Hokkaido Mathematical Journal Vol. 42 (2013) p. 11-52

Linearized stability analysis of surface diffusion for hypersurfaces

with triple lines
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Abstract. The linearized stability of stationary solutions for surface diffusion is
studied. We consider three hypersurfaces that lie inside a fixed domain and touch
its boundary with a right angle and fulfill a non-flux condition. Additionally they
meet at a triple line with prescribed angle conditions and further boundary conditions
resulting from the continuity of chemical potentials and a flux balance have to hold
at the triple line. We introduce a new specific parametrization with two parameters
corresponding to a movement in tangential and normal direction to formulate the ge-
ometric evolution law as a system of partial differential equations. For the linearized
stability analysis we identify the problem as an H ~!-gradient flow, which will be cru-
cial to show self-adjointness of the linearized operator. Finally we study the linearized
stability of some examples.

Key words: surface diffusion, partial differential equations on manifolds, linearized
stability, gradient flow, triple lines.

1. Introduction

We consider three evolving hypersurfaces that meet the boundary of a
fixed bounded region 2 at a right angle and also meet each other at a triple
line. They evolve due to weighted surface diffusion flow

Vi = —m;y; AH;, (1.1)

each for ¢ = 1,2,3. Here V; is the normal velocity of the evolving hypersur-
face I';, H; is the mean curvature and A is the Laplace-Beltrami operator.
Our sign convention is that H is negative for spheres provided with outer
unit normal. Further the constants +;, m; > 0 are the surface energy den-
sity and the mobility of the evolving hypersurface I';. If the three evolving
hypersurfaces meet at a triple line L(t), we require that there the following
conditions hold.

Z(T1(t),T2(t) = 05, £(T2(t),I'5(t)) = 01, £(T3(t),I1(2)) =02, (1.2)
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Y1 Hi+ 2 Ha + 3 H3 = 0, (1.3)
myy1 VHy - nor, = may2 VHy - nor, = m3g 3 VHs - nary, (1.4)
where the quantity Z(I';(¢),I';(¢)) denotes the angle between I';(t) and I';(t)

and the angles 601,605,603 with 0 < 6; < 7w are related through the identity
01 + 0> + 03 = 27 and Young’s law, which is

sin 91 sin 02 sin 93

= = 1.5
g 72 73 (15)

One can show that Young’s law (1.5) is equivalent to
Y1 mar, + Y2 nar, + ¥3 nars = 0, (1.6)

which is the force balance at the triple line.
At the fixed outer boundary I';(¢) N9 we assume a 90° angle condition
and a no-flux condition resulting in

Ii(t) L oQ, (1.7)
VH; npr, =0. (1.8)

Here V is the surface gradient and ngr, is the outer unit conormal of I'; at
boundary points.

For the derivation of the boundary conditions (1.2)—(1.4) at the triple
line and (1.7)—(1.8) as the asymptotic limit of a Cahn-Hilliard system with
degenerate mobility, we refer to Garcke and Novick-Cohen [GN00]. The
angle conditions (1.2) follow from the balance of forces (1.6) at the triple line,
the second condition (1.3) follows from the continuity of chemical potentials
and the conditions (1.4) are the flux balance at the triple line L(t).

Smooth solutions I'; of (1.1) with boundary conditions (1.2)—(1.4) at
the triple line and (1.7)—(1.8) at the outer boundary the properties area-
minimizing and volume-preserving in the sense that

d d

where A(t) = Zle i fFi(t) 1dH"™ is the sum of the weighted surface areas
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and Vol;;(t) denotes the volume of the region enclosed by I';(t), I';(t) and
0f). The details for this calculation can be found for example in the work
of the first author [Dep10].

In the following situations there are some results on stability for surface
diffusion. Let three plane curves lie in the fixed region (), where 02 is a
rectangle, and evolve due to the weighted surface diffusion flow (1.1) such
that the outer boundary conditions (1.7) and (1.8) are fulfilled for each
curve. The three plane curves shall also have a triple junction where the
conditions (1.2)—(1.4) are fulfilled. In this case Ito and Kohsaka [IK0la] and
also Escher, Garcke and Ito [EGI03] showed global existence results when the
initial curve is a small perturbation of a certain stationary curve. The same
is true if 0N is a triangle and was shown in [IK01b] from Ito and Kohsaka.
In these cases also nonlinear stability of the stationary curve can be shown.
The above described planar situation was also considered without a special
geometry of € in the work of Garcke, Ito and Kohsaka [GIK10], where
the authors formulate a linearized stability criterion for stationary curves.
Related results for mean curvature flow can be found in the works of FEi,
Sato and Yanagida [ESY96] and Garcke, Kohsaka and Sevcovic [GKS09).

This work is the continuation of [Dep11] from Depner, where the case of
one hypersurface lying inside a fixed region was considered. We will intro-
duce a linear stability criterion based on the work of Garcke, Ito and Kohsaka
[GIK10] for curves in the plane and extend it to the case of hypersurfaces.
At the beginning it is very important to come up with a parametrization
with good properties to rewrite the geometric evolution laws as partial dif-
ferential equations for unknown functions. Therefore we use a composition
of a curvilinear coordinate system by Vogel [Vog00], that was also used in
[Depll], and a more explicit parametrization near the triple line with two
parameters corresponding to a movement in tangential and normal direction.

In this way we consider evolving hypersurfaces given as a graph over
some fixed stationary solution. In the next step it is crucial that we can
describe the linearized problem as an H~!-gradient flow, because this is
the main reason that the linearized operator is self-adjoint. Then we can
apply results from spectral theory and relate the asymptotic stability of the
zero solution of the linearized problem to the fact that the eigenvalues of the
linearized operator are negative. Since we can describe the largest eigenvalue
with the help of a bilinear form arising due to the gradient flow structure, we
can finally give a criterion for linearized stability of the original geometric
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problems around stationary states. At the end of the work we discuss some
examples.

2. Parametrization

In this section we give our use of parametrization to formulate partial
differential equations out of the geometric evolution law (1.1)—(1.8). In
detail the problem consists in finding three evolving hypersurfaces I'; =
Useomy{th x Ti(t), i = 1,2,3, with T'i(¢) C R™*! moving due to weighted
surface diffusion flow, such that T';(¢) lies in a fixed bounded region 2 C
R"*+! with unit outer normal v and the following decomposition is fulfilled.
The boundary can be seperated disjointly into OT';(t) = L;(t) U S;(t), such
that L(t) = L1(t) = Lo(t) = Ls(t) is a triple line and the other parts
Si(t) = oT';(t) N O represent the sections with the outer fixed boundary.
Note our implicit assumption that L(¢) does not intersect 0f2.

In formulas, we have to find hypersurfaces as described above which
fulfill the following surface diffusion equation in I';(#)

Vi = —m;v;Ar, 1) Hi, (2.1)

where the positive constants ; and m; are the surface energy density and
the mobility of the interface I';(t).

At the outer boundary S;(t), we require the following right angle and
natural boundary conditions.

/(T4(t),00) = =
{ (I(t), 0) = 3 2.2)
Vr.)Hi - nor, ) = 0.
At the triple line L(t), we require the following conditions
Z(T1(¢),Ta(t)) = b3, Z(T2(t),T3(t)) =01, Z(I'3(t),T1(t)) = b2,
y1H1 + 2 Ha + v3H3 = 0, (2.3)

m1y1Vr, 1y Hi - nor, (1)
=m272Vr, ) Ha - nor, ) = m313Vr, ) Hs - nar, (1)

With the help of the outer unit conormals ngr, ) of I';(t) at O';(t) we can
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write the angle conditions at the triple line through the requirement that

MaT, (1) " Mars(t) = COSU3,  Mar, (1) - Nar,(r) = cos b, (2.4
Nars(t) - Mor, (1) = €08 ba. .

Due to 61 + 02 + 035 = 27 two of the above angle conditions already imply
the third one.

An important observation is the fact that the three outer unit conor-
mals ngr, (¢), Nar,(r) and ngr, ;) all lie in a two-dimensional space, namely
the orthogonal complement of the tangent space of the triple line L(t), i.e.
nor, ) (p) € (TpL(t))*. Since L(t) is an (n — 1)-dimensional submanifold of
R™*+1 this orthogonal complement is in fact a two-dimensional space.

We choose unit normals n;(t) of I';(t) in an appropriate direction
through the requirement that the angle between nsp,+) and n;(t) increases
by 7/2 compared to the angle between ngr, ;) and nar;(t), i-e. we have the
following formulas

n;(t) - nj(t) = cos by, (2.5)

napi(t) . ngpj(t) = COS (gk, (2.6)
™ .

nar,(t) - nj(t) = COS <9k + 2) = —S1In Qk, (27)

each on L(t) and for (7,7,k) = (1,2,3),(2,3,1) and (3,1,2). To be precise
we require formula (2.7) at a fixed point of L(t), extend the normals by
continuity to all of I';(¢) and observe the validity of (2.7) on all of L(t) again
by continuity. See Figure 1 for a sketch in the two-dimensional situation for
curves near the triple line.

With this choice of normals the force balance (1.6) can also be written
as

i (t) + yana(t) +y3ns(t) =0 on L(t). (2.8)

We want to describe the considered hypersurfaces as graphs over some
stationary solutions I'* of (2.1)—(2.3). This means we consider three hy-
persurfaces I', which lie in 2, and the boundary has a decomposition
oIy = L7 U S}, such that the three hypersurfaces meet at a triple line
L* = L7 = L5 = L3 and the other parts are intersections with the outer
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Figure 1. The choice of the normals.

fixed boundary, i.e. S} = 0I';NON2. I'} shall fulfill the surface diffusion equa-
tion (2.1) with V; = 0, the conditions (2.2) at S} and (2.3) at the triple line
L*. As above, we choose the normals n} of I'} so that y1n]+7v2n35+vy3n5 = 0.
For these stationary solutions the following lemma holds.

Lemma 2.1 Stationary solutions as described above have constant mean
curvature and fulfill the identity

*
Vlﬁnarf +'Y2’Qn81~5 +’73’<5n51~§ =0 on L7,

where kn,.. = 0} (nar:,nars) is the normal curvature of T’} in direction of
nor: and o is our notation for the second fundamental form of T'; with
respect to the unit normal n;.

Proof. Standard analysis gives the claim of constant mean curvature and
for the details we refer to [Depl0]. Here we just show the remaining identity.
For ¢ € L*, we can decompose the tangent space T,I'; with the help of the
outer unit conormal ngrs of I'Y at L* into T,T'; = T, L* U span{nar: }.

Therefore we can complete nar: to an orthonormal basis {Tl,ap;_*,
t1,...,tn—1} of T,I'f with the help of suitable vectors ¢i,...,t,—1 € T,L*.
Note that we choose for every i = 1,2, 3 the same set of vectors t1,...,t,_1.
Since the mean curvature H; is the trace of the Weingarten map, we obtain
the identity

n—1

YiH] = vio] (nor:, nor:) + i Z o (t,t)-
=1
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Now we use the second equation vy Hf +v2Hs +y3H3 = 0 on L* from (2.3)
for the stationary hypersurfaces to get

3 3 n—1
0= Fifinges + D% Y 07t 1))
i=1 =1 j=1

For the second term we calculate

3 n—1 n—1 3 n—1 3
)SEDDEEIORAEED 9 SELRTRIESS O 0 92ty A
i=1  j=1 j=11i=1 j=1 i=1

—_————
=0 on L*
where the identity holds since ¢; is a tangent vector of L*. O

To describe the considered hypersurfaces I';(t), we will use the represen-
tation for one hypersurface from Depner [Depll] resp. Vogel [Vog00] near
the fixed boundary 0f2, an explicit mapping near the triple line L* and
finally compose them with the help of a cut-off function.

So for i = 1,2,3 and small € > 0 we set up a specific curvilinear coor-
dinate system that takes into account a possible curved boundary 92 and
the fact that the considered hypersurfaces have to stay inside 2 and their
boundary has to lie on 9€). Let

U, :T7 X (—g,6) — Q, (q,w) — ¥;(q,w) (2.9)

be a mapping with ¥;(¢q,0) = ¢ for all ¢ € I'}, ¥;(q,w) € 9N for all ¢q €
s NoQ = Sf and 0,,%,(q,0) - nf(q) = 1 for all ¢ € I';. We also assume
that for every (local) parametrization ¢ : D — I'* with D C R™ open, the
mapping (y, w) — ¥;(q(y), w) is a locally invertible map from R™*! to R™+!,

This mapping is given as

Vi(q,w) = q+wn;(q) + alq,w) 7/ (q),

where 7

* is a tangent vector field on I'} with support in a neighbourhood
of OT'; M O which equals the outer unit conormal ngrs at 9I'; N 9€2. The
function « fulfills a(q,0) = 0 for all ¢ € I'} and is constructed with the
help of the implicit function theorem to achieve the properties of V¥;, see

Vogel [Vog00, Prop. 3.1]. We state the following lemma, which was shown
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in [Depll].
Lemma 2.2 For g € OI'; N 09, it holds that 0,,¥;(g,0) = n}(q).

Furthermore, for small § > 0 let Z; be a mapping defined via

Z; T x (—¢,¢) x (=6§,0) — R+,
(2.10)
(g w,s) — Zi(q,w,s) :=q+wn](q)+ s, (q),

where ¢ = 1,2,3 and 7, is a tangent vector field on I'] with support in
a neighbourhood of L,
More precisely we choose an open set U C R™*! such that U is a neigh-
bourhood of the triple line L* and set U; := U NI';. Then we require for 7;*

that

which equals the outer unit conormal nor: at L.

=0 for ¢ € T7\U;,
77 (q) ¢ € T,I'; for ¢ € U;, (2.11)

7

=nor;(q) for ¢ € Lj.

Now we choose a neighbourhood of L* given by some small tube By, (L*)
around L*, where 27 > 0 is such that By, (L*) is compactly included in £2,
ie. Ba,(L*) C €. Since our decomposition of OI'f assured that L* C 2,
such a neighbourhood can be found.

An additional assumption is now that the evolution of the triple line
shall always stay inside the neighbourhood Ba,(L*), in particular the triple
line will never touch the outer fixed boundary 9€2. To this end, we choose a

smooth cut-off function n € C*°(Q2), such that

(1 weB(LY),
o) = {o, € Q\Bar (L),

For i = 1,2,3 and functions
pi i [0,T)xTf — R and p;:[0,T)x L* — R

with |p;| < € and |p;| < J, we define the mappings ®; = 7" (we often
omit the superscript (p;, ;) for shortness) for i = 1,2, 3 through
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®,:[0,7)xI'; — Q,

2.12
D,(t,q) == n(q) Zi(q, pi(t; @), i(t, pr;(q))) + (L —n(q)) Vi(g, pi(t, q)) (212

Here pr; : Iy — L} a projection on L}, which we define as follows. We
let V. R™*! be an open set such that U from the above definition of the
tangent vector field 7 is compactly embedded in V, i.e. U CC V and set
Vi:=V NI7. If Vis asmall enough neighbourhood of L*, we define the

projection pr; through

u for q eV,

pr;(q) = _ 2.13
@ {qo for ¢ € I'7\V;. 213

Here ¢ is some fixed point on L} and u = pr;(q) is the unique point on L7,
that is mapped to ¢ with the geodesic line a;(s) on I'} with

@i(0) =u and «a;(0) = nar=(q).

Note that we need this projection just inside of the small neighbourhood V/

*

of L*, because it is used in the product u; (¢, pr;(q)) 7 (q), where the second

term is 0 outside of the even smaller neighbourhood U of L*. We set for

fixed t the mapping
((pl)t : F: — Rn+17 (@Z)t(q) = cpl(ta q)7

which is a diffeomorphism onto its image if € and § are small enough. Finally
we define new hypersurfaces through

Ui () = {(®i)i(q) | ¢ € T5}- (2.14)

Then the resulting hypersurface for p; = 0 and u; = 0 is simply

FPiEOaHiEO(t) =1I7.
We formulate the condition that the new hypersurfaces meet in one
triple line L(t) through

(I)l(tv(J) = (I)Q(tv q) = (I)3(t7 Q)
for g € L*(= L] = L5 = L3) and for all t > 0. (2.15)
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For the new hypersurfaces I';(t) :=T',, ,,, (t) there exists also a decomposition
of the boundary OI';(¢) through

or;(t) = Li(t) U S;(t),

where S;(t) = OL';(t) N 0 and from (2.15) we can identify the other parts
L;(t) = 0T';(t)\Si(t) to one compact (n—1)-dimensional submanifold L(t) =
Lq(t) = La(t) = Ls(t).
Note that (2.15) can be formulated as
Z1 (ta 1 (ta Q)a H1 (ta Q)) = ZZ(tv pZ(tv Q)v :u2(t7 Q))
= 23(757/)3(757 Q)7,U’3(t7 Q)) for qc L*7

since the cut-off function 1 equals 1 at the triple line L* and the projections
give pr,;(q) = q. The last identity can also be written as

plnf + Himary = ,02”; + H2mory = pgn;) + H3nory on L*. (216)

Since on L* the six vectors nj, nary ns, nary, n3 and nar; lie in the two-
dimensional space (T,L*)%, the equations ®; = &3 and 3 = ®3 on L* (the
third one is then automatically fulfilled) lead to 4 conditions, namely 2 in
each case. Therefore it is reasonable to try to find 4 equivalent conditions
to (2.15), which is done in the next lemma.

Lemma 2.3 FEquivalent to the equations
(I)l = @2 and (I)g = @3 on L* (217)

are the following conditions, which describe an identity for the weighted sum
of the p; and a linear dependence of u; to all of the p; on L* given through

(i) v1p1 +y2p2 +v3p3 =0 on L*,
(2.18)

(i) i = 5-(cjpj — crpr) on L*
for (i,3,k) = (1,2,3),(2,3,1) and (3,1,2), where s; = sin6,; and ¢; = cos 0.

Proof.  (2.18) follows from (2.17) with the help of (2.16) as in [GIK10].
In order to show that (2.18) implies (2.17), some linear algebra is needed.
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We fix p € L* and formulate (2.17) with the help of the matrix

A— (M —n2 0 mer; —mer; 0
~\ 0 5 : 0
ng —Ng Nory  —Nory

and the vector (p, i) = (p1, p2, p3; f11, f12, 13) through

(p, p) fulfill (2.17) <= A <Z> =0<= (p, ) € ker A.

Since ®; = ®5 and &5 = $3 on L* are each identities for linear combinations
of the vectors ni,n3,n3, nar;,nary,nors;, which lie in a two-dimensional
space, the image of A has at most dimension four. From the fact that the
first, the third, the fourth and the sixth column in A are linearly indepen-
dent, we see that in fact dim(imA) = 4. This leads to dim(ker A) = 6—4 = 2.

Now we observe that (2.18) can be written with the help of the matrix

M 2 3 000
a0 22100
—e 0 - 010
—ao—e g 00 1

83 S3

through
(p, p) Fulfill (2.18) < B <Z> =0 < (p, ) € ker B.

Since the third, the fourth, the fifth and the sixth column of B are linearly
independent, we see that the rank of B, i.e. the dimension of the image of
B, is four. The rank formula leads to dim(ker B) =6 — 4 = 2.

With the above calculations we showed ker A C ker B, and since both
kernels have dimension two, we conclude ker A = ker B, which gives the
desired equivalence of the lemma. O

From now on, we always assume condition (2.15) and write the surface
diffusion equation (2.1) and the boundary conditions (2.2) and (2.3) over
the fixed stationary hypersurfaces I'] to get partial differential equations for
pi and p;, ¢ = 1,2,3. This gives for the surface diffusion equations in I'}
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Vi(®i(t,q)) = —miviAr, ) Hi(®i(2, q)),

for the boundary equations on S}

(ni - v)(Pi(t, q))

Vr, ) Hi(®i(t,q)) - nor, ) (Pi(t,q)) =0

)

and for the boundary equations at the triple line L*

(n1(®1(t,q)) - n2(Pa(t, q)) = cos b3,
nZ(q)Q(t’ q)) : ’I’Lg(q)g,(t, q)) = COS 927
Y1 H1(P1(t,q)) + Y2 Ho (P (
m11 Ve, o Hi(®1(t,q)) - nor, i) (1L, q))

—m272Vr2(t)H2( 2(t,q)) - nan(t)(q)2( ,q))
= m373Vr, ) H3(P3(t, q)) - nors 1) (P3(t, ).

3. Linearization

2(t,q)) + 13 H3(P5(t, ) = 0,

(2.19)

(2.20)

(2.21)

In this section we give the linearization of (2.19)-(2.21) around (p;, i) =
(0,0), which is our interpretation of the linearization of (2.1)-(2.3) around
a stationary state I'7, I'5 and I';. To get the linearization, we consider each

term separately, write (ep, ep) instead of (p, ), differentiate with respect to

¢ and set ¢ = 0.

Remark 3.1 The linearization is always done in spaces of functions, which

are classical differentiable, for example in Lemma 3.2 below we need p; €

C4(T'}) and in Lemma 3.4 we use p; € C*(9T'}).

We use the results in [Depll], in particular the linearization of mean

curvature and the right angle condition at the fixed boundary, which are

summarized in the following lemma whose detailed proof can be found in

[Dep10].



Stability analysis of surface diffusion with triple lines 23

Lemma 3.2 We use the following results.

d .
<d€AFi(t)Hi(q)i(t,Q)) = Ar: (Ap:p; + o pi) in T,
e=0
d * ES *
(Ze @) = (@, Sttt} on s
€ e=0

Herein Ar-: is the Laplace-Beltrami operator on I'; and lo|? is the squared
norm of the second fundamental form of I'} with respect to n}, which is
given through the sum over the squared principal curvatures. S is the second
fundamental form of 02 with respect to the inwards pointing normal —uv.
Note that n} lies in the tangential space of OS2 due to the right angle condition
for the stationary state I'f at S} .

The remaining work is the linearization of the angle conditions n; -n; =
cos 0 at the triple line L*. To calculate this linearization at a fixed point
qo € L*(= L7 = L5 = Lj) for t > 0, we choose a local parametrization of I'}
around gy with nice properties. More precisely, let U; C R™*! be an open
neighbourhood of gy, V; € R"*! open and ¢; : U — V a diffeomorphism,
such that

@i(U;NL}) =Vin (R} x {0})  with (¢i(q0))n = 0.

We set D; x {0} := V; N (R% x {0}) and let F; = (p; ")

D> i.e.
F,:D; — T} CR"M 22— Fi(x). (3.1)

This is a local parametrization extended up to the boundary around g¢ with
F(x}) = qo for some x} € OD;. At the fixed point z}, we can demand the
following properties.

(A) O1F;(xh),...,0,F;(z}) is an orthonormal basis of T, I'},
(B) 01Fi(xf) = nor:(qo), where nap: is the outer unit conormal of T’} at
oI’y and

(C) (O1F; X -+ x 0, F;)(z0) = n}(F(x})), where we just fix the sign.

The third assumption (C) uses the cross product for n vectors in R*+1,
which in this case due to the orthonormality of &1 Fi(x}), ..., 0nFi(x}) lies
by definition in normal direction and we just want to fix the sign. To calcu-
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late the linearization of the angle conditions at the triple line, we need the
following properties.

Lemma 3.3  With the help of the parametrizations F; it holds for F;(x) =
qely

(1) ‘P(F( ),0,0) =
(ii) U;(Fi(),0,0) = 9;Fy(x), 0, Vi (Fi(x),0,0) = nj (Fi(z)),
U;(Fi(x),0,0) = 77 (Fi(x)).
Additionally, for the fized point F;(zf) = qo € L* it holds

(iv) (alpi X % QyntoF) - x 8nFi)(xf)) = (B(n: o F)) - OF))
(wh)(nf o F)(ah),
(v) (31F¢ X - X Tﬁi X e X 8nFi> (z) = (77 o F}) - OF;) () (n] o
FZ)(I%))’ I-th pos.
(vi) (alp X Ot O Fy) X+ X Oy F)(mf))
= ((91(% o F;)-01F;) () (nf o Fy) () — (Qu(77 0 Fy)-mi ) () Dy Fi ().

Fi(x),

Proof. This is a direct calculation using the properties of the vector prod-
uct and the parametrizations F; from (3.1) and will be omitted here for
reasons of shortness. O

Now we are in a position to derive the linearization of the angle condition
at the triple junction.

Lemma 3.4 The linearization of
n; (t, ®701 (¢, q)) - ny (¢, <I>§j’“j (t,q)) = cosBy on L*

around (p, ) = (0,0), where p = (p1,p2, p3) and p = (1, pi2, 13), is given
through

8narf Pi T+ B i = 8nar; Pj F Fngry i 0N L, (3.2)

where Kn,.. = 0} (nap;,nap;«) is the normal curvature of I'; in direction
3
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nor: . Equivalently, we can write this equation as

1
anar; pi + ; (CjK‘naF;.‘ - Ck"{narz )Pi
1 *
— 8nar; p;j + - (ckmnaFz = Cifingps )pj on L*, (3.3)
j

where (i,7,k) = (1,2,3), (2,3,1) or (3,1,2), s; =sinb; and ¢; = cos¥b;.

Proof. We show the linearization at a fixed point gg € L* for ¢ty > 0 and
choose parametrizations F; as in (3.1) with properties (A)-(C) at the fixed
point F(z}) = qo.

Using the diffeomorphism (®;); : I} — T, ,,(t) we also get a
parametrization of I',, .. (t), which we denote by

Gﬁ 1D — FPi,M (t)a G:(x) = (I)i(tﬂ Fl(x»

Then the normal n; of 'y, ,,(t) at p = ®;(t,q) € '), ,, (t) for some ¢ € T},
is given with the help of the cross product of n vectors in R**! through

_ O01GE(x) x - x 0,Gl(x)
CGl(x) x - x OnGl(a)|

ni(t,p) = ni(t, ®i(t, ) = ni(t, Gi(2)) (3.4)

A calculation of the partial derivative 9,G%(z) gives
OG; = O F; + dpin + p; Oni + O 777 + p; O],

where we omitted variables for reasons of shortness. We consider the nu-
merator of n; from (3.4).

011Gt x - x 0,G"

n
= >< (&Fi + Oip; n;k + piam;k + O Ti* + alTi*)
=1
n l—t/h\pos.
= (O1F; x -+ x O, %) +Z@lp,~<81Fi X oo X nfoX-eeX 8nF,->
=1
n I—Lh\pos.
+Zpl<81Fl X e X Gln;" X X anFZ>
=1
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1-th pos.

+Zal,ul(81F1XX ;z; XX@nFZ)
=1
1-th pos.

n
+ZM(31Fi XX Ol X X G”FZ)
=1

+ quadratic terms in p; and p;,

where the quadratic terms are not written down explicitly, because they will
not give a contribution to the linearization. Cubic or higher order terms in
p; and p; do not appear, because the vector product will always vanish for
such expressions.

With the help of the results from Lemma 3.3 for the parametrization,
we can proceed at the fixed point gy € L* for ty > 0 as follows.

0hG; X -+ - x 0,G; — quadratic terms from above

=n; — Z Oupi O F; + Z pi(On; - O Fy)n;

=1 =1

+ Y i(r] g =Y w0y - n;) O,
=1

=1

= (1 + Z,Oi(amf <O F;) + Zalﬂi(Ti* -OF;) + Zui(aﬂf . alFi)>nf
=1

=1 =1
=Y 0piOF; =Y (0 - nf)OF,
=1 =1

=: Ri(pi, i)
where we use the abbreviation R;. We want to linearize the relation

Ri(pis i) Rj(ps,15)
|Ri(pi, i)l [R;(pss 15)]

= cos Oy (3.5)

around (p;, ;) = (0,0). Replacing p; and p; by ep; and ep; and setting
Qi(e) := R;(ep;,ep;) we have to compute the term
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d(@@)xw@)
E\[QE)] 1)

We see the identity Q;(0) = R;(0p;,0u;) = R;(0,0) = n} and can therefore
calculate abstractly

At

e=0

_ 1Qi(0)] Q4(0) — Qi(0) 4 (1Qi(#))le=o
1Q:(0)2

Qi(0) - Q;(0)
Q:(0)]

— QU(0) — n} (Q(0) - n) = (QL(0) ",

= Q:(0) — Qi(0)

where we used the projection on the tangent space of I'; given by (y)T =
y — (y -ni)n;. With the relation Q}(0) = L R;(ep;, ep;) __, and with the
definition of R we see

T n n
> = - Zalpi O F;— i Z (O -n}) O F;.
e=0

=1 =1

(@i0)" = (- Rolepioers)

Therefore, we get

d(@ﬁ»,@ﬂ))

XETMONE]
— (0 T Q;(0) Qi(0) ’ T
- @O0 Ger o (@)
= <— Zalpi O F; — 4 Z (o} -nf)@ﬂ*}) ‘n
=1 =1

nf . < — Zalpj ale — Mj Z (817'; . nj)@@)
=1 =1

Here we use that 01 F; equals the outer unit conormal nor: at the fixed
point z§, compare (B). Because of the orthogonality of 0, F;, ..., d,F;, we
can conclude that the tangent vectors 02 Fj, . . ., 0, F; are all perpendicular to
nor:. Of course, they are also perpendicular to the normal n}, everything at
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the fixed point g9 = F () € L*. Furthermore we observed at the beginning
that the vectors ny, naors, n3, nors, n3 and nar;, all lie in a two-dimensional
space, namely the space which is orthogonal to the tangent space of L*. So
we can write n;‘ as a linear combination of n; and nor:. Therefore in
the above linearization of the angle conditions the scalar products involving
0o F;,...,0,F; and also 02, . . ., 0, F; all cancel out and the following terms
remain

_d( Qi(e)  Qj;(e) )
de \|Qi(e)| |Q;(e)]
= (81;)2- O F; +Mi(al7'i* 'n;'k)alFi) n;‘

e=0

+ 0} (019 01 F) + 1 (017 - ) 01 )
= (O1pinor: + pi (017 - nf)nor:) - nj
+n; - (01pj nors + p; (017} - nj)nor:)
= (01pi + pi (017 - nf)) (nors - nj) + (Oups + pj (O17; - n)) (nars - ny).

Due to the angle conditions for the stationary reference hypersurfaces I'}, it

;) and (nor: - n7) is sin 6 and the other
one is —sin#y. Since sinfy # 0, we obtain the linearization of the angle
condition as follows

holds that one of the terms (nar: -n

O pi + i (017‘1»* . n:‘) = 01pj + 1 (317‘; . n;")
for (i,7) = (1,2) and (2, 3).
In geometric terms, the derivative 0y here is a directional derivative in
direction of the conormal, which follows from (B), so we get
O1pi = Onyrs pi = Vrypi - nor; and

(617'1-* . nf) = (87181,: ’I?,ar;f . nf) = —nar; : 8"81“;« n;k = O—: (narpnarg) = Hnap;m

where o7 is the second fundamental form of I'; with respect to n; and ry, ..
is the normal curvature of I'] in direction of the conormal nar:.
The linearization of the angle condition then reads as follows
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6’”‘8F;‘ pi + H"ar; Hi = 8"ar;f pj+ K“”arj*. Hj»

for (i,7) = (1,2) and (2, 3).

To derive (3.3) from this identity, we use the fact 2?21 Yikor: = 0 from
Lemma 2.1 and analogue calculations as in [GIK10]. The details can be
found in [Dep10]. O

To proceed, we abbreviate for reasons of shortness the following terms
on L*.

1

= (€2 Fngrs — €3 Fngps ), (3.6)
1

az = *(03 Bngrs —C1 ﬁnar*) and (3.7)
ED) 3 1
1

as = - (c1 Fngrs — C1 K”ar’f)' (3.8)

Altogether we obtain the linearized problem for i = 1,2,3 and ¢ > 0

with the boundary conditions on S7

{ (00 = S(nf,n))pi =0, (3.10)
0

v (Ar:pi + o7 ?pi) = 0,
and the boundary conditions on the triple line L*

Y1p1 + Y2p2 +v3p3 =0,
Onory PL+01P1 = Onypy P2 + a2 P2 = Onyr, P34 a3 p3,
Y1 (Arspr + |07 ?p1) + 2 (Aryp2 + |05 2 p2) + 73 (Ary ps + |o3]p3) = 0,

ml’h@narf (AF{PI + |Uf|2/)1) = m2’Y28nar; (AF; p2 + “75‘2/)2)
= m:ﬂ:’ﬁn6F§ (Arzps + |o5%ps).

(3.11)
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4. Stability analysis

In this section we derive conditions for the asymptotic stability of the
zero solution of the linearized problem (3.9)—(3.11). We first show that
(3.9)—(3.11) can be interpreted as a gradient flow with respect to an energy
FE given by a bilinear form I. Then we can show that the solution operator
A of (3.9)—(3.11) is self-adjoint and we will study its spectrum. Finally, we
describe asymptotic stability through the condition that I is positive.

The following abbreviations for function spaces resp. dual spaces will be
useful. For k£ € N, we set

HE = H*(T]) x H¥(T5) x H¥T3),
(H") = (H’“(FT))' x (H*(T3)) = (H*(I3))’,
Y= {(51,52,53) EH' | &+ &+ & =0o0n L*

and & dH" = & dH" = E3 dH" }7
rs I3

r;
Y= {(€1.62,6) € H | &1+ &2 +E =0 on L7},

E = {’Ul,Uz,’Ug EH | 7101 + Y202 + y3v3 =0 on L*

and/ vldH"—/ vgd’H”—/ vgdH”},

H' = {(wr, wa,w3) € (HY) | (wr, 1) = (w2, 1) = (w3, 1) }.

Here (.,.) is the duality pairing between the dual space (H'(['}))" and the
Sobolev space H'(T'}). We will also denote the duality pairing between
w = (wy,wz,w3) € H™! and u = (uy,us,u3) € H' with the same symbol,
ie.

(w,u> = <’LU1,’LL2> + <w2,u2> + <w3,’LL3>.

We will show that the linearized problem (3.9)-(3.11) is a gradient flow with
respect to the H ! inner product.
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Definition 4.1 We say that " = (u}’,uy,uy) € Y for a given w =
(w1, w2, w3) € H™! is a weak solution of

—m;Arru = w; inIy (i=1,2,3),
uf +uy +uy =0 on L*,
miVrsuy - nors (4.1)

= mQVp; ué” . narz = m3VF§ ug’ . naF§ on L*,

(Vr:u - npr: =0 on Sf (i=1,2,3),

if and only if u® € ) satisfies
3
(w,§) = Zmz/ Vrsug - V=& dH™ (4.2)
i=1 rs

for all ‘E = (517£2a§3) € y

For later use we show in the next lemma that the above weak formulation
(4.2) can also be written with the help of test functions from the larger space
Y instead of V.

Lemma 4.2 FEquation (4.2) can be written equivalently with test functions
& € Y instead of Y. In detail this means for w € H™' and u* € Y the
equivalence between the following two equations

(i) (w,§) = ZZ 1My fF* Vs - Vp:& dH™ for all § € Y and
(ii) (w,§> :Z lmzfp* Vrsuy’ Vp*fzd’H” forall€ €.
Proof. The inclusion Y C Y leads to the implication (ii) = (i). N
For the other implication let £ = (51,52,53) € Y be given, ie. & €

HY(T%) and & + & + & =0 on L*. We want to find constants (c1, ¢y, c3),
such that

§i=(6—c¢):= (gl —01752—02753—03) el

This means, we have to find constants ¢ = (¢1, ¢, ¢3) such that
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c1+ca+c3=0 and
/* (&1 — c1)dH"™ = /* (&2 — co)dH™ = /* (& — c3)an™.

We formulate these conditions as a linear system of three equations for the
unknowns (c1, ¢a, ¢3) and observe that the corresponding matrix

1 1 1
Me=|-Ti T3 o
0 -3l |3

is invertible due to det M = |I'5| - [I'3| + |T'}| - [T'5| +|T'}| - |[T'5| > 0. Therefore
we can find ¢ with the above properties and £ = £ — ¢ fulfills £ € ) and can
be used as a test function in (7) to get

3
(w,§—c) = Zmi/ Vsl - V& dH",
i=1 e

where the constant on the right side has vanished. Due to (wy,1) = (wy, 1) =
(ws, 1) the left side can be written as

3

<w£—c w§> sz,cz . w§> (w1, 1 >Zci:<w’5~>

i=1
——
=0

and we proved (ii). O

Since the problem (4.1) is a bit unusual due to the different domains of
definition I'}, we want to show equivalence of strong and weak solutions in
the smooth case.

Lemma 4.3 Let w € H~! be smooth, so that we can assume (w,£) =
Z?:1 fr’f w; & dH™ for the duality pairing. Then u* € Y is a smooth solu-
tion of (4.1) if and only if u* € Y is smooth and fulfills (4.2).

Proof. Let u™ € ) be a smooth solution of (4.1). By testing with £ € Y,
we get with the help of integration by parts
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3 3
o= [ wedrr =3 [ (= miarur)gan
i=1 717 i=1 717

3
=Zmi< Vr:uf - V& dH" (Vesuy’ - nors) & dH™ ™!
__ S;‘%/—/
=0

—/* (Vrruy - nors )& dH"™ 1)

3 3
— Z my; Vp*u VF*& dHn / mq (VFTU? . nari«) Z 51 dHn_l
rr * i=
—y

Conversely, let 4 € Y be smooth and fulfill (4.2) for test functions & € Y,
which is possible due to Lemma 4.2. Integration by parts then gives

3
> [ wgan
i=1 /175

3
=> m; | Vr:ul - V& dH"

=1 Ty
3
=— Z m; | Arsui’ & dH" + Z m; (Vr:u) - nors) & dH™ !
i=1 rs L

3

+ Zmz/ (VF:’UJ;U . narz)éi dHn_l.
i=1 ;
Therefore it holds

(w; + miAp:u? fde”nLZ / mi (Vrsul - nars )& dH" !

*

+ Z/ m; (Vreuy” - nors)& dH™ !

. *
=1 i
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for all ¢, € HY(T'}) with & + & + & =0 on L*.

By setting two of the & to zero and using zero boundary conditions
for the remaining one, we get with the help of the fundamental lemma
w; = —m;Ar:u’ on I'}. Since &; is arbitrary at S}, we also get the boundary
condition Vrsu’ - ngrs =0 at S;. It remains the identity

0= Z/ mz VF* n@l—‘*)gz dH"™ 1

Here we use &1 + & + &3 = 0 at L* to get
m1VFf{ uqlu “Nor: = mQVF; ué" “Mory = m3VF§ ué“ “Mory at L*.

Altogether we showed that u™ is a strong solution of (4.1). O

The next step is to show a Poincaré-type inequality for functions in £
resp. in ). Therefore we use the notation for p = (p1, p2, p3)

3 1/2
o= (3 loiaqer))  and
=1
3 1/2
9ol = (X I9eslies)

i=1

(4.3)

Lemma 4.4 There exists a constant C > 0, such that

loll < Cl[Vr-pll
holds for all p = (p1,p2,p3) € E. The statement is also true for functions
p=(p1,p2,p3) €Y.

Proof. We argue by contradiction and assume that we can find a sequence
(P")nen € &, such that

1p™ || > n[[ V- p"[].

In particular, this gives ||p"|| > 0 and normalizing p” leads to a

= 15T
sequence p" € £ with ||p"|| = 1 and 1 > n||Vr«p™||. For the components,
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we get the bound

3 3 1/2
lotlaaces) < 3 I3y < V3( oM Bay ) = VIt = V5.
=1 =1

For the surface gradient of the components, we observe the convergence

3
HVF;‘p?HLZ(r;) < V3| Vr-p|| < \nf — 0 for n — oc.

Therefore, we can deduce the weak convergence p@' — C; in H!(T}) for
constants C; € R. The Rellich embedding theorem gives p?* — C; in L?(T'})
for n — oo. Furthermore, the integral condition fFi‘ p1dH" = fF; p2 dH™ =
frg p3 dH™ leads to |I'j|- Cy = |I'5| - Cy = |I'}| - Cs, so that we can conclude
that the constants C; all have the same sign.

Finally, the boundary condition ~y;p!" + 205 + v3p5 = 0 on L* gives
71C1 + ¥2Cs + v3C3 = 0 and therefore Cy = Cy = C3 = 0. More precisely,
we have to use the compact embedding H*(I'}) < L?(9I'}) here. But this
is a contradiction to ||p"|| =1 for all n € N. O

With the above Poincaré-type inequality one can show unique existence
of a weak solution from problem (4.1) by means of the Lax-Milgram theorem.
Now we are able to define the H~!-inner product, a symmetric bilinear form
and an energy on H'.

Definition 4.5 For v,w € H~! we define the inner product

3
(v,w)_1 = E m; VF::UZ) . VF:HLL;U dHn,

where v’ = (u},uy,uy), v = (ui’,uy,uy) € Y are the weak solutions of
(4.1) for given v = (vq,v2,v3), w = (wy,we,w3) € H~!. We remark that
the identity (v, w)_1 = (v,u") holds for all u,w € H~.

Definition 4.6 For p = (p1, p2, p3) and n = (1,72, 73) in H' we define
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I(p,n) == Z%(/ (Vr:pi Veen; — |of [ pini) dH"

=1 i

— [ S(nj,ni)psini dH" +/

aipi i dHn_1>
s;

*

and the associated energy for p € H! by E(p) := %I(p, p). We remind that
a; are the abbreviations from (3.6)—(3.8).

Now we want to show that the linearized problem (3.9)—(3.11) is the
gradient flow of E with respect to the H~! inner product (.,.)_;. Therefore
we introduce the following time independent problem.

Definition 4.7 For a given w = (wy,wq,ws3) € H~! we say that p =
3 . o o . .

(p1, p2,p3) € H® with fFI p1 = sz p2 = fFS p3 is a weak solution of the

boundary value problem

with the boundary conditions (3.10) on S} and the boundary conditions
(3.11) on the triple line L*, if and only if p satisfies

3
(w, &) = Zmz%‘/ Vr: (Ar:p; + |07 [pi) - V=& dH" (4.5)
i=1 I3
for all &€ = (&1,&2,&3) € Y and fulfills the boundary conditions
(&, —S(n;, nf))pl =0 (4.6)
on S; and

Y1p1 + Y2p2 + v3p3 = 0,

3narf p1t+aipr = 3nars p2 +azp2 = 8n61~§ p3 + a3 ps, (4.7)

Y1 (Aripr + 107 2p1) + 72 (Ars o2 + [03]%p2)
+73(Ar; pz + |o5]p3) = 0

on the triple line L*.
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Lemma 4.8 Let w = (wy,we,w3) € H™! and p = (p1,p2,p3) € € be
given. Then p is a weak solution of (4.4) if and only if

(w’g)—l = _I(pag)

forallE € &.

Proof. Let p € € be a weak solution of (4.4). Due to £ € &€ C H™!
through (¢, u) = Zf’zl S & ug dH™ for u € H' we get from Definition 4.5
(wv‘g)—l = <’LU,U£>.

Using u¢ € Y as a test function in the weak formulation of (4.4), we
observe

(w, ut Zmzfyz/ VF* Ap*pz+|a | pz) Vrs Ed?‘(”

=1

= Z m; VFZ @i . VFZ ’LLZE den’
: r*

where we defined for shortness ©; = ’)/,L'(AF; pi+|of|?p;). The third boundary
condition on L* from problem (4.4) yields ©1 + ©3+ 03 = 0 on L*. Due to
Lemma 4.2 we can use © = (01,05,03) as a test function in (4.2) to get

3 3
Y| & -0idH" =) m; [ Vr:0; Vrsuf dH™.
i=1 717 i=1 3
Here we used the inclusion £ € £ C H™! through (£,0) = >, fr* &0

Thus we can conclude with integration by parts
3
(w,§)-1 = Z/ & i(Ar; pi + |7 pi) dH"
/T
- —Z% / (Ves€s - Ve pi — |07 6 ps) dH"

+Z’Yz/ &i VF*pz nar*)dH" !
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= - Z’}/z/ VF*SZ vF*pz ’U:(’ng pi)dHn

3
+Z%’/L & a”ar;pi dH™ ! +Z%/g & &,pi dH™ L.
i=1 * i=1 7

Using v1&1+7282+7383 = 0 at L* for € € £ and the third boundary condition
on L* for the weak solution p of (4.4), we get

3
:Z / & (Onpr: pi+ aipi)dH" ™ Z%/L* a; & pi dH™

=1

3
= / (Onors p1 + a1p1) > ki dHT - Z%/ a; & pidH" 1
L~ = Jr

=1

=0

From the first boundary condition on S} for the weak solution p of (4.4) we
get,

3 3
Z%/ i OypidH" ! = Z% & - S(nf,n)p; dH" L.
i=1 75 =1 7S

Altogether, we arrive at (w, &)1 = —1I(p,&) for all { € €.
Conversely, assume that p € £ satisfies (w,&)_1 = —I(p, &) forall £ € £.
Now let ¢ € H3 NY be a given function with

m1 (Vi - norr) = ma(VryCe - nary) = ms(VryGs -nor;) on L*, (4.8)
(Vre¢i -nor:) =0 on S; and (4.9)
'ylmlApI G+ ’yzmgAF; (o + "}/3m3AF§ (3=0 on L*. (4.10)
With the help the abbreviation mAr«( = (miArs(1, maArs (2, m3Ar: (3)

we set & := mAr«(. One can directly verify the property & € £ for £, so that
we can plug it into the assumption in this part of the proof. Since ( is a
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solution of problem (4.1) for the right side &, we see with our above notation
that ¢ = u® and from Definition 4.5 we get —1I(p,&) = (w,€)_1 = {(w, ().
This leads to the following equation

(w,¢) = =1(p,§) = I(p,mAr-()

- Zmlfh/ VI‘*Pz VF*AF*CZ - |J | Pi AF*C@)
S e [ st drG
i=1 SF

3
+Zmi%’/ ai pi Ar: G dH" .
i=1 L

Since w € H~!, we obtain from regularity theory that p € H3. Then we can
integrate by parts to see

(w,¢) = Zmz%</ —(Ar:pi Ar: G — Vs (

=1 i

+/ ((VF;,OZ‘ . nar;)Ar;Q - |U;<|2pi(vF;Ci . nar;))danl
or:

— [ S(ni,ni)pi Ar: G dH" ! + / aipiAr;ci>dH"1
S *

3
= Z z%</ (Arepi Ar=¢ — Vs (lof*ps) - Ve () dH
+/ (8vpi — S(ny,n})pi) Ars G dH™
+%‘/ (Onop- pi + @i pi) Ar= G dH™

L i

_/ o7 12 pi (VF;Ci-nar;)>dH”_1
or: ——————

=0 on S}
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3
= me( Vr: (Arspi + |07 Ppi) - Vs G dH"
i=1 Iy

4 [ (@ops = S0fmi)p) By
S

+ / (Ongrs pi + ai pi) Ars G dH"
L* k3

B / (AFIPz‘ + ’UNZPi) (VF;Q . napz)>d’H”_1,
L;

Since the term on the left side and the surface integrals over I'Y form a
bounded linear functional on H', we can use a similar argument as in [Dep10]
to conclude that the above equality also holds without them, as we shall
demonstrate in the following. To this end, let h € C°°(L*) and ¢ € C*°(T'})
with given boundary data ¢7'|r« = ¢; with v191 + Y292 + 7393 = 0 on L*,
which fulfill [|g;||r2(rs) — 0 for n — oco. Then we solve the problem

Ar:ni =g nI7j,

Vp; 77;1 : napf =0 on Sz*v

min: 77? . nap;f = h on L*

with additional condition n™ = (n{,n%,n%) € Y. A solution fulfills
|n|| 2 — 0 for n — oo, which leads to the following boundary integrals

3
0= me/ (Ovpi = S(n},n})pi)gi dH" ™"
i=1 sy
3
+ 2 mi / (Ongrs pi + ai pi) gi dH"
i=1 L* i

3
- Zmz%/ (Ar;pi + |a;‘|2pi)hdH"*1
i=1 L3

i

for arbitrary h € C*(L*), g; € C*°(0I'}) with y191 + Y292 + 393 = 0 on L*
and arbitrary on S;. This yields the boundary conditions
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dupi — S(ni,ny)pi =0 on S7,
11 (Ar;p1 + 107 Po1) +72(Arg o2 + |03 p2)
+ 73(Argp3 + |0§|2,03) =0 on L*,

8nar; p1+a1pr = Bnar; P2+ as po = anarg ps+azps on L*.

Using the derived boundary equations, it remains the equality

w C Zmz’%/ VF* AF*pz |U | pz) vF*Cz dH

=1

for all ¢ € H® N Y satisfying (4.8)—(4.9). With a similar argumentation as
in [Depl0] we can use such functions with prescribed Neumann-boundary
to approximate arbitrary functions ¢ € ) in the H'-norm.

Altogether we showed that p € £ is a weak solution of problem (4.4). O

We define the linearized operator corresponding to the linearized prob-
lem (3.9)—(3.11) through

A:D(A) — H

D(A) = {p = (p1, p2, p3) € H? | p satisfies (4.6) on S} and (4.7) on L*,

1 2 3

(Ap, €) Zmz%/ Vr: (Arspi + |07 1?pi) - Vi & dH” (4.12)
Ts

for all p € D(A) and € € H!.

The boundary value problem (4.4) is then related to the problem in
finding a p € D(A) with Ap = w. By Lemma 4.8, we observe for all
& € & the identity (Ap,&)—1 = —1(p,€). With this property we can show
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symmetry of A.

Lemma 4.9 The operator A is symmetric with respect to the inner product

() ) 1.

Proof. The proof follows along the lines of a similar proof in Depner
[Dep10]. O

To study the spectrum of A as in the previous chapter, we need the
following inequalities to get as a corollary an upper bound for the eigenvalues

of A.

Lemma 4.10 For all 6 > 0 there exists a Cs > 0, such that for all
p = (p1,p2,p3) € E and each i = 1,2,3 the inequality

* + Csllpll 21,

loill32ors) < 8IVr-p

holds, where we used the ||.||—1-norm on H™! from Definition 4.6 and the
Definition of ||Vr=pl|| from (4.3).

Proof. With the help of the Poincaré-type inequality from Lemma 4.4 we
can apply a similar argument as in Depner [Depl0] for the case of one
hypersurface without a triple line. Thus we omit it. O

Lemma 4.11 There exist positive constants C1 and Csy, such that
IVr-pl? < Culpl2y + Ca L(p, p)

forallpe&.

Proof. Using the previous Lemma 4.10 and the Poincaré-type inequality
from Lemma 4.4 we again just refer to a similar argument in [Depl10]. O

Lemma 4.12  The largest eigenvalue of A is bounded from above by g—;,
where Cy and Cy are the positive constants from Lemma 4.11.

Proof.  See [Depl0]. O

Lemma 4.13  The operator A is self-adjoint with respect to the (.,.)_1
inner product.

Proof. We use the following theorem of operator theory from the book of
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Weidmann [Weid76]. If there exists an w € R, such that
im(wld — A) =H*,

then the properties symmetry and self-adjointness of A are equivalent.

So we have to show that there exists an w € R such that for a given
f € H~*! there exists a p € D(A) with wp — Ap = f. This means that p is
a weak solution of the boundary value problem

Ar: (Arspi +|0f?pi) +wpi = f in T},
p satisfies (3.10) on S},
p satisfies (3.11) on L*.

In detail the weak solution consists in finding a p € H?® with the boundary
condition (4.6) on S} and (4.7) on the triple line L* such that

3
—Z (mz%/ Vr: (Ar: pitlofpi) - V& dHn—w/ pi &i dHn) =(f,)
T T

i=1

holds for all £ € ). One can verify that such a weak solution fulfills
fFi‘ p1 dH" = fF% p2 dH" = frg p3dH"™, so that p € D(A). To get a so-
lution, we use the minimizing problem

3
1 .
F(p) = 5 (o) +lll2) =3 [ ulpedrt® — min
=1 i

for all p € £, where u/ € Y is the weak solution of (4.1) with respect to f €
H~'. With the help of Lemma 4.11 we can show that F is coercive on & for
large w, so that the minimizing problem has a solution p = (p;, py, p3) € &,
when w is large enough. Taking the first variation of F' we get

3
1(5,v) + (B, )1 :Z/ ol vy dH
i=1 717

for all v € £. By the Definition of u” € Y as weak solution of (4.1) with
respect to p € & C H~! and Definition 4.5 we observe that
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3
w(p,v)_1 = wlv,uP) = Z/ uf vy dH"
i=1 /17

for all v € £. So the above first variation is the weak version of the boundary
value problem

_’yi(AF;pi + ]a;‘Ppi) + wu?—i— c; = u{ in F;F7
p satisfies the first condition in (3.10) on S¥, (4.13)

p satisfies the first and second condition in (3.11) on L*.

Here ¢; are constants as in the proof of Lemma 4.2 that appear due to the
condition [, vi dH™ = [;. vadH"™ = [i.. vodH™ for the test functions.
1 2 2

Since u” and u/ lie in H', regularity theory gives us p € H> and the fact
that the identities in (4.13) hold pointwise. Summing the first line in (4.13)
leads to the third condition in (3.11), since E?Zl ¢ =0, 23:1 u? = 0 and
Z?:1 uf = 0, where the last two identities hold on L* due to u?, uf € Y.
We arrive at

3
- Zmz%/ Vr: (Ar;p; + |07 1p;) - Vs & dH”
r;

=1

where we differentiated the first line in (4.13) and tested with m;Vr:§; for
£ = (£&,8,8) € Y. Using (4.2) in the definition of the weak solutions u”
and u/ we can rewrite the last equation to

3 3
— Z m;v; / V[‘; (Afjﬁz + |O'Z*|2ﬁz) . Vr‘:fl dH" + ZUJ/ P & dH"
i=1 Ty i=1 ;

= Z(fu&)

—_———
=(£,
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for all £ € Y. So we found a p € D(A) with wp—Ap = f for w large enough,
which was remaining to get the assertion. ([

With the help of the previous results we are able to apply standard
theory of self-adjoint operators and the theory of semigroups to get the
following theorem.

Theorem 4.14

(i) The spectrum of A consists of countable many real eigenvalues.

(i) The initial value problem (3.9)—(3.11) is solvable for given initial data
in H™L.

(iii) The zero solution of the linearized problem (3.9)—(3.11) is asymptoti-
cally stable if and only if the largest eigenvalue of A is negative.

Proof. With the same abstract arguments as in [Depl0] and [GIK10] we
can show the assertions with the help of Lemma 4.12 and Lemma 4.13. [J

The next lemma relates eigenvalues of A to the bilinear form I, so that
we can formulate our linearized stability criterion.

Lemma 4.15 Let

A1 > A > A3 >

be the eigenvalues of A (taken into account the multiplicity).

(i) For alln € N, the following description of the eigenvalues of A holds.

I
Ap = inf sup — (p.p) ,
WESn 1 pewr{o}  (PsP)—1

1
—A, = sup inf M

wes, 1 pEW\{0} (p,p)—1’

where X, is the collection of n-dimensional subspaces of € and W is
the orthogonal complement with respect to the (.,.)_1- inner product.
(ii) The eigenvalues Xy, depend continuously on S(n;,ny), kn,.. and |of|

in the L*>°-norm.

Proof.  As in [Depl0] and [GIK10], for the first part we just refer to the
classical work of Courant and Hilbert [CH68] resp. to Reed and Simon [RS78,
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Th. XIII.1], from where we get the second line in (i) with the note that —A
is a self-adjoint operator which is bounded from below. The second part
follows directly from the structure of I. O

Lemma 4.16 For the largest eigenvalue A1 of A we have the description

A= min @R (4.14)
peaN{o}  (psp)-1

Proof. This can be seen directly from the second description of A; in

Lemma 4.15 through —A; = supy ey, inf ey 1\ oy (Iﬁgp/;le and 3o = () and

therefore W+ = £. The fact that the minimum in the above Rayleigh
quotient is attained, follows from the calculus of variations in a standard

manner. In detail we set R(p) := % for p € D := E\{0}. From the

estimate in Lemma 4.11 we get that R(p) > —%, so that it is bounded
from below. Therefore we can find a minimizing sequence (p,)neny C D
with R(pn) — inf,ep R(p) =: . W.l.o.g. we can assume that ||p,| -1 = 1,
otherwise we consider p,, = W. Again from the estimate in Lemma 4.11
together with the Poincaré-inequality from Lemma 4.4 we see that (p,)nen
is bounded in D, so that in particular p,, — p in H* for some p € £. Since
H! —< H~! compactly we see that ||p||_1 = 1, in particular p # 0. Finally
due to the compact embeddings H*(I'}) << L?(I'}) resp. L?(0I'}) and due
to the weakly lower semicontinuity of ||Vp|| on € we see that R is weakly
lower semicontinuous. This allows us to conclude R(p) < liminf,, . R(pn),
which finally gives the claim R(p) = a. O

From Theorem 4.14 we have asymptotic stability of the linearized prob-
lem (3.9)—-(3.11) if and only if Ay < 0. This leads to the following main
conclusion of the final section.

Theorem 4.17  The linearized problem (3.9)~(3.11) is asymptotically sta-
ble if and only if

I(p,p) >0

for all p € E\{0}, where
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3 3
I(p,p) = Z%/F (IVr:pil® = lof 07 ) dH™ — Z%/S S(n;,ny)p; dH"
=1 i =1 i

st 2 n—1
+ / 51 (C2 H"ar; - 03%'”'81"; )P1 dH
* O]

2 e
+/ l(csnnaré—cmnari)pgd?{ 1

52

73 2 —1
+ / — (01 Fnors — C2Fnor )p3 dH™ .
~ S3

For this time we wrote out the corresponding terms for the abbreviations a;.

Remark 4.18 With slight modifications in the parametrization of the
considered hypersurfaces it would be also possible to consider the case, where
just two of the three hypersurfaces intersect the outer boundary and the
third one lies completely inside of the fixed region (2.

Also the appearance of more than three hypersurfaces could be consid-
ered with our setting. But here we have to impose the strict assumption
that triple lines are (n — 1)-dimensional surfaces which lie inside of 2, do
not touch the outer boundary 02 and do not meet at (n — 2)-dimensional
junctions.

5. Examples

Without the outer fixed boundary, the bilinear form from Theorem 4.17
is the same as in the proof of the double bubble conjecture by Hutchings et
al. [HMRRO2] for surfaces in R?® meeting at a triple line with an angle of
120 degree. We remind that in this paper it is shown that the so called non-
standard double bubble is not stable, a fact which is also derived numerically
in the work of Barrett, Garcke and Niirnberg [BGNO09]. Stability holds
for the so called standard double bubble, which is the main conclusion of
[HMRRO02].

Now we want to discuss an example and we will specify a region (2
which are a stationary solution of

*

together with three hypersurfaces I';,
problem (2.1)—(2.3). The hypersurfaces will have mean curvature zero, so
that we can determine a characteristic behaviour concerning the linearized
stability for a related geometric problem, the so called mean curvature flow
with triple lines and outer boundary contact. In the work of the first author
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[Depl0] also this problem was considered and an analogue conclusion as
Theorem 4.17 was derived. This states that the same bilinear form is positive
but now for functions which just fulfill the identity p; + p2 + p3 = 0 at the
triple line L* without the integral constraints.

For I > 0 and @ = In v/3 let Q be the cylinder Q = B;(0) x (=7, @) C R5.
As stationary states of the problem (2.1)-(2.3) we consider three hypersur-
faces I'7, I's and I'; lying inside €2 which touch the boundary 0€) at a right
angle and meet each other at a triple line with angles of 6; = %71’. I'7 and
I'; are parts of catenoids and I'; is a circular ring with width b =1 — cosh@
given through

't = {(coshucosv,coshusinv,u —u) | u € (0,7), v € (0,2n]},

={
I's = {(coshucosv,coshusinv,u —u) | u € (0,w), v € (0,27]} and
I'; = {(ucosv,usinv,0) | u € (coshu,l), v € (0,27]}.
The triple line is then given through

L* =9I Nnor; Nnors = {(coshuwcosv,coshusinv,0) | v € (0,27]},

which is illustrated in Figure 2.

Figure 2. Example with specific geometry, 2d and 3d.

To determine a characteristic behaviour concerning the linearized stabil-
ity, we have to consider for p = (p1, p2, p3) the quadratic form from Theorem
4.17
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3 3
Ho) =3 [ (Voo = lotPt)are =3 [ stuz.ni)pt ane
i=1 i i=1 i

1 2 1
+ \/g/L* (Hnarl’; - K“"arj*.)pi dH=,

where (i,j,k) = (1,2,3), (2,3,1), (3,1,2) and we already calculated the
angle functions. With the indicated parametrizations F; from the introduc-
tion of the surfaces I} we let p; = p; o F; and observe for the gradients

Vr:pil® = oo | VA for i = 1,2 and |[Vigpil® = (9up3)? + 32(00p3)°
Straightforward calculations give then |o}|? = Cosi4u fori=1,2, |05|> =0,

S(ni,n;) = 0 and for the normal curvatures of I'} in direction of ngrs at
1
cosh?w
So we have to consider the quadratic form

2 w 2T
. 2
o) =3 [ [ (1908 = 2o i? )auae
i=1

the triple line Knapy = = ~Hngrs and Knops = 0.

cosh? u

l 27
1
—|—/ / <(3u,53)2 + 2(5u53)2)UdUdU
coshw J0 u
1

2
+ \/gcoshu/o (PT + P53 — 2(p1 + p2)?)|,,_; dv (5.1)

for ﬁ = (ﬁl,ﬁg,ﬁg) with Pi S ]—Tll(IZ X (0, 27T)) and ﬁl + ﬁg + ﬁg = 0 for
u = cosh@ to determine the linearized stability of the mean curvature flow
problem as described above and in the thesis [Depl10].

With the specific functions p; = po = C > 0 and p3 = —2C we observe
that I(p, p) < 0, which means that the above geometry is not stable under
mean curvature flow.

For related stability results with special outer geometry without triple
lines we refer to the works about drops between parallel planes from Vogel
[Vog87], [Vog89] and Athanassenas [Ath87].
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