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Algebraic BP -theory and norm varieties
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Abstract. Let p be an odd prime and BP∗(pt) ∼= Z(p)[v1, v2, . . . ] the coefficient ring

of the Brown-Peterson cohomology theory BP∗(−) with |vi| = −2pi + 2. We study

ABP∗,∗′ (−) theory, which is the counter part in algebraic geometry of the BP∗(−)

theory. Let k be a field with k ⊂ C and KM
∗ (k) the Milnor K-theory. For a nonzero

symbol a ∈ KM
n+1(k)/p, a norm variety Va is a smooth variety such that a|k(Va) =

0 ∈ KM
n+1(k(Va))/p and Va(C) = vn. In particular, we compute ABP∗,∗′ (Ma) for

the Rost motive Ma which is a direct summand of the motive M(Va) of some norm

variety Va.
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1. Introduction

A. Suslin and V. Voevodsky constructed and developed the motivic
cohomology theory H∗,∗′(X;Z/p) for algebraic sets X (objects of the A1-
homotopy category) over the base field k. This theory is the counter part
in algebraic geometry of the usual mod p singular cohomology in algebraic
topology. Let ch(k) = 0 and fix an embedding k ⊂ C. As the counter part
of the complex cobordism theory MU∗(X), Voevodsky defined the algebraic
cobordism theory MGL∗,∗

′
(X) and used it in the first proof of the Milnor

conjecture [Vo1], [Vo2].
Given a nonzero symbol a ∈ KM

n+1(k)/p, the norm variety Va is a variety
such that a|k(Va) = 0 ∈ KM

n+1(k(Va))/p and Va(C) = vn. Here vn is the
2(pn − 1)-dimensional complex manifold generating

Z(p)[v1, v2, . . . ] ∼= BP ∗(pt.) ⊂ MU∗(pt.)(p)

the coefficient ring of the BP ∗(−) theory in algebraic topology.
For p = 2, we can take the norm variety by the smallest neighbor Qa

of the Pfister quadric defined by a. Voevodsky proved [Vo2], [Vo3] the
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Milnor conjecture by studying cohomology operations on H∗,∗′(Qa;Z/2).
Moreover MGL2∗,∗(Qa) is studied by Vishik and Yagita [Vi-Ya] and applied
to determine the multiplicative structure of the Chow rings of excellent
quadrics [Ya3].

Recently Rost ([Ro], [Su-Jo]) announced the constructions of the norm
variety Va also for p odd, and Voevodsky ([Vo6]) gives the proof of the Bloch-
Kato conjecture (which is the odd prime version of the Milnor conjecture)
by studying H∗,∗′(Va;Z/p).

In this paper we study the algebraic ABP ∗,∗
′
(X)-theory, which is an

algebraic version of the topological BP ∗(X)-theory such that

ABP ∗,∗
′
(X) ∼= MGL∗,∗

′
(X)(p) ⊗MU∗ BP ∗.

For examples, we explicitly study the cohomology operations and Gysin
maps in ABP ∗,∗

′
-theory. Moreover, we compute ABP 2∗,∗(Ma) for the (gen-

eralized) Rost motive Ma, which is a direct summand of ABP 2∗,∗(Va). This
computation extends the results in [Vi-Ya] to odd p cases. This result can
be applied to seek the Chow rings of nontrivial torsors of exceptional groups
for p ≥ 3 [Ya5].

For the above arguments, we use the Atiyah-Hirzebruch spectral se-
quence (AHss) for ABP ∗,∗

′
(−) from [Ya2], which is reduced from the result

for MGL∗,∗
′
(−) by Hopkins-Morel. Hopkins and Morel announced their re-

sult more than ten years ago, but the text is still unavailable. We note here
that we are using the existence and convergence of AHss for ABP ∗,∗

′
(X)

when X are smooth varieties or Thom spaces of smooth varieties in this
paper.

I am very grateful Masaki Kameko, Michishige Tezuka, Burt Totaro
and Alexander Vishik for useful discussions and kind suggestions. I also
thank the referees for the valuable comments and suggestions to improve
the quality of the paper.

2. Cohomology operations

Let p be a fixed prime number. Let k be a field with ch(k) = 0, which
contains a primitive p-th root of unity. In this paper, the mod(p) motivic
cohomology Hm

Zar(X;Z/p(n)) is written by Hm,n(X;Z/p) for an object X

in the A1-homotopy category. We fix an embedding k ⊂ C and denote by
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tC the realization map

tC : H∗,∗′(X;Z) → H∗(X(C);Z)

where the right hand side is the usual (singular) cohomology of the complex
manifold of C-rational points of X when X is a smooth variety.

In the motivic mod(p) cohomology, we have the Bockstein and the re-
duced power operations

P i : H∗,∗′(X;Z/p) → H∗+2(p−1)i,∗′+(p−1)i(X;Z/p) (2.1)

βP i : H∗,∗′(X;Z/p) → H∗+2(p−1)i+1,∗′+(p−1)i(X;Z/p) (2.2)

which are compatible with the usual Bockstein and the reduced powers
operations via the realization map tC ([Vo2], [Vo4]). (We identify β = βP 0

but note that βP i is not assumed to have the decomposition β · P i.)
Let τ ∈ H0,1(pt.;Z/p) ∼= Z/p and ρ ∈ H1,1(pt.;Z/p) ∼= k∗/(k∗)p be

elements corresponding to the primitive root ζ of unity. Then β(τ) = ρ. Re-
duced power operations have the following properties for all primes (Lemma
9.7, Lemma 9.8 in [Vo4]),

P 0 = Identity, Pn(x) = xp if x ∈ H2n,n(X;Z/p), (2.3)

P i(x) = 0 if x ∈ Hm,n(X;Z/p), i > m− n and i ≥ n. (2.4)

When p > 2, the Cartan formula

P i(xy) =
∑

0≤j≤i

P j(x)P i−j(y)

and the Adem relations are also satisfied as the topological cases. However
when p = 2 we need some modification for τ and ρ (P i = Sq2i and β = Sq1).
For example

Sq2i(uv) =
∑

0≤i≤i

Sq2j(u)Sq2i−2j(v) + τ
∑

0≤j≤i−1

Sq2j+1(u)Sq2i−2j−1(v).

(2.5)

Moreover we have the Milnor operation
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Qi : H∗,∗′(X;Z/p) → H∗+2pi−1,∗′+pi−1(X;Z/p). (2.6)

When p ≥ 3, we have Q0 = β and Qi+1 = [Qi, P
pi

]. But for p = 2 the above
property holds only with mod(ρ) (see [Vo4] for details). We note Q2

i = 0
and QiQj = −QjQi. But Qi is not a derivation when ρ 6= 0 and p = 2
(while it is a derivation whenever p ≥ 3).

For a non zero element x in Hm,n(X;Z/p) or each cohomology opera-
tion (or differential in the spectral sequence), we define the weight and the
difference by w(x) = 2n − m and d(x) = m − n so that if X is a smooth
variety, then

w(x) ≥ 0, d(x) ≤ dim(X).

We also note w(β) = −1, w(P i) = 0, w(Qi) = −1.
The solution of the Bloch-Kato conjecture by Voevodsky implies

H∗,∗′(X;Z/p) ∼= H∗
et(X;Z/p) for ∗ ≤ ∗′,

H∗,∗(pt.;Z/p) ∼= KM
∗ (k)/p ∼= H∗

et(pt.;Z/p).

Since d(x) ≤ 0 for non zero x ∈ H∗,∗′(pt.;Z/p), we have

Lemma 2.1 H∗,∗′(pt.;Z/p) ∼= Z/p[τ ]⊗KM
∗ (k)/p.

Corollary 2.2 Let p ≥ 3. For x ∈ H∗,∗′(pt.;Z/p), we see Qi(x) = 0 and
P j(x) = 0 for all i, j ≥ 1.

Proof. By dimensional reason, Pn(x) = 0 for x ∈ H∗,∗(pt.;Z/p) ∼=
KM
∗ (k)/p or x = τ . When p > 2, the Cartan formula holds, hence Pn(x) = 0

for all x ∈ H∗,∗′(pt;Z/p) ∼= Z/p[τ ] ⊗ KM
∗ (k) and n > 0. We see also

Qn(x) = 0 for n > 0, since Qn is a derivation, and is trivial on KM
∗ (k)/p

and on τ . ¤

Remark However when p = 2, in general, Pn(x) 6= 0 and Qn(x) 6= 0 for
x ∈ H∗,∗′(pt, ;Z/2), for example, see [Vo4] or [Ya2].

V. Voevodsky (the main theorem in [Vo7]) showed that the mod p mo-
tivic Steenrod algebra A∗,∗

′
p is generated as an H∗,∗′(pt,Z/p)-module by

products of P i and βP j . Moreover he also proved
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A∗,∗
′

p
∼= H∗,∗′(pt;Z/p)⊗RP ⊗ Λ(Q0, Q1, . . . ) (2.7)

where RP is the Z/p-module generated by products of reduced powers
P i1 . . . P in (without the Bockstein).

3. ABP theories

Hereafter, in this paper, we assume that p is an odd prime number.
We recall that MU∗(−) is the complex cobordism theory defined on the
category of topological spaces and ([Mi], [Ha], [Ra])

MU∗ = MU∗(pt.) = Z[x1, x2, . . . ] |xi| = −2i.

Here each xi is represented by sum of hypersurfaces of dim(xi) = 2i de-
fined by polynomials with the coefficient in Z, in some product of complex
projective spaces.

Let MGL∗,∗
′
(−) be the motivic cobordism theory defined by Voevodsky.

By the Thom isomorphism, it is easily proved that ([Hu-Kr], [Ve]) MGL is
cellular and there is an H∗,∗′(pt)-module isomorphism

H∗,∗′(MGL) ∼= H∗,∗′(BGL) ∼= H∗,∗′(pt)[c1, c2, . . . ] with deg(ci) = (2i, i).

This isomorphism induces the A∗,∗
′

p -module isomorphism

H∗,∗′(MGL;Z/p) ∼= H∗,∗′ ⊗RP ⊗ Z/p[mi | i 6= pj − 1]

with H∗,∗′ = H∗,∗′(pt.;Z/p) and deg(mi) = (2i, i). (Here A>0,∗′
p acts triv-

ially on mi. The Cartan formula for P i and the fact that Qi is a derivation
give the A∗,∗

′
p action on H∗,∗′(MGL;Z/p) above.)

Let us write by AMU the spectrum MGL(p) representing the mo-
tivic cobordism theory (localized at p), i.e., MGL∗,∗

′
(−)(p) = AMU∗,∗′(−).

Since AMU∗,∗′(X) is a multiplicative cohomology theory, we know it is an
AMU∗,∗′(pt.)-algebra. Moreover we can embeds MU∗ into AMU2∗,∗(pt.)
([Vo1]). Hence AMU∗,∗′(X) is also an MU∗

(p)-algebra.
Given a regular sequence Sn = (s1, . . . , sn) with si ∈ MU∗

(p), we can in-
ductively construct the AMU -module spectrum by the cofibering of spectra
([Bo], [Hu], [Ya2])
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T−1/2|si| ∧AMU(Si−1)
×si−→ AMU(Si−1) → AMU(Si) (3.1)

where T is the Tate object (so that H∗+2,∗′+1(T ∧X) ∼= H∗,∗′(X)).
It is also immediate that tC(AMU(Sn)) ∼= MU(Sn) with

MU(Sn)∗ = MU∗/(Ideal(Sn)).

Recall that the Brown-Peterson theory BP ∗(X) is defined ([Ra], [Ha],
[No], [Ya1]) by

BP ∗(X) = MU(xi | i 6= pj − 1)∗(X)(p)

so that BP ∗ ∼= Z(p)[v1, . . . ] with identifying vi = xpi−1. For S = (vi1 , . . . ,

vin
), let us write

ABP (S) = AMU(S ∪ {xi | i 6= pj − 1}) (3.2)

so that tC(ABP (S)) = BP (S) with BP (S)∗ = BP ∗/(S). By using the long
exact sequence induced from (3.1), we have

Lemma 3.1 ([Bo], Lemma 3.1 in [Ya2]) Let S = (vi1 , . . . , vin
). Then

H∗,∗′(ABP (S);Z/p) ∼= H∗,∗′(pt.;Z/p)⊗H∗(BP (S);Z/p)

∼= H∗,∗′(pt.;Z/p)⊗RP ⊗ Λ(Qi1 , . . . , Qin
).

For each ABP (S)∗,∗
′
(X)-theory, we can construct the Atiyah-

Hirzebruch spectral sequence (AHss).

Theorem 3.2 (Theorem 3.5 in [Ya2]) Let Ah = ABP (S) for S =
(vi1 , vi2 , . . . ). Then there is AHss (the Atiyah-Hirzebruch spectral sequence)

E(Ah)(m,n,2n′)
2

∼= Hm,n(X;h2n′) =⇒ Ahm+2n′,n+n′(X)

with the differential d2r+1 : E
(m,n,2n′)
2r+1 → E

(m+2r+1,n+r,2n′−2r)
2r+1 .

From the above theorem and dimensional reason (Corollary 3.8 in [Ya2]),
we see

ABP (S)2∗,∗(pt) ∼= BP (S)∗ = BP ∗/(S). (3.3)
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The above AHss is the spectral sequence of h∗ ∼= BP ∗/S-algebras. When
p 6∈ S, we have for smooth X (Corollary 3.9 in [Ya2]),

ABP (S)2∗,∗(X)⊗BP∗ Z(p)
∼= H2∗,∗(X)(p)

∼= CH∗(X)(p). (3.4)

We also note the following lemma (the motivic version of the main
theorem in [Ya1]).

Lemma 3.3 If
∑

viyi = 0 ∈ ABP ∗,∗
′
(X), then there is x ∈ H∗,∗′(X;Z/p)

such that Qi(x) = ρ(yi) where ρ : ABP → AHZ/p is the natural (Thom)
map.

Proof. (This proof is a motivic version of the argument of Tamanoi [Ta].)
Define the map κ by the following composition map

ΠTpi−1ABP
∨vi // ∨ ABP

folding // ABP

so that κ∗(b0, b1, . . . ) =
∑

vibi for bi ∈ ABP ∗,∗
′
(X). Let AL be the spec-

trum and Πqi, θ be maps defined by the following cofiber sequence

S−1
s AL

Πqi // ΠTpi−1ABP
κ // ABP

θ // AL

Since v∗n = 0 (from v∗n(1) = 0) on H∗,∗′(ABP ;Z/p), we see κ∗ = 0 on
H∗,∗′(ABP ;Z/p). Hence we have

0 → H∗−1,∗′(ΠTpi−1ABP ;Z/p)

Πq∗i−−→ H∗,∗′(AL;Z/p) → H∗,∗′(ABP ;Z/p) → 0.

Recall H∗,∗′(ABP ;Z/p) ∼= H∗,∗′(pt.;Z/p)⊗RP (see Lemma 3.1). Hence
the mod p cohomology is easily computed

H∗,∗′(AL;Z/p) ∼= H∗,∗′(pt.;Z/p)⊗RP ⊗ {1, q∗0(10), q∗1(11), . . . }

where 1i ∈ H2pi−1,pi−1(Tpi−1ABP ;Z/p) ∼= Z/p which is represented
by ρ : ABP → HZ/p, and where 1 ∈ H0,0(AL;Z/p) is (θ∗)−1(1) for

H0,0(AL;Z/p)
θ∗∼= H0,0(ABP ;Z/p) since H−1,0(ΠTpi−1ABP ;Z/p) = 0.
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Here we can prove that

q∗i (1i) = Qi(1) for 1 ∈ H0,0(AL;Z/p).

Because this holds for topological case (see [Ta] for details), and
H2∗+1,∗(AL;Z/p) is isomorphic to RP ⊗ {q∗0(10), q∗1(11), . . . } which maps
injectivity to (the topological) H2∗+1(AL;Z/p) by the realization map tC.

Let η : AL → HZ/p be the map of spectra representing 1 ∈
H0,0(AL;Z/p). The above equation q∗i (1i) = Qi(1) means

ρqi = Qiη : AL → S2pi−1,pi−1HZ/p

as homotopy maps.
Suppose

∑
viyi = 0 ∈ ABP ∗,∗

′
(X). Then κ(Π(yi)) = 0. So there is

z ∈ AL∗−1,∗(X) with Π(qi(z)) = Π(yi). Take x = η(z) and we get

ρ(yi) = ρqi(z) = Qiη(z) = Qi(x). ¤

Corollary 3.4 Let z ∈ E∗,∗′,0
∞ ⊂ H∗,∗′(X;Z/p) in AHss converging to

ABP ∗,∗
′
(X) such that vnz = 0 ∈ E∗,∗′,∗′′

∞ for some n ≥ 0. Then there is
x ∈ H∗,∗′(X;Z/p) such that

∑
i≥0 viyi = 0 in ABP ∗,∗(X) with ρ(yi) =

Qi(x) for all i ≥ n and z = ρ(yn).

Proof. Let F∗ be the filtration of ABP ∗+∗
′′,∗′+1/2∗′′(X) such that E∗.∗′,∗′′

∞∼= F∗/F∗+1. Then vnz = 0 ∈ E∗,∗′,∗′′
∞ means that vnz = 0 mod(F∗+1) in

ABP ∗,∗
′
(X). So there is a relation in ABP ∗,∗

′
(X) such that

vny′n + vn+1y
′
n+1 + · · · = 0 mod(p, v1, v2, . . . )2

with ρ(y′n) = z. Taking yi = y′i mod(p, v1, v2, . . . ) (so yi = 0 mod(p, v1, . . . )
for i < n), we have

py0 + v1y1 + · · ·+ vnyn + vn+1yn+1 + · · · = 0.

Since ρ(y′i) = ρ(yi), from the preceding lemma, we have the corollary. ¤
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4. Cohomology operations in ABP ∗,∗′
(−)-theory

Recall that

H∗,∗′(MGL) ∼= H∗,∗′(pt.;Z)⊗H∗(MU) (4.1)

where additively H∗(MU) ∼= H∗(BU) ∼= Z[c1, . . . ] and where ci is the i-th
Chern class with deg(ci) = (2i, i). It is known ([Hu-Kr], [Ve], [Bo]) that

MGL∗,∗
′
(MGL) ∼= MGL∗.∗

′
(pt)⊗H∗(MU).

Consider AHss for X

E(X)∗,∗
′,∗′′

2 = H∗,∗′(X,Z)⊗MU∗′′ =⇒ MGL∗,∗
′
(X).

Since each element in H∗(MU) is a permanent cycle, we have the isomor-
phism for all r ≥ 2,

E(MGL)∗,∗
′,∗′′

r
∼= E(pt.)∗,∗

′,∗′′
r ⊗H∗(MU).

The Steenrod algebra of MGL-theory is isomorphic to MGL∗,∗
′
(MGL).

Hence for each MGL∗,∗
′
-basis {c̄β}, we can take (not canonically) an coho-

mology operation s̄β corresponding c̄β . In particular, given α = (α1, . . . , αs),
with αi ≥ 0, take a base cα as the symmetrization of xβ1

1 xβ2
2 . . . where

αj = ](i|βi = j) (identifying ci is the i-th elementary symmetric function of
x1, x2, . . . ). Let us write by Sα the corresponding operation in ABP ∗,∗

′
(−)

and call it the Landweber-Novikov operation ([No], [Ra], [Ha]).
By using these Landweber-Novikov operations, we can define [Ya2] (see

also [No] for the topological case) the projector Φ : MGL(p) → ABP . Hence
ABP ∗,∗

′
(X) is a direct summand of MGL∗,∗

′
(X)(p).

Lemma 4.1 (Lemma 4.1 in [Ya2]) The theory ABP ∗,∗
′
(−) is a multi-

plicative theory and there exists a map ABP → AMGL(p) which induces
the natural BP ∗-algebra isomorphism

ABP ∗,∗
′
(X) ∼= MGL∗,∗

′
(X)(p) ⊗MU∗(p)

BP ∗,

and the natural MU∗
(p)-algebra isomorphism
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MGL∗,∗
′
(X)(p)

∼= ABP ∗,∗
′
(X)⊗BP∗ MU∗

(p)

(identifying vi ∈ BP ∗ with xpi−1 ∈ MU∗
(p)).

Proposition 4.2 (Proposition 4.2 in [Ya2]) Let us write

R̃P = Z(p){rα|α = (α1, α2, . . . ), αi ≥ 0}

with deg(rα) = (2
∑

αi(pi−1),
∑

αi(pi−1)). Then there are ABP ∗,∗
′
(pt.)-

module isomorphisms

ABP ∗,∗
′
(ABP ) ∼= ABP ∗,∗

′
(pt.)⊗H∗(BP ) ∼= ABP ∗,∗

′
(pt)⊗ R̃P .

Since ABP 2∗,∗ ∼= BP 2∗ from (3.3), we have the isomorphism

ABP 2∗,∗(ABP ) ∼= BP 2∗(BP ).

Hence for each cohomology operation in BP ∗(−) theory, there is a unique
operation in ABP ∗,∗

′
(−)-theory. The Steenrod algebra of BP -theory is

generated as an BP ∗-module by the Quillen operation rα for α = (α1, . . . )
with |rα| = 2

∑
αi(pi − 1). Hence ABP ∗,∗

′
(ABP ) is also generated by

(ABP -)Quillen operation rα as an ABP ∗,∗
′
-module.

Remark The Landweber-Novikov operation Sα is also defined as the co-
homology operations in ABP ∗.∗

′
(−) theory by

ABP → MGL(p)
Sα−→ MGL(p) → ABP.

We use the same letter Sα for this operation in ABP ∗,∗
′
(−). Then for

each sequence α = (α1, α2, . . . ) such that αi = 0 if i 6= pk − 1 for each
k, the Landweber-Novikov operation Sα generates ABP ∗,∗

′
(ABP ) as an

ABP ∗,∗
′
(pt.)-module.

Each multiplicative operation o(−) in BP ∗(X) theory is determined by
an element (see [Ha], [Ra])

o(y) ∈ (BP ∗[[y]])2 ∼= BP 2(CP∞), |y| = 2.

The total Quillen operation rt (resp. St) in BP ∗(−)[t1, t2, . . . ] theory (|ti| =
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2(pi − 1)) is defined by

o(y) = rt(y) =
FBP∑

tnypn
(
resp. St(y) =

∑
tnypn

)

where
∑FBP means sum of the formal group law of BP ∗(−) theory. Then

the operation rα(−) is defined from the total operation

rt(x) =
∑

rα(x)tα with tα = tα1
1 . . .

and Sα is defined similarly.
The motivic rα in ABP ∗,∗

′
(−) is defined just by the inverse image of

the topological rα from the isomorphism ABP 2∗,∗(ABP ) ∼= BP 2∗(BP ).
(This does not means that rt(x) is multiplicative.) However, we see that
the motivic rt is also multiplicative, indeed, the Quillen operation rα (and
the Landweber-Novikov operation Sα) satisfies the Cartan formula also in
ABP ∗,∗

′
(−)-theory.

Lemma 4.3 In ABP ∗,∗
′
(X), we have the Cartan formula, i.e.,

rα(xy) =
∑

α=α′+α′′
rα′(x)rα′′(y).

Proof. The Cartan formula holds if

µ∗(rα) =
∑

α=α′+α′′
rα′ ⊗ rα′′ (∗)

for the coproduct map µ∗ : ABP ∗,∗
′
(ABP ) → ABP ∗,∗

′
(ABP ∧ABP ). Here

note for X = ABP, ABP ∧ABP (from Proposition 4.2), we have

ABP ∗,∗
′
(X) ∼= ABP ∗,∗

′
(pt)⊗H∗(tC(X))(p).

In particular

ABP 2∗,∗(X) ∼= BP 2∗(tC(X)).

The Cartan formular holds in BP ∗(−) theory and the formula (∗) holds
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in BP ∗-theory and so does in ABP 2∗,∗(ABP ∧ ABP ), indeed rα ∈
ABP 2∗,∗(ABP ). ¤

As a BP ∗-algebra, we have ABP 2∗,∗(ABP ) ∼= BP 2∗(BP ). Of course
ABP ∗,∗

′
(X) is a ABP ∗,∗

′
(ABP )-module.

Lemma 4.4 ABP ∗,∗
′
(ABP ) is a BP ∗(BP )-module.

Recall that H∗(BP ) ∼= Z(p)[m1,m2, . . . ] where mi = 1/(pi)CP pi−1

where CPm is the m-dimensional complex projective space ([Ha], [Ra]).
The Quillen operation rα on mn is explicitly written.

Lemma 4.5 (Quillen [Ha], [Ra])

rα(mn) =





mi if α = pi∆n−i for ∆n−i = (0, . . . , 0,
n−i
1 , 0, . . . )

0 otherwise.

Hazewinkel showed the following expression of vn by mi ([Ha])

vn = pmn −
∑

1≤i≤n−1

miv
pi

n−i

identifying π∗(BP ) = Z(p)[v1, . . . ] ⊂ H∗(BP ) = Z(p)[m1, . . . ].
Let us write by In the ideal in BP ∗ generated by (v0, . . . , vn−1). (Let

v0 = p.) One of important properties of rα is;

Lemma 4.6 (Hazewinkel [Ha], [Ra])

rα(vn) =

{
vi mod(I2

i ) if α = pi∆n−i

0 mod(I2
n) otherwise.

An Ideal J in BP ∗ is called invariant if it is so under the Quillen (or
Landweber-Novikov) operations, i.e., rα(J) ⊂ J for all α.

Lemma 4.7 (prime invariant ideal theorem [La]) If for a ∈ BP ∗, the ideal
J = (In, a) is invariant, then a = λvs

n mod(In) for λ ∈ Z/p and s ≥ 1. In
particular, prime invariant ideals are written as Im for m ≥ 1 or I∞.

One of examples of invariant ideals is following. For AHss converg-
ing ABP ∗,∗

′
(X), we recall the filtration of the infinite term Es,∗′,∗′′

∞ ∼=
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Fs(X)/Fs+1(X).

Corollary 4.8 If x ∈ E∗,∗′,0
∞ and BP ∗/J{x} ⊂ E∗,∗′,∗′′

∞ for some ideal J ,
then this ideal J is invariant.

Proof. Let us write x′ ∈ ABP ∗,∗
′
(X) a corresponding element to x ∈

En,∗′,0
∞ . Let a ∈ J so that ax′ = 0 mod(Fn+1). Then

0 = rα(ax′) =
∑

α=α′+α′′
rα′(a)rα′′(x′) = rα(a)x′ mod(Fn+1)

since rα′′(x′) ∈ Fn+|rα′′ | ⊂ Fn+1 for α′′ 6= 0. (Of course ABP s,∗′(X) ⊂ Fs.)
Hence rα(a) is also in J . ¤

5. Gysin maps

First we recall the Thom isomorphism. Let V be an m-dimensional
vector bundle over X and ThX(V ) be the induced Thom space. Then it
is well known that there is the Thom isomorphism (for details, see [Vo1],
[Vo2], [Pa], [Ne], [St], [Ra])

Th : H∗,∗′(X;Z) ∼= H̃∗+2m,∗′+m(ThX(V );Z).

The element Th(1) ∈ H2m,m(ThX(V )) is called its Thom class and the
above isomorphism is that of H∗,∗′(X;Z)-modules. The right hand module
is a free H∗,∗′(X;Z)-module generated by the Thom class Th(1) (by the
diagonal map ThX(V ) → ThX(V ) ∧X).

Lemma 5.1 The Thom isomorphism also holds in ABP ∗,∗
′
(X) for smooth

X

Th : ABP ∗,∗
′
(X) ∼= ABP ∗+2m,∗′+m(ThX(V )).

Proof. Consider the AHss E(ThX(V ))r (resp. E(X)r) converging to
ABP ∗,∗

′
(ThX(V )) (resp. ABP ∗,∗

′
(X)). Since w(Th(1)) = 0, we see that

the Thom class Th(1) is a permanent cycle in E(ThX(V ))r. Then we see in-
ductively that E(THX(V ))r is the free E(X)r-module generated by Th(1).
Hence we get the lemma. ¤

For a projective map f : Y → X of smooth projective varieties such
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that c = codimX(Y ) is constant, we will define the Gysin map

f∗ : ABP ∗,∗
′
(Y ) → ABP ∗+2c,∗′+c(X).

(For more algebraic treatments of the Gysin map, see Nenashev [Ne], and
for topological one see [St].)

By definition, the projective map is factored as

f : Y
i−→ Pm ×X

p−→ X

where i is a closed embedding to the product Pm×X and p is the projection.
For a close regular embedding i : Y → Z of codimZ(Y ) = c, we define

the Gysin map i∗ by

i∗ : ABP ∗,∗
′
(Y ) ∼= ABP ∗+2c,∗′+c(ThY (NZ/Y ))

q∗−→ ABP ∗+2c,∗′+c(Z)

where NZ/Y is the normal bundle of Y in Z and q : Z → ThY (NZ/Y ) is the
quotient map.

For p : Z × X → X, the Gysin map p∗ is defined as follows. There is
an m dimensional vector bundle V on Z with dim(Z) = d (Theorem 2.11
[Vo3]) such that there is a map i : Tm+d → ThZ(V ) having the property
that the composition of maps

H2d,d(Z) ∼= H2(m+d),m+d(ThZ(V ))

i∗−→ H2(m+d),m+d(Tm+d) ∼= H0,0(pt.) = Z

coincides with the degree map. Then we can define the Gysin map

p∗ : ABP ∗,∗
′
(Z ×X) ∼= ABP ∗+2m,∗′+m(ThZ(V )×X)

i∗−→ ABP ∗+2m,∗′+m(Tm+d ×X) ∼= ABP ∗−2d,∗′−d(X).

Of course for a projective map f , we define the Gysin map by f∗ = p∗i∗.
(We can see that the above is well defined by considering the embedding to
PM ×X for a sufficient large M > 0, see Nenashev [Ne] for example.)

In particular, ABP 2∗,∗(X) is closed under f∗ and f∗, that is an oriented
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cohomology theory in Panin’s sense [Pa]. Recall here the algebraic cobor-
dism theory Ω∗(X) defined by Levine and Morel [Le-Mo1], [Le-Mo2]. This
theory is the universal oriented theory of which elements are represented by
f : Y → X such that codimX(Y ) is constant and f is projective. By the
universality of Ω∗(X), we can define the natural map

ρBP : Ω∗(X)(p) ⊗MU∗ BP ∗ → ABP 2∗,∗(X)

by ρBP ([f : Y → X]) = f∗(1X). By the recent result by Levine [Le], the
natural map Ω∗(X) → MGL2∗,∗(X) is an isomorphism. This implies that
the above map ρBP is also an isomorphism. Therefore, each element x ∈
ABP 2∗,∗(X) is represented by f∗(1Y ) = [f : Y → X] such that codimX(Y )
is constant and f is projective.

Recall that St =
∑

Sαtα (resp. ct =
∑

cαtα, this cα is that defined just
before Lemma 4.1) is the total Landweber-Novikov operation (resp. total
Chern class). Let us write

νf = −f∗(TX) + TY ∈ K(Y )

for the tangent bundles TX and TY . Then on ABP 2∗,∗(X), we can define
the operations st by

st(f∗(1Y )) = f∗(ct(νf )) (1)

such that tCst = SttC (see [Qu], [No] for MU∗-case).

Remark In Section 4 we defined the Landweber-Novikov operation St for
all ABP ∗,∗

′
(−). The author does not prove yet that St|ABP 2∗,∗(X) = st

while tC(St) = tC(st).

Example Consider the inclusion i : Pd → Pd+1. Then the total Chern
class of the normal bundle νi is

ct(νi) =
( ∑

tnypn−1
)

with e(νi) = y,

in fact, c∆i
(L) = e(L)pi−1 for line bundles L. (Here ∆i = (0, . . . , 0,

i
1,

0, . . . , 0) and see the explanation before Lemma 4.1 for the definition cα.)
On the other hand, the total Landweber-Novikov operation is
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St(y) =
∑

tnypn

from the definition of St (see the explanation before Lemma 4.3). Indeed,
we show (1)

i∗(ct(νi)) = i∗
( ∑

tnypn−1
)

=
∑

tnypn

= St(i∗(1))

since i∗i∗(1) = e(νi) = y.

Lemma 5.2 (ABP -version of a theorem of [Qu], [Ka-Me], the Riemann-
Roch theorem in Panin [Pa]) Let x ∈ ABP 2∗,∗(Y ) and f : Y → X be
projective. Then st(f∗(x)) = f∗(ct(νf )st(x)).

Proof. Let x = [g : Z → Y ]. By the definition

νfg = −g∗f∗TX + TZ = g∗(−f∗TX + TY )− g∗TY + TZ = g∗νf + νg.

This implies ct(νfg) = g∗(ct(νf ))ct(νg). Hence we have from (1)

st(f∗x) = st(f∗g∗(1)) = f∗g∗(ct(νfg)) = f∗g∗(g∗(ct(νf )ct(νg))

= f∗(ct(νf )g∗(ct(νg)) = f∗(ct(νf )st(x)). ¤

Let π : X → pt. be the projection. Let us write

I(X) = π∗ABP 2∗,∗(X) ⊂ ABP 2∗,∗(pt.) = BP 2∗.

From Quillen’s lemma, it is immediate

Lemma 5.3 The ideal I(X) is generated by elements x with −2 dim(X) ≤
|x| ≤ 0 as a BP ∗-module. Moreover I(X) is an invariant ideal of BP ∗.

Proof. Since ABP 2∗,∗(X) is generated as a BP ∗ module by elements y

with 0 ≤ |y| ≤ 2 dim(X), we have the first statement. If a ∈ I(X), then a =
π∗(x) for some x ∈ ABP 2∗,∗(X). Then st(a) = π∗(ct(νπ)st(x)) ∈ I(X)[t].

¤
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6. In+1-torsion spaces

Recall that In+1 = (p, v1, . . . , vn). In this section, we consider In+1-
torsion spaces and their applications according to V. Voevodsky. Recall
that BP 〈n〉∗(X) is the cohomology theory with the coefficient BP 〈n〉∗ =
Z(p)[v1, . . . , vn] so that BP 〈 − 1〉∗(X) = H∗(X;Z/p) and BP 〈∞〉∗(X) =
BP ∗(X).

Lemma 6.1 (Lemma 5.2 in [Ya2]) Let E∗,∗′,∗′′
r be the AHss for

ABP ∗,∗
′
(X). If x = Qn . . . Q1Q0x

′ in H∗,∗′(X;Z/p), then x ∈ E∗,∗′,0
2pn and

x is In+1-torsion in E∗,∗′,∗′′
2pn .

Proof. For each k ≥ 1, there is a cofiber sequence of spectra (3.1)

Tpk−1 ∧ABP 〈k〉 vk−→ ABP 〈k〉 ρk−→ ABP 〈k − 1〉.

Consider the Baas-Sullivan exact sequence, namely, the long exact sequence
induced from the above cofiber map

→ ABP 〈k〉∗+2pk−2,∗′+pk−1(X) vk−→ ABP 〈k〉∗,∗′(X)
ρk−→

ABP 〈k − 1〉∗,∗′(X) δk−→ ABP 〈k〉∗+2pk−1,∗′+pk−1(X) → · · ·

The induced map

Im(ABP 〈n− 1〉∗,∗′(X) → H∗,∗′(X;Z/p)) → H∗,∗′(X : Z/p)

defined by ρ0 . . . ρk−1(y) 7→ ρ0 . . . ρkδk(y) for y ∈ ABP 〈n − 1〉∗,∗′(X) rep-
resents Qk mod(P IQJ ||J | ≥ 2) from the topological case [Ya1] and (2.7).
In particular, x 7→ ρ0 . . . ρnδnδn−1 . . . δ0(x) for x ∈ H∗,∗′(X;Z/p) represents
exactly the operation Qn . . . Q0(x) (using Q2

i (x) = 0).
By the Baas-Sullivan exact sequence, we can see that x′′ = δn . . .

δ0(x′) ∈ ABP 〈n〉∗,∗′(X) is In+1-torsion since the map δi is a map of ABP -
module spectra. In particular,

x = Qn . . . Q0(x′) = ρ0 . . . ρn(x′′)

is a permanent cycle in the spectral sequence
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E(ABP 〈n〉)∗,∗′,∗′′2 = H∗,∗′(X;BP 〈n〉∗′′) =⇒ ABP 〈n〉∗,∗′(X).

Compare the above spectral sequence with the ABP -spectral sequence

E(ABP )∗,∗
′,∗′′

2
∼= H∗,∗′(X;BP ∗

′′)
=⇒ ABP ∗,∗

′
(X).

Since BP ∗ ∼= BP 〈n〉∗ for ∗ > −2pn+1 + 2, we can see that x exists in
E(ABP )∗,∗

′,∗′′
2pn and x is In+1-torsion. ¤

Let us write by Q(n) the exterior algebra Λ(Q0, . . . , Qn).

Lemma 6.2 (Lemma 5.3 in [Ya2]) If ABP 〈k〉∗,∗′(X) is Ik+1-torsion for
all k ≤ n, then H∗,∗′(X;Z/p) is a free Q(n)-module.

Proof. Consider the Baas and Sullivan exact sequence in the proof of the
preceding lemma. Here vk = 0 in our case, so we have

ABP 〈k − 1〉∗,∗′(X) ∼=
{
ρk, δ−1

k

}
ABP 〈k〉∗,∗′(X).

Hence by induction on n, we have the isomorphism

H∗,∗′(X;Z/p) ∼= ABP 〈 − 1〉∗,∗′(X) ∼= Q(n)⊗ {
δ−1
0 . . . δ−1

n ABP 〈n〉∗,∗′(X)
}
,

which is of course a Q(n)-free module. ¤

Let the Čech complex Č(X) be the simplicial scheme such that Č(X)n =
Xn+1 and the faces and degeneracy maps are given by partial projections
and diagonals respectively ([Vo1], [Vo2]). One of the important properties
of Č(X) is the following.

Lemma 6.3 ([Vo1], [Vo2], [Vo3]) Let X, Y be smooth schemes such that

Hom(Y, X) 6= ∅.

Then the projection Č(X) × Y → Y is an equivalence in the A1-homotopy
category.

In the stable A1 homotopy category, define C̃(X) by the following cofiber
sequence

C̃(X) → Č(X) → Spec(k). (6.1)
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Lemma 6.4 ([Vo1], [Ya2]) Let π : Y → pt. be the projection and π∗([Y ]) =
y in BP ∗. Let Ah = ABP (Sn) for some regular sequence Sn in BP ∗. If
Hom(Y, X) 6= ∅, then Ah∗,∗

′
(C̃(X)) is y-torsion.

Proof. Let p : C̃(X) × Y → C̃(X) be the projection, and consider the
composition map

p∗p∗ : Ah∗,∗
′
(C̃(X)) → Ah∗,∗

′
(C̃(X)× Y ) → Ah∗+|y|,∗

′+1/2|y|(C̃(X)).

Here p∗p∗(x) = yx, indeed,

p∗p∗(x) = p∗
(
1C̃(X)×Y · p∗(x)

)
= p∗

(
1C̃(X)×Y

) · x =
(
y1C̃(X)

) · x.

But Ah∗(C̃(X) × Y ) ∼= 0 since Ah∗,∗
′
(Č(X) × Y ) ∼= Ah∗,∗

′
(Y ) from the

cofibering C̃(X)× Y → Č(X)× Y → Y . Hence yx = p∗p∗(x) = 0. ¤

Recall that I(X) = π∗(ABP 2∗,∗(X)) for π : X → pt.

Corollary 6.5 If vn ∈ I(X), then H∗,∗′(C̃(X);Z/p) is a free Q(n)-
module.

Proof. If there are maps Vi → X such that tC(π∗[Vi]) = vi for all i ≤ n,
then we have the result. From Lemma 4.6, we know rpi∆n−i

(vn) = vi

mod(Ii). Since I(X) is invariant ideal, we see that vi ∈ I(X) for all i ≤ n.
This means the existence of Vi and above maps. ¤

7. Chow motive

For smooth X1 and X2, an element θ ∈ CHdim(X2)(X1 × X2) can be
viewed as a correspondence from X1 to X2. More generally, for an element
θ ∈ CH∗(X1 ×X2), we have a homomorphism

fθ : H∗,∗′(X1;Z/p) → H∗,∗′(X2;Z/p) by fθ(x) = pr2∗(pr∗1(x) ∪ θ)

where pri are projections of X1 ×X2 onto Xi.
For θ ∈ CHdim X(X × X), the morphism pθ = fθ is called a projec-

tor if pθ ◦ pθ = pθ. The objects of Choweff (k) are pairs (X, p), where
X are smooth varieties and p ∈ CHdim(X)(X × X) are projectors. Mor-
phisms in Choweff (k) are defined by morphisms fθ. (Namely, the category
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Choweff (k) of Chow motive is the pseudo abelian envelop of the category of
correspondences). (See [Vi] for details.) Objects (X, p) are simply called mo-
tives M which are direct summand of M(X) = (X, idX), and H∗,∗′(M ;Z/p)
are defined as Im(p).

Lemma 7.1 Let θ ∈ CH∗(X × X). Then fθ commutes with Qi. In
particular, for a direct summand M of M(X), its pθ commutes with Qi.
Hence H∗,∗′(M ;Z/p) has the natural Q(∞)-module structure.

Proof. For θ ∈ CH∗(X ×X), we have

fθ(Qi(x)) = pr2∗(pr∗1(Qi(x)) · θ) = pr2∗(Qi(pr∗1(x) · θ)).

The last equation follows from Qi(θ) = 0 since w(θ) = 0. Hence we have
the desired result if pr2∗Qi = Qipr2∗.

By definition of the Gysin map (recall Section 7), we know

pr2∗(x) = i∗(ThX(1) · x)

where ThX(1) ∈ H2m,m(ThX(V );Z/p) is the Thom class for some bundle
V over X and i : Tm × X ⊂ ThX(V ) × X. Since w(ThX(1)) = 0, we see
Qi(ThX(1) ·x) = ThX(1) ·Qi(x). Therefore we see that pr2∗ commutes with
Qi. (Indeed, Qi commutes with the Gysin maps.) ¤

Remark The reduced powers P i do not act naturally on H∗,∗′(M ;Z/p),
see Lemma 7.3 bellow.

Let A∗(X) be an oriented generalized cohomology theory on the cate-
gory of smooth varieties X over k, in the sense of Panin [Pa]. The theories
CH∗(X) and ABP 2∗,∗(X) are oriented generalized cohomology theories.

We can define the category of A-motive MA(k) as a pseudo abelian
envelop of the category of A-correspondences CorA (of degree 0). Here
objects in CorA are classes [X] of smooth varieties and its morphisms are
given by

MorCorA
([X], [Y ]) = Adim(X)(X × Y ).

Theorem 7.2 ([Vi-Ya]) Let ρA : A∗(X) → CH∗(X) be a map of oriented
cohomology theories such that ρA are epic and Ker(ρA) are nilpotent for all
X. Then ρA induces the natural 1 to 1 correspondence between the set of
isomorphism classes of objects in MA(k) and MCH(k).
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The theory ABP 2∗,∗(X) satisfies the assumption of the above theorem
(with localized at p) from the fact that BP ∗ is generated by non positive
degree elements.

For an element θ ∈ ABP (S)2 dim(X2),dim(X2)(X1 × X2), as the case of
Chow rings, we can define the homomorphism

fθ :ABP (S)∗,∗
′
(X1) → ABP (S)∗,∗

′
(X2) by fθ(x) = pr2∗(pr∗1(x) ∩ θ),

and ABP (S)∗,∗
′
(M) = pθABP (S)∗,∗

′
(X) for M = (X, pθ).

Lemma 7.3 (ABP -version of a theorem in [Ka-Me]) For x ∈ ABP 2∗,∗(X)
and θ ∈ ABP 2d,d(X ×X), d = dim(X), we have

st(fθ(x)) = fst(θ)(st(x)ct(νX)).

Proof. From Lemma 5.2, we have

st(fθ(x)) = st

(
pr2∗(pr∗1(x) · θ)) = pr2∗

(
st(pr∗1(x)θ)ct(νpr2)

)
.

Here ct(νpr2) = pr∗1(ct(νX)). Hence the above element is

pr2∗
(
st(pr∗1(x))st(θ)pr∗1(ct(νX)

)
= pr2∗

(
pr∗1(st(x)ct(νX))st(θ))

)
,

which is fst(θ)(st(x)ct(νX)). ¤

8. Norm Variety

Recently, Voevodsky announced the proof of the Bloch-Kato conjecture
for all odd primes [Vo6]. For non zero a = {a0, . . . , an} ∈ KM

n+1(k)/p, Rost
([Ro]) constructed the (smooth projective) norm variety Va such that

(1) π∗[1Va
] = Va(C) = vn, a|k(Va) = 0 ∈ KM

n+1(k(Va))/p

(2) the following sequence is exact

H−1,−1(Va × Va,Z)
pr1−pr2−−−−−→ H−1,−1(Va;Z) → k∗.

Let us write χa = Č(Va) and χ̃a = C̃(Va). By the solution of Bloch-Kato
conjecture, we see the exact sequence
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0 → H∗+1,∗(χa;Z/p) ×τ−→ KM
∗+1(k)/p → KM

∗+1(k(Va))/p (8.1)

identifying H∗+1,∗+1(χa;Z/p) ∼= KM
∗+1(k)/p. (For p = 2 case, see the proof

of Proposition 2.3 in [Or-Vi-Vo].) Since a|k(Va) = 0 ∈ KM
n+1(k(Va))/p, there

is a unique element a′ ∈ Hn+1,n(χa;Z/p) such that τa′ = a.
Let Ma be the object in DMeff

− defined by the following distinguished
triangle

M(χa)(bn)[2bn] → Ma → M(χa)

δa=Q0...Qn−1(a
′)−−−−−−−−−−−−→ M(χa)(bn)[2bn + 1] (8.2)

where bn = (pn−1)/(p−1) = pn−1+· · ·+p+1 so that deg(δa) = (2bn+1, bn).
For i < p, define the symmetric powers

M i
a = Si(Ma) = qi

(
M⊗i

a

) ⊂ M⊗i
a

where qi = (1/i!)
∑

σ∈Si
σ and σ : M⊗i

a → M⊗i
a is the motivic endomor-

phism given by the permutation. One of the important results in [Vo6]
Voevodsky proved is that Mp−1

a is a direct summand of a motive of Va (for
details see [Vo6]). Moreover, there are distinguished triangles (for details,
see (5.5), (5.6) in [Vo6])

M i−1
a (bn)[2bn] → M i

a → M(χa) si−→ M i−1
a (bn)[2bn + 1] (8.3)

M(χa)(bni)[2bni] → M i
a → M i−1

a
ri−→ M(χa)(bni)[2bni + 1]. (8.4)

Then we have the diagram

H∗,∗′(χa;Z/p)

r∗p−1

²²
H],]′(χa;Z/p) H\,\′(Mp−2

a ;Z/p)
s∗p−1oo

²²

H]−1,]′(Mp−1
a ;Z/p)oo

H\,\′(Mp−1
a ;Z/p)

where
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(], ]′) = (∗+ 2(pn + bn), ∗′ + pn + bn − 1) = (∗+ 2bn+1, ∗′ + bn+1 − 1),

(\, \′) = (∗+ 2pn − 1, ∗′ + pn − 1),

and the vertical and horizontal arrows are exact. From the result of Vo-
evodsky, we know (Appendix in [Su-Jo])

Lemma 8.1 ([Vo6]) For x ∈ H∗,∗′(χa;Z/p), we have

s∗p−1r
∗
p−1(x) = λQ0Q1 . . . Qn(a′) ∪ x λ 6= 0 ∈ Z/p.

Corollary 8.2 The following map

Q0 . . . Qn(a′) ∪ − : H∗,∗′(χa;Z/p) → H],]′(χa;Z/p)

is surjective (resp. isomorphic) if the difference ∗−∗′ ≥ 0 (resp. ∗−∗′ > 0)
i.e., ]− ]′ ≥ bn+1 − 1 (resp. ]− ]′ > bn+1 − 1).

Proof. Let the difference ∗−∗′ ≥ 0. Note that Mp−1
a is a direct summand

of the motive of Va. Hence we see

H],]′(Mp−1
a ;Z/p

)
= 0, H\,\′(Mp−1

a ;Z/p
)

= 0

since their difference is larger than pn − 1 = dim(Va). Hence we know the
surjectivity of s∗p−1r

∗
p−1. When the difference ∗ − ∗′ > 0, we get moreover

H]−1,]′(Mp−1
a ;Z/p

)
= 0, H\−1,\′(Mp−1

a ;Z/p
)

= 0,

by the same reasons. Thus we see the injectivity. ¤

Denote by k(Va) the function field of Va and by (Va)0 the set of closed
points of Va. One of the main theorems of the paper ([Or-Vi-Vo]) by Orlov,
Vishik and Voevodsky is the p = 2 case of the following theorem.

Theorem 8.3 For any a = {a0, . . . , an} ∈ KM
∗ (k)/p, the following se-

quence is exact

qx∈(Va)0 KM
∗ (k(x))/p

Trk(x)/k−−−−−→ KM
∗ (k)/p

a−→ KM
∗+n+1(k)/p → KM

∗+n+1(k(Va))/p.
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Outline of proof (See for the case ∗ = 1, A.1 in [Su-Jo]). The exactness of
the last part in the above sequence follows from (8.1). The first part is also
just an odd prime p version of the arguments of the proof by Orlov, Vishik
and Voevodsky. From arguments by Voevodsky ([Vo6], the main theorem
in Appendix in [Su-Jo]), we see the exact sequence

qx∈(Va)0 KM
∗ (k(x))/p

Trk(x)/k−−−−−→ KM
∗ (k)/p

δa−→ H∗+2bn+1,∗+bn(χa;Z/p). (8.5)

The last map δa is epic by the following reason. Consider the composition

KM
∗ (k)/p

δa−→ H∗+2bn+1,∗+bn(χa;Z/p)
Qn−→ H2pbn+2,pbn(χa;Z/p).

Since Qnδa = Qn . . . Q0(a′), we see that Qnδa is epic from the preceding
lemma. Since H∗,∗′(χ̃a;Z/p) is Λ(Qn)-free (from Corollary 6.5), we see
that Qn above is monic. (Note that H∗,∗′(χ̃a;Z/p) ∼= H∗,∗′(χa;Z/p) when
∗ > ∗′.) Thus we show that the map δa in the above sequence is epic.

We also know that the map

KM
∗ (k)/p

δa−→ H∗+2bn+1,∗+bn(χa;Z/p)

(Qn−1...Q0)
−1

−−−−−−−−−→ H∗+n+1,∗+n(χa;Z/p) ×τ−→ KM
∗+n+1(k)/p (8.6)

is the multiplication with a because Va is a splitting variety of a and the
maps are those of KM

∗ (k)/p-modules. Here we also use (8.1) and the fact
that H∗,∗′(χ̃a;Z/p) is Q(n)-free from Corollary 6.5, in fact the above map
Qn−1 . . . Q0 is an isomorphism. Thus we get the exact sequence. ¤

Corollary 8.4 (For p = 2, this is Theorem 2.10 in [Or-Vi-Vo]) For each
0 6= h ∈ KM

n (k)/p, there is a field E/k and a nonzero pure symbol a ∈
KM

n (k)/p such that 0 6= h|E = a|E in KM
n (E).

Proof. Let h = b1+ · · ·+bl and each bi a pure symbol for 1 ≤ i ≤ l. Let Vbi

be the norm varieties and Ei = k(Vb1 × · · · × Vbi). Then of course h|El
= 0.

Take i such that h|Ei−1 6= 0 but h|Ei
= 0. Then from the above theorem,

Ker
(
KM

n (Ei−1)/p → KM
n (Ei)/p)

)
= biK

M
0 (Ei−1)/p.
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Hence h|Ei−1 = λbi|Ei−1 for λ 6= 0 ∈ Z/p. Then a = bi and E = Ei−1

satisfy the desired result. ¤

Let us write by Ka the quotient algebra of KM
∗ (k)/p by the annihilator

ideal of a (which is the ideal generated by x with ax = 0 ∈ KM
∗ (k)/p), so

that

KM
∗ (k)/p ⊃ KM

∗ (k)(a) ∼= Ka{a}.

Namely, KM
∗ (k)/p-module generated by a in KM

∗ (k)/p is isomorphic to the
free Ka-module generated by a.

Theorem 8.5 (For p = 2, this is Theorem 5.8 in [Ya2]) Let 0 6= a =
(a0, . . . , an) ∈ KM

n+1(k)/p. Then there is a KM
∗ (k) ⊗ Q(n)-module isomor-

phism

H∗,∗′(χ̃a;Z/p) ∼= Ka ⊗Q(n)⊗ Z/p[ξa]{a′}

where ξa = QnQn−1 . . . Q0(a′) and deg(a′) = (n + 1, n).

Proof. Recall the difference d(x) = ∗ − ∗′ for x ∈ H∗,∗′(χ̃a;Z/p). Hence if
0 6= x ∈ H∗,∗′(χ̃a;Z/p), then d(x) > 0. From (8.6) we already know that

KM
∗ (k)/p

δa−→ H∗+2bn+1,∗+bn+1(χa;Z/p)
(Qn−1...Q0)

−1

−−−−−−−−−→ H∗+n+1,∗+n(χa;Z/p)

is an epimorphism, indeed, the map δa is epic from Corollary 8.2 and the
map Qn−1 . . . Q0 is isomorphic since H∗,∗′(χ̃a;Z/2) is Q(n)-free. The com-
position of the above map with

τ : H∗+n+1,∗+n(χa;Z/p) → KM
∗+n+1(k)/2

is multiplying by a from (8.6). Since the last map τ is monic from (8.1), we
see that

H∗+n+1,∗+n(χ̃a;Z/p)

∼= τH∗+n+1,∗+n(χ̃a;Z/p) ∼= τ(Q0 . . . Qn−1)−1δaKM
∗ (k)/p

∼= KM
∗ (k)/p(a) ∼= Ka{a} ⊂ KM

∗+n+1(k)/p.
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Thus we get the case d(x) = 1.
Since H∗,∗′(χ̃a;Z/p) is Q(n)-free (from Corollary 6.5), its contains

Q(n)(Ka{a′}) ∼= Ka ⊗Q(n){a′}, with τa′ = a.

Moreover the multiplying by ξa is isomorphic (from Lemma 8.1 and Corol-
lary 8.2) in H∗,∗′(χ̃a;Z/p), and we have the injection

Ka ⊗Q(n)⊗ Z/p[ξa]{a′} ⊂ H∗,∗′(χ̃a;Z/p).

We will prove that the above injection is an epimorphism also. Since
the multiplying by ξa is isomorphic and d(ξa) = bn+1, it is sufficient to
prove that there are no additional KM

∗ (k)⊗Q(n)[ξa]-module generators x for
d(x) ≤ bn+1+1. Suppose that t is such a generator with 1 < d(t) ≤ bn+1+1.
Then we see

d(Q0 . . . Qnt) = pn + pn−1 + · · ·+ 1 + d(t) > bn+1 + 1.

From Corollary 8.2, there is an element y ∈ H∗,∗′(χ̃a;Z/p) such that

Q0 . . . Qn(t) = s∗p−1r
∗
p−1(y) = ξa ∪ y.

Since Qi is a derivation, we have

ξa ∪Qi(y) = Q0 . . . Qn(a′) ∪Qi(y)

= Qi(Q0 . . . Qn(a′) ∪ y) = Qi(Q0 . . . Qn(t)) = 0

for i ≤ n. Since the map multiplying by ξa is injective (indeed, isomorphic)
for H∗,∗′(χ̃a;Z/p) from Corollary 8.2, we see

Qi(y) = 0 for all 0 ≤ i ≤ n.

Then the fact that H∗,∗′(χ̃a;Z/p) is Q(n)-free implies that

y = QnQn−1 . . . Q0(y′) for some y′ ∈ H∗,∗′(χ̃a;Z/p).

Of course d(y′) = d(t)− d(ξa) ≤ 0. This is a contradiction. ¤
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Remark The poof of this theorem was first given in the preprint [Ya4] in
2006, while Merkerjev and Suslin [Me-Su] also gave its proof in the recent
paper [Me-Su].

Lemma 8.6 If ∗ < 4bn, then H∗,∗′(Ma;Z/p) ∼= H∗,∗′(Mp−1
a ;Z/p). More-

over if ∗ < 2bn, then H∗,∗′(Ma;Z/p) ∼= H∗,∗′(χa;Z/p).

Proof. Since H∗,∗′(χa;Z/p) ∼= 0 for ∗ < 0, we get this lemma from (8.2),
(8.4). For example, (8.4) induces the long exact sequence

← H∗−2bni,∗′−bni(χa;Z/p) ← H∗,∗′(M i
a;Z/p

) ← H∗,∗′(M i−1
a ;Z/p

) ← · · · ,

which induces the isomorphism H∗,∗′(M i
a;Z/p) ∼= H∗,∗′(M i−1

a ;Z/p) for the
first degree ∗ < 2bni. ¤

Let us consider the following triangular domain generated by bidegree

Di =
{

deg(x) | w(x) ≥ 0, first. deg(x) < 2bni, d(x) ≥ bn(i− 1)
}

and D =
⋃p−1

j=1 Dj . Note that all bidegree deg(x) of w(x) ≤ 1 (indeed,
w(τ) = 2), are contained in D.

Lemma 8.7 Let us write K = KM
∗ (k)/p and aK = {x ∈ K; ax = 0} the

annihilator ideal by a so that Ka
∼= K/aK. For bidegree (∗, ∗′) ∈ D defined

above, we have the K-module (but not ring) isomorphism,

H∗,∗′(Mp−1
a ;Z/p

) ∼=
(
Ka ⊗Q(n− 1){a′} ⊕ aK{t})[t]/(tp−1)⊕K{1}

where deg(t) = (2bn, bn).

Proof. Consider the exact sequence induced from (8.3)

← H∗,∗′(M i−1
a (bn)[2bn];Z/p

)

j1←− H∗,∗′(M i
a;Z/p

) j2←− H∗,∗′(χa;Z/p) si←− · · ·

Note |Qna′| = 2pn + n and recall that H∗,∗′(χ̃a;Z/p) ∼= H∗,∗′(χa;Z/p) for
∗ > ∗′. Hence for ∗ < 2pn + n we have the isomorphism

H∗,∗′(χa;Z/p) ∼= Ka ⊗Q(n− 1){a′} ⊕K{1}.
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In particular, it is isomorphic to Ka{c0 = Q1 . . . Qn−1(a′)} when (∗, ∗′) ∈⋃i
j=2 Dj . Hence j2 is zero and j1 is surjective in

⋃i
j=2 Dj .

By induction we assume for (∗, ∗′) ∈ ⋃i−1
j=1 Dj

H∗,∗′(M i−1
a ;Z/p) ∼= (Ka ⊗Q(n− 1){a′} ⊕ aK{t})[t]/(ti−1)⊕K{1}.

Then for (∗, ∗′) ∈ ⋃i
j=2 Dj , we see

H∗,∗′(M i−1
a (bn)[2bn];Z/p

)

∼=
(
(Ka ⊗Q(n− 1){a′} ⊕ aK{t})[t]/(ti−1)⊕K{1})⊗ {t}.

In particular, both sides of the above are zero if (∗, ∗′) ∈ D1. Hence j2 is
injective when (∗, ∗′) ∈ D.

We consider the exact sequence (8.3) again

j2←− H∗+1,∗′(χa;Z/p)

si←− H∗+2bn,∗′+bn(M i−1
a (bn)[2bn];Z/p)

j1←− H∗,∗′(M i
a;Z/p)

Here si(t) = δa from (8.2). Hence we can see

Ker(si) ∼=
(
(Ka ⊗Q(n− 1){a′} ⊕ aK{t})[t]/(ti−1)⊕ aK{1})⊗ {t}.

(The map j1 is not injective, but the degree Im(si) = Ka{δ} does not
contained in D, and hence j1 is injective when we restricted degree in D.)
Thus we can prove the lemma. ¤

Remark The isomorphism in the above theorem is that of K ⊗ Q(n)-
modules. This fact is proved in Lemma 9.5 in the next section.

Corollary 8.8 Let ci = Q0 . . . Q̂i . . . Qn−1(a′) (hence |ci| = 2(bn−pi+1)).
Then there is an additive (not ring) isomorphism

CH∗(Mp−1
a

)
/p ∼= Z/p{1} ⊕ Z/p[t]/(tp−1){c0, . . . , cn−1},

CH∗(Mp−1
a

)
(p)
∼= Z(p) ⊕

(
Z(p){c0} ⊕ Z/p{c1, . . . , cn−1}

)
[t]/(tp−1).

Note for i ≥ 1, ci ∈ Im(Q0) and it is just a p-torsion in the integral
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Chow ring.

9. Rost’s basic correspondence

We recall the arguments of Rost in [Ro]. Let q : Va → χa be the natural
map and K∗,∗′ be the kernel of the induced map q∗ : H∗,∗′(χa;Z/p) →
H∗,∗′(Va;Z/p). Then the natural filtration on the simplicial scheme χa

gives the map

proj : K∗,∗′ → H1
(
Va;H∗−1,∗′/p

)

where H1(X;F ) is an abbreviation for the homology of complex

F (X)
p∗1−p∗2−−−−→ F (X ×X)

p∗1−p∗2+p∗3−−−−−−−→ F (X ×X ×X) → · · ·

Since H2∗+1,∗(Y ;Z/p) = 0 and H2∗,∗(Y ;Z/p) = CH∗(Y )/p for any smooth
variety Y , we see K2bn+1,bn ∼= H2bn+1,bn(χa;Z/p) and

H1
(
Va;H2bn,bn/p

) ∼= CHbn(Va × Va)/(p, p∗1 − p∗2).

Hence the map proj is written as

proj : H2bn+1,bn(χa;Z/p) → CHbn(Va × Va)/(p, p∗1 − p∗2).

Define

ρ = proj(Qn−1 . . . Q0(a′)) ∈ CHbn(Va × Va) mod(p, p∗1 − p∗2),

and also define c(Va) = p1∗(ρp−1) ∈ CHd(Va)/p ∼= Z/p. In [Ro] Rost
constructs a norm variety such that c(Va) 6= 0 ∈ Z/p. Moreover he shows
that we can take a projector θ ∈ CHd(Va × Va) such that

θ = 1/c(Va)(ρp−1) ∈ CHd(Va × Va)/p.

Thus we can define the motive MR
a = fθ(M(Va)). We will see that MR

a is
isomorphic to Mp−1

a as motives in Corollary 9.3 below.
Hereafter this paper, the variety Va always means a norm variety which

has this property
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c(Va) 6= 0 ∈ Z/p

and has the projector fθ.
Let k̄ be the algebraic closure of k and X|k̄ = X ⊗k k̄. Let ik̄ :

H∗,∗′(X;Z/p) → H∗,∗′(X|k̄;Z/p) be the induced map. From the exact
sequence induced from (8.3) or (8.4), we have the isomorphism of modules
(for the Voevodsky motive Mp−1

a )

H∗,∗′(Mp−1
a |k̄;Z(p)

) ∼= Z(p)[t̄]/(t̄p)

for deg(t̄) = (2bn, bn).
Recall that the Rost motive MR

a is defined by MR
a = fρp−1(M(Va)). We

will study ρ|k̄. Let j : Va × Spec(k̄) ⊂ (Va × Va)|k̄ and let t̄ = j∗(ρ|k̄). Then
(Lemma 5.2 in [Ro])

ρ|k̄ = t̄⊗ 1− 1⊗ t̄ ∈ CHbn(Va|k̄ × Va|k̄)/p

from the cocycle condition p∗1 − p∗2 + p∗3 = 0. Thus we get

(ρ|k̄)p−1 =
∑

t̄p−1−i ⊗ t̄i ∈ CHd(Va|k̄ × Va|k̄)/p. (∗)

The fact 0 6= c(Va) = p1∗((ρ|k̄)p−1) implies that t̄p−1 6= 0 ∈ CHd(Va|k̄)/p.
Moreover the fact that p2∗(t̄i ⊗ t̄i) = δp−1,j t̄

i implies that fθ(t̄i) = t̄i for all
0 ≤ i ≤ p− 1. By the definition of the map fθ and (∗), we see

fθ(Va|k̄) = Z(p){1, t̄, . . . , t̄p−1},

that is, CH∗(MR
a |k̄)(p)

∼= Z(p)[t̄]/(t̄p). Thus we have the ring epimorphism

CH∗(Va|k̄)(p) → CH∗(MR
a |k̄

)
(p)
∼= Z(p)[t̄]/(t̄p).

Note also CH∗(MR
a |k̄) ∼= CH∗(Mp−1

a |k̄).

Lemma 9.1 We have for 0 ≤ s ≤ p− 2,

ik̄(c0 ⊗ ts) = λspt̄s+1 ∈ CH∗(Va|k̄)(p) λs 6= 0 mod(p).

Proof. First we prove ik̄(c0 ⊗ tp−2) = pt̄p−1. Here c0 ⊗ tp−2 (resp. t̄p−1)
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generates Z(p) ⊂ CHd(Va) (resp. CHd(Va|k̄) ∼= Z(p)) where d = dim(Va) =
pn − 1.

Let us write deg(X) = π∗(CHdim(X)(X)) for π : X → pt. Since Va has
no k-rational points,

deg(Va) ⊂ pCH0(Spec(k)) = pZ(p).

On the other hand, the fact tC(Va) = vn implies that

π∗(r∆n
(−TVa

)) = π∗(r∆n
(−TVa|k̄)) = p mod(p2).

Hence we have deg(Va) = pZ(p), while deg(Va|k̄) = Z(p). Since deg = deg ·ik̄,
we see that ik̄(c0 ⊗ tp−2) = pt̄p−1.

From (8.3), we have the following commutative diagram

H2∗−2bn,∗−bn
(
Mp−2

a |k̄
)

H2∗,∗(Mp−1
a |k̄

)j1|k̄oo H2∗,∗(χa|k̄)oo

H2∗−2bn,∗−bn(Mp−2
a )

ik̄

OO

H2∗,∗(Mp−1
a

)j1oo

ik̄

OO

H2∗,∗(χa).oo

ik̄

OO

When (∗, ∗′) = (2bni, bni), we see that H∗,∗′(χa) = H∗,∗′(χa|k̄) = 0 from
Theorem 8.5. Hence j1|k̄ and j1 are isomorphism for these degree. (Note
H∗,∗(χa(pbn)[2pbn]) = 0.) Moreover

j1|k̄(t̄i) = λt̄i−1 for λ 6= 0 ∈ Z/p

and j1(c0⊗ ti) = λc0⊗ ti−1. By induction starting ik̄(c0⊗ tp−2) = pt̄p−1, we
have the desired result ik̄(c0 ⊗ ti−2) = λpt̄i−1, from the above diagram. ¤

Now we recall properties of generically split over X. We say that a
k-motive M which is a direct summand of M(X) is generically split over
X if M |k(X) splits as a sum of Tate motives T⊗i. Vishik and Zainoulline
prove [Vi-Za] that if motives N , M are generically split over X and a map
f : N → M of k-motives is generically split over X (i.e., f |k(X) is a split
k(X)-epimorphism), then f itself splits (i.e., f is a split k-epimorphism).
Moreover, Vishik and Zainoulline prove the Rost nilpotent theorem for
k(X)/k.
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The following lemma and corollary are suggested by the referee.

Lemma 9.2 Let N → M(Va) be a map of k-motives over Va such that
CHd(N |k(Va))(p) → CHd(Va|k(Va))(p)

∼= Z(p) is an epimorphism. Moreover
let N be generically split over Va. Then N contains MR

a as a k-motive direct
summand.

Proof. Let pN be a projector for N . Then from the assumption of the
epimorphism (pN (t̄p−1) = t̄p−1), we have

ik̄(pN ) = 1⊗ t̄p−1 + at̄⊗ t̄p−2 + · · · ∈ CH∗(Va × Va|k̄)/p.

For the projector pM = fθ (for MR
a ) we know (with mod(p))

ik̄(pM ) = 1⊗ t̄p−1 + t̄⊗ t̄p−2 + · · ·+ t̄p−1 ⊗ 1.

If they are the same in CH∗(MR
a ×MR

a |k̄)/p, then from Vishik and Zain-
oulline results, we see that N contains MR

a also as k-motives.
Suppose that for 0 < i < p− 1

ik̄(pN − pM ) = t̄i ⊗ t̄p−1−i + a′t̄i+1 ⊗ t̄p−i−2 + · · ·

Then we show

ik̄
(
(pN − pM )ρi)

)
= t̄i ⊗ t̄p−1 + a′′t̄i+1 ⊗ t̄p−2 + · · ·

Therefore we can compute

ik̄
(
pr1∗((pN − pM )ρi)

)
= pr1∗

(
t̄i ⊗ t̄p−1 + a′′t̄i+1 ⊗ t̄p−2 + · · · ) = t̄i.

Hence t̄i ∈ Im(ik̄), and this contradicts to the preceding lemma. ¤

From the nilpotent theorem for k(Va)/k by Vishik-Zainoulline and the
fact that Mp−1

a is indecomposable (over k), we have the following corollary.

Corollary 9.3 The motives Mp−1
a and MR

a are isomorphic as k-motives.
Hence the generalized Rost motive Ma (which is an indecomposable sum-
mand of M(Va) with deg(Ma) = pZ(p)) is uniquely determined by the norm
variety Va.
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Lemma 9.4 There is ξ ∈ CH(p−2)bn(MR
a ×MR

a ) such that ξ|k̄ = ρp−2|k̄
and for (∗, ∗′) ∈ ⋃n−1

j=2 Dj − {(2bn, bn)}, we have the isomorphism

fξ : H∗,∗′(MR
a ;Z/p

) ∼= H∗−2bn,∗′−bn
(
MR

a ;Z/p
)
.

Proof. We consider the following diagram in the derived category DMeff
−

([Vo1], Section 9 in [Fr-Vo])

MR
a (bn)[2bn]

(1) // Mp−2
a (bn)[2bn]

(2) //

=

²²

M(χa)(pbn)[2pbn + 1] (I)

M(χa)(0)[−1]
(3) // Mp−2

a (bn)[2bn]
(4) // MR

a (II).

Here (I) and (II) are distinguished triangles from (8.4) and (8.3). Let

ξ = (4) · (1) ∈ Hom
(
MR

a (bn)[2bn],MR
a

) ∼= CH(p−2)bn
(
MR

a ×MR
a

)
.

We note that

fξ|k̄(t̄p−1) = t̄p−2 = fρp−2 |k̄(t̄p−1).

Here the first equation follows from (8.3) and Lemma 9.1. The second
equation follows from ρp−2|k̄ = 1⊗ t̄p−2 + . . . . Using arguments in the proof
of Lemma 9.2 (considering pr1∗(ρi(ξ−ρp−2)) for some i), we see ξ|k̄ = ρp−2|k̄.

Next we consider the induced exact sequences

∗−2bn,∗′−bn

H (MR
a ;Z/p)

∗−2bn,∗′−bn

H (Mp−2
a ;Z/p)

(1)∗oo ∗−2pbn−1,∗′−pbn

H (χa;Z/p)
(2)∗oo

H∗+1,∗′(χa;Z/p)
∗−2bn,∗′−bn

H (Mp−2
a ;Z/p)

(3)∗oo

=

OO

H∗,∗′(MR
a ;Z/p).

(4)∗oo

For (∗, ∗′) ∈ ⋃n−1
j=2 Dj − {(2bn, bn)}, we see
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H∗+1,∗′(χa;Z/p) ∼= H∗−2pbn−1,∗−pbn(χa;Z/p) ∼= 0,

Hence we have the exact sequence

← H∗−2pbn,∗′−pbn(χa;Z/p) ← H∗−2bn,∗′−bn
(
MR

a ;Z/p
)

fξ←− H∗,∗′(MR
a ;Z/p

) ← H∗,∗′(χa;Z/p) ← .

For (∗, ∗′) ∈ ⋃n−1
j=2 Dj , we see

H∗,∗′(χa;Z/p) ∼= H∗−2pbn,∗−pbn(χa;Z/p) ∼= 0,

Thus we have the isomorphism in the lemma. ¤

Remark By arguments just before Remark 2.6 in [Ro], Rost showed an
exact quadrangle

M(χa)(pbn)[2pbn] → MR(bn)[2bn]
ρp−2

−→ MR → M(χa).

The proof of the above lemma is suggested by this exact quadrangle.

Lemma 9.5 For bidegree (∗, ∗′) ∈ D, we have the K ⊗ Q(n − 1)-module
(but not ring) isomorphism,

H∗,∗′(MR
a ;Z/p

) ∼=
(
Ka ⊗Q(n− 1){a′} ⊕ aK{t})[t]/(tp−1)⊕K{1}

namely, Qi(a′ts) = Qi(a′)ts for 0 ≤ i ≤ n− 1, 0 ≤ s ≤ p− 2.

Proof. From Lemma 8.7 and the preceding corollary, we have the K-
module isomorphism in this lemma. For (∗, ∗′) ∈ ⋃n−1

j=2 Dj − {(2bn, bn)},
we see that fξ|H∗,∗′(MR

a ) is an isomorphism. Let ap−1 = a′ ⊗ tp−2. For
each 1 ≤ j ≤ p − 2, define aj ∈ H∗,∗′(MR

a ;Z/p) by fξ(aj+1) = aj . By
dimensional reason, we note

aj = a′ ⊗ tj−1 mod
(
KM

+ (k)/p
)
.

Recall that from Lemma 7.1, fξ commute with Qi. By the induction on
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j, we assume Q1 . . . Qn−1(aj) = λjc0t
j−1 for λj 6= 0. Then

fξ(Q1 . . . Qn−1(aj+1)) = Q1 . . . Qn−1(fξ(aj+1)) = Q1 . . . Qn−1(aj)

= λ′jc0t
j−1 = λ′′j fξ(c0t

j).

Hence we see that

Q1 . . . Qn−1(aj+1) = λ′′j c0t
j .

Thus we show for all 0 ≤ i1 < · · · < is ≤ n− 1,

Qi1 . . . Qis(a
′)⊗ tj−1 = Qi1 . . . Qis(aj) mod

(
KM

+ (k)/p
)
.

Take Qi1 . . . Qis
(aj) (rewrite it Qi1 . . . Qis

(a′)⊗ tj−1) as a basis of the Ka-
free submodule of H∗,∗′(MR

a ;Z/p). Then we see that the isomorphism in
this lemma is that of Q(n− 1)-modules. ¤

10. ABP 2∗,∗(Va) for the norm varieties Va.

We consider AHss

E(Va)∗,∗
′,∗′′

2 = H∗,∗′(Va : BP ∗
′′
) =⇒ ABP ∗,∗

′
(Va).

From Corollary 8.8 and Lemma 9.5, we still show

ci ⊗ ts = Q0 . . . Q̂i . . . Qn−1(a′ ⊗ ts), 0 ≤ s ≤ p− 2.

The Chow ring CH∗(Va)(p) contains the Z(p)-module

Z(p) ⊕
(
Z(p){c0} ⊕ Z/p{c1, . . . , cn−1}

)⊗ Z[t]/(tp−1).

Lemma 10.1 In grABP 2∗,∗(Va) ∼= E∗,∗′,∗′′
∞ , the element ci ⊗ ts is Ii =

(p, v1, . . . , vi−1)-torsion.

Proof. Since ci ⊗ ts ∈ Im(Q0 . . . Qi−1), it is Ii-torsion in E∗,∗′,∗′′
2pi−1 from

Lemma 6.1. Of course each element in E2∗,∗,0
2

∼= CH∗(Va)(p) is permanent
and we have the result. ¤
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Lemma 10.2 Let us write by ci(s) ∈ ABP 2∗,∗(Va) a lift of

ci ⊗ ts ∈ E(Va)2∗,∗,0∞ ⊂ grABP 2∗,∗(Va).

Then ci(s) generates ABP 2∗,∗(MR
a ) as a BP ∗-module, and there are rela-

tions in ABP 2∗,∗(MR
a ) for k < i

vkci(s) = 0 mod
(
BP ∗{ci′(s′)|i′ < i and s = s′, or s′ > s}),

vkci(s)− vick(s) = 0 mod(I2
∞).

Proof. Since ci ⊗ ts generates CH∗(MR
a ), ci(s) generates ABP 2∗,∗(MR

a )
as a BP ∗-module, from ABP 2∗,∗(X)⊗BP∗ Z(p)

∼= CH∗(X)(p).
Since ci⊗ts is a Ii-torsion in grABP 2∗,∗(Va), it is a vk-torsion for k < i.

This means that in ABP 2∗,∗(Va),

vkci(s) = 0 mod
(
BP ∗

′ ⊗ CH∗(Va)|2∗ > |ci(s)|
)

where |ci(s)| is the first degree of ci(s). Hence from Theorem 7.2, we have
in ABP 2∗,∗(MR

a ),

vkci(s) = 0 mod
(
BP ∗

′ ⊗ ci′(s′)||ci′(s′)| > |ci(s)|
)
,

which shows the first equality.
From Corollary 3.4, there is z such that

Qk(z) = ci ⊗ ts in H∗,∗′(Va;Z/p).

From Lemma 7.1, such element also exists in H∗,∗′(MR
a ;Z/p) (since ci⊗ts ∈

H∗,∗′(MR
a ;Z/p)). Moreover, this z is uniquely written in H∗,∗′(MR

a ;Z/p)
as

z = Q0 . . . Q̂k . . . Q̂i . . . Qn−1(α′ ⊗ ts)

from Lemma 9.5 by using w(z) = 1. (Note that elements of this bidegree
are generated by only one element as a KM

∗ (k)/p-modules.) Then

Qi(z) = −ck ⊗ ts,
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and moreover Qj(z) = 0 for j 6= k, j 6= i in H∗,∗′(MR
a ;Z/p). (Note that

for m ≥ n, Qm(z) = 0 since d(Qmz) = pm − 1 + d(z) > dim(Va).) From
Corollary 3.4, we get the relation vkci(s)− vick(s) = 0 mod(I2

∞). ¤

Remark The results of preceding lemma is more clearly given if we use
the AHss for pure motives. In fact, pθ commutes with the differential dr of
AHss by the same reason as the proof of Lemma 7.1.

By using (8.3) and (8.4), we have the isomorphism of BP ∗-modules

ABP 2∗,∗(MR
a |k̄

) ∼= BP ∗ ⊗ CH∗(MR
a |k̄

) ∼= BP ∗[t̄]/(t̄p)

for deg(t̄) = (2bn, bn). (Note that t̄ ∈ ABP 2∗,∗(MR
a |k̄) is decided only

mod(I∞).) We have the BP ∗-algebra epimorphism

ABP ∗,∗
′
(Va|k̄) → ABP ∗,∗

(
MR

a |k̄
) ∼= BP ∗[t̄]/(t̄p).

Lemma 10.3 For 0 ≤ s ≤ p− 2. we have in ABP 2∗,∗(Va|k̄)

ik̄(c0(s)) = pt̄s+1 mod(I2
∞).

Proof. From the isomorphism ABP 2∗,∗(MR
a |k̄) ∼= BP ∗ ⊗ H2∗,∗(MR

a |k̄;
Z(2)), and Lemma 9.1, we have

ik̄(c0(s)) = pt̄s+1 +
∑

s<s′,j<n

λj,s′vj t̄
s′+1 mod(I2

∞).

Moreover by dimensional reason such as |t̄| = 2bn and −bn < |vj | < 0, we
see λj,s′ = 0. ¤

Lemma 10.4 In ABP 2∗,∗(MR
a |k̄), we have

ik̄(ci(s)) = vit̄
s+1 mod

(
I2
∞{t̄s+1, t̄s+2, . . . }).

Proof. From Lemma 10.2, we see that

(vic0(s)− pci(s)) ∈ I2
∞

{
ci′(s′)|i′ < i and s′ = s, or s′ > s

}
.

Let us write by Ir
∞(s) the ideal Ir

∞{t̄s+1, t̄s+2, . . . } in BP ∗[t̄]/(t̄p). By induc-
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tion on i, we assume that ik̄(ci′(s′)) = vi′ t̄
s′+1 mod(I2

∞(s′)). In particular
ik̄(ci′(s′)) ∈ I∞(s′). Hence we have

ik̄(vic0(s)− pci(s)) = 0 mod(I3
∞(s)).

From the preceding lemma, ik̄(vic0(s)) = pvit̄
s+1 mod(I3

∞(s)). Therefore,
we have

p
(
vit̄

s+1 − ik̄(ci(s))
)

mod(I3
∞(s)).

Hence ik̄(ci(s)) = vit̄
s+1 mod(I2

∞(s)), since t̄s generates a free BP ∗-module,
indeed, BP ∗ is a polynomial algebra over Z(p). ¤

Corollary 10.5 Let ik̄ : ABP 2∗,∗(MR
a ) → ABP 2∗,∗(MR

a |k̄) be the restric-
tion map. Then

Im(ik̄) = BP ∗{1} ⊕ In[t̄]+/(t̄p) ⊂ BP ∗[t̄]/(t̄p).

Proof. From the preceding lemma, we have

ik̄(ci(s)) = vit̄
s+1 + at̄s+1 +

∑

s′>s

bs′ t̄
s′+1

with a, bs′ ∈ I2
∞. By dimensional reason such as |vn| = −2 dim(Va), we see

a ∈ (p, . . . , vi−1)2 = I2
i and bs′ ∈ (p, v1, . . . , vn−1)2 = I2

n.
We consider the filtration Fi of ABP 2∗,∗(MR

a ) by

Fi = BP ∗
′ ⊗ {

CH∗(MR
a )|2∗ ≥ i

} ⊂ ABP 2∗,∗(MR
a ).

By descending induction on j for Fj , we assume that

ik̄(F|ci(s)|+1) = (p, . . . , vi−1)t̄s+1 ⊕
⊕

s′>s

In{t̄s
′+1}.

Then at̄s+1 +
∑

s′>s bs′ t̄
s′+1 ∈ ik̄(F|ci(s)|+1) and hence

ik̄(F|ci(s)|) = (p, . . . , vi)t̄s+1 ⊕
⊕

s′>s

In{t̄s
′+1}.
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Therefore we have

ik̄
(
F|c0(s−1)|+1/F|c0(s)|+1

) ∼= In{t̄s+1},

which induces the equality in this lemma. ¤

Theorem 10.6 (For p = 2, this is the main theorem in [Vi-Ya]) Let MR
a be

the Rost motive for a nonzero symbol a ∈ KM
n+1(k)/p. Then the restriction

map ik̄ : ABP 2∗,∗(MR
a ) → ABP 2∗,∗(MR

a |k̄) is injective and

ABP 2∗,∗(MR
a ) ∼= Im(ik̄) = BP ∗{1} ⊕ In[t̄]+/(t̄p).

Proof. Recall the filtration Fi of ABP 2∗,∗(MR
a ) defined by

Fi = BP ∗
′ ⊗ {

CH∗(MR
a )|2∗ ≥ i

} ⊂ ABP 2∗,∗(MR
a

)
,

and induced graded ring grABP 2∗,∗(MR
a ). From the first equation of

Lemma 10.2, F|ci(s)|/F|ci(s)|+1 is generated by one element ci(s) as a BP ∗-
module, which is Ii-torsion. Hence there is an epimorphism

f1 : BP ∗ ⊕
p−2⊕
s=0

n−1⊕

i=0

BP ∗/Ii{ci(s)′} → grABP 2∗,∗(Ma)

by ci(s)′ 7→ ci(s).
Next we consider the filration F̄i of BP ∗ ⊕ In[t̄]+/(t̄p), by F̄i = ik̄(Fi),

e.g.,

F̄|ci(s)| = BP ∗
{
vi′ t̄

s′+1|i′ ≤ i and s′ = s, or s′ > s
}

so that we can define the map from the preceding lemma

f2 : grABP 2∗,∗(MR
a

) → gr
(
BP ∗ ⊕ In[t̄]+/(t̄p)

)
.

We note here

In = BP ∗(p, v1, . . . , vn−1) ∼=
n−1⊕

i=0

BP ∗{ci}/(vicj = vjci)
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by vi 7→ ci. Hence we get the isomorphisms

grIn
∼=

n−1⊕

i=0

BP ∗/Ii{ci} ∼=
n−1⊕

i=0

BP ∗/Ii{vi}.

Therefore we have the isomorphism

gr
(
BP ∗{1} ⊕ In[t̄]+/(t̄p)

) ∼= BP ∗ ⊕
p−2⊕
s=0

n−1⊕

i=0

BP ∗/Ii{vit̄
s+1}.

The composition f2f1 is clearly isomorphism by ci(s)′ 7→ vit̄
s+1. Recall

that f1 is an epimorphism. So f2 is an isomorphism. Therefore ik̄ itself is
also an isomorphism. ¤
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