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On an F-algebra of holomorphic functions
on the upper half plane

Yasuo IIDA

(Received April 24, 2003; Revised March 13, 2006)

Abstract. In this paper, we shall consider the class N?(D) (p > 1) of holomorphic

functions on the upper half plane D := {z € C|Imz > 0} satisfying sup log(1 +
y>0J/R

|f(z + iy)|) Pdz < co. We shall prove that NP(D) is an F-algebra with respect to

a natural metric on NP(D). Moreover, a canonical factorization theorem for N? (D) will
be given.
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0. Introduction

Let U and T denote the unit disk and the unit circle in C, respectively.
For p > 1, we denote by NP(U) the class of functions f holomorphic on U
and satisfying

sup / (log(1+1£(rQ)]))” do(¢) < +o0,
T

0<r<1

where do denotes normalized Lebesgue measure on 7. Letting p = 1, we

have the Nevanlinna class N(U). It is well-known that each function f in

N(U) has the nontangential limit f*(¢) = lim f(r() (a.e. ( € T') and that
-

log(1 + |f|) (and hence, (log(1 + |f|))? fo; p > 1) is subharmonic if f is
holomorphic.

We denote the Smirnov class by N, (U), which consists of all holomor-
phic functions f on U such that log(1+ |f(z)|) = Q[¢](z) (z € U) for some
¢ € LY(T), ¢ 2 0, where the right side denotes the Poisson integral of ¢
onU.

It is well-known that H%(U) ¢ NP(U) C N.(U) C N(U) (0 < ¢ < oo,
p > 1), where HY(U) denotes the Hardy space on U. These inclusion
relations are proper. Stoll [11] introduced the class NP(U). This was further
studied by several authors (see [1] and [2]). The spaces N(U), N.(U) and
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NP(U) are called Nevanlinna-type spaces.

Mochizuki [7] introduced the Nevanlinna class No(D) and the Smirnov
class N.(D) on the upper half plane D := {z € C|Imz > 0}: the class
No(D) is the set of all holomorphic functions f on D satisfying

d(f,0) = sup/ log (14| f(z+iy)|) do < +oo
y>0JR

and N,(D) the set of all holomorphic functions f on D satisfying
log(1 + |f(2)|) £ P[¢](2) (2 € D) for some ¢ € L'(R), ¢ = 0, where
the right side denotes the Poisson integral of ¢ on D.

In this paper, we shall define a new class N?(D), analogous to N?(U);
i.e., we denote by NP(D) (p > 1) the set of all holomorphic functions f
on D such that

(A (F.00 i=sup [ (log(L+7 i) do < +oc.
y>0 JR

Hardy spaces on D, H?(D) (0 < ¢ < o0), are defined by Li(dz)-
boundedness of holomorphic functions f(xz+iy). Although N,(D) C No(D),
we have, in contrast to the open unit disc U, that HP(D) ¢ Ny(D) and
NP(D) ¢ No(D) (p > 1). In fact, if p < a < 1, then (2 + i)~ € HP(D)
and (z+1)"* € NP(D) but (z+14)"* ¢ No(D) (see [7, Remark]).

First we obtain a factorization theorem for the class NP(D), as
Mochizuki [7] does for the class No(D). Moreover, we show that NP(D)
becomes an F-algebra, in the sense that N?(D) is a complete linear metric
space with multiplication continuous.

1. Preliminaries

Let v be a real measure on T'. Set ¥(z) = (2 —1i)/(2+1) (2 € D). Then
there corresponds a finite real measure p on R such that

/ h(t) dp(t) = / (how Y)(m)duv(y) (b€ CulR)),
. *

where T* = T\ {1}. Let H(w,n) = (n+w)/(n—w) ((w,n) € UxT). There
holds

e = [ @) ) ()
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= /TH(\II(Z),U) dv(n) —iaz (2 € D),

where o = —v({1}). We write the Poisson integrals of measures y on R
and v on T as follows:

PUE =+ [ o=ty =ativeD),

aw = [ )  wew)

7 |n—wl?
Taking the real parts in (1), we have
Plr(1+t%) du(t)](2) = Q[v](¥(2))+a-Im 2 (z € D). (2)

When f € LYR, (1 +t?)7!dt) and g € LY (T), we write P[f] and Q[g]
instead of P[f(t)dt] and Q|go], respectively. If g € L'(T), then we have
goW e LY(R,(1+#*)1dt) and

Plg o ¥](2) = Qg](¥(2)). (2)f

2. Some properties on NP(U)

In this section, we shall summarize some properties on NP(U) (p > 1).
For the following results, the reader refers to [1], [2] and [11].

Proposition 2.1 Let f € NP(U) (p > 1), f # 0. Then, log|f*| € L(T)
and log(1+ |f*|) € LP(T). Moreover, f can be uniquely factored as follows,

f(2) = aB(2)F(2)5(z),

0 —
where a € T is a constant, B(z) = 2™ [] MLj
n=1 Qan 1-— an 2

(z € U) is a Blaschke

product with respect to the zeros of f, F(z) = exp (/ g—i_i log | f*(¢)] dU(C))
T C—
C+z
T (-2
Proposition 2.2 Let f € N(U) and p > 1. Then f € NP(U) if and only
if (log(1+|f]))? has a harmonic majorant.

and S(z) = exp (-

dl/(C)), where v is a positive singular measure.

Proposition 2.3 Let f € NP(U), p > 1. Then (log(1 + |f|))? has the
least harmonic majorant Q[(log(1 + | f*|))?].
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3. A factorization theorem for the class NP(D)

Let f € NP(D), p > 1. Then we easily have the following proposition
by [9, Chapter II, Theorem 4.6].

Proposition 3.1 Letp > 1 and f € NP(D). Then,

(i) (log(1+|f]))P has the least harmonic majorant Plg], where g € LP(dx).

(i) [lgllp = dp(f,0).

(iii) Let Ds = {z € C|Imz > ¢}. Thenlog(l+ |f(z)]) — 0 as |z| — +o0
provided z € Ds, for each § > 0.

Using the above proposition, we have the following characterization of
function f in NP(D).

Theorem 3.2 Let p > 1. A function f € NP(D) has the following prop-
erties:

() foute N (D).

(ii) The nontangential limit f*(x) exists a.e. for x € R.

(iii) sup/ (log(l +|f(x+ zy)|))p dr = lim+ (log(l +|f(x+ zy)|))p dx
y>0JR y—0 R

— [ (log( +1"(@)))" ds
R

Proof. Suppose f € NP(D). Then it is seen that f o U=! € NP(U) by
Proposition 2.2 and part (i) in Proposition 3.1. Hence, (i) and (ii) hold. We
have

sup/ (1og(1+|f(x+iy)|))p dxr = lim (log(1+\f(x+iy)]))pdx
y>0 JR y—0T JR

by part (iii) in Proposition 3.1 and [3, Theorem 1]. By Proposition 3.1, the
least harmonic majorant of (log(1+|f|))? is the form P[g], where g € LP(R);
and it follows that

lolly < sup [ (log(1 -+ 7z + ig)]) o
y>0JR

< sup / (Plg)(z + iy))Pdz < | g
y>0JR

Here, the last inequality holds by [4, inequality (3.5)]. Since fo¥~te NP(U),
the least harmonic majorant Plg] of (log(1 + |f|))? is also given by
Pl(log(1 + | f*]))?] by Proposition 2.3. Therefore, g = log(1 + |f*|))P. This
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shows part (iii). O
Theorem 3.3 Letp>1. f € NP(D), f #0, is factorized in the form
f(2) = ae®b(2)d(2)g(z) (= € D), (3)

where the factors above have the following properties:
(i) a€eT,a=0.
(ii) b(z) is the Blaschke product with respect to the zeros of f.
1 1+tz 1
(111) d(Z) = exp(m /:R ﬁm log h(t) dt) y
where h(t) 2 0, logh € L'(R, (1 + t*)7'dt) and log(1 + h) € LP(R).

1 1+1¢
(iv) g(z) = exp(—_/ t+ : du(t)), where u is a finite nonnegative mea-
T JRrR —Z

sure on R, singular with respect to Lebesgue measure, and such that

/ (1 +t2) du(t) < +oo.
R
If f is expressed in the form (3), then f € NP(D).
The proof of this theorem needs the following;:
Lemma 3.4 Let NP (p > 1) be the class of all holomorphic functions on D

which satisfy

sup/ (log™ | f(z+iy)|)" dz < +o0
y>0JR

(Letting p = 1, we have the Nevanlinna class M introduced by Krylov [6]).
Then the following including relations hold,

NP(D) C 9P C M.

Proof. 1t is easy to see that the first containment holds. The fact that
MNP C N for p > 1 is a consequence of [5, Remark]. O

Proof of Theorem 3.3. Let f € NP(D), f #0. Then
(for™)(w) = aB(w)F(w)S(w)  (weU)

by Theorem 3.2 (i) and Proposition 2.1. Now, in the factorization f(z) =
aB(V(2))F(¥(2))S(¥(z)) (2 € D), b(z) := B(¥(z)) is the Blaschke prod-
uct formed from the zeros of f, and by changing the variables n = U(¢)
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(t € R), we shall show that d(z) := F(¥(z)) is of the form (iii). Since
log |(f o U=1)*| € LY(T), we have log|f*| € LY(R, (1 + t2)~1dt) by (2).
Theorem 3.2 shows log(1 + |f*|) € LP(R). Setting a = v({1}), we have
S(U(2)) := S1(¥(2)) = g(2)e!**, where g is of the form (iv). Moreover, it

follows from (2) that / (1 +t?) du(t) < co.
R

Conversely, suppose that f is of the form (3). Then

|f(2)] = || [b(2)| exp(P[log h — m(1 + %) du(t)](2))
< exp(P[log h](2)).
Since log™ |(f o ¥71)(w)| £ Qlogt(h o ¥~1)](w), we have f o U1 €
NP(U). Letting y — 07 in | f(x+1y)|, we have |f*(z)| = h(x) for a.e. z € R.
Furthermore, (log(1+|foW~!|))? has the least harmonic majorant v’ =
Q[(log(14|(fo¥w~1)*]))?] by Proposition 2.3, v := v'oV is the least harmonic
majorant of (log(1 + | f))P: i.e., (log(1+ [F(=)))" < P[(og(1 + |f*))")(2).
Integrating the both sides, we have f € NP(D). O

4. The class NP(D) as an F-algebra
For f, g € NP(D), p > 1, let d,(f,g) = dp(f — ¢,0). By Theorem 3.2,

s ={ [ (log<1+|f*<x>—g*<:c>|>)pdx}”p.

The above definition of d, has been motivated by the metric on Ny(D),
which was introduced by Mochizuki [7].

We see that d,, defines a translation invariant metric on N?(D). In fact,
we obtain the following theorem.

Theorem 4.1 Letp > 1. The space (NP(D),d)) is an F-algebra, that is,
a complete linear metric space with multiplication continuous.

Proof. We shall prove the theorem using the idea due to Stoll [10; 11,
Theorem 4.2]. The inequalities

log(1 + |z + y|) < log(1 + |z|) + log(1 + |y]),

log(1 + [zy[) = log(1 + [x]) +log(1 + [y[) and
log(1 + |ecx|) = max(1, |c|) log(1 + |z|)
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imply

dp(f +9,0) = dp(f,0) + dp(g,0),

dp(fg,0) = dp(f,0) + dp(g,0) and

dy(cf,0) = max(1, |c|) dp(f,0) (ce C).
Hence, NP(D) forms an algebra.

Next, we show that multiplication is continuous. Let ¢,, ¢ € C and
fns Gn, £, g € NP(D). Suppose |c,—c| — 0, dp(fn, f) — 0and d,(gn, g) — 0.
Obviously, d,((fn + gn) — (f + 9),0) — 0 and d,(cf, — cf,0) — 0. In
order to see dy(c,f — cf,0) — 0, we may assume |c¢, —c¢| < 1. Then,
log(1+ |enf —cf|) < log(1+ |f]). Since log(1+|f|) € LP(R), the Lebesgue

dominated convergence theorem yields d,(c,f — c¢f,0) — 0. Since

fngn—F9 = (fa=F)gn—9)+(fon—F9)+(9fn—9f),

we have

dp(fugn, f9) = dp(fr, [)+dp(gn, 9)+dp(fon, f9)+dp(gfn, 9f)-

Therefore, it is suffice to see that, for all g€ NP(D), gf, — gf if fr— f.
Fix g € NP(D) and let o = limsup dy,(gfn, gf). We only have to show that

a = 0. Replacing {f,} by a subsequence, if necessary, we may assume that
dy(9fn,9f) — a. It is easy to see the following weak-type inequality

(log(142))? /

{z; |f12e}

Since dp(fn, — f,0) — 0, we see that f, coverges to f in measure. Hence,
there exists a subsequence {f; } of {f;} such that f; — f* ae. on R.
Thus, log(1 + |g* f, — g*f*|) — 0 a.e. on R. It follows that

{log(1 +1g*fr. — 9" fD}’
< {log(1+ |g*]) +log(1 + | £, — f*N}”
< 22{(log(1 + |g*|))? + (log(1 + | f5r, — /*D)?}.

Note that the term in the right of the above inequality converges a.e. to
2P(log(1 + |g*|))?. Then

dr < /R (log(1+[£1))" dz = d,(£,0).

1/p
o= 7111320 dp(9fn,9f) = klirr;o{/ri(log(l 4 ‘g*‘f;k _ g*f*\))p dx}
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1/p
- {/Rkh_{l;o(log(l +lg"fa, — 9" D) dw} =0,

where we use a generalization of Lebesgue’s dominated convergence theo-
rem [8, p.270]. Therefore we have lim d,(gnfn,gf) = 0, which proves the
n—oo

multiplication continuous.

Next we show the completeness. Suppose { f,} is a Cauchy sequence in
NP(D). Since the function (log(1 + |fm — fn]))P is subharmonic, we have,
by [4, p.39],

(log(1 + |fin( +iy) — fulx +iy))))"

<2 qup /R (10g(1+ | fun (€ + i) — ful€ +im)]))" de

Y n>0
(z=x+1y, y >0).

Then, for z = x + iy € Dy,

1/p
08 (1 7)1 £ () dpl i For0)

The right side of the above inequality tends to zero as m, n — 00, s0 fn(2)
converges uniformly on every compact subset on D to a holomorphic func-
tion f(z). Since { f,,} is a Cauchy sequence in N?(D), we have d,(f,,0) = C,
where C' is a positive constant. Therefore,

[ (g1 + 11w+ i) do =t [ (og(1 + (o + i9)))" da
I I

<C? (y>0)

for each finite interval I on R. This shows that f € NP(D).
It remains to be shown that d,(fy, f) — 0. We obtain

/I(log(l + | fale +iy) — [z +iy)]))’ da

[IA

i [ (og(L+ (o + i9) — fn(r+ )])) o
R

< lim [dy(frn f)? (> 0),

m—

Therefore we have d,(f, f) < lim d,(fm, fn), which shows d,(f,, f) — 0.
This finishes the proof. O
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