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A generalization of prime graphs of finite groups

Seiichi ABE and Nobuo I1YORI
(Received May 6, 1999)

Abstract. We investigate some properties of generalized prime graphs of finite groups,
especially solvable graphs which is newly defined in this paper. A solvable graph of a
finite simple group has a striking feature, that is, connected and incomplete. In the last
section we give some applications of solvable graphs. We use the classification of finite
simple groups in order to prove main theorems.
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1. Introduction

There are a lot of ways to characterize a finite group by orders of its
elements. Considering a prime graph is one of such ways. In a prime
graph I'(G) of a finite group G, edges p and q are defined to be joined
when there exists an element x of G whose order is pg. This condition
can be interpreted that G includes a cyclic subgroup of order pg. So it
seems natural to consider some other graphs in which the condition “being
cyclic” is replaced to other ones. We will discuss solvable graphs which will
be defined afterward of this paper and will show some applications of the
graphs. Every group appearing in this paper is a finite group. Following
the notation in Iiyori-Yamaki and Williams [9], m; stands for the ith
connected components of prime graphs in tables of [4, 9] and we let com(G)
stand for the number of connected components of prime graph of G.

2. Definitions and Remarks

Definition 1 Let A be a set of positive rational integers. We denote A-
graph by I'y and the set of vertices of I'y by Vi which is the set of primes
which divide an element of A. For vertices p and q of T', p is joined to q if
and only if there exists an element a in A such that pg|a.

For example, let A = {6,7,30,33}. Then Iy is the following;
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11 -7
2

Definition 2 Let = be a group theoretical property. For a group G, S=(G)
is the set of Z-subgroups of G. SX(G) is the set of E-subgroups of G which
do not coincide with G. Let p be a mapping of S=(G) to the set N of natural
numbers.

I s=(c)) stands for the (p, Z)-graph of G and I's(sz(c)) stands for the
(p, Z)*-graph of G.

We can consider several types of the mappings as follows: for H €
Sz(G), “ord”: H — |H|, “ind”: H — |G : H|, “conj” : H s the number of
conjugacy classes of H to construct H and so on.

Let G be the alternating group As of degree 5 and = be “solvable”.
Then an element of Sz(G) is isomorphic to one of the following groups:
the alternating A4 of degree 4, the dihedral group Dig of order 10, the
symmetric group S3 of degree 3. Hence the (ord, Z)-graph of As is

3 2 5

Let Z’ be “abelian”. Then the (ind, Z')-graph of As is as follows.
5)

2

This time we focus on a mapping “ord” and disregard the rest. We
denote the image of ord by Ord=(G) for convenience.

Ord=(G) = ord(S=(G)) C N

We simply call the (ord, Z)-graph of G the Z-graph of G. According to
this rule, a prime graph I'(G) can be called a cyclic graph, which is denoted
by T'eyc(G). If = stands for “solvable”, then we call the Ord=s(G)-graph
the solvable graph of a group G, which is denoted by ') (G). Tpnu(G),
Tubet(G) and so on can be defined in the same way where nil and abel stand
for “nilpotent” and “abelian” respectively. It is easy to see that I'y;(G),
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Lapet(G) and I'cyc(G) are the same thing. Note that I's,(G) is different from
I'cyc(G) in general, although V0 (G) = Ve (G).

Example The solvable graph and the cyclic graph of S¢(2) are drawn as
below:

2 2
5<D7 5 7
3 3
Psol(Sﬁ(Q)) Fcyc(56(2))

The following two lemmas are fundamental for our studies of solvable
graphs of finite groups.

Lemma 1 Let G be a group.
(1) If G is not solvable, then I's(G) =T ,(G).
(2) If G is solvable, then T's,)(G) is complete.

(3) If G is solvable and |7(G)| > 3, then T* ,(G) is complete.

sol

Lemma 2 Let G be a group, H a subgroup of G and N a normal subgroup

of G.

(1) If p and q are not joined in I'so (G) for p,q € n(H), then p and q are
not joined in U'so(H).

(2) Let N be a normal subgroup of G. For p € m(N) and q € m(G)—n(N),
p and q are joined in s, (G).

(3) If p and q are not joined in T's,(G) for p,q € 7(G/N), then p and q
are not joined in I'so)(G/N).

Proof. It is easy to see that (1) holds. By the Frattini argument,
Ng(Q)N = G for a Sylow g-subgroup of N. For a Sylow p-subgroup P
of Ng(Q), PQ is a solvable subgroup of G such that pq||PQ|. This implies
(2). Suppose that p and ¢ are joined in I';p;(G/N). Then there exists a
solvable subgroup H/N of G/N such that n(H/N) = {p,q}. If |N| and
pq are coprime, then there exists a subgroup K of G such that H = KN,
KNN =1, K ~ H/N by Schur-Zassenhaus’ theorem. Since K is a solvable
group, p and q are forced to be joined in I'y,;(G). This is a contradiction.
The proof is complete. O
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3. Some Results on Solvable Graphs

Theorem 1 Let G be a non abelian simple group. Then T4y (G) is con-
nected.

We divide the proof into following three cases:
(1) G is isomorphic to the alternating group of degree n (n > 5),
(2) G is a simple group of Lie type,
(3) G is a sporadic finite simple group.

We need some lemmas to prove [Theorem 1.

Lemma 3 (Williams [9]) Let G be a non abelian simple group such that

com(G) > 2. Then the following hold.

(1) G has a Hall 7;-subgroup H; for a connected component 7; (i > 2) of
the prime graph of G

(2) H; is an isolated abelian subgroup of G.

Lemma 4 Let G be a non abelian simple group such that com(G) > 2
and H; is an isolated m;-subgroup. Then H; is a proper subgroup of Ng(H;)
fori > 2.

Proof.  Suppose Ng(H;) = H;. Since H; is a Hall m;-subgroup of G, a
Sylow p-subgroup P of H; is that of G for any p € w(G). Since P is the
unique Sylow p-subgroup of H; by Lemma 2, Ng(H;) C Ng(P). If Ng(H;)
is a proper subgroup of Ng(P), then this contradicts Lemma 2. Hence
Ng(H;) = Ng(P). Since H; is an abelian subgroup, then H; = Z(Ng(P)).
By Burnside’s transfer theorem, there exists a normal complement of P.
This contradicts the simplicity of G. O

Corollary 1 Let G be a non abelian simple group such that com(G) < 2.
Then T';1(G) is connected.

Proof.  As we mentioned in the definition of I';,;(G), if two primes which
divide the order of G are joined in the prime graph of G, they are also joined
in I's0;(G). Therefore we may assume that com(G) = 2. For p € 3, there
exists ¢ € m(Ng(Hz2)) — m2 by Lemma 2. Since 7(G) is decomposed to m;
and 7y, ¢ € m;. Hence I's,(G) is connected. O

Proof of Theorem 1.
Case: G~ A, (n >5)
For n = 5,6 see Atlas [2]. For n > 7, com(G) < 2 by Williams [9]. The
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The number ¢ in Tables of this paper corresponds to the ith prime graph
component m; in Williams [9].

Table 1. Three components
group ) lel INg(Hl) . Hzl
Ai(q) 2 q (@-1)/2 | ¢=1(4)
3 (p+1)/2 2
2D,(3?) 2 (37"t +1)/2 a (a,2(p—1)) #1
3 (3* +1)/4 b (b,2p) # 1
E+(2) 2 73 2. 32
3 127 s 2-7|s
E+(3) 2 757 2. 32
3 1093 t 2|t
Fy(q) 2 ¢t +1 2° 2lg
3 ¢t —g?+1 22.3
*Fu(q) 2 | ¢+gmtgtm+l 23 q=2%t(k > 1),
m = 2k+1
3 > —gm+qg+m+1 22.3
G2(q) 2 ¢ +eq—1 2-3 qg=e(3),e=%1
3 ¢ +eq+1/3 2-3
G2(q) 2 +q-1 2-3 g =0(3)
3 P —q+1 2.3
2G4(q) 2 g+3m+1 2.3 qg=3%t1(k>1),
m =3k
3 qg—3m+1 2-3

theorem holds for G by |Corollary 1.

Case: G is a simple group of Lie type
If com(G) < 2, then the theorem holds for G by [Corollary 1. For every
group G such that com(G) > 3 except 2D,(32) and Az(4), Tables 1, 2 show
that 2 divides |Ng(H;) : H;| for any isolated subgroup H; corresponding to
a prime graph component 7; of G. This implies that the theorem holds for
G. See Atlas [2] for G ~ A(4). Let ~ 2D,(3%). Both a and b in the Table 1
can be divided by elements of 7.
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Table 2. Four and Five components
group | i | Hi| |Ng(H,) : Hi
As(4) | 2 32 2
3 ) 2
4 7 3
2By(q) | 2 g—1 2 g=2%+1(k > 1),
m = 2k+1
3 g+m+1 22
4 g-m+1 22
2By(q) | 2 q—1 2 q=2%+1(k > 1),
m = 2k+1
3 g+m+1 22
4 qg-m+1 22
Es(q) | 2 | ¢®+4d - —¢*+¢3+q+1 30 q=2,3(5)
3 | ®—q"+¢—q*+¢3—q+1 2.3.5
4 @ —qgt+1 22.3
Es(q) | 2 | #+9 ~—q*++q+1 30 q=0,1,4(5)
3 | -a"+¢"—¢*+¢3—q+1 2-3-5
4 @®—qgb+qt—g*+1 -3-5
5 @ —-qgt+1 22.3

Case: G is a sporadic simple group

In table IIc in Williams [9], Monster M has 4 prime graph components,
say mp = {41}, m3 = {59} and 74 = {71}. Since prime divisors of orders of
automorphisms groups of a Sylow 41-subgroup, a Sylow 59-subgroup and a

Sylow 71-subgroup of M belong to the prime graph component 1, T's; (M)
is connected.

In table Ilc in Williams @, Mathieu group Ma4 of degree 24 has three
prime graph components, say 7, = {11} and 73 = {23}. Since the order
of the normalizer of a Sylow 23-subgroup of My, is 11 - 23, ;o (May) is
connected. The connectivity of I's,;(G) can be shown in the same way for
other sporadic simple groups.

This completes the proof of [Theorem 1.

Corollary 2 Let G be a finite group. Then U's(G) is connected.
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Theorem 2 Let G be a non-abelian simple group. Then T'sy(G) is an
incomplete graph.

By the classification of finite simple groups, G is isomorphic to one of
the followings:
(1) alternating groups A, (n > 5),
(2) classical simple groups, i.e., PSL,(q), PSUn(q), PSp,(q), P (q),
PQ2n+1(Q),
(3) other simple groups of Lie type, or
(4) 26 sporadic finite simple groups.
We will prove our theorem for each case.

Case: G = an alternating group A, (n > 5)

Lemma 5 Let n # 6,10. Then there exist at least two primes between
n/2 and n.

Proof. By Brandl-Shi [1], there exist more than 6 primes between n/2
and n for n > 47. Therefore the lemma is straightforward. O

Suppose that s, (Ay) is a complete graph. By Lemma 5|, there exists
primes p, ¢ such that n/2 < p, ¢ < n. Since I';,(A,) is a complete graph,
there exists a subgroup H of order pq of A,. Let z,y € H such that
o(r) = p, o(y) = q. Then (x) or (y) is a normal subgroup of H. Note that
Aut((z)) ~ Zp—1 and Aut((y)) ~ Zg—1. ¢ fp—1 and p f g — 1 lead that
H is an abelian subgroup of A,, by Burnside’s transfer theorem. Since the
order of the centralizer of x is coprime to g, we have a contradiction. Hence
['s01(Ar) is not a complete graph.

Case: G = a classical simple group.

First we will prove the incompleteness of I's,(GL(n,q))(n > 4). In
this case we denote GL(n,q)(n > 4) by L,. Let ®,,(x) be the cyclotomic
polynomial of index m.

Lemma 6 Let m > n/2.

(1) Let (g,m) # (2,6). There exist a cyclic subgroup Cp, of order ¢™ — 1
and a Hall subgroup H,, of order h;m(q) = ®m(q)/(®Pm(q),m) of L,
such that H,, C Cp,.

(2) Let x € Hy,. Then there exists a subgroup T of Ly, such that Cp,, (x) C
CnT and T ~ Lyp_p,.

(3) Np, (Hp)~(Cp:m)xT.
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Proof.  Since Fgm can be regarded as a vector space over F, of dimen-
sion m, Fim C GL(F4m). Since hm(q) is a Hall divisor of Ly, (1) holds.
(2) is shown in the same manner of Iiyori [5]. It is easy to see that
NGLFm)(Fgn) =~ Fgn : m. Then we have (3). The proof is complete.

O

Suppose that r and s are joined in I's,;(Ly,) for r € w(H,) and s € w(H;)
(n > 1 > n/2). Then there exists a subgroup of L, such that n(K) =
{r,s} . (1) yields that R and S are cyclic for R € Syl..(K) and
S € Syl,(K). At least one of the following happens; (i) R # Nk (R), (ii)
S # Nk (S), or (iii) R = Nkg(R) and S = Nk(S). By Burnside’s transfer
theorem, R = Ngk(R) implies that S is a normal subgroup of K, which
contradicts S = Nk (S). Therefore the case (iii) never happen.

Suppose that (ii) holds. Since Nk (S) € N (S) ~ C): 1l x L,_; and
(ICn| - |Ln—i],7) = 1, r divides I. r <l and ¢""! —1 = 0 (mod ) yield
r|(hn(q),q"~! — 1), which contradicts that h,(q) is a Hall divisor of L,. If
(i) holds, then m(Ng(R)) = {r,s}. We may assume that R is a subgroup
of Hy,. leads N, (R) ~ Cp : n. Ng(R) C N (R) ~ C, : n and
(ICrl,s) = 1 imply s|n. We note that there exists a € Z such that n = as
and ¢* ! =1 =0 (mod r). If @ > 2, then | < n/2. This contradicts the
choice of [. Thus we have s = n and | = n — 1, which lead the following
lemma.

Lemma 7 (1) hn(q) =1 if and only if (g,n) = (2,6).

(2) Let n > 4. Suppose that hn(q), hi(q), hn—1(q) # 1. Let r € w(H,)
and s € 7(H;) (n/2 <l <n—1). Then r and s are not joined in Usp(Ly).
r € m(Hy) and s € w(Hp—1) are joined in Tsy(Ly) if and only if s = n.

(3) Let g = p* for a prime p. Suppose that r € w(H,) and p } n.
Then r and p are not joined in T'sp(Ly).

Proof.  Let L, = GL(n,q) act on a vector space V of dimension n natu-
rally. Suppose that there exists a subgroup U of L, such that #(U) = {p,r}.
Since Np.(R) ~ (¢" — 1) : n and ((¢" — 1)n,p) = 1, Ny(R) = R for
R € Syl,.(U). By Burnside’s transfer theorem, a Sylow p-subgroup P of U
is a normal subgroup of U. Put W = {v € V | v® = v for all z € P}.
Note W # 0. For y € U and w € W, (w¥)® = (w¥®¥~ ')V = w¥ implies that
Wy CW. (r,|GL(n — 1,q9))|) = 1 leads W = V. This contradicts P # 1.
We have (3) O
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Now we are going to prove for classical simple groups.
| G = PSL,(q).

implies that the theorem holds for G = PSL,(q) for n > 4
unless (¢g,n) = (2,6).

For G = PSLy(q), see Suzuki [8].

Suppose G = PSL3(q). If p # 3, then p and a prime which divides h3(q)
are not joined in I's,(PSL3(q)) by Lemma 7. If p = 3, then namely q is a
power of 3, G = SL3(q) includes an isolated cyclic subgroup H of order ¢2 +
g+1 by Williams [9]. Suppose that 7 and 2 are joined in I's,;(G) for a prime
r such that r||H|. Then there exists a subgroup J of G such that 7(J) =
{2,7}. Ng(H) ~ H :3 and (|H : 3|,2) = 1 imply that a Sylow 2-subgroup
Q@ is a normal subgroup of J by Burnside’s transfer theorem. There exists
a Sylow 2-subgroup B of GL3(g) such that @ C B. Let V be a natural
GL3(g)-module of dimension 3. Since there exists a canonical embedding
of GL1(g) x GL2(q) to GL3(q) and |GL1(g)|2 - |GL2(q)|2 = |GL3(g)|2, then
V = W; & W, as B-module such that dimW; = 1. Since W; is a Q-
module which is generated by an element w of Wi, there exists an eigen
value Ay € F, such that w¥ = A\jyw for y € Q. For z € R, wWE = Azyz—1W
leads (w®)¥ = A,,,—1w®. Thus (w?®) is a @Q-module. The R-irreduciblity of
V implies V =W; @ W7 @ sz. Since V is a faithful Q-module and there
exists an embedding of Q to GL1(q)3, Q1(Z(Q)) is isomorphic to a subgroup
of Z3. Q C SL3(q) leads |Q]||4. Since Q1(Z(Q))R is a Frobenius group, r
divides |©;(Z(Q))| — 1. This implies that » = 3, which is contradiction.
Thus r and 2 are not joined in Iy, (G).

Let G = PSLg(2). Suppose that 7 and 31 are joined in I';,;(G). There
exists a subgroup A of G such m(A4) = {31,7}. |Gls17 = 31 - 72 leads that
A is an abelian group. This contradicts that G has an isolated subgroup
of order 31 by Iiyori-Yamaki [3]. Thus 7 and 31 are not joined in [sy(G).
Hence the theorem holds for G = PSL,(q) except (n,q) = (2,2), (2,3).

E] G = PSp2n(Q)'

For n > 3 except (¢,n) = (2,3), (2,4), we have that hon(q) # 1,
hon—2(q) # 1 and that ha,(q)h2n—2(q) | |Spy,(q)|. For primes r and s such
that r|h2,(q) and s|h2n—2(g), 7 and s are not joined in I'sy;(GL,(q)) by
Lemma 7. Which implies that they are not joined in I's,(PSp,(q)) by
Lemma 2. If (¢g,n) = (2,3) i.e. G = PSpg(2), then 5 and 7 are not joined
by Atlas [2]. Let (¢,n) = (2,4) i.e. G = PSpg(2). Suppose that there exists
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a solvable subgroup E of order 7-17. Then F is an abelian group. This
contradicts that G contains no element of order 7-17 (see Atlas [2]).

Let G = PSpy(q) and V be a natural module over F, of dimemsion
4. For a prime r such that r|hs(q) = ¢ + 1, r and p are not joined in
I's01(GL4(q)) by if p # 2. If p = 2, then G includes an isolated
cyclic subgroup B of order ¢2 + 1. We will show that a € 7(B) is not joined
to r which divides q + 1. Suppose that r and a are joined in I's,;(Sp4(q)).
Then there exists a subgroup T of PSp,(¢q) such that 7(T) = {a,r}. We may
assume that a Sylow a-subgroup R of T is a subgroup of B. Ngp,(q)(B) =~
(¢*+1):2and (|(¢2+1):2|,7) =1 lead that R is a normal subgroup of
T. Let Go = GL4(q). |Golg+1 = (g + 1)? yields that R is conjugate to a
subgroup of

{ ( B Z, ) ’ZhZ? € GLa(q), O(Zl),O(Z2)Iq+1}.

Hence V = W; @ W3 as R-module. Note that W; (i = 1,2) is an irreducilbe
R-module of dimension 2. If R is not cyclic, then Ng,(R) is isomorphic to a,
subgroup of GL2(g) ! S2. (a,|GL2(g) 1 S2|) = 1 leads that R is not a normal
subgroup of T', which is a contradiction. Therefore R is a cyclic group.
Cc(R) includes a subgroup L which is isomorphic to Zg+1 X Zg41. Since
B is isolated, a [ |Cg(R)|. [T,Cq(R)] C Ce(R) yields that K = TCg(R)
is a subgroup of G. By the Frattini argument, K = Ng(Ry)Cgs(R) for
Ry € Syl,(Cg(R)). Ro =~ Zjg11|, X Zjg41), leads that Nk (R) includes a
subgroup Ty ~ Z2 : a. This attributes to the case in which R is not cyclic.
Hence r and a are not joined in I';4;(Spy(q)).

Lemma 8 Let G = GLn(q) (n > 10). For primes r and s such that
Tlhn—2(q) and s|hn—4(q), v and s are not joined in G.

Proof.  Suppose that r and s are joined in I'y,;(G).Then there exists a
subgroup H such that 7(H) = {r, s}. implies |Ng(R)| = (¢" 2 -
1)(n - 2)|GLa(q)| and [Ng(8)| = (¢"* — 1)(n— 4)|GLa(g)| for R € Syl,(H)
and S € Syl (H). Since there exists no element of order rs, r|(n — 4)
or s|(n — 2) by Burnside’s transfer theorem. If s|(n — 2), then Fermat’s
theorem leads s = (n — 2). s|/(¢"™> — 1) and (¢" 3 ~ 1, h,,_4(q)) = 1 yield
a contradiction. Then r|(n — 4). Fermat’s theorem leads r = n — 4 and
r|(¢"® — 1). This is a contradiction. Therefore r and s are not joined in
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['s01(G). This completes the proof. a

By the previous lemma, ['s,;(PQ (q)) is not a complete graph for n > 5.
Suppose that n = 4. For G = PQf (2), T';,(G) is not complete as drawn

below:
5<l>7

3

Let Go = GLs(q) (¢ # 2), G = PQg (q) and V a natural Go-module
of dimension 8. Suppose that r and s are joined in I's;(G) for primes
r and s such that r|hg(q) and s|hs(q). Then there exists a subgroup H
such that m(H) = {r,s}. For R € Syl.(H) and S € Syl,(H), |Ng,(R)| =
(¢® — 1)6|GL2(q)| by Lemma 7. s [ 6 implies that S is the normal 7-
complement of R by Burnside’s transfer theorem. Since a Sylow s-subgroup
of Gy is conjugate to a subgroup of

{ ( & Zy ) ’ Z1, Z2 € GLa(q), O(Zl),0(22)|h4(q)},

there exist S-modules W; (i = 1,2) such that V = W; & W, and dim W, =
4 (i = 1,2). Note that at least one of W; (i = 1,2) is S-irreducible. We
may assume that W is irreducible. Suppose that there exists w,v € W;
such that wY # w and v¥ = v for y € R. For z € S, wyy ' € Wi implies
that W} is an S-module. o(y) | he(q) yields WY # W;. The irreducibility
of W1 contradicts that le N Wi is an S-module and le N W1 # 0. Hence
wY # w for w € Wp — {0}. Since W, is not R-invariant, the S-irreducibility
of Wi implies V. = (W/|y € R). Then W, is S-irreducible by Krull-
Remak-Schmidt’s theorem. V decomposes into an irreducible R-module of
dimension 6 and two trivial modules. Then there exist w,v € W5 such that
wY # w and v¥ = v. W) N Wy is an S-module and Wy # W3 N W, # 0.
This contradicts the irreducibility of W5. Hence r and s are not joined in

Lsoi(G).

G =PQy,(q) (n > 4).

03,,(q) is a subgroup of GLgy,(q) and ha,(q) | |G| yields the
incompleteness of G unless (¢,n) # (2,4). Therefore I'; (P25 (2)) is not
complete by Atlas [2].
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G = PQonti1(q) (n > 3).

By and 8, T, (PQ2n41(q)) is not complete if n > 4. We may
assume G = P{7(q) and ¢ is odd. Let G; = O7(q), which is a subgroup of
Ojf (q). Note that hg(q) # 1 and hg(q) # 1. For primes r and s such that
r|he(g) and s|hy(q), 7 and s are not joined in T's0(PQF (¢)). he(q)ha(q) | |G
implies that r and s are not joined in I's,;(PQ7(q)) by Lemma 2. Thus the
theorem holds for P$,41(q)) for n > 3.

[6] G =PSU,(q) (n >3 and (q,n) # (2,3))

Let Go = GL,(q?) and G1 = U, (q). Then G is a subgroup of Gg. Sup-
pose that n is odd. hy,(q?)||G| and yield that the incompleteness
of I'sei(G) if p f n. Suppose p|n. If n > 5, yields that r and s are
not joined in I';,(G) for primes r and s such that r|h,(q) and s|h,_2(q).
Hence we may assume that G = PSU3(3%) ((¢,n) # (2,3)) for a positive
integer ¢t. Since r and 2 are not joined in I's,;(PSL3(3%)), the theorem holds
for n = odd. Suppose that n is even. If n > 6, then implies the
incompleteness of I's,;(G).

Let G = PSU4(q), Go = GL4(q?) and V a vector space over F
dimension 4.

Suppose that r and s are joined in Iy, (G) for primes r and s such
that r|h3(q?) and s|(g® + 1)/(¢®> + 1,2). Then there exists a subgroup H
of G such that n(H) = {r,s}. Let R be a Sylow r-subgroup of G and
S a Sylow s-subgroup of G. There exists a subgroup Hy of Gy such that
Hy ~ GL2(¢?) x GL2(q?) and Syl,.(Hp) C Syl..(Go). Since H is conjugate to

72 of

{ ( “ Zs ) | 71, Z3 € GLy(g%), O(Zl),O(Zz)l(q2+1)/(q2+1,2)},

there exist S-modules W; (i = 1,2) such that V = W, & W, dim W, = 2
(¢ = 1,2) and that at least one of W; (1 = 1,2) is S-irreducible. By the
same observations for R, there exist S-modules W; (i = 3,4) such that
V = Ws @& Wy, dimW3 = 3, dimWy = 1 and that W; (: = 3,4) is R-
irreducible. The same argument for I's,;(PSi(q)) gives a contradiction.
The theorem holds for G = PSU,(q) (n > 3 and (g,n) # (2, 3)).

The theorem is proved for every classical simple group.

Case: G = other simple groups of Lie type.

Let G be a simple group of Lie type which is not a classical simple
group. Suppose G is not 3Dy(q) nor 2Fy(2)’.
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Table 3. Hall abelian subgroups

group |H| |Ne(H) : H|
*Ba(q) q—1 2 q=2""" (k>1),
m = 2k+1
g+m+1 22
g—m+1 22
®Da(g) ¢ —+1 22
E6(q) (®+¢*+1)/(3,9-1) 32
(¢*+¢°+¢*+q+1)/(5,9 — 1) 25
q4 _ q2 + 1 22 .3
(¢*+1)/(2,g-1) 2.3
?Fs(q) (¢®-¢*+1)/B,q+1) 3
(¢*-¢°+¢*—q+1)/(5,g + 1) 2-5
¢ —q¢+1 22.3
(¢*+1)/(2,¢-1) 2%-3
Ex(q) @+ +1D(g+1) 2-3
(- +1)(g-1) 2.3
Es(q) | (°+4'—¢°—q"—¢>+q+1) 2:3:5 | ¢=2,3(5
(¢®~a"+¢"~q*+¢*~g+1) 2-3-5
¢ —q'+1 22.3
Es(q) (@°+4a"+¢"+¢°—q+1) 2:3-5 | ¢=0,1,4(5)
(®+9"—¢°—q¢* —P+q+1) 2:3:5
(®—q"+¢°—¢*+¢*—q+1) 2:3:5
@ —-qgt+1 22.3
Fy(q) ¢*+1 23 2lq
q4 _ q2 +1 22 .3
*Fy(q) +gm+qg+m+1 2 g =2 (k>1),
m = 2k+1
@ —gmn+qg+m+1 22.3
2F(2) 13 2-3
G2(q) @ +eqg—1 2.3 g=e(3), e==*l1
¢ +eq+1/3 2.3
Ga(q) @ +q-1 2-3 q =0(3)
@?—q+1 2-3
2Gy(q) g+3m+1 2.3 qg=3%+1 (k>1),
m = 3k
g—3m+1 2.3
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G includes two cyclic subgroups H; (i = 1,2) by Table 3. H; has the
following properties:

(P1) H; includes a non trivial Hall cyclic subgroup H? of G, such that

m(Hy) Nw(HY) = 0 and 7(Hy) Nw(HY) = 0,

(P2) Cg(z) = H, for x € (H?)!,

(P3) (ING(HY) : H|,|Hal) = (ING(HS) : Hal, |Hy) = 1

(P4) H?isa T.L set of G

Suppose that r and s are joined in I'sp(G) for 7 € w(HY) and s €
m(H3). Then there exists a subgroup M of G such that w(H;) = {r, s}. For
R € Syl (M) and S € Syl (M), Sylow’s theorem allows H; to include R.
Suppose R # Nj(R). Then there exists an s-element z in Nj;(R). R® = R
and (P4) imply 2 € Ng(HY), which contradicts [P3). R = N (R) yields
that S is a normal subgroup of M by Burnside’s transfer theorem. The
same argument shows that R is a normal subgroup of M. Then M is an
abelian subgroup. This contradicts (P1) and (P2). Therefore r and s are
not joined in Ty (G).

Lsot(2F4(2)') is not complete as drawn below by Atlas [2]:

5
13
3

Let G = 3Dy4(q). Let ¢ = p*. By Kleidman [6], a subgroup H of G such
that (hi2q(p), |H|) # 1 is isomorphic to a subgroup of (¢* —¢*+1) : 4. This
implies that a prime divisor of hjg,(p) is joined only to 2. Therefore the
theorem holds for G.

Case: G = one of 26 sporadic simple groups.
Atlas [2] yields the theorem for G.
The proof of the theorem is completed.

Theorem 3 Let G be a finite group and p,q € 7w(G). p and q are not
joined in o (G) if and only if there exists a series of normal subgroups of

G
G>ND>MD I,

such that G/N and M are {p,q} -group and N/M is a non abelian simple
group such that p and q are not joined in I'so(N/M).
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Proof. ~ We will prove our theorem by induction on the order of G. Suppose
that p and q are not joined in I's,;(G). If G is a non ableian simple group,

then our theorem obviously holds. Let M; be a minimal normal subgroup of
G. By [Lemma 2, one of the following two cases happens; (1) p,q & (M),
(2) p,q € (M) and p,q & n(G/M).

Case (1): By Lemma 2, p and ¢ are not joined in T'y(G/M;). By the
assumption of induction, our theorem holds for G/M;j. Then there exists a
series of normal subgroups of G/M;

G/M, > N/M, > M /M, > 1,

such that (G/M1)/(N/M;) and M/M, are {p,q}-group and (N/My)/
(M /M, )~ is a non abelian simple group such that p and ¢ are not joined
in Ty (N /My)/(M/M;). This implies the theorem holds for G.

Case (2): If M, is isomorphic to the direct product of n copies of a cyclic
group of order 7 for a prime r. Since r is the only prime which divides | M.
This contradicts p,q € w(M;). Therefore M; is isomorphic to the direct
product of n copies of a non abelian simple group S. Suppose n > 2. Then

Is0i(G) should be a complete graph. Hence n = 1 and our theorem holds
for G.

We will show the converse. Suppose that p and q are joined in 5ot (G).
Then there exists a subgroup H of G such that n(H) = {p,q}. Since
HM/M ~ H/(HNM) is a subgroup of G/M such that 7(HM/M) = {p, q}.
Any p- and g-elements of G/M are contained in N/M since p,q & m(N/M).
Therefore p and ¢ are joined in I',;(N/M). This is a contradiction. The
proof is complete. O

4. Applications

Let X, = {i e N|1 < i < n}. Wesay that X,, is consecutive up to n.
The following theorems are shown as applications of prime graphs.

Theorem 4 (Brandl-Shi) [1] Let G be a finite group. If Orde,(G) is
consecutive up to n, Then n < 8 and G can be classified.

Using the argument in Brandl-Shi [1], the similar result for Ord,pe;(G)
was shown by N. Chigira.



406 S. Abe and N. Liyori

Theorem 5 Let G be a finite group. If Ord,y(G) is consecutive up to n,
Then G ~ Z9 or 1.

Proof.  Suppose n > 3. Then there exists a prime p such that n/2 <
p < n. Since Iy, (G) is connected for a finite group by [Theorem 1, p is
joined to another prime q € X,,. But n < pg € X,,, which contradicts the
maximumness of n in X,,. Therefore n = 1,2. The proof of our theorem is
complete. O

Lemma 9 Let Ord} (G) be consecutive up to n. Then n < 4.

Proof. Suppose n > 4. Then there exists a prime p such that n/2 <p <n

which is isolated in I'};(G), namely p is not joined to no other vertices. So
* (G) is disconnected. By Lemma 1I(3), |7(G)| < 2 holds. Thus 7(G) C

{2,3} and n < 4. O

Theorem 6 If Ord} ;(G) is consecutive up to n, Then n < 4 and

sol

G~ Ay (n = 4),
~ S3, Zﬁ (TL = 3),
~ Z2 X ZQ, Z4 (n = 2),
~ 1, Zp (n=1),

for any prime p.

Proof. By lemma 9, 7(G) = {2,3} and |G| = 12 if n = 4. By Lemma 10,

G ~ Ay. Since 6 is not contained in Ord;,(G), 2 and 3 are not joined in

I'cyc(G). This implies com(G) > 2. G is a Frobenius group or 2-Frobenius
group by Kegel-Gruenberg [8]. So G ~ A4. It is easy to check the rest of
cases. O
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