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Weak convergence on the first exit time of randomly
perturbed dynamical systems with a repulsive
equilibrium point

Toshio MIKAMI
(Received August 27, 1996)

Abstract. We show that the first exit times of small random perturbations of dynamical
systems from a bounded domain D (C Rd) weakly converge to the life time of an explosive
diffusion process and that the mean first exit times converge to the mean explosion time,
as random perturbations disappear, when they are appropriately scaled. We consider the
case when D contains only one equilibrium point o of dynamical systems and when o is
polynomially unstabe and is repulsive.

Key words: small random perturbations of dynamical systems, first exit time, weak
convergence, polynomially unstabe, repulsive.
1. Introduction

Let us consider the following stochastic differential equation: for ¢t > 0,
zeR%and e >0,

dX*(t,2) =b(X°(t, v))dt + "2 (X*(t,2))dW (2), (1.1)

X(0,z) =z,
where b(:) = (b'(-))L; : R — R? is bounded and globally Lipschitz con-
tinuous, where o(-) = (a"j(-))f’j:1 : RY — My(R) is bounded, globally

Lipschitz continuous, and uniformly nondegenerate, and where W(:) is a
d-dimensional Wiener process (see [9]). X¢(t,z) can be considered as the
small random perturbations of X°(¢,x) for small € (see [4, 5, 15]).

Let D (C R%) be a bounded domain which contains the origin o and
suppose that b(z) = o iff z = 0. Then the asymptotic behavior, as € — 0,
of the first exit time 75 (z) of X¢(t, ) from D defined by

5 (z) = inf{t > 0; X*(t,z) &€ D} (1.2)

has been studied by many authors.
When X%(t,z) — 0 as t — oo for all z € D, it is studied by Freidlin
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and Wentzell , Day , and Fleming and James .

When o is a hyperbolic equilibrium point (see [7]) of X°(, ) and when
it is unstable, it is considered by Kifer [10], Mikami , and Day [2].

Mikami considered the following case.

(A.0) D (C RY is a bounded domain which contains o. For any
x € D\{o} there exists s = s(z) > 0 such that XOt,z) ¢ D fort > s and
such that X°(t,z) € D for t < s, and X°(t,z) — 0 as t — —oo.

(A.1) There exist positive constants ¢, Cy and 8y such that Us,(0) =
{y € R%|y| < &} C D and that

|b(z)| < Colz|*! for all z € D,
< z,b(x) >>|z[*2/Cy  for all = for which |z| < &.

Remark 1.  Kifer [10], Mikami [13], and Day [2] considered the case when
b(z)| ~ |z| as  — o and when b(z) is differentiable at 0. If d = 1,
D = (a,8) (@ <0< ) and

{:c(2+sin(1/:1:)); if x+#o,

) ; if x=o,

b(x) =

then (A.0)-(A.1) hold with £ = 0, Cy = 3, and |b(z)| ~ |z| as z — o, but
b(z) is not differentiable at 0. The case when b(z) is not differentiable at
o has not been studied yet. Mikami and this paper consider the case
|b(z)] ~ |z|“T as x — o for £ > 0 (see Example 1 in section 2). In this case

Db(o) is a zero matrix, and henceforth o is not a hyperbolic equilibrium
point of X°(¢, ).

In Kifer’s case, 77,(0) ~ —loge as € — 0.
Under (A.0)—(A.1), the following is known.

Theorem 1 (I) Suppose that (A.0)-(A.1) hold. Then for any § > 0,

lim P(E—(1~(5)€/(€+2) < Tlé‘j(o) < E*(1+5)€/(£+2)) =1 (14)

e—0

(see Corollary 1.2, [14]).
(II)  Suppose that (A.0) holds. Then for any = € D\{o} and § > 0,

lim P(|75(z) — 73(z)| < 8) = 1. (1.5)

e—0

(see [5]).



Weak convergence on first time 671

Theorem 2 (Theorem 1.3 and Corollary 1.4, [14]). Suppose that (A.0)-
(A.1) hold. Then

lim {log E[rf,(0)]}/log(e™/1"*?) =1, (1.6)
and for any x € D\{o},

lim E[75(z)] = 79 (). (1.7)

e—0
In this paper we show that 56/(”2)7%(0) weakly converge, as € — 0, to
the life time 7(0) of an explosive diffusion process and that E[e®/(‘*2)7% (o)]
converge, as ¢ — 0, to E[7(0)], under the stronger assumption than (A.0)-
(A.1).
In section 2 we state our result and prove it in section 4, using lemmas
which are stated and proved in section 3.

2. Main result

In this section we state our result. Let us first introduce the assumption.
(H.0)=(A.0).

(H.1) There exists £ > 0 such that b(z) can be written as follows;
b(x) = B(z) + R(x) for ¢ € D. Here B(x) and R(x) are locally Lipschitz
continuous functions which satisfy the following;

B(tx) =t"'B(z) forall t>0 and =€ RY, (2.1)

and there exist C1 and v, € (0, 1] such that

R(z) < Cy|z|TH" for all z € RY. (2.2)
(H.2)
|in1 < B(z),z >> 0. (2.3)

Remark 2. (H.1) holds with 73 =1 when £ € N, b € C£+2(Rd; R%), and
8bi(0) /0! - Bz} = 0

foralli=1,...,d,k=0,...,¢and (j1,...,jq) for which j1 +---+ja =k
and 7, > 0 (m = 1,...,d), by Taylor’s expansion. It also holds if b(x) =
2|tz (¢ C’fH(Rd;Rd)) for £ € N.
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Let Ye(t,z) (t > 0,z € R%e > 0) be the solution of the following
stochastic differential equation, up to the life time (see [9]):

dYe(t,x) = B(YS(t, 2))dt + /20 (0)dW (¢),

(2.4)
Y#(0,z) ==,
and denote by 7(z) the life time of {Y!(¢, z)}o<s:
T(z) = inf{t > 0; sup |[Y(s,z)| = oo} (2.5)

0<s<t
Then we can prove the following.

Theorem 3  Suppose that (H.0)-(H.2) hold. Then /("*2)1% (0) weakly
converges to 7(0) as € — 0, and

lim E["/“F218 (0)] = E[r(0)] < 0. (2.6)

e—0

As a corollary to [Theorem 3, we easily get the following whose proof is
omitted.

Corollary 1 Suppose that (H.0)~(H.2) hold. Then 75,(0)/E|[7%/(0)] weakly
converges to 7(0)/E[T(0)] as € — 0.

Remark 3. (H.2) implies that P(7(z) < oo) = 1 for all z € R? by
Has’minskii’s test (see [8, 12]). It is easy to see that (H.1)-(H.2) imply
(A.1) in section 0, and hence that [1.4)1.7) holds under (H.0)—(H.2).

Let us give an example which shows that (H.1)-(H.2) is stronger than
(A.1).

Ezample 1. Let d=1and D = (a,3) (o < 0 < 3) and put for £ > 0

(2.7)

0 ; if x =o.

b )_{ [z[z(2 +sin(1/x)) ; if z#0 and a <z < G,

Then this b(x) satisfies (A.1) with Cp = 3, but does not satisfy (H.1). In
fact, b(z)/z*"! does not converge as z | 0, though

Lim b(x)/z**! = B(1) (2.8)

if (H.1) holds.
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3. Lemmas

In this section we state and prove lemmas.
Let us give some notation.
Put, for t > 0, z € R% and € > 0,

ZE(t,x) = e 1/ (0+2) e (o=t/(t+2)g 1/ (E+2) )

ZE(t,z) = e~ 1/ (E+2)ye (e=t/ (42 1/(042) ) (3.1)

il

(see Egs (1.1) and (2.4)).
The following lemma plays a crucial role in the proof of [Theorem 3.

Lemma 1 Suppose that (H.0)—(H.1) hold. Then there exist positive con-
stants C(o) and C(r) (r > 0), and a one-dimensional Wiener process W (-)
such that for t >0, x € R%, > 0 and ¢ (< 1) for which U, .1/e+2 (0) C D,

sup |25 (s,) - Z5(s, )|

0<s<t
< exp(C(r)t)e/ D (1 4 4Ot 1M + C(0)?r%t/2
+ C(o)r sup |W(u)|), (3.2)
0<u<t

as far as max(|Z5(s,z)|,|Z5(s,z)|) < for all s € [0,1].

Proof.  Suppose that max(|Z5(s, z)|,|Z5(s,z)|) < r for all s € [0,t]. Then

there exists a one-dimensional Wiener process W (-) such that for s € [0, ],

|21 (s, x) = Z5(s, )|

< V) Oyt en/(52) o 0(0)2r2 et/ () /2 (3.3)
+ C(o)re"/ 2 sup |W(u)| +/ C(r)|Z%(u,z) — Z(u, z)|du
0<u<s 0

from (H.1), which will be proved later. Here we put

C(r) = sup{|B(z’) — B(z)|/I' — z[;2" # x, |2/, x| <7},

sup{{zlo%c)—o”(o)\?} /|x|;x¢o,xeRd}.

1,j=1

C(o)

By Gronwall’s inequality (see [7]), the proof is over from since £ < 1
and v; € (0,1] from (H.1).
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Let us prove (3.3). For any s € [0, 5_6/(”2)15], putting y = e1/(t+2)

|XE(S’3/) - YE(S,y)|
< 2/042) / B(X®(u,)) — BOY* (u, )| du

+ [ 1RO ()l
2 [1 < (X5 0) = Y )X 9) Vo)
< (X 0,2) oW ) >

2y [ Zia” (X)) — 07 (0) Pdu,  (3.4)

since by the Tto formula (see [9]),
(X (s,y) — Y=(s,y)[2 + /(42172
_ 242 / (X (u,) = Y2 (u,9)) (1 X5 (u, )
— Y (u,y)|* + YD TV2 B(XE (u, y))
— B(Y*(u,y)) + R(X*(u,)) > du
+l/? /OS < (X% (uyy) = Yo (u,y)) (| X (u, y) — Y (u,y)|?
- 54/ (Y712 [o(X (u, y)) — o(0)]dW (u) >

5/2/ Zlo”XEuy ) — o (0)?

1,7=1
X (X2 () = V()| + 4 E2) 72

~(/2) [ 10X (0,9) = 0(0) (X (u,) = Y*(u)
X (IXE (uyy) = Y2 (u,y)[2 + e3/(E42)) =32y,

Here we used that X®(u,y) C D (0 < u < s) from the assumption since
U,.1/@+2)(0) C D, and denote by o(z)* the transposed matrix of o(z).

r

From (3.4) and 3.5)}-{3.7) below, we get [3.3).

For s € [0,t] and y = !/(+2)

g_e/(£+2)s

e/ (e42) / B(X®(u,y)) — BOY*(u,y))|du



Weak convergence on first time 675

= /OS |\B(Zi(u,z)) — B(Z5(u,x))|du  (from (2.1))
<) /0 125 (u, 2) — Z5(u, 2)|du (3.5)

from the assumption; and

e/ (0+2)

/() / R(X (u, )| du

< e~ D/ g0 (rel/EFDNEHTN = O gptF M em/(42) (3 6)

from (2.2) and the assumption; and

c—t/(+2) g d

c / S |0 (X5 (u, ) — 0 (o) 2du
0 <
7,7=1
< 56—12/(€+2)SC(U)2(7,61/(54-2))2 — 64/(€+2)SC(0)2T2 (37)
from the assumption. []

Put for z € D, and r > 0 and ¢ > 0 for which re?/(+2) < §; (see (A.1)),
Toa(z) = {t > 03| X*(t,2)] > rel/ 2}, (3.8)

Te(z) = {t > 0;|X°(t,x)| > bo}. (3.9)

Then the following lemma can be proved by the strong Markov property

(see [9]) of XE(¢, z).
Lemma 2 Suppose that (H.0) holds. Then for x € D, T >0, 6 € (0,T),
r>0 and e > 0 for which re’/(+2) < &,

P/ rh(x) < T)

> inf P( sup | Zi(s,y)| ZT)
ly|<r 0<s<T—6

X inf P( sup X®(s,y 260>
|y|>rel/(EH2) ossss—f/(m)é/z‘ (5:9)]

x inf P(r5(y) < e YH25/9). (3.10)
ly|>éo
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In particular,
P15 (0) < T)

> P( sup |Zi(s,0)| > r)
0<s<T—6

X inf P( sup X(s,y 250)
ly|>rel/(442) ogsgs—f/(@“)é/:z‘ (5:9)l

x inf P(r5H(y) < e /H2)5/9). (3.11)
ly|>b0

Proof. For x € D, T > 0,6 € (0,T), » > 0 and € > 0 for which
7,51/(€+2) < 8o,
P15 (2) < T)

> P sup | X€(s,2)| > rsl/(”z),
0<s<e—t/(E+2) (T—6)

sup | X (s, )| > bo, (3.12)
Tre(x)<s<Tr e (x)+e 4/ (E+2)§ /2

(XS (1L (X (T (@), ), X* (T (), 2))) < /426 2).
By the strong Markov property of X¢(¢,z), the proof is over. []

The following lemma can be proved in the same way as in Lemma 2.4

in and omit the proof.

Lemma 3 Suppose that (A.0)—(A.1) hold. Then for any 6 > 0, r >
(241Cy /(€8] and y for which |y| > rel/(+2)]

P( sup  |X%(s,y)| < &)
0<s<e~t/(t+2)§/2

< P(sup{Je [+ Um) 2 < Xo(s), (313)

(X(s5,9))AW (5) > [;0 <t <e /52,0 > 1} > |y)/2).

4. Proof of main result

In this section, we prove in section 2. We devide the proof
into the four steps; for any T" > 0,

limsup P(e/ 275 (0) < T) < P(r(0) < T), (4.1)

e—0 o
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1im151fp(ef/<€+2>75(o) <T) > P(r(0) < T), (4.2)
lilgrLi(I)le[ae/(HQ)TB(o)] > E[r(0)], (4.3)

lim sup E[e"/ 4275 (0)]

e—0

Let us first prove .
Proof of [4.1). For r > 0 and e(< 1) for which U, _i/@+2)(0) C D,
P18 (0) < T)

<P sup  [X%(s,0)] > rel/(”?))
Ogsggke/(l'f‘z)T

< P( sup |Z5(s,0)| >r — 1)
0<s<T

A
=
2
=
A
8
™~
=

+P( sup |Zi(s,0) >, sup |Z§(s,0)|§r—1) (4.5)
0<s<T 0<s<T

(see Eq (3.1)).

The first probability in the last part of (4.5) is shown to converge to
P(r <T)asr— oo

P( sup |Z5(s,0)| > 1 — 1)
0<s<T

= P( sup |[Y1(s,0)| >r— 1) — P(1(0) < T), (4.6)
0<s<T

as r — oo since the probability law of Z5(s,0) (0 < s) is the same as that
of Y1(s,0) (0 < s) from (H.1) (see Eqs (2.4) and (3.1)).

The second probability in the last part of (4.5) converges to 0 as ¢ — 0
for any r and T' > 0. Let us prove this. Put forr, e >0,y € R®andi = 1,2

75 (y) = {t > 0;|Z; (t,y)| > 7} (4.7)

(see Eq (3.1)). Suppose that U__1/¢+2)(0) C D. Then from Lemma 1, there

exists a one-dimensional Wiener process W (-) such that

P( sup |Zi(s,0)| >r, sup |Z5(s,0)| <r— 1)
0<s<T 0<s<T

< P(r(0) £ T < 725,(0),1 < |25 (r*(0),0) ~ Z5(7}*(0), o))
< P(1 < exp(C(rT)e/ D1+ TCr 157 4 C(0) 22T /2
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+C(o)r sup [W(w))) =0 as «—0. (4.8)
0<u<lT
[]
Next we prove .

Proof of [4.2). From Lemma 2, for § € (0,7), r > 0 and & > 0 for which
T€1/(€+2) < 6,

P (/215 (0) < T)

> P( sup |Zi(s,0)| > 7)
0<s<T -6

X inf P( sup | X®(s,y)| > 60)
ly|>rel /(2 N gcgce—t/(t4+2)5 /2

x inf P(r(y) < e H+25/2). (4.9)
ly| >0

The following (4.10)—(4.12) which are proved later complete the proof.

lim inf lim inf lim ian( sup |Zi(s,0)| > 1) > P(1(0) < T)

6=0 T—o0 -0 0<s<T—6
(4.10)
; and for any 6 € (0,7),
lim liminf inf P su X(s,y)| > ép) =1
r—=00 =0 |y|>rel/(E+2) <0SS_<_€‘£/I()£+2)6/2‘ (s,9)| > O>
(4.11)
; and for any 6 € (0,7),
lim inf P(r5(y) < e ¥2g/2) = 1. (4.12)

e—=0y|>60

Let us first prove Eq (4.12). From (H.0), there exist 6; > 0 and T} > 0
such that

| igf(S sup{dist(X°(t,z),D);0 <t < T}} > 26;. (4.13)
| ~Z00
Therefore

P(th(y) < e/ H2g)2) (4.14)

> P( sup | X%(s,y) — X%(s,9)| < 61) —1 as € —0,
0<t<T)
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uniformly in y for which |y| > &y (see [5]).
Next we prove (4.10).
For any r and 6 € (0,T)

P( sup \Zf(s,o)\Zr)
0<s<T—6

>P( sup |Z5(s,0) > 7 +1) (4.15)
0<s<T—6

— P( sup |Z5(s,0)| >r+1, sup |Zi(s,0)| < r).
0<s<T -6 0<s<T -6

The first probability on the right hand side of converges to P(7(0) <
T) as r — oo, and then é — 0, in the same way as in [4.6).

Let us prove that the second probability on the right hand side of
converges to 0 as € — 0 for any r > 0 and § € (0,7), which can be done
in the same way as in (4.8). Suppose that U, _i/@+2 (0) C D. Then from
Lemma 1|, there exists a one-dimensional Wiener process W (-) such that

P( sup |Z5(s,0)| >r+1, sup |Zi(s,0)| < r)
0<s<T—6 0<s<T—6

< P(r(0) T =6 < 7(0), 1
< |Z5(7%1(0),0) — Z5 (75, (0), 0)])

< P(1 < exp(Clr+ D)/ (14 TCyfr + 1)1

+ 0"+ 1°T/2+C(o)(r +1) sup_ W)

—0 as £—0. (4.16)

Finally we prove Eq (4.11) from Lemma 3 Since (H.1)—(H.2) is stronger
than (A.1) (see Remark 3 in section 2), we can suppose that (A.1) holds.
For Cy > 0in (A.1),r > (2441Cy/[¢6])"/¢ and y for which |y| > rel/(¢+2),

P s X(s,y)| < &)

0<s<e=¥/(t+2)§/2
1/2 Loe 2 -1/2
< P(sup{le'? | (X5, 0) +1/m)

< X5(s,9),0(X(s,9))dW (s) > |;
0<t<e s/ n>1]> vl/2) (4.17)
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from Lemma 3; and by the time change (see [9]), there exists a one dimen-
sional Wiener process W such that

P(sup{Je7? [ (X (o)l + 1/m) 2 < X (s,

S(X (5, )W (5) > [0S 1 < /52,0 > 1} > [y)2)
< P(C1(0)(20)2/r sup |W(s)| > 1)

— 0 as r — oo. (4.18)
Here we put Cy(0) = SupmeRd(Z?’jzl o (z)?)1/2. ]
Let us prove (4.3).
Proof of (4.3). For any T > 0,
lim inf Efe et/ / P(r (4.19)
E—
from by Fatou’s lemma, since
E[gﬂ/ €+2 ] _ / P £/(€+2) ( ) )dt
z‘/ P75 (o) > 1)dt. (4.20)
0
Let T'— oo in (4.19). Then we get (4.3). ]
Finally we prove (4.4).

Proof of (4.4). We only have to show the following to complete the proof;

lim limsup E[e"/ 275 (0) — n; /4278 (0) > n] =0 (4.21)

=00 e—0
since for any n € N,
Bl 75 (0)
= E["/ D15 (0); /D78 (0) > n] — /’mmgmﬁky@>n
0
_ E[Ee/(€+2)7’f)(0), Z/(E—i—Z) ( ) > n]
_ nP( 2 () S ) + (/}’U”m £ (0) > t)dt

= Ble"/ 7] (0) — n; 75 (0) > ]
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+/ P D8 (0) > t)dt
0

; and

limsup/ P22 (o) > t)dt

e—0

/ P(7(0) > t)dt (from by Fatou’s lemma)

o) as n — oo

; and for n € N, from and (4.22)-(4.23),
E[7(0)] < liminf E[¢"/(*27§ (0)]

e—0

< limsup E[e/ 278 (0) — n; /215 (0) > n]

N e—0

+/OnP('r(0) > t)dt

To prove (4.21), we only have to prove
lim sup [sup P(1< eg/““)ﬁ)(a:))] <1
e—0 LzeD

since

E[eg/(£+2)’r,%(o) — et/ (H2) e (o) > n]

= Z E[ae/(£+2)7'%(o) —nk < €£/<£+2)TB(O) <k+1]

<Y (k+1-n)P(k < /D15 (0) <k +1)

k=n

<Y Pk < 015, (0))
k=n

p 0/(e+2) e k
< é{igg (1< /2 rp (@)}

= {sup P(1< ef/(HZ)TB(az))}n( 1--sup P(1 < 66/(£+2)TB($)))

zeD zeD

by the strong Markov property of X¢(¢,x).

681

(4.22)

(4.23)

(4.24)

(4.25)

—1

Though (4.25) can be shown to be true in the same way as in the proof

of (4.2), we prove it for the sake of completeness.
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From Lemma 2, for r > 0 and e > 0 for which re?/#+2) < §;. and
x €D,

P28 () < 1)

> inf P sup |Z(s,y)|>7r
ly|<r (ogsgl/Ql (=) )

X inf P( sup | X (s,y)| > 6())

ly|Zrel/(HF2) N o=t/ (042) /4
x inf P(15(y) < e Y2 /4), (4.26)
ly| >0

Take sufficiently large rg > 0 so that

liminf inf  P(  sup X2(s,9)] > 8) > 1/2, (4.27)

€20 y|>roel/UH2) Mgt/ (e42) /4

which is possible from (4.11).
From (4.27) and (4.12), we only have to show the following;

liminf inf P( sup |Z5(s,y)| 27"0) > 0, (4.28)
e=0  |y|<ro 0<s<1/2

which can be proved in the same way as in (4.15)-(4.16).
In fact, for any y for which |y| <

P( sup |Zi(s,y)l = o)
0<s<1/2

> P( sup |Z5(s,y)| > 70 +1) (4.29)
0<s<1/2

—P( sup |Z5(s,y)l Zro+1, sup |Z5(s,y)| <ro).
0<s<1/2 0<s<1/2

The first probability on the right hand side of can be shown to
be bounded from below by a positive constant, uniformly in € > 0 and y for
which |y| < rg;

P( sup |Z5(s,9)| > 10 +1)
0<s<1/2

= P( sup |[V(s,9)[>70+1)
0<s<1/2

> inf P( sup |Y1(s,z)\ >ro+ 1) > 0.
l2|l<ro - No<s<1/2
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This is true since u(t,z) = P(supgc s [Y'(s,2)] > 1o + 1) is a classical
solution of the following P.D.E. from (H.1) (see p. 383, [6], problems 1 and
2);

d

ou(t,z)/0t = Z a (0)d*u(t, z)/0x;0x;| /2

.J._l
—i—ZBZ You(t,z)/0x; for t >0, |z| <rg+1,

u(0,z) = 0 for lz| < ro+1,
u(t,z) =1 for t>0, |z| =79+ 1.
Let us prove that the second probability on the right hand side of (4.29)
converges to 0 as ¢ — 0, uniformly in y for which |y| < 9. From

1, there exists a one-dimensional Wiener process W (-) such that for y for
which |y| < g

P

N

sup |Z5(s,y)| Zmo+ 1, sup |Z5(s,y)| <o)
0<s<1/2 0<s<1/2

< P(r r0+1( ) <1/2< Trld (¥),1 < |Z5(r, r0+1(y)’y)
— Zi (155 () v)D)
< P( 1 < exp(C(ro + 1)/2)e™/ 2 (1 4 Cy[ro + 1141 /2

+ C0)2(ro + 1)2/4+ Co)(ro + 1) By W (w))

—0 as € —0.

[]
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