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The McKay Correspondence, Tilting, and Rationality
MORGAN BROWN & IAN SHIPMAN

ABSTRACT. We consider the problem of comparing z-structures under
the derived McKay correspondence and for tilting equivalences. In
low-dimensional cases, we relate the 7-structures via torsion theories
arising from additive functions on the triangulated category. As an ap-
plication, we give a criterion for rationality for surfaces with a tilting
bundle. We also show that every smooth projective surface that admits
a full, strong, and exceptional collection of line bundles is rational.

1. Introduction

In this paper, we analyze two important families of derived equivalences: the de-
rived McKay correspondence ([ ; ]) and (projective) tilting equiva-
lences (see Section 5). In each of these families the derived equivalences have the
form
d: D(X) — D(A),

where X is a smooth quasi-projective variety, and A is the category of modules
over a certain algebra. For our examples, we describe a precise relationship be-
tween ®(coh(X)) and A in Theorems 4.5, , 4.7, and 5.5. The statements of
these results are somewhat technical, so in this introduction, we present a toy
example that has all the features of our general theorems.

ExAMPLE. Consider X =P, £ = O @ O(1), and A = End(O, O(1)). The bundle
£ is an example of a tilting bundle, and the functor ®(—) = RHom(&, —) is an ex-
ample of a tilting equivalence between D(X) and D(A), where A = mod-A. Any
sheaf 7 on X can be written as a direct sum of sheaves of the form Oz and O(n),
where Z C P! is a subscheme of finite length. Clearly ®(Oz) € A. If n > —1,
then ®(O(n)) € A, and otherwise it belongs to A[—1]. The algebra A is the path
algebra of the Kronecker quiver that has two vertices and two arrows from one
to the other. To give a finite-dimensional (right) module over it is to give a pair
of vector spaces (Mo, M) and a pair of linear maps ¢y, ¢,: My — Mp. Now,
the interested reader can readily check that the modules ®(Oz) and ®(O(n))
for n > —1 are (up to isomorphism) precisely the indecomposable A-modules
where dim(My) > dim(M1). (For one of these sheaves F, ®(F) = My & M,
where My = Hom(O, F) = HY(F) and M; = Hom(O(1), F) = HY(F(-1)).)
On the other hand, the modules ®(O(n)) [1] for n < —1 are the indecompos-
able A-modules where dim(M;) > dim(My). Let F and T denote the categories
of modules whose indecomposable summands satisfy dim(Mp) > dim(M) and
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dim(Mp) < dim(M), respectively. Then we can express @ (coh(X)) as an exten-
sion closure (2.8):

®(coh(X)) =F «T[—1].
Notice that the function 6 (M) = dim(M;) — dim(My) descends to a homomor-
phism 6: Ko(mod-A) — Z and that T and F are entirely described in terms of
this function 6.

The formation of the subcategory F x T[—1] C D(A) is a very special case of
a construction called tilting (not to be confused with “tilting” in “tilting equiva-
lence”). Our analysis shows that in the examples we consider, the relation between
coh(X) and A can be described in terms of tilting by using certain homomor-
phisms Ko(A) — Z. We call these homomorphisms “weak central charges” since
their definition is similar to but less restrictive than that of Bridgeland [ ]. Our
results are parallel to a result obtained by Huybrechts [ ] for Fourier—Mukai
equivalences between K3 surfaces.

We apply the results of our analysis of tilting equivalences to a rationality prob-
lem. In all known examples of tilting equivalences, X is a rational variety. An
important open question in the area is whether a variety that has a tilting equiva-
lence must be rational (or at least satisfy x (X) = —o0). We prove two results in
this direction. Our first result (Theorem 5.5) is that the existence of a certain weak
central charge on the derived category of a variety X with a tilting bundle implies
that it satisfies k¥ (X) = —oo. Our second rationality result is simple enough to
state fully here:

THEOREM. Ifa smooth projective surface X admits a tilting bundle that is a direct
sum of line bundles, then X is rational.

Conventions

We will abide by the following conventions. Let A be an Abelian category. Then
D(A) is the bounded derived category of A. For an Abelian group G, an additive
function ¢: A — G is a function of objects in A such that, for any short exact
sequence
0O—a—>b—>c—0,

we have ¢ (b) = ¢ (a) + ¢ (c).

All the categories with which we work are small categories. So for convenience
and brevity, we use set-theoretic notation to work with torsion pairs and so on.

By a variety we mean an integral separated scheme of finite type over a field.
Except for the material on the McKay correspondence (where we work over C),
we work over a general algebraically closed field k of characteristic zero.

2. Background

There are several standard notions from homological algebra and representation
theory that we need to formulate our results. In this section, we collect definitions
of ¢-structures, torsion pairs, and stability conditions.
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DEeFINITION 2.1 ([ 1, 1.3.1). Let (D=0, D=%) be a pair of full subcategories
of a triangulated category D and define D= = D=0[—n] and D=" = D=%[—n].
The pair (D=0, D) is a r-structure if

1. D=0 c D=! and D=! c D=,

2. forall x e D=V and y € DZ!, Homp(x, y) = 0, and

3. for any x € D, there exists a triangle

X' = x—=x" = x'[1]
where x’ € D=0 and x” € D=1,

The heart of the ¢-structure is the full subcategory A =D=0ND> c D.

We work exclusively with bounded t-structures. A ¢-structure is bounded if every
object of D is contained in D=' N D=/ for some integers i, j.

ExaMPLE 2.2 (Standard #-structure [ ], 1.3.2). If A is an Abelian category,
then D(A) has a natural z-structure (D=?, DZ%) where D=° and D= are the full
subcategories of complexes with cohomology supported in nonpositive and non-
negative degrees, respectively. In this case, the heart consists of those complexes
whose cohomology is concentrated in degree zero. Thus, the heart of the standard
t-structure is the essential image of the natural fully faithful functor A — D(A).

CONVENTION 2.3. We reserve the font H' to denote the cohomological functors
associated with the standard z-structure on D(A).

Suppose that (D=0, D=9 is a ¢-structure on a triangulated category D with heart
A. By [ 1.3.6], A is an Abelian category. Moreover, there is a theory
of cohomologies of objects in D taking values in .A. The construction of this
theory begins with [ 1.3.3], which states that the inclusions D=0 ¢ D and
D= C D admit a right adjoint 7<( and a left adjoint 7=, respectively.

DEFINITION 2.4 ([ ], 1.3.6). The cohomological functor associated with
(D=, D=9 is
H0 =T>0T<0" D— ./4

We furthermore define H = H® o [i] for i € Z. These functors have the property
that for any triangle

x—>y—z— x[1]
in D, the sequence
H' ) = H'(») = H(2)

is exact in A. Thus a triangle as before gives rise to a long exact sequence

= H @ = @) = H) » H @) = H @) = -

REMARK 2.5. The cohomology functors defined by the standard 7-structure agree
with those defined by formation of cohomology of complexes.
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In this work, we are primarily interested in the situation where we have an equiv-
alence of triangulated categories ®: D — D’ and both source and target are
equipped with ¢-structures. We study the exactness properties of @ with respect to
the ¢-structures. It turns out that these exactness properties can be related to struc-
tures in the hearts of our ¢-structures. Toward this end, consider the following
well-known notion.

DEFINITION 2.6 ([ ]). Let A be an Abelian category. A forsion pair in A is
a pair (T, F) of full subcategories satisfying

1. for any a € A, there exists a short exact sequence
0—-d—a—>d —0

where @’ € T and a” € F, and
2. forany @’ € T and a” € F, Homy (a’,a”) = 0.

The axioms of z-structures and torsion pairs are rather similar. In fact, work
of Happel and an observation by Woolf provide a tight connection between
t-structures and torsion pairs. A torsion pair in the heart of a ¢-structure
can be used to define a new ¢-structure. Moreover, there is a condition that
allows us to recognize when two f-structures are related by this construc-
tion.

DEFINITION 2.7 ([ 1, §1, Proposition 2.1). Suppose D is a triangulated cat-
egory with a t-structure having heart A and cohomological functor H%. Let (T, F)
be a torsion pair in .A. The #ilt of A with respect to the torsion pair is the full
subcategory

A={xeD:Hx) eT,H '(x) eF, and H (x) =0 for i # —1, 0}.

REMARK 2.8. Observe that A’ is the extension-closure F[1] = T, the collection of
objects that fit into a triangle of the form

f—=>x—>t— f[1]

where f € F[1]and t € T. (See [ ] for the properties of extension closures,
including associativity.)

REMARK 2.9. In Definition 2.7, the tilted category A’ contains T and F[1]. In fact,
(F[1], T) is a torsion pair in A, and the tilt of A" with respect to this torsion pair
is A[1].

REMARK 2.10. In Definition 2.7, the tilted category A’ is the heart of a bounded
t-structure. (See [ ] for details.)

LEmMA 2.11 ([ 1, Proposition 2.1). Let D be a triangulated category with
a t-structure having heart A and cohomological functors H'. If A" C D is the
heart of a t-structure and H' (a) = 0 for all a € A" and i # —1, 0, then the full
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subcategories
T=ANA,
F=ANnA[-1])

form a torsion pair (T, F) in A, and A’ is the tilt of A with respect to this torsion
pair.

We need an extended version of this result, which shows when two hearts are
related by two tilts:

LEMMA 2.12. Let D be a triangulated category with a t-structure having heart A
and cohomological functors H'. Suppose (T, F) is a torsion pairin A. Let BC D
be the heart of a t-structure such that, for any object b € B,

1. Hi(b) =0Qunlessi =0,1,2,

2. HO(b) € F, and H*(b) € T.

Then the tilt A’ of A with respect to (T, F) is also a tilt of B[1].

Proof. We view the A’ as the extension-closure F[1] * T, as in Remark 2.8. Since
A is the extension closure T x F, we see that the extension-closure A’ % A [—1] =
F[1] = A % T[—1]. This contains B[1] by hypothesis. Note that if (H')' are
the cohomological functors associated with the ¢-structure with heart A'[—1],
then every object x of A’ x A'[—1] satisfies (H)!(x) =0 unless i = —1,0. So
B[1] is a tilt of A'[—1] by Lemma , and therefore A’ is a tilt of B[1] by
Remark 2.9. O

In later sections, we relate the derived equivalences in the derived McKay cor-
respondence and the theory of tilting bundles to certain well-known tilting con-
structions for categories of sheaves and modules. We borrow a notion from the
theory of Bridgeland stability conditions (see [ 1), suitably modified for our
purposes.

DEerFINITION 2.13. Let A be an Abelian category. A weak central charge on A is
a homomorphism

Z: Ko(A) —> C
that satisfies

1. ¥(Z(a)) >0, and
2. if Y (Z(a)) =0, then 8(Z(a)) > 0,

where Z=—60 +1i - .

A weak central charge can be used to define a torsion pair. The now ubiquitous
construction described further essentially appeared first in [ 1.

LEMMA 2.14. Let A be a Noetherian, Abelian category with a weak central charge
Z=—0+1 Y. Assume that  takes values in a discrete additive subgroup of R.
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Then the pair of full subcategories (Tz, ¥z) of A defined by
Tz = {x € A: for all quotient objects x — x", if y (x") > 0, then 6(x"") > 0},
Fz = {x € A: for all nonzero subobjects x' C x, ¥ (x") > 0 and §(x") < 0}

is a torsion pair.

Proof. First, note that the full subcategory ker(y) is closed under extensions and

quotients. Since A is Noetherian, [ Lemma 1.1.3] implies that ker(y) is the
torsion part of a torsion pair. Given an object x € Tz, let

O0—>t—>x—>f—0

be the decomposition of x determined by this torsion pair. Since ¥ (t) = 0 and
Y (f) > 0when f #0, we seethat 6(x) > 0and 6(x) = 0if and only if ¢ (x) = 0.
Next, observe that, by construction, Tz is closed under quotients. Let

0>x'>x—>x"=0

be an exact sequence where x’, x” € Tz. Suppose that x — z is a quotient and
consider the following diagram with exact rows:

0 x’ X x” 0
0 4 z 7’ 0

where 7’ is the image of x’ in z and z” is the cokernel of 7/ — z. The objects
7/, 7" belong to Tz. Hence 0(z) = 0(z') + 0(z”) > 0 unless ¥ (z') = ¥ (z”) =0.
However, in this case, ¥ (z) = 0. We conclude that Ty is closed under extensions.
A second application of [ Lemma 1.1.3] yields that Ty is the torsion part of
some torsion pair.

It remains to show that F7 is the right orthogonal to Tz. Clearly, F7 is con-
tained in the right orthogonal to Tz. Suppose that x is an object such that
Hom 4(y, x) =0 for any y € Tz. Every object in ker(ir) belongs to Tz. There-
fore, v is positive on nonzero subobjects of x. Suppose that x admits a nonzero
subobject x” C x such that (x”) > 0. Since v takes values in a discrete subset of
R, we may take such an x’ that minimizes ¥ among all possible choices. Since
x' does not belong to Tz, it must admit a quotient x" — x” such that 6(x”) < 0.
Since 0 is nonnegative on objects where ¥ is zero, we see that ¥ (x”) > 0. Put
y = ker(x’ — x”) and observe that ¥ (y) < ¥ (x’) and 6(y) > 8(x’) > 0, a con-
tradiction. O

DEerINITION 2.15. Let D be a triangulated category equipped with a z-structure
having heart A. Let A’ be the heart of a second ¢-structure. We say that A’ is a
Harder—Narasimhan (HN) tilt of A’ if it is the tilt of A with respect to the torsion
pair (Tz, Fz) associated with some weak central charge Z on A.

The notion of Harder—Narasimhan tilt makes sense in a very general setting, ab-
stracting the well-known structure found in categories of representations of an
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algebra or coherent sheaves on a variety. In these two examples, the torsion pairs
associated with (certain) weak central charges can be made much more explicit.
Aside from Remark further, we will not need any details from the following
two examples, though they are useful for grounding the discussion.

ExaMpLE 2.16 (King semistability). Let A be a finite-dimensional associa-
tive algebra and consider the category A of finitely generated A-modules. The
Grothendieck group Ko(A) is a free Abelian group in which the collection of
simple A-modules forms a basis. Every finitely generated A-module has finite
length. Let £ be the length function on A. If € is another additive function, then
Z = —6 +if is a weak central charge. Given the additive function 6, there is a
standard notion of semistability due to King, based on considerations from geo-
metric invariant theory. (For details, see [ ].) The slope of an A-module M
is
w(M) =0(M)/E(M).

An A-module is 0-semistable in the sense of King if for every submodule M’ C
M, u(M') < u(M). Any finite-dimensional A-module M admits a unique strictly
increasing filtration

O=M_CMyC---CM,=M
such that the A-modules M;/M;_; are 6-semistable and
w(Mi/Mi—1) > p(Mi1/M;).
This filtration is the Harder—Narasimhan filtration of M. We refer to the subquo-
tients M; /M;_1 of M as its Harder—Narasimhan factors. The torsion pair (Tz, Fz)
in A has a description in terms of Harder—Narasimhan filtrations: an A-module

M belongs to Tz or F7 if and only if the slopes of its Harder—Narasimhan factors
are all positive or all nonpositive, respectively.

REMARK 2.17. Suppose that M € Fz. If (M) =0, then M has to be semistable.
Otherwise, it would have subquotients on which 6 is negative.

ExaMPLE 2.18 (Mumford-Takemoto semistability). Suppose that X is a projec-
tive variety of dimension n with an ample line bundle £. Let F be a nonzero
torsion-free sheaf and define its slope to be

_e(F) e (L)
N rk(F)
A torsion-free sheaf F is semistable in the sense of Mumford—Takemoto if for
any nonzero subsheaf 7' C F such that rk(F") < rk(F), we have u(F') < u(F).
There is a notion of Harder—Narasimhan filtrations of torsion-free sheaves. For an
additive function 6 of the form

O(=)=c1(=)-c1(L)" " +s-tk(=) (s€R),

Z=—0 +1i-rk is a weak central charge, and the torsion pair (Tz, Fz) has a
description in terms of Harder—Narasimhan filtrations analogous to that in the
previous example.

w(F)
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We end our discussion of background material by proving a persistence result for
Noetherianity under Harder—Narasimhan tilts.

LEMMA 2.19. Let A be a Noetherian, Abelian category, and Z= —60 +i -y a
weak central charge with discrete image such that, for any f € ¥z and t such that
Z(1) =0, Ext! (¢, f) = 0. Then the HN tilt A’ of A is Noetherian.

Proof. Leta € A’ and suppose that (a;) is an ascending chain of subobjects of a.
Recall that (Fz[1], Tz) is a torsion pair in A’. Then (a;) is an ascending chain
of subobjects in a’, where a; and a’ are the Fz[1]-parts of ¢; and a, respectively.
Since a; — a’ are monomorphisms in A’, the induced map H! (a) — H ()
is a monomorphism in A having cokernel in Fz. Since A is Noetherian, the chain
(H! (a;)) stabilizes. So for 0 K i < j, H! (a)) = H! (a’/.) is an isomorphism.
Thus a; — a} is an isomorphism. Discarding an initial segment of our chain, we
may assume that a; = a;. for all i, j. Furthermore, in this setting, (a;) stabilizes
if and only if (a; /a(’)) stabilizes in a /a(’). We reduce to the case where a; € Tz for
all i.
Consider the exact sequence

0—H @) — H " a/a) - H(a) - H(@) - H(a/a;) — 0.

The images of H%(a;) — H°(a) eventually stabilize to some object, which we
denote b. Write ¢ = H ! (a). Then, for j > i > 0, we obtain the diagram

0——c—>H a)a;)) — H%a;)) —=b—=0

TR

0—=>c—=H "a/aj) —=H@a;) —=b—>0

We can deduce from the snake lemma that ker( f;;) = ker(g;;) and coker(f;;) =
coker(g;;). It follows that ker(g;;) € Fz and coker( f;;) € Tz. Therefore,

O(H " a/aj) =0(H  (a/ar)) — 6 (ker(f;})) + 6 (coker(fi}))
> 0(H " (a/a)).

Since the objects H~!(a /a;j) are in Fz, 0 is nonpositive on them. We con-
clude that eventually 6(H~'(a/a;)) is independent of i. It follows by additiv-
ity of @ in the above diagram that 0(H%(a;)) is also eventually independent
of i. So for j > i > 0, 6(ker(g;;)) = 6(coker(g;;)). Since ker(g;;) € Fz and
coker(g;;) € Tz, it must be the case that 6 (ker(g;;)) = 6(coker(g;;)) =0, and
thus ¥ (coker(g;;)) = 0. If ¥ (coker(g;;)) =0, then ¥ (H’(a;)) > ¥(H’(a;)). So
for sufficiently large i, j, ¥(H"(a;)) = ¥ (H"(a;)). In this case, ¥ (ker(fi;)) =0,
and therefore ker( f;;) = O since ker(f;;) € Fz.

In summary, after discarding a finite initial segment of the our chain, we may
assume that H%(a /ai) — HO(a /a;j) is a monomorphism whose cokernel is in
the kernel of Z. By our Ext assumption, f;; is split. Finally, we note that in the
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following diagram, where H’l(a/aj) = ’H’l(a/ai) @ w;j, the object w;; is a
summand of H°(a i)

0 H N (a/a;)/c HO(a;)) —=b—=0

| |k

0——=H Ya/a))/c ®wij —Ha;) —=b—>0

Indeed, the lower row is the pushout of the upper row. Since w;; € Fz and
Ho(a i) € Tz, it follows that w;; = 0. Therefore f;; is and isomorphism, and
hence so is g;;. O

REMARK 2.20. Abramovich and Polishchuk [ ] prove that the hearts associ-
ated with a discrete Bridgeland stability condition are Noetherian. Bayer, Macri,
and Toda [ ] prove the above result in the case where A is the category of
coherent sheaves on a smooth projective variety for a certain class of Z.

3. Main Lemmas

In this section, we collect some results abstracting the behavior of the families
of equivalences under study. Given X a quasiprojective variety and W C X a
closed subset, we denote by Dy (X) the full triangulated subcategory of D(X)
consisting of those objects whose cohomology sheaves are supported on W. Note
that Dx (X) = D(X).

Consider an equivalence @ : Dy (X) — D(A). We adopt the simplified nota-
tion &/ (F*) = H (P (F*)) for F* € D(X).

DEFINITION 3.1. We say that ® is left exact if &' (F) =0 for all i <0 and F €
coh(X).

DEerFINITION 3.2. Let ®: Dy (X) — D(A) be a left exact functor.

1. We say that ® satisfies Grothendieck vanishing (GV) if for all F € coh(X),
&' (F) = 0 whenever i > dim(F), where dim(F) is the dimension of the sup-
port of F.

2. We say that & satisfies Serre vanishing (SV) if for any ample line bun-
dle £ on X and sheaf F € coh(X), there is ng such that if n > ng, then
OH(F ® LZ) =0 fori > 0.

For example, if W = X and ® = RHom(&, —) for a vector bundle &£, then ®
satisfies both (GV) and (SV) by the corresponding vanishing theorems in sheaf
cohomology. The properties (GV) and (SV) can be thought of as expressing com-
patibility between the functor @ and the geometry of X. In particular, if a left
exact functor & satisfies (GV), then ®(Oy) € A for any closed point x € X.

We are now ready to give the main technical results of the paper. Our goal is
to understand how the functor ® mixes the standard ¢-structures on D(A) and
Dy (X). Ultimately, we would like to recover a description of which complexes
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of objects in A correspond to sheaves on X, and vice versa. We do so by giving a
procedure for constructing cohy (X) in D(A) using weak central charges and HN
tilts. The first step is to establish criteria for when a torsion pair on A captures
information about sheaves on X.

LEMMA 3.3. Let ®: Dy (X) — D(A) be a left exact equivalence that satisfies
(GV) and (SV). Suppose that (T, F) is a torsion pair in A such that

1. ®(O,) €F for every point x € W, and

2. for every surjection ®°(F) — a where F is a zero-dimensional sheaf sup-
ported on W and 0 # a € F, there exist a point x € W and surjection
a— d%(0,).

Then, for any sheaf £ supported on W, we have ®°(£) € F, and if m = dim(E) >

0, then " (&) € T.

Proof. The case where dim(W) = 0 is trivial, so assume that dim(W) > 0. Let £
be a sheaf of dimension m supported on W. Choose a sufficiently positive ample
line bundle £ on X such that £ is base point free and ®/ (£ ® £) =0 for j > 0.
For a general section o0 € H 0(X, £) viewed as a morphism Ox — L, we derive
an exact sequence in cohy (X):

0—-E—-EQL— Fs— 0.

We start with the statement that " (£) € T. We proceed by induction on the
dimension.

The base case is where dim(£) = 1. We have the following exact sequence
in A:

0— d%&) - d'ER® L) — oUF,) — d'(€) — 0.
For any x € W, we may choose o such that the support of F, has dimension 0
and is disjoint from x. By (GV), ®(F,) = ®°(F,) and ®(O,) = ®°(0,), and
therefore Hom(®°(F,), °(0y)) = Hom(F,, Oy) = 0. Since ®!(&) is a quo-
tient of ®°(F,), we must have Hom(®! (&), ®°(O,)) = 0. Condition (2) then
implies that ®!(£) has no nonzero quotient in F, and so ®'(£) e T.

For the inductive step, suppose dim(£) = m > 1 and choose a section
o € HY%X, £) as before such that F, has dimension m — I. By vanishing,
" 1(F,) = " (), and by hypothesis "1 (F,) € T.

We now prove that &) eF by induction on the dimension. If dim(£) =0,
then £ is an iterated extension of sheaves of the form O, so ®°(€) is an iterated
extension of objects in F, and thus Y& eF.

Suppose that dim(€) > 0. Choose o € HO(L) such that the zero locus of o
contains no component of the support of £. We derive the exact sequence

0> ERLH - %) = F, @ L7,

where dim(F,) = dim(§) — 1. By induction, ®°(F, ® £~') € F, so any
monomorphism from an object in T to ®°(&) must factor through ®°(£ @ £71).
Let b be the torsion part of ®°(E) with respect to (T, F). Then the canonical
morphism b — ®%(€) factors through ®°(€ ® L®/) for all positive j. Now let
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V: D(A) — Dy (X) be the inverse equivalence to ®. Since & is left exact, ¥
is right exact. Thus W (b) is supported in nonpositive degrees, so any map from
W (D) to a sheaf must factor through a map ¥ (b) — HO(W(b)).

Consider the map H°(W (b)) — & that factors through £ ® L2~/ — £ for all
positive j. Let G be the image of H°(W (b)) in £. Then the inclusion of G also
factors through £ ® L&~/ — £. We will show that dim(G) = 0.

Let x be a point in the vanishing locus of ¢ and choose an open affine set
Spec R containing x such that £ restricts to the trivial bundle on Spec R. Fixing a
trivialization of £ over R, the map £~! — O corresponds to multiplication by an
element f € R.

The map G — €& restricts to a map of finitely generated R-modules 7 : N — M
such that, for all positive integers j, the map t factors through multiplication
by f/. By the Krull intersection theorem [ Theorem 5.4] there is @ € R
such that 1 4 «f annihilates N. Since f vanishes at x, we must have that 1 4 o f
does not vanish at x. Since a result G restricts to the zero sheaf on an open set
containing x, x is not in the support of G. The support of G is a closed subset that
does not intersect an ample divisor, so dim(G) = 0.

Applying the equivalence ® we see that b — ®°(E) factors through ®%(G) —
®%(E). Since ®°(G) is in F, b — ®°(E) is the zero map. Therefore ®°(&) is
in F. O

Next, we apply Lemma 3.3 to the case of a torsion pair arising from a weak central
charge. Let Z= —6 +i -  be a weak central charge on a category A. We say that
an object x € A is Y-torsion if ¥ (x) = 0, and that x is i -free if x has no nonzero
Y-torsion subobject.

LEMMA 3.4. Let ®: Dy (X) — D(A) be a left exact equivalence that satisfies
(GV) and (SV). Let Z= —6 + i -  be a weak central charge on A such that
takes values in a finitely generated additive subgroup of R. Suppose that, for every
pointx e W,

1. @%0y,) is y-free,

2. (®%(0,)) =0 and 6(a) > 0 for every proper nonzero quotient ®°(Oy) — a,
where a is \-free,

3. for any object a € A with Z(a) = 0, Ext! (a, ®°(0,)) =0.

Then, for a sheaf &€ supported on W, we have ®°(E) € Fz, and if m =
dim(&) > 1, ®" (&) € Tz.

Proof. We apply Lemma to the torsion pair (Tz, Fz). By (GV) and assump-
tions (1) and (2), the first condition of Lemma is already satisfied, so we
proceed to check the second.

Suppose F is a finite-length sheaf supported on W, and there is an epimor-
phism ®°(F) — a such that 0 # a € Fz. We must produce a point x € W and an
epimorphism a — ®°(0,). To this end, we will show inductively that a is an it-
erated extension of objects of the form ®°(0O,), where x ranges over points of W
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in the support of F. By (GV) this is equivalent to the statement that a = ®°(G),
where G is a finite-length sheaf supported on W.

We proceed by induction on the length of F. In the base case, F = Oy, and
the only nonzero quotient of ®°(Oy) that is in Fz is ®°(O,) itself.

Now consider F of length greater than 1 and suppose ®°(F) — a with
a € Fz. Since F is an iterated extension of objects of the form CDO(OX), and
Hom(®°(F), a) # 0, we must have Hom(®°(Oy), a) # 0 for some x in the sup-
port of F. So there exists a nonzero map u : ®°(O;) — a. Since a € Fz, so is
the image of . But the only nonzero quotient of ®°(0,) that is in Fz is ®°(O,)
itself, so p is a monomorphism.

Let b be the cokernel. Then there is an epimorphism ®°(F/O,) — b. The
additivity of 6 implies that 6(b) < 0 since (P (Oy)) =0 and H(a) < 0. Now b
has a decomposition via the torsion pair (Tz, Fz):

00— br—>b—>br—0.

The object br is a quotient of dOF /Oy), so it is an extension of objects of
the form ®°(0,). Again, since 0(d%(0,)) = 0 for all x, we deduce then that
0(br) = 0, and thus by must satisfy 6(br) < 0. We find that Z(b7) = 0, so
Ext! (b7, ®°(0,)) =0 by condition (3). This implies that pulling back the ex-
act sequence

0— d°0) —>a—>b—0

along by — b yields a split exact sequence and thus a map by — a through which
bt — b factors. On the other hand, Hom(b7, a) = 0 since b7 is torsion. The map
by — b must be zero, and thus b7 = 0. O

The final result of this section will allow us to determine when a ¢-structure on
Dw (X) is an HN tilt of the standard z-structure with respect to a weak central
charge. Let I be a (nonempty) union of irreducible components of W, and let
n1,...,np be the generic points of these components. Then, for any sheaf F sup-
ported on W, we define

p
rk; (F) = Z lengthe,  (Fy)).
i=1
We say that a sheaf F is forsion on I if tk; (F) = 0. We say that F is torsion-free
on I if it has no nonzero torsion on I subsheaf. Note that the classes of torsion on
I and torsion-free on [ sheaves form a torsion pair in cohy (X), so it makes sense
to talk about the torsion-free on I part of a sheaf supported on W.

LEMMA 3.5. Let B be the heart of a t-structure on Dy (X) such that H' (x) = 0 for
x € B unless i = —1,0. Suppose that Z= —6 + i - 1K} is a weak central charge.
The subcategory B is an HN tilt of the standard t-structure on Dy (X) for the
weak central charge Z if and only if

1. every sheaf which is torsion on I belongs to B,

2. 6 is nonnegative on BB, and
3. if F € cohw (X) N B is a sheaf such that 6 (F) =0, then F is torsion on I.



The McKay Correspondence, Tilting, and Rationality 797

Proof. The subcategory B is a tilt of the standard ¢-structure by Lemma LIt
is an HN tilt with respect to Z if and only if Tz = cohy (X) N B.

A sheaf F is torsion on [ if and only if it is rky-torsion. The first two con-
ditions imply that 6 is nonnegative on rk;-torsion sheaves. The second and third
conditions together imply that if F € cohy (X) N B, then either 6(F) > 0, or
rk; (F) = 0. But if 6(F) > 0, then we must also have 6 > 0 for the /-torsion-free
part of F since cohy (X) N B is closed under quotients. Thus F is in Tz.

Conversely, suppose F € Tz. The ¢-structure § defines a torsion pair on
cohy (X). Let F' be the free part of F with respect to this torsion pair. The first
condition implies that 7 is torsion-free on /. The second implies that 6(F") < 0.
But by the definition of Tz we must then have 7' = 0. So F € B. O

To illustrate how we will apply these results, let X = W be a smooth projective
surface. Suppose that we have a left exact equivalence @ : D(X) — D(A) that
satisfies (GV) and (SV) and that we have a torsion pair (T, F) in A that satisfies
the hypotheses of Lemma

The equivalence & lets us view #-structures on D(X) as ¢-structures on D(A).
In particular, we can transport the standard z-structure on D(X) to D(A). Using
the torsion pair (T, F), we may form the tilt B of A C D(A). Lemmas and

imply that B and coh(X) are related by a tilt. Moreover, we find that torsion
sheaves on X actually belong to B.

We can build the ®-image of the standard ¢-structure in D(X) from the stan-
dard ¢-structure on D(A) by tilting twice. However, we want to give conditions
such that these two tilts are HN tilts with respect to a weak central charge. Sup-
pose now that 6 is an additive function on A such that 6 is nonnegative on T and
nonpositive on F. Via ®, we may view 6 as an additive function on coh(X). Then
Z= —60 +irk is a weak central charge on coh(X).

COROLLARY 3.6. With the setup of the preceding paragraphs, the category B is
an HN tilt of coh(X) with respect to Z if and only if any sheaf F on X that
satisfies the three conditions 0(F) =0, ®*(F) =0, and ®'(F) € T is a torsion
sheaf.

Proof. Follows from Lemma 3.5. O

In our applications, the category A will usually be of finite length, and we will
obtain HN tilts using the length function.

4. The McKay Correspondence

Let G € SL,(C) be a nontrivial finite subgroup, so that G acts on C". Though
the quotient C"/ G is singular, there is an approach to resolving the singularities
on C"/G by considering a parameter space of G-equivariant sheaves on C" of
length |G|. When this procedure is successful, we expect a tight connection be-
tween the representation theory of G and the geometry of such a resolution of
C'/G.
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DEFINITION 4.1.

1. A G-constellation on C" is a G-equivariant finite-length sheaf F such that
HO(F) = CG as representations of G.

2. A G-cluster is a finite G-invariant subscheme Z C C" such that H(0y) &
CG as representations of G.

There is a fine moduli space of G-clusters, called the G-Hilbert scheme and
denoted G-Hilb(C"), which arises as a component of the fixed points of the
Hilbert scheme under the action of G [ ; ]. There is a natural mor-
phism o : G-Hilb(C") — C"/G, which can be thought of as sending scheme
theoretic G-orbits to set-theoretic G-orbits. This morphism o is birational and in
dimensions 2 and 3 is a crepant resolution of singularities [ 1.

More generally, we can consider parameter spaces of G-constellations. To pro-
duce a separated moduli space it is necessary to impose a notion of stability for
G-constellations, generalizing King stability.

Let 6: Ko(CG) — Z be a homomorphism such that 6(CG) = 0. Then we
say that a G-constellation F is 6-semistable if for every proper, nonzero quotient
F — F",0(F") > 0. For each 0, there is a fine moduli space My of 6-stable G-
constellations [ ]. There is an open cone of choices for 6 such that the -stable
G-constellations are exactly the G-clusters and Mg, = G- Hilb [ §2.3]. For
a given group G, one such example is 6p: Ko(CG) — Z, defined on irreducible
representations by

—dim(V)? if V is nontrivial,

Bo(V) =
M=V 61-1 iV is twivial,

We denote the category of G-equivariant coherent sheaves on C" by coh(C")¢
and its bounded derived category by D(C")%. Of course, coh(C")¢ may be in-
terpreted as the category of coherent sheaves on the stack quotient [C"/G]. We
can view the stack quotient [C" / G] as a tautological crepant resolution of the cat-
egorical quotient C"/G. One aspect of the (mostly conjectural) derived McKay
correspondence is that D(C™") should be equivalent to the bounded derived cat-
egory of any geometric crepant resolution of C"/G. Regardless of whether My
is a crepant resolution, there is a commutative diagram of schemes

C" x My LA My
P
cCrn—=(C"/qG,
and a sheaf & € coh(C" x /\/lg)G, called the universal G-constellation, where G
acts on C" x My via the first factor. Then we consider the functor
® = R.(& ® p*(-)): D(My) — D(C"°.

For any point p € My, ® sends O, to the corresponding G-constellation

[ ; 1.
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Kapranov and Vasserot [ ] proved that & is an equivalence in dimension
n =2, and Bridgeland, King, and Reid [ ] proved that it is an equivalence
in dimension n = 3 for the G-Hilbert scheme Mg, . It is expected that all other
crepant resolutions of C"/G result from varying the parameter 6 and that & is
then an equivalence; Craw and Ishii [ ] proved both when n =3 and G is
Abelian. In dimension n = 2 the minimal resolution is unique, so there is no need
to consider other values of 6.

We will work in the setting where n <3, My is a crepant resolution of C" /G,
and & is an equivalence. Our goal is to give a description of the category of
sheaves on My as an iterated tilt of G-equivariant modules on C". We will require
the fact that ® satisfies the standard vanishing theorems.

LEMMA 4.2. The equivalence ® is left exact and satisfies both (GV) and (SV).

Proof. The equivalence ® has Fourier—Mukai kernel &, which is flat over My.
Thus @ is left exact. The property (GV) follows from the usual vanishing for the
higher direct image functors. Let £ be an ample line bundle on My. Then p*L
is relatively ample over C", and (SV) follows from the usual vanishing theorems.

O

DEFINITION 4.3. Suppose that 6: Ko(CG) — Z is a homomorphism such that
0(CG) =0. Let Ty be the full subcategory

Ty = {F: for all nonzero finite-length G-equivariant quotients F — G,
we have (H’(G)) > 0}.

Since Ty is closed under quotients, by [ Lemma 1.1.3] there is a unique
category Fy such that (T, Fg) forms a torsion pair.

Consider a sheaf F and point p such that F, # 0 and the stabilizer subgroup G
is trivial. Let G - p be the orbit of p and Og.,, its structure sheaf. The category
of G-equivariant coherent sheaves supported on the free orbit G - p has a unique
simple object, Og.p. Therefore HY(F ® Og. p) = CG®N for some N. It follows
that 0 (F ® O(;.,,) = 0. Hence, if F € Ty, then F is supported on the locus in C”,
where the action of G is not free.

REMARK 4.4. Suppose the action of G on C” is free away from the origin. Let
F be a G-equivariant sheaf on C" and suppose F' C F is the maximal subsheaf
supported on 0. It follows from the preceding discussion that F € Fy if and only
if for any subobject G ¢ F', §(H’(G)) < 0.

Suppose that n = 2. Then C2/G is a Kleinian singularity, and Mg is a crepant
resolution if and only M is isomorphic to G- Hilb(C?). In this situation, Ty con-
sists entirely of G-equivariant sheaves supported at the origin. Using the length
function ¢ on the category of G-equivariant sheaves supported at the origin, we
can construct HN filtrations. Then Ty consists of those G-equivariant sheaves
supported at the origin whose HN factors all have positive slope.
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THEOREM 4.5. Suppose n =2 and that 0 lies in the same GIT cone as 6y. Under
the equivalence ®: D(G-Hilb(C?)) — D(C?)%, coh(G-Hilb(C?))[1] is identi-
fied with the tilt of coh(C2)Y with respect to (Ty, Fy).

Proof. By Lemma @ is left exact and satisfies (SV) and (GV). Let E C
G- Hilb(C?) be the exceptional divisor of the map G- Hilb(C?) — C?/G. Then ®
restricts to an equivalence ®o: Dg (G-Hilb(C?)) — Do(C2)S = D(cohy(C?)%).

The torsion pair (Tg,Fs) on coh(C>)C induces a torsion pair (Tg,Fy N
cohy(CH%) on the category cohy(CHE of G-equivariant sheaves supported
at the origin. Both 6 and the length £ induce additive Z-valued functions on
Ko(cohy(C?)9), and since £(F) = 0 if and only if F =0, we have a weak central
charge

Z=—0+it.

As a result, Z defines a torsion pair (Tz, Fz) on coho((C2)G. But Tz = Ty,
so Fz = Fy N cohg(C?)©. We next apply Lemma 3.4. Conditions 1 and 3 hold
because there is no nonzero element of cohg ((CZ)G with £ = 0. Condition 2 holds
because, for every point x € G- Hilb(C?), ®(0O,) is a G-cluster, and G-clusters
are 6 stable. We conclude that if F is a sheaf supported on E, then ®°(F) € Fy
and ®'(F) € Ty.

For any F € coh(G-Hilb(C?)), & (F) =0 unless i =0, 1. Thus Lemma
implies that there is a torsion pair (T,F) in coh((Cz)G whose tilt is
@ (coh(G-Hilb(C?)))[1]. Then T C cohy(C?)C. We compute (abusing notation
by dropping the reference to ®):

T = coh(C?)® N coh(G- Hilb(C?))[1]
= cohy(C?)? N coh(G-Hilb(C?))[1]

= cohp(C?)% N eohg (G-Hilb(C?)[1]
=Ty,

where the third equality follows from the fact that ® identifies D E(G—Hilb((Cz))
with Do (C?)C. O

We now turn to dimension three. If C3/G has an isolated singularity, then Ty
once again consists of G-equivariant sheaves supported at the origin, and the tor-
sion class Ty can be described in terms of HN filtrations. However, if the sin-
gularity is not isolated, then the torsion pair can be much more complicated. Let
@: D(Mp) — D(C?)Y be the functor defined before whose Fourier-Mukai ker-
nel is the universal G-constellation, and £ C My be the part of the exceptional
locus of My — C3/G lying over 0 € C3/G. Assume that My is a crepant res-
olution of C3/G and that ® is an equivalence. Then we can define the restricted
functor

®o: D(Mg) — Do(C"°,

which is also an equivalence since F is supported on E if and only if ®(F) is
supported on the origin for all i [ §9].
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As in the dimension 2 case, we can define a weak central charge Zg = —0+i-¢
on cohy(C?)Y, where ¢ is the length function, and we view the stability parameter
6 as a function on Ko(cohg(C?)%). Via the equivalence ®, we can also view 6 as
a function on Ky(cohg(Mep)). Let I be the union of all irreducible components
of E of dimension 2. Then we can define an additive function Zyq =6 + i - rk;
on Ko(cohg(My)).

THEOREM 4.6. The functor ® identifies the tilt of coh(C>)Y with respect to
(Ty, Fo) with a (possibly trivial) tilt of coh(Mpy)[1].

THEOREM 4.7. Zpq is a weak central charge on cohg(My), and the restricted
equivalence

®o: DE(Mg) — Do(C)C

identifies the HN tilts of cohg (My)[1] and cohg ((C3)G with respect to Zpq and
Zg, respectively.

Proof of Theorem 4.7. We will apply Lemma 3.4. Since @ is left exact and sat-
isfies (GV) and (SV) by Lemma , the same is true for ®qy. Observe that
F € cohy(C) satisfies £(F) = 0 if and only if F = 0. So conditions (1) and (3)
of Lemma are vacuous here. Condition (2) holds because ®(O)) is a 0-stable
G-equivariant sheaf. (Finite-length G-equivariant sheaves are 6-(semi)stable if
they satisfy King’s criterion from Example in the category of finite length
G-equivariant sheaves.) We conclude that, for any F € cohg(My), ®°(F) € Fz.
and ®2(F) € Tz,,.

The function rk; is nonnegative on cohg (My), so to prove the first statement,
it remains to show that for a sheaf F with rk; (F) =0, 0(F) <0. If rk; (F) =0,
then J has dimension at most 1, so d>2(.7-") =0, and by Lemma 3.4, ! (F) eTz;.
On Fz;,0 <0,and 6 > 0 on Tz;, so

0(F) =60(°(F)) — 0(®" (F)) <0.

Let Ag be the heart of the 7-structure on coho((C3)G obtained by tilting the
standard 7-structure using (Tz,, Fz,). Since ®' are the cohomology functors for
cohy(C3)Y, by Lemma 2.12, Ag is a tilt of ®(cohg (Mg)[1]).

Now we will apply Lemma to Ag[—1] to show that it is the HN tilt of
@ (cohg (My)) with respect to Zp,. If F is a sheaf on E with rk; (F) =0, then
dim(F) < 1. Hence ®(F) =0, ®!(F) € Tz, and ®°(F) € Fz,. Hence (1) of
Lemma is satisfied. Condition (2) is satisfied because & > 0 on objects of Tz,
0 <0 on objects of Fz,., and every object of .Ag[—1] is an extension of an object
of Fz, by one of Tz,[—1].

Finally, we check condition (3). Assume that F is a sheaf on M supported on
E such that §(F) =0 and ®(M) € Ag[—1]. Then ®°(F) € Fz., dl(F) e Tz,
and ®%(F) = 0. Therefore 6 (F) = 6 (P (F)) — (P! (F)). Since € is nonpositive
on Fz, and positive on nonzero objects in Tz, it must be 0(P°(F)) =0 and
®!(F) = 0. Moreover, ®°(F) is #-semistable, and therefore there are finitely
many p € E such that Hom(®°(F), CDO(OP)) = Hom(F, Op) # 0. This implies
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that F is a sheaf of finite length. Thus, Ag[—1] is the HN tilt of ®(cohg(My))
with respect to Z 4. To perform this tilt in the shifted category, we need only
reverse the sign of Z . (]

Proof of Theorem 4.6. We first establish that, for any sheaf F on M,
®O(F) € Fg. We must check the conditions of Lemma 3.3. For any point x € Mg,
®%(0,) is a stable G-constellation. By #-stability no subobject of ®%(0,) is in
Ty, and so ®°(O,) is in Fyg. This is condition (1). Now for condition (2). Let
G be a zero-dimensional sheaf on Mjy. We proceed by induction on the length
of G. The base case is established by 6-stability of ®°(O,). For the inductive
step, CDO(Q) is an extension of stable G-constellations, and we may write

0— B— d%G) - C — 0,

where B and C are extensions of stable G constellations of strictly smaller length.
Then for any surjection ®°(G) — a with a € Fg, we get an exact sequence

0—ap—>a—ac—0,

where ap is the image of B in a, and C — ac. We must have by 6-stability
that 6(ap) = 60(a) =6 (ac) = 0. Also, C has no quotient with 8 > 0, so neither
does ac. Thus ac € Fyg. So if ac # 0, there is a surjection from a to a 6-stable
G-constellation by induction. But if ac = 0, then agp = a, and we may apply
induction. So Lemma 3.3 applies and ®°(F) € Fy.

It remains to show that for any sheaf F, d>2(]-' ) € Ty. For a sheaf F that is sup-
ported on the preimage E of 0, this follows from the previous proof. Otherwise,
choose a divisor D on Mg that is relatively ample over C*/G and is supported
on the exceptional divisors. Then, by the negativity lemma [ Lemma 3.39],
—D is effective. Choose n sufficiently large such that ®2(F(nD)) vanishes. Then
®2(F) = ®*(G), where G is supported on the exceptional divisors. But the only
divisors that contribute to ®? are the divisors whose image is the origin in C3.
The theorem follows by Lemma . O

REMARK 4.8. Suppose that G C SL,(C). We can think of G as a finite subgroup
of SL3(C), for example, by using a splitting C* = C?> @ C and having G act
trivially on the second factor. Then C3/G = C?/G x C is a transverse singularity
with crepant resolution Mg = G-Hilb(C?) x C. Note that the fiber dimension
of My — C3/G is at most one. Thus, for any sheaf F on My, & (F) =0 for
i #0,1. So ®(coh(My))[1] is a tilt of eoh(C?)Y, and by Theorem 4.6, it must
be the tilt with respect to (Ty, Fp).

REMARK 4.9. In the three-dimensional derived McKay correspondence, the -
structure induced by the standard one on D(My) under ® can be very nontrivial.
One guess for how to describe this z-structure explicitly would be to adapt the
construction of perverse (coherent) sheaves and attempt to define the induced ¢-
structure by restricting the possible cohomologies. This is especially appealing in
light of the results in [ ]. However, it turns out that this is not generally the
right description. Consider G = u3, the center of SL3(C). Then X = G- Hilb(C?)
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is naturally isomorphic to the blow-up of C3/G at the singular point. It can then
be identified with the total space of wp2. We will show that there do not exist full
subcategories Ag, A1, A of coh(C3)Y such that F* € D(C?) has the form F* =
®(G) if and only if H!(F*) € A; fori =0,1,2 and H!(F®*) =0 fori #0,1,2.
If this were the case, then the full subcategory @ (coh(X)) would be closed under
taking cohomology sheaves in the sense that if F'* € ®(coh(X)), then HO(F®),
H'(F*)[—1], and H>(F*)[—2] all belong to ®(coh(X)) as well.

Viewing X as the total space of wp2, let E = P? be the zero section. Then if £
is the universal G-cluster on C? x X, then we identify pryEast* (OB O(1) @
O(2)), where 7 : X — P? is the line bundle structure map. Now let p € E be a
point, and Z, C O the ideal sheaf on E of p. From the exact sequence

0—>Z,(-3)—>O0p(-3)—-0,—0
we see that ®°(Z,(—3)) = O,whereas ®'(Z,(-3)) = ®°(0,). If ®(coh(X))
were closed under taking cohomology, then it would have to contain both ®°(Q© »)
and CDO(OP)[—l]. This is impossible since @ (coh(X)) N ®(coh(X))[—1] = {0}.
5. Tilting Equivalences

Let X be a variety.

DEFINITION 5.1. A tilting bundle € on X is a vector bundle such that

1. Ext'/(§,E)=0fori > 0.
2. The zero sheaf is the only sheaf F such that Ext' (£, F) =0 for all i.

A tilting bundle gives rise to a pair of inverse equivalences

RHom(E,-)
D(X) =———=D(A)
_®L€

where A = End(£) and D(A) is the bounded derived category of finite-dimensional
A-modules. (See [ ] for a general discussion of tilting equivalences.) We aim
to understand the relationship between the standard hearts of the categories un-
der this equivalence. Next, we introduce the notion of a full strong exceptional
sequence to provide a source of tilting bundles.

DEFINITION 5.2. An object F € D(X) is exceptional if End(F) = k and
Ext! (F, F) =0 for i # 0. A full exceptional sequence is a sequence Fi, ..., F,
such that each F; is exceptional, Ext! (F i» Fx) = 0 whenever j > k, and the small-
est thick subcategory of D(X) containing F1, ..., F;, is D(X). Finally, a full ex-

ceptional sequence F7, ..., F, is strong if in addition Ext’ (F i, Fr) =0 for all
i #0.

REmARk 5.3. If Fi,..., F, is a full strong exceptional sequence consisting of
vector bundles, then £ = F| & --- & F,, is a tilting bundle. See [ ] for a

discussion of tilting in this special case.
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We will investigate the structure of these equivalences in the case where X is
a surface. It is known that every rational surface admits a tilting bundle [
Theorem 1.1]. However, the converse is a well-known open question:

OPEN QUESTION. Is every a smooth projective surface which admits a tilting bun-
dle rational?

Let X be a smooth projective surface with a tilting bundle £ and set A = End(&).
Write ®: D(X) — D(A) for RHom(E, —). Denote the length function on mod-A
by £. Consider a weak central charge Z = —6 + i£ on mod-A. We will assume
that £ does not have repeated indecomposable summands, so that every simple
A-module is one-dimensional. Then the isomorphism classes of one-dimensional
simple modules are in bijection with indecomposable idempotents of A and form
a basis for K¢(A), the Grothendieck group of finite-dimensional modules. Let
e, ..., ey be the indecomposable idempotents of A, and Sy, ..., S, the corre-
sponding simple modules. Then given a finite-dimensional A-module M, the class
of M in Ky(A) is Z;"zl dimg (Me;)[S;]. The tuple (dimg(Me;)) is called the di-
mension vector of M. So we can regard Z as a complex-valued function on the set
of integral dimension vectors. Observe that since £ is a vector bundle, the class of
O, in Ko(X) is independent of p.

DEeFINITION 5.4. Let Z be a weak central charge such that & = 0 on the class of
O, € X. We say that Z is compatible with X if for each point p € X, ®(0)) is a
0-stable representation of A.

THEOREM 5.5. Suppose X is a smooth projective surface with a tilting bundle .
If mod-A admits a weak central charge Zp = —6 + i - £ compatible with X, then
X is rational. Moreover, ® identifies Ax and Ap[—1] where Ax and Aa are the
HN tilts of coh(X) and mod-A with respect to Zx = 0 +1i -1k and Za, respectively.

Proof. We first prove the second claim. Since the tilting bundle is flat, the tilt-
ing equivalence @ is left exact; since £ is a sheaf, ® satisfies (GV) and (SV).
So we will apply Lemma with Z = X. Now, since £(x) = 0 if and only if
x =0, conditions (1) and (3) of the lemma are vacuous. Condition (2) holds by
assumption in this case. Hence ®°(F) € Fz and ®>(F) € Tz for any coherent
sheaf F on X. Next, let 4 be the shift of the HN tilt of mod-A with respect to
Za, where objects have standard cohomology in degrees 0 and 1. By Lemma

A is a tilt of ®(coh(X)[1]). We now apply Lemma to A to see that it is the
HN tilt of ®(coh(X)) with respect to Zx. Since a torsion sheaf has dimension
at most one, if F is torsion, then ®(F) € A by Lemma . By construction,
0 is nonpositive on 4. So we have to check that if ®(F) € A and 0(F) =0,
then F is torsion. In fact, if ®(F) € A, then 6(F) = 8(P(F)) — 0(®(F)).
Now, since ®(F) € Fz, 6(®°(F)) < 0 and since ®'(F) € Tz, if ®!(F) #£0,
we have 0(®!(F)) > 0. So we conclude that ®!(F) =0 and 6(®°(F)) = 0. By
Remark , the only objects of Fz on which 6 takes the value 0 are semistable,
which implies that ®°(F) is semistable. Therefore there are only finitely many
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p € X such that Hom(®%(F), <I>O(Op)) = Hom(F, O,) is nonzero. Hence F has
finite support and so is torsion.

We now establish the rationality of X. Let Ko(X)<o be the subgroup of Ko(X)
generated by the classes of sheaves of finite length. Since 6(0),) = 0 for any
point p € X, 6 defines a function on Ko(X)/Ko(X)<o. We observe that if D
is effective, then [€ ® O(D)] = [€] + [€ ® Op(D)], and in Ko(X)/Ko(X)<o,
[€ ® Op] = 1k(E)[Op]. Now the map D + [Op] defines an injective ho-
momorphism CI(X) — Ko(X)/Ko(X)<o. Likewise £ ® [Op(D)] — € ® [Op]
belongs to Ko(X)<o, so (€ ® Op(D)) = 0(€ ® Op). We see that (D) =
(€ ® O(D)) — 6(E) defines a group homomorphism «: CI(X) — Z.

Now we observe that for any effective divisor D, ® (£ ® Op (D)) belongs to
A because Op (D) is supported in codimension one. Hence (£ ® Op) < 0. On
the other hand, ®(€) = ®°(€) = A[0] and P (£ @ wy) = P3(€ @ wx)[-2] =
AY[—2], by Serre duality. Therefore ®(£) € Fz and ®(€£ ® wy) € Tz[2]. Hence
0(E) <0, whereas (£ @ wy) > 0. We conclude that a(wy) > 0.

Since Ko(X) = Ko(A), it is free of finite rank, and since all of the objects
®(Oy) have the same dimension vector, Ko(X)<o = Z - [O,] for any point
p € X. Thus, NS(X) = Ko(X)<1/Ko(X)<0 ®z R, where Ko(X)< is the sub-
group generated by sheaves of dimension at most 1. We extend « to a linear map
NS(X) — R. Now note that « < 0 on effective divisors but a(wyx) > 0. Thus
the canonical divisor of X is not in the closure of the cone of effective divisors,
and thus no multiple of it has a nonzero section. So the Kodaira dimension of
X is —oo. Next, note that Oy is a summand of the sheaf of endomorphisms
End(€) via the trace map. Since H! (End(E)) = 0 for i > 0, we observe that
H'(X, Ox) = 0. By the Enriques—Kodaira classification of surfaces [

§VI, Theorem 1.1], X is rational. O

REMARK 5.6. It is possible to obtain more general results, in exchange for less
control over the torsion pairs that appear. Let A be a Noetherian Abelian cate-
gory of homological dimension 2 with a tilting object T. Denote by & the tilt-
ing equivalence between D(A) and D(End(7)). Lo [ ] proves that ¢ (A) and
mod- End(T') are related by two tilts.

It is not known if a compatible weak central charge always exists for a given
tilting bundle. Bergman and Proudfoot studied the problem in [ ] with the
aim of giving a GIT construction of any variety that admits a tilting bundle. They
use the term “great”, where we use the term compatible. In general the question
of whether a set of modules can be made stable simultaneously is very subtle.
For example, this can be impossible if we consider partial tilting bundles, that is,
vector bundles satisfying 1 but not 2 in Definition

ExampLE 5.7 (Lutz Hille). Let Bq]P’2 be the blow-up of P? at ¢, and let X be
the blow-up of B, IP2 at a point on the exceptional divisor E| of B, P2 — P2, Let
f:X— Bq]P>2 be the blowing-up map, E; the exceptional divisor, and E/ the
strict transform of E. Then the cohomology class in HY(O(E 1)) defines an exact
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sequence
0— f*O(E)) = & — O(E) — 0.

The vector bundle £ satisfies Ext' (£, £) =0 fori = 1,2 and End(€) = k[x]/(x?).
The algebra k[x]/ (x2) has one simple module, and therefore the only module that
is ever O-stable for some 6 is the simple module. Indeed, every other module
admits a nontrivial endomorphism that is not an automorphism.

If £ is a tilting bundle, then this type of pathology cannot occur. Indeed, for p,
qgeX,

Os p;éQ'

Hence there is no proper quotient module of Hom(&, O,) that ever appears as a
submodule of Hom(&, Oy) for any ¢. For a discussion of stable quiver represen-
tations with many interesting examples including modules with trivial endomor-
phism ring that cannot be made stable, see [ ].

We now turn to the tilting bundles constructed by Hille and Perling to show
that these bundles do fit into the framework of Theorem 5.5. They are defined
inductively starting with a full strong exceptional sequence of line bundles on a
minimal rational surface. We will describe some of the features of their construc-
tion and refer the reader to [ ] for details. Suppose that X is a smooth rational
surface and

k =
HomA(Hom(S,Op),Hom(g,(f)q)):{ s P=4q,

X=X, B x,, 5 B x L x,

is a sequence of blow-ups along smooth centers recovering X from a minimal

rational surface Xg. Hille and Perling use this data to construct tilting bundles &;
on X;. For each i, let E; be the exceptional divisor of f;. Then

Eth(O(El'), fi*gi—l) =0 and EXt.(fi*gl'_l, O(E)) =0,
but Ext' (O(E;), f*&_1) # 0. More precisely, Hille and Perling construct & _

L
so that it has a unique indecomposable summand 81.’7] such that Extl((’)(E,-),
f€_}) # 0 and moreover this Ext group is one-dimensional. So there is also a
unique extension
0— f*&_ > F — O(E;)) — 0.

Then they put & = f*&_1 @ F; and show that it is a tilting bundle on X;.

THEOREM 5.8. Let X be a rational surface, and let € be one of Hille and Perling’s
tilting bundles. Then A = End(E) admits a compatible weak central charge.

Proof. Our approach is based on an idea of Bergman and Proudfoot (see [ D.
LetE=&1®- - DE, be the decomposition of £ into indecomposable summands,
and let ey, ..., e, € A be the corresponding projectors. Suppose that M is an A-
module such that Me; is one-dimensional and generates M. Then M is stable
with respect to 6 defined by

0(S)) =dimg(M)—1 and 0(S)=—-1 (i=2,...,m).
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Indeed, since Me; generates M, it will generate every quotient. So if M — M” is
a nonzero quotient, then

m
O(M") = dim(M) + 1 — Zdimk(M”el-)
=2

m
> dimg(M) + 1 — Z dimg(Me;) = 0.
i=2
Suppose X is minimal. According to [ ], € is a direct sum of line bundles.
It is straightforward to verify that there is line bundle summand £ of £ such that,
for each point p € X, Hom(&, O,) is generated by Hom(L, O),).
Now, we proceed by induction on the Picard rank. Suppose f: X — X' is the
blow-up of a single point and that £ = f*Ex @ F as before, where there are an
indecomposable summand £}, of £y and an exact sequence

0— f*&,, — F— O(E) — 0,

where E is the exceptional divisor of f.

Notice that since O(E)|g = Og(—1), we see that Hom(f*Ex/, O) —
Hom(f*Ex/, O(E)) is an isomorphism. Hence any map f*Ex» — F has to factor
through f *53(, — F along E. For p € E, we have the exact sequence

0 — Hom(O(E), O,) - Hom(F, Op) — Hom(f*EY,, O,) — 0.

Thus the one-dimensional subspace Hom(O(E), O,) C Hom(&, O,) is in fact an
A-submodule.

Let g: X’ — X be the map to a minimal rational surface used to con-
struct £x-. By induction, there is a line bundle summand £ of £x, such that
Hom(g*L, O,) generates Hom(Ex, O,) forall ¢ € X’. Then for any point p € X,
the submodule of Hom(&, O),) generated by Hom( f*¢*L, O,) contains the sub-
module Hom(f*Ey/, O,). Let M be the cokernel of Hom(f*g*L, O)) ®k A —
Hom(&, Op). If M =0, we are done.

Otherwise, choose a nonzero element ¥ of M. This element must lift to an
element of Hom(F, O)) that restricts to 0 in Hom( f *Sg(,, Op). But this implies
that the submodule of M generated by y is isomorphic to the simple A module
Hom(O(E), O,). Since this holds for every element, M is isomorphic to a finite
direct sum of modules of this form. Hence M admits a one-dimensional quotient,
which must be isomorphic to the one-dimensional submodule Hom(O(E), O,) C
Hom(&, O,) for any point g € E. Therefore, if M # 0, then there are a point
q € E, not equal to p, and a nonzero A-module map

®e(0p) =Hom(E, Op) — Pe(O,) =Hom(&, Oy).

However, since £ is a tilting bundle, Hom(®g (O),), ®¢(0y)) =0if p #g. We
conclude that Hom(&, O)) is always generated by the one-dimensional space
Hom(f*g*L, O,), and therefore there exists a weak central charge Z on mod-A
compatible with the tilting equivalence. (]
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We conclude with a result of independent interest. If X is a surface with a tilting
bundle £ that decomposes as a direct sum of line bundles, then we can prove
directly that it is rational.

THEOREM 5.9. Let X be a smooth projective surface with a tilting bundle that is
a direct sum of line bundles. Then X is rational.

Proof. Denote the tilting bundle £ = @le O(D;). Since €& is a tilting bundle,
H'(O(D; — Dy)) = H¥(O(D; — Dy)) = 0 for all j, k. Suppose that i, j are
such that hO(O(Di —Dj))#0 and let D € |D; — Dj|. Write D = sz=1 Ci,
where C; are distinct irreducible, but not necessarily reduced, curves. Since
W (Ox) = hi(O(D)) =0 for i > 0, we see that 11 (Op) = 0. Now, consider the
exact sequence

m
0—>0p— @0 —G—0.

i=1
Since dim(G) = 0, we find that h! (Oc;) = 0. So the arithmetic genus of C; is
zero. Thus, if C; C C; is the reduced induced subscheme, then C; also has arith-
metic genus zero and is thus rational. Now, if 2°(O(D; — D 7)) > 1, then D must
have a moving component, and X is covered by rational curves. By the classifica-
tion of surfaces [ §VIL, Theorem 1.1], X is rational, or X is a blow up of
a ruled surface over a curve C. Then Orlov’s theorem on blowups [ Theo-
rem 4.3] implies that that the map Ko(C) — Ko(X) induced by derived pullback
is injective. However, since K(X) is torsion-free and Ko(C) has torsion unless
C =P!, we find that X is a blowup of a rational ruled surface and hence X is
rational.

So it remains to show that, for some pair i, j, hO(O(Dj —D;j))>1.Bya

Riemann—Roch computation due to Hille and Perling [ Lemma 3.3], if
h(O(D; — Dy)), hi°(O(Dy — D;)) > 0, then

R (O(Dy — D)) = h°(O(Dy — D)) + i°(O(Dj — Dy)).

Suppose, for contradiction, that, for all i, j, we have hO(O(D./ —D)<11If
h°(O(D; — D;)) # 0, then for all k, h%(O(Dyx — D;)) = 0. Let Q be the quiver
with vertices {1,...,r} and with a single edge i — j whenever ho((’)(Dj —
D;)) = 1. Then Q has no paths of length 2. Now, we note that End(£) is iso-
morphic to a quotient of the path algebra kQ, where the kernel is contained in
the span of the paths of length at least two. Hence End(€) = kQ. However, the
global dimension of kQ is 1 (see [ Theorem 2.15]), whereas the minimum
possible global dimension of End(€) is two (see [ Theorem 3.4]). So we see
that, for at least one pair i, j, hO(O(Dj — D;)) > 1, and hence X is rational. [

REMARK 5.10. There is another result in this direction. Bondal and Polishchuk
[ ] have shown that if X is a smooth n-dimensional projective variety that
admits a full exceptional collection of length n + 1 (the minimum possible length),
then X is a Fano variety.
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REMARK 5.11. The McKay correspondence may be viewed as a tilting equiv-
alence. (For a similar treatment, see [ ].) Let G c SL,(C) be a finite sub-
group. Then G acts on S = C[xy, ..., x,], and we can form the twisted group ring
S % G. The category of G-equivariant sheaves on C” is naturally equivalent to the
category of left modules over S x G. The equivariant sheaf corresponding to the
free module S x G is O ® CG. We can check, for n = 2, 3, the inverse equivalence
D(C"C = D(My) carries O ® CG to F = Prag, €, where € is the universal 6-
stable G-constellation. Indeed, prf@, / G](S X G)=0Ocnxmy X G =OcnxMy/G)
for the action of G on the first factor. Therefore, prf‘cn / G](S X G)RE=E. Since
£ is flat over My we see that F is a tilting bundle on My. The dual of a tilting
bundle is also a tilting bundle. So we can interpret ® as RHom(F", —).
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