >n and >0, and let u, veZ.
(i) AT [u,v]leZ.
(i) WA [, oI <Clllaelll ll0ll -

Proor. Since I' is bilinear symmetric and acts only on ¢,

Zo AT [u, 0] (B) = (2n)n/2S AT [0 (8, k—F, +), 0 (¢, K, +)] dF .

Use (2.7) to deduce
7T [, 0] (B1,<C (N 0, k=, 11186 B, )|

Rn

SCL(R)lull vl

where

L(k) = S <1+[k_k'l>—l<1+’kll)—ze—(a—n) U=k’ 1+1k°D I
Rn

<CL(t k), ({>n)

¢ being that used in the proof of the previous proposition. The last inequality
is obtained since |k| <|k—Fk |+ |k | and by splitting the integral over [k—F|<
|k /2 and |k—FK|>|F /2. This proves (i). To prove (i), let V? be the space
defined by (1.10) like Z=Zs" but with X3 replaced by X%!, and put
V=NV’ We claim from (1.8) that Z is a strong closure of V in V' and

>t

from the proof of (ii) above that (i) is true if Z is replaced by V, for «, veV.
These two, combined again with (ii), assure (i).
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Now we are ready to proceed to the
Proor oF THEOREM 1.1. (i). Define the nonlinear map N=N* by
(2. 20) Ne[w](t) = eBug+ H A [0, w'] () .

Since QJ'=I" by (2.6) and Theorem 2.2 (ic), the equation (2.3) is then
equivalent to the equation =N [«]. Thus we shall find a fixed point of
N. Combine Propositions 2.6 and together. Then, whenever

uX and usZ, N[u]eZ and
N [ec]lll < Cil a4 | +Cz<1 + %)lllulllz ,
(2.21) N [u] =N [0l =I1H A" [ —v, u+]ll

SCZ<1+ %)Illu—vlll e+l .

Since the constants C;, C,>0 are independent of y and r, so is a,=(4CG,C,)™%
Suppose ||ug||<a, and choose a y such that

7> lltall/( @ — et -

If we put

T =

@
T’
1 -1 1 1 1/2
a=(26{1+ i) s p=1=(1= (14 ) E ]

then ¢;<2C, and 0<p<1l. Denote by Z, the closed ball
Zo={ueZ| lul <allul},

in the space Z, and regard this as a complete metric space with the metric
d(u, v)=|lu—vll. Then (2.21) implies that N[u]€Z, and d(N[u], N[v])<
ud(u, v) whenever u, veZ, In other words, N is a contraction map on
Zy if ||ug||< ap and hence has a unique fixed point u=u*(f) Z, which solves
(2. 3).

It remains to show that this « is also a unique classical solution to (2. 1).
Let A>0 and note from (2. 20) the identity
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% (NTd(t+h) N[ (0) = —,12—<ew‘—1) N [u] (@) +
(2.22) t4h
+ % S e(t+h—-s)B‘Qo% r [u(s), u(s)] ds=v,+v,.

t

Since N[uleZ, NuleD(B) by (2.11) if B* is considered in the space
X5=#*',  Then v,—B'N [u] (h—0) strongly there, for fixed ¢, ¢. Put I' ()=
I' [u (), u(#)] and write '

h
2y— % re :% S (5 — 1) ds%F(t)
0

(2.23) . .
_}__}l_ S esB‘% (F(t+h—s)~F(t)> ds .

0

Evaluate this by the aid of [Proposition 2.4 and

i |u (t) i u(5)| I a—yrl,l—a,8—0

(2. 24)
<lleT™®u(t) e "2 (s)||a,1—0 50 +Clt—s]° llull ,

which comes from lemma 2.4 (i) with a=—p(t—s)|k|. Since I'({)sYx!!
([0,7]) by [Proposition 2.7, then (2.23)—0 strongly in X! The case
h<0 can be dealt with similarly. All the convergences are uniform for ¢
on [0, 7—d] when A>0 and on [§, z] when A<0. Since =N [«], then (2. 22)
implies that du/dt exists satisfying

G = Buld)+ - I'[uft), ul@d] € Yzr=([0, 7).

Since u(t) is analytic in z&R"+iB,_,;, this indicates that » is a classical
solution to (2.1). Its uniqueness has been proven in [1,7]. This completes

the proof of [Theorem 1. 1/(i).

3. Limit of solutions as ¢ —0

We shall again use the contraction mapping principle to obtain the
relevant limit. A suitable space is the subset W=W;"! of Z consisting of

w’s having the same limit property stated in [Theorem 1. 1(ii), that is,

U —_—u‘EW@uEZ, Ju'e Y((O; 'Z']) ’
Vo6>0, et — 4| pts,n—0 (e—0).

(3.1)

Evidently W is closed in Z and so by itself a Banach space with the norm
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Il . We shall show that N of (2.20) is a contraction also in the ball
W,=WnZ,. First, the limit of N=N* must be found.

In the below we assume ,8>%+ 1, 6=[0, 1), and need the norm

0<e'<s
0<8<r

oo = g0 (51 Ol

Define the operators E°(t), E5(¢), 1<j<m by E°=} Ej with‘
T EY(E) o = &7 PP (R, +) .
ProposiTION 3.1. Suppose uy=X. Then,
(1) eBucW with the limit E't)u, .
(i)  [( —E*t)ua].,, <Clluol| -
Proor. Put || |lse=Il llesti-es— and &’ =X(|k|>R)u,. Then we get
168" &[], < Cl[e' 10,0 <C (1 + R) ™ol |,

by Proposition 2.4, and similarly for E°%t)«’. Put o' =X(|k| <R)u, and let
R<rkyle. If |k|<R, then

Ieilj(|‘|k|)t/t_eil(jm]klt’ <CeR*’|k|°
(3.2) O - .
[[(P(elkl) = PP) dioll s < CeR= k||l -
Therefore, with E(t) of (2.12), we get for 1<<m,
1(E;(6) — E3(®)) o]0, < CeR |

Further ||E:,,,(¢) %];, can be majorized by Theorem 2.2 (ic) by Ce™*/*||u||
with g=min (v, 6)) =0, and E; "' =0 by our choice of R. In the above
estimates, we first put =0, R=xe V4 to prove (i) by the aid of (1. 8) (note
that ES(¢) uo €Y ([0, ])), and then put R=xe""? to prove (ii).

Define the operators Hj, 1<j<m by
F H(t) = (e ¢ k| PO (B)xQ0 49 (1)) ,
where * means, as before, the convolution in ¢.
LEMMA 3.2. For f=f&W with the limit f° and for 1<j<m,
(i) Hjf*eW with the limit H}f°,

[H}(f —P)..<CLf—f]...
Proor. For 6>0, define the operators A%, j=1,2 by
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t a
Hjv :S—{—gz Alv+ Ajv .

J 0

Similarly to (2.17), we get for >4,

, C
(3.3) 1A, < o V0l lyas, -

Repeat the argument for [Proposition 2. 6/(i) to conclude Aif*eY ([, ]).
Note that |kle77¢ 2 <C/(t—s), t>s, and deduce ||Av]||,,<Co(t—a)Y|vl.
Hence for any fixed 0,>0,

|| A0 yes,,»—0 (6—0) .

Putting v=/", we now have H¥'=Y((0, z]), and putting v=F*—f°, we can
conclude (i). can be found similarly to (2.17), with I,(z, 0, 7|k|) replaced
by Il(t, ag, T[k') &’

In the following three lemmas, we put fr=2%(|k| +|§| <R) f* for f=f-cW
and assume R<ry/e. All the constants C>0 do not depend on R as well
as 7, & v and f.

LeEmMA 3.3. Recall H; of (2.15). For 1<j<m,
[(H;— Hj) fi]... <Ce= Rl 1] .
Proor. Note that (P, (¢|k|)—e|k| PP (E) Qu=ek2PP® and use (3.2) to

obtain
17 =(H;— HY) f3lls <CL (¢, B) L(z, 0, 7/ k| ) eRe—|RLIL £
whence the lemma follows.

For the study of H;,,, we need the auxisiliary operator

By f =00t AJef ().
Since the operator L has 0 as an isolated eigenvalue, L~! does not exist but
LQ, does. Put
Hy) = —L"Q.
Since L7'QyA=Qy— L'Q,K and by (2.5),
(3.4) H} ., is bounded on Y((0, ]).
LemMa 3. 4. (i) || [k§|"Hops1 f2lea SCREI|fIl, 0<0, £<1.
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()1 By B2 il <C (e +aRA+( S T

for t>6>0, where || ||, is as in the proof of Proposition 3.1, p=min
(Vg, 0'0) and

[olless = sup (5 J 1S9 = o) rmne

t—o<s<t

Proor. By Theorem 2.3 (ic), e%*Qy=U(e,,0). Then (i) comes from
(2.18) since k-& commutes with etd'® and k with U,. Make the decompo-
sition

t—o t
H;anﬁ: S + S = w;+ wy,
0 t—o

and use (2.18) with I, 0, +) in place of Iz 0, +) to deduce
(3.5) wn|ls,, < Ce= I fII .

Next, write

t é/s
t—

w= [ et A(fil9—fale) dst | erquasan as

t—é 0

=ws+ wy .

Again by (2.18), this time with L(¢, g, <), and by an inequality similar to
(2. 24) obtained from Lemma 2.4 (i) with ¢=1,

ool <C{(5) WMo, +oR=11).
Finally we put

w4=S——S = wst+ ws .
0 8/

The Laplace transform of a semigroup is the resolvent of its generator.
Then wy=H.,,f5 And it is easy to see that (3.5) is true also for ww,
Combining w;’s yields [ii). '

LemMA 3.5. [(Hpy— Hiyr) £3l.,. <Cem2R¥|| f]] .

Proor. Notice from the perturbation theory of semigroups that
ARTE (I-I—e‘B‘(——ik-E)*) et q

holds in X! if w€Xgy'. Therefore
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(Hnir— Hnis) £ = {(QUek) — 1) Qo+ U —ik+8)} Hiiaf,
where U=7;'U(s, t, k) #,. By (2.18),
NUf2I < Cell £1I -
This and Lemma 3.4 (i), together with (2. 16), prove the lemma.
ProposiTION 3.6. Recall H* of (2.14) and put

m+1
He='y H°.
j=1
Let €W with the limit .
(i) HFEW with the limit HP.

(i) [Hf—HYL, SCIAN+LA =+ L Nee)

Proor. By virtue of Lemma 3.2 (i) and (3. 4), H/°=Y((0,z]). Let f%
be as above and fo=f—fs=X (k| +|&|>R)f. Write '
Hif— HYf = (H — HO it (H' — HY fyt HO(F =)= 3 .

Combining Lemmas 3.3, 3.4 (ii) and 3.5 yields

e, <C{(£ R+ oR e Al (5 L)

By Proposition 2.6 (ii) and (3. 3) (with d=0),
||2wal |z, < ClIf3l1e, <C L+ RIIFN -

Put 6=0, R=ke ¥* and d=¢"% and recall (1.8). Note from (3.1) that for
€W with the limit f°, if we put f*=°=f9, then,

(3. 6) ek If(7) EB°<[0, 00) X [y, 7] ;Xg’l>

for any §,>0. Consequently w,+w,—0 (¢—0) strongly in Y ([0, z]). The
same is true for wy due to Lemma 3.2(i). Thus (i) follows. Put R=kge 2
and d=¢"% in the above and recall Lemma 3. 2 (ii) to obtain (ii) of the lemma.

Proor oF THEOREM 1.1 (i) (ii). Proposition 2.7 implies that A~ [, u]
eW if ucW. Owing to Propositions 3.1 (i) and 3.6 (i), therefore, N maps
W into itself, and so N is a contraction in WNZ, as well as in Z, Then
u* of Theorem 1.1 (i) is in W, proving Theorem 1.1 (ii). Its limit #° satisfies,
for (0, 7],

= N% = E%¢) uy+ HA™T [u®, u°)] -
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We note QE%)=0 and QyH!=0 (1<j<m). Indeed Q)P®=0 and by
P;(k2=P;(k), PPQy=PPP{"Q, Hence Qu'=QyHp A" [t u], or what
is the same thing since L=Q,L=—LQ, and by (2. 6),

3.7 Lu*= —TI[u "] .
This is equivalent to (1. 2) if we put f°=¢-+g"%° proving [Theorem 1. 1(iii).

ProoF oF THEOREM 1.4. Introduce the norm

(LA =10+ sup {[f* =Lt [LF e} -

By virtue of Propositions 2.7, B.1(ii) and 3. 7[ii}, we readily see that (2.21)
remains true in this norm, with different constants C;, C, if there hold

[[et® uo]]s,0,0 <Clluoll
[LHF e SCIAI+ LA Nee) -

These were proved in Propositions 2.2 and 4.1 of for the case r=0.
For y>0, it suffice to take account of (2.24). Now the proof of

1.1(i) can be repeated to see that N is again a contraction in a closed ball
{(fEZ|[[fl1<al} provided |[ju| is small. This completes the proof of the

theorem.

4, Initial layer of the solution

Introduce the space
V=Vt =B([0, 00); Y[0,7]).

V may be regarded as a subspace of W and so it is a Banach space with
the norm || |I. The following characterization of V comes readily from
(1.10) and (3. 6).

LEMMA 4.1. Let u=u'(t)eW with the limit u*=u’(t). Suppose
JueX, e uw @) —ul[—0 (50, 6>0).
Then ucV if u'(t) is extended to e=0 by u’(t) for t >0 and by u, for t=0.

Given a u,€X, V (u,) denotes a closed subset of V defined as
V () = {*(t) € V|u*(0) = o} .

The proof of Theorem 1.6 is based on the
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- ProPOSITION 4.2. Suppose uycX fulfill the condition (1.11). Then N
of (2.20) maps V (u,) into itself. ‘

ProoF. By (1.11) (i), &+Fsue Lu.€X as well as u,cD(BY). Since

det®'|dt =¢' B* holds on D(B), we have J
t t
B uy = u,+ S e B (—&+F,) uyds+ S gt—9 B % Luyds
0 0

=uy+ wi+ w; .

Owing to Proposition 2.4 and by the aid of Lemma 4. 1 (4,=0), wi;€V with

|[20i]|z,0 < Ctttol ] a,p41,041 -

On the other hand, (1.11) (i) means that (3.7) holds for u, so Lu,=—
Qol [ug, ug] due to (2.6). Hence wy=— HA™T" [uy, u,] and

N [w] = up+wi+ H AT [ —ug, u* +uy) .
Use Propositions 2.6, 2.7 and (2.24) to deduce

[le7 ¥ IN* [26°] (£) — |

<Ile™"* —1) gl +||w0il]z,0+

+C(llaull+ o]l sup |]2e*(s) — ol
0<s<¢
<1+ ol + 2l ) (2] 11,01+

+ sup [le1¥1ut(s) ) .

0<s<t

If ueV (uy), the last member tends to 0 with & t. Then the proposition
follows from Lemma 4. 1.

Proor oF THEOREM 1.6. It is now clear that N is a contraction on
V(ug) N Zy, so that u* of Theorem 1.1(i) is in V (u), which is what was
desired.
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