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An important advance in algebraic geometry in the last ten years is the theory of
variation of geometric invariant theory (VGIT) quotient; see [BP; DH; H1; T]. Sev-
eral authors have observed that VGIT has implications for birational geometry—
for example, it gives natural examples of Mori flips and contractions [DH; R2;
T]. In this paper we observe that the connection is quite fundamental: Mori the-
ory is, at an almost tautological level, an instance of VGIT; see (2.14). Here are
more details.

Given a projective varietyX, a natural problem is to understand the collec-
tion of all morphisms (with connected fibres) fromX to other projective varieties.
Ideally one would like to decompose each map into simple steps and parameter-
ize the possibilities, both for the maps and for the factorizations of each map.
An important insight, principally of Reid and Mori, is that the picture is often
simplified if one allows, in addition to morphisms,small modifications—that is,
rational maps that are isomorphisms in codimension 1. With this extension, a nat-
ural framework is the category of rational contractions. In many cases there is a
nice combinatorial parameterization given by a decomposition of a convex poly-
hedral cone, the cone of effective divisorsNE1(X), into convex polyhedral cham-
bers, which we call Mori chambers. Instances of this structure have been studied
in various circumstances: The existence of such a parameterizing decomposition
for Calabi–Yau manifolds was conjectured by Morrison [M], motivated by ideas
in mirror symmetry. The conjecture was proven in dimension 3 by Kawamata
[Kaw]. Oda and Park [OP] study the decomposition for toric varieties, motivated
by questions in combinatorics. Shokurov studied such a decomposition for pa-
rameterizing log-minimal models. In geometric invariant theory there is a similar
combinatorial structure, a decomposition of theG-ample cone into GIT chambers
parameterizing GIT quotients; see [DH]. The main observation of this paper is
that whenever a good Mori chamber decomposition exists, it is in a natural way a
GIT decomposition.

The main goal of this paper is to study varietiesX with a good Mori chamber
decomposition (see Section 1 for the meaning of “good”). We call such varieties
Mori dream spaces.There turn out to be many examples, including quasi-smooth
projective toric (or, more generally, spherical) varieties, many GIT quotients, and
log Fano 3-folds. We will show that a Mori dream space is, in a natural way, a GIT
quotient of affine variety by a torus in a manner generalizing Cox’s construction
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[C] of toric varieties as quotients of affine space. Via the quotient description,
the chamber decomposition of the cone of divisors is naturally identified with the
decomposition of theG-ample cone from VGIT; see (2.9). In particular,every
rational contraction of a Mori dream space comes from GIT, and all possible fac-
torizations of a rational contraction (into other contractions) can be read off from
the chamber decomposition. See (2.3), (2.9), and (2.11).

Overview. In Section 1 we define Mori chambers and Mori dream spaces. The
main theorems are proven in Section 2. In Section 3 we note connections with a
question of Fulton about̄M0,n.

Acknowledgments. We would like to thank A. Vistoli, M. Thaddeus, J. Tate,
C. Teleman, and F. Rodriguez-Villegas for helpful discussions. While working on
this paper, S.K. received partial support from the NSF and NSA.

1. Mori Equivalence

Throughout the paper,N1(X) indicates the Neron–Severi group of divisors, with
rational coefficients. We begin with a few definitions.

1.0. Definitions. Let f : X 99K Y be a rational map between normal projec-
tive varieties. Let(p, q) : W → X × Y be a resolution off with W projective
andp birational. We say thatf has connected fibres ifq does. Iff is birational,
we call it abirational contractionif everyp-exceptional divisor isq-exceptional.
For aQ-Cartier divisorD ⊂ Y, f ∗(D) is defined to bep∗(q∗(D)). All of these are
independent of the resolution.Warning: for rational maps,f ∗ is not, in general,
functorial.

It is useful to generalize the notion of rational contraction to the non-birational
case. Intuitively this should be a composition of a small modification (see (1.8))
and a morphism. Our definition is different; we do not want to assume at the out-
set the existence of small modifications, but in the cases we consider it will be
equivalent (see(1.11)).

1.1. Definition. With notation as in (1.0), an effective divisorE onW is called
q-fixedif no effective Cartier divisor whose support is contained in the support of
E is q-moving (see [Kaw]). That is, for every such divisorD, the natural map

OY → q∗(O(D))
is an isomorphism. The mapf is called acontractionif everyp-exceptional divi-
sor isq-fixed. An effective divisorE ⊂ X is calledf-fixedif any effective divisor
of W supported on the union of the strict transform ofE with the exceptional di-
visor ofp is q-fixed.

One checks easily that for birational maps a divisor is fixed if and only if it is
exceptional.
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1.2. Definition. For a line bundleL on a schemeX, the section ringis the
graded ring

R(X,L) :=
⊕
n∈N

H 0(X,L⊗n).

We will often mix the notation of divisors and line bundles (e.g., writingH 0(X,D)

for H 0(X,O(D)) for a divisorD). We recall that the moving cone Mov(X) ⊂
NE1(X) is the collection of (numerical classes of ) divisors with no stable base
components.

If R(X,D) is finitely generated andD is effective, then there is an induced ra-
tional map

fD : X 99K Proj(R(X,D))

that is regular outside the stable base locus of|nD|.
1.3. Definition (Mori Equivalence). LetD1 andD2 be twoQ-Cartier divisors
onXwith finitely generated section rings. Then we sayD1 andD2 areMori equiv-
alent if the rational mapsfDi have the same Stein factorization—that is, if there is
an isomorphism between their images that makes the obvious triangular diagram
commutative. This occurs if and only if the rational mapsfmDi are the same for
somem > 0.

1.4. Definition. LetX be a projective variety such that R(X,L) is finitely gen-
erated for all line bundlesL and Pic(X)Q = N1(X). By aMori chamberofN1(X)

we mean the closure of an equivalence class whose interior is open inN1(X).

Contractions and finite generation turn out to be closely related.

1.5. Lemma. LetR = ⊕n∈N Rn be anN-graded ring, finitely generated as an
algebra overR0. Then, for somem > 0, the natural map

symk(Rm)→ Rkm

is surjective for allk > 0.

Proof. Let Y := Proj(R). Then, for somem > 0, H 0(Y,OY (km)) = Rkm for all
k > 0. The result follows.

1.6. Lemma. If a divisorD has a finitely generated section ring then, after re-
placingD by a positive multiple,fD is a contracting rational map andD =
f ∗D(O(1)) + E for somefD fixed effective divisorE. Conversely, iff : X 99K Y
is a contracting rational map andD = f ∗D(A)+E for A ample onY andE fixed
byf, thenD has a finitely generated section ring andf = fmD for somem > 0.

Proof. Suppose R(X,D) is finitely generated. LetD = M + F be the canonical
decomposition ofD into its moving and fixed components. After replacingD by
a multiple, by (1.5) we have that

symk(H
0(X,M))→ H 0(X, kM)
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is surjective and
H 0(X, kM)→ H 0(X, kM + rF ) (1.6.1)

is an isomorphism for anyk, r > 0. By passing to the blowup of the scheme-
theoretic base locus of|M|,we may assume thatf is regular and thatM = f ∗(A)
for some ampleA onY. Now F is f -fixed by (1.6.1).

Now consider the converse, with notation as in the statement. Letp, q,W

be a resolution as in (1.0). By negativity of contraction [Ko, 2.19],p∗f ∗(A) =
q∗(A)+E ′,whereE ′ isp-exceptional and effective. Thusp∗(D) = q∗(A)+E ′′,
whereE ′′ is effective andq-fixed. Thus R(X,D) = R(W, p∗(D)) = R(Y,A) is
finitely generated. We can checkf = fmD after throwing away the base locus of
D, where the equality is familiar.

1.7. Lemma. Letf : X 99K Y andg : X 99K Z be birational contractions. Sup-
posef ∗(A) + E = g∗(B) + F for A ample,B nef,E f -exceptional, andF
g-exceptional. Thenf B g−1 : Z→ Y is regular.

Proof. By negativity of contractions, we can pass to a resolution and assume that
f andg are regular. Now, by negativity of contraction,E = F and sof ∗(A) =
g∗(B). The result follows from the rigidity lemma (see e.g. [K, 1.0]).

1.8. Definition. By asmallQ-factorial modification(SQM) of a projective va-
riety X we mean a contracting birational mapf : X 99K X ′, with X ′ projective
andQ-factorial, such thatf is an isomorphism in codimension 1.

The most important examples of SQMs are “flips.”

1.9. Definition. Let q : X → Y a small birational morphism, and letD be a
Q-Cartier divisor such that−D is q-ample. By aD-flip of q we mean a small
birational morphismq ′ : X ′ → Y such that the strict transform ofD on X ′ is
Q-Cartier andq ′-ample. We say the flip is of relative Picard number 1 ifq andq ′

are of relative Picard number 1.
TheD-flip, if it exists, is unique; in the case of relative Picard number 1, it is

independent ofD (see e.g. [KoM]).

1.10. Definition (Mori Dream Space). We will call a normal projective variety
X aMori dream spaceprovided the following hold:

(1) X isQ-factorial and Pic(X)Q = N1(X);
(2) Nef(X) is the affine hull of finitely many semi-ample line bundles; and
(3) there is a finite collection of SQMsfi : X 99K Xi such that eachXi satisfies

(2) and Mov(X) is the union of thef ∗i (Nef(Xi)).

1.11. Proposition. LetX be a Mori dream space. Then the following hold.
(1) Mori’s program can be carried out for any divisor onX. That is, the nec-

essary contractions and flips exist, any sequence terminates, and if at some point
the divisor becomes nef then at that point it becomes semi-ample.
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(2) Thefi of (1.10)are the only SQMs ofX. Xi andXj in adjacent chambers
are related by a flip.NE1(X) is the affine hull of finitely many effective divisors.
There are finitely many birational contractionsgi : X 99K Yi, with Yi Mori dream
spaces, such that

NE1(X) =
⋃
i

g∗i (Nef(Yi))× ex(gi)

is a decomposition ofNE1(X) into closed convex chambers with disjoint interi-
ors. The conesg∗i (Nef(Yi))×ex(gi) are precisely the Mori chambers ofNE1(X).

They are in one-to-one correspondence with birational contractions ofX having
Q-factorial image.

(3) The chambersf ∗i (Nef(Xi)), together with their faces, gives a fan with sup-
port Mov(X). The cones in the fan are in one-to-one correspondence with con-
tracting rational mapsg : X 99K Y, with Y normal and projective via

[g : X 99K Y ] → [g∗(Nef(Y )) ⊂ Mov(X)].

LetD be an effective divisor onX.
(4) R(X,D) is finitely generated.
(5) After replacingD by a multiple, the canonical decompositionD = M + F

into moving and fixed part has the following properties. There is a Mori chamber
containingD, so that ifgi : X 99K Yi is the corresponding birational contraction
of (2) thenF has support the exceptional locus ofgi andM is the pullback of a
semi-ample line bundle onYi.

Proof. These all follow from the definition and purely formal properties of Mori’s
program. Here is a sketch of the proof.

Note that iff : X → Y is a small birational morphism thenf ∗(A) for A am-
ple is in the interior of Mov(X). Thus, from(1.10.3) all the small contractions of
anyXi have a flip that is given by anotherXj . Now letD be a divisor. If it is
nef then it is semi-ample by assumption, and Mori’s program forD terminates.
So we can assume it is not nef. Choose a general ample divisorA ∈ Ample(X)
and look at the intersection point of the line segmentAD with the boundary of
Nef(X). This defines aD-negative contraction. We can assume (by taking a big-
ger boundary wall) that it is of relative Picard number 1. If it is small then we
can flip it; if it is not birational, the program stops. Hence we can assume that
it is a divisorial contraction of relative Picard number 1,f : X → Y. ThusY is
Q-factorial. BecauseD − f ∗(f∗(D)) is effective (since−D is f -ample), we can
replaceD by f ∗(f∗(D)) and assume thatD is pulled back. Now we can work in
f ∗(Pic(Y )Q) ⊂ Pic(X)Q and induct on the Picard number ofY. Eventually we
reduce to the case whenY has Picard number 1, andD is either the pullback of
ample, trivial, or anti-ample. This proves (1); (4) follows from (1).

Given an effective divisorD, running Mori’s program forD yields a bira-
tional contraction (indeed, a composition of birational morphisms and flips each
of relative Picard number 1)g : X 99K Y, with Y Q-factorial, such thatD =
g∗(A)+E withA semi-ample andE effective with support the fullg-exceptional
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locus. Clearlyg∗(A) and E are the moving and fixed part ofD; by (1.7),
g∗(Nef(Y ))× ex(g) is a Mori chamber. This proves (5).

The contracting morphisms with domainXi are in one-to-one correspondence
with the faces of Nef(Xi). Let g : X 99K X ′ be a contracting rational map, and
chooseXi so thatg∗(A) ⊂ f ∗i (Nef(Xi)). It follows thatXi 99K X ′ is regular.
This proves (2), and (3) can be similarly proved.

1.12. Remark. Proposition 1.11(4) is a natural condition, especially in view of
(1.6). Unfortunately by itself it does not imply Mori dream space, or even that nef
divisors are semi-ample. For example, letp : S → C be the projectivization of
the nonsplit extension ofOC by itself forC an elliptic curve in characteristic 0.
Then the cone of effective divisors is 2-dimensional, with edgesF, the fibre ofp,
andC, the section with trivial normal bundle. Every effective divisor is nef, and
the only non–semi-ample effective divisor is (a multiple of )C. R(S, C) is a poly-
nomial ring. Thus, all the section rings are finitely generated. However a natural
strengthening of condition (4) is indeed an equivalent characterization of a Mori
dream space; see (2.9).

2. Mori Theory and GIT

We refer to [DH] for basic notions from VGIT. We recall in particular that two
G-ample line bundles are called GIT-equivalent if they have the same semi-stable
locus (and thus in particular give the same GIT quotients). The equivalence classes
are always locally polyhedral (and, in the cases we consider, will always be poly-
hedral). We note one difference from the notation of [DH]: here, by a GIT cham-
ber we simply mean a top-dimensional GIT equivalence class (in [DH] the term
is reserved for equivalence classes for which the stable and semi-stable loci are
the same).

2.0. Notation. LetV be an affine variety overk, and letG be a reductive group
acting onV. Let L be the trivial line bundle with the trivial induced action (i.e.,
the action is only on theV component). For each characterχ ∈ χ(G), let Uχ =
V ss(Lχ) with quotientqχ : Uχ → Uχ//G := Qχ. Let C := CG(V ) ∩ ker(f ),
wheref is the forgetful mapf : CG(V )→ NS1(V ). We denote the complement
of the semi-stable locus (i.e., the non–semi-stable locus) byV nss(Lχ).

2.0.1. Lemma. C is the affine hull of finitely many characters.

Proof. This is well known; see for example [DH,1.1.5] or [T, 2.3].

2.1. Lemma. Let f : U → Q be a geometric quotient by a reductive groupG
acting with finite stabilizers. IfU is Q-factorial and if, for eachG-invariant
Cartier divisorD ⊂ U, OU(mD) has a linearization for somem > 0, thenQ is
Q-factorial.

If G is connected then the converse holds.
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Proof. First we consider the forward implication. LetD ′ ⊂ Q be an effective
Weil divisor. ReplacingD ′ by a multiple, we may assume that the inverse image
D is Cartier and thatOU(D) has a linearization. ThenD is the zero locus of a sec-
tion σ on whichG acts by a characterχ. Thus, if we adjust the linearization, then
σ is an invariant section. The line bundle and the section descend, by Kempf ’s
descent lemma, after taking multiples.

For the reverse direction, assumeG is connected. By [V, Thm. 1], sinceQ is
Q-factorial, the composition

Pic(Q)Q
f ∗−→ PicG(U)Q −→ Pic(U)Q −→ A1(U)Q

is surjective. The first map is an isomorphism by the descent lemma, and the re-
sult follows.

2.2. Lemma. With notation as in(2.0), let x be a character such that the quo-
tientQx is projective. Consider the following conditions.

(1) V ss(Lx) = V s(Lx) and the complementV nss(Lx) ⊂ V has codimension at
least2.

(2) V has torsion class group.
(3) Qx isQ-factorial.
(4) Both of the maps

χ(G)Q
χ→Lχ |Ux−−−−−→ PicG(Ux)Q

q∗x←− Pic(Qx)Q

are isomorphisms.

We claim that(1) and (2) imply (3) and (4). If G is connected, then(1), (3),and
(4) together imply(2).

Proof. Assume (1) and (2). Then the second map in (4) is an isomorphism by
Kempf ’s descent lemma, and the first map is injective by the codimension condi-
tion of (1). As any two linearizations of aQ-line bundle differ by a character, (2)
implies that the first map is surjective.

Assume (1), (3), and (4) and thatG is connected. BothV andUx have the same
class group, by the codimension assumption of (1).Ux isQ-factorial by (2.1) and
so has torsion class group, by the first map in (4).

2.3. Theorem. Let x be a character such thatQx is projective. If conditions
(1)–(4)of Lemma 2.2 hold thenQx is a Mori dream space. Moreover, the isomor-
phismψ : χ(G)Q→ N1(Qx) (induced by condition(4)) identifiesNE1(Qx) with
C and, under this identification, Mori chambers are identified with GIT cham-
bers. Every contractionf : Qx 99K Y (with Y normal and projective) is induced
by GIT. That is,Y = Qy for some charactery, andf is the induced map.

2.3.1. Remark. Theorem (2.3) has an obvious analog for quotients of a projec-
tive variety where we vary the linearization on powers of a fixed ample divisor.
For the proof, one passes to the cone over the variety and applies (2.3). We leave
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the details to the reader. We expect one could further generalize the proposition
to show that GIT quotients of Mori dream spaces are again Mori dream spaces.

Proof of Theorem 2.3.Pic(Qx) is finitely generated by condition (4) of Lemma
2.2 and thus we have part (1) of Definition1.10. Everyline bundle onQx is of
formψ(Ly), andLy

∣∣
Ux
= q∗x(ψ(Ly)). By descent and the codimension condition,

we have canonical identifications

H 0(V, Ly)
G = H 0(Ux, Ly)

G = H 0(Qx, ψ(Ly)). (2.3.2)

Thusψ identifiesC with NE1(Qx).

By the GIT construction,Ly
∣∣
Uy
= q∗y (L′y) for an ample line bundleL′y onQy,

and there are canonical identifications

H 0(V, Ly)
G = H 0(Uy, Ly)

G = H 0(Qy, L
′
y). (2.3.3)

By the codimension condition we also have the identifications

H 0(Uy, Ly)
G = H 0(Uy ∩ Ux,Ly)G = H 0(qx(Uy ∩ Ux), ψ(Ly)). (2.3.4)

(Note that, sinceqx is a geometric quotient,qx(Ux ∩ Uy) is open and its inverse
image underqx isUx ∩ Uy.)

Every section ring onQx is finitely generated (by Nagata’s theorem), so Mori
equivalence is well-defined on the cone of divisors. Let

fy : Qx 99K Qy

be the induced rational map. By (2.3.2),fy = fψ(Ly) and, in particular, by (1.6) a
contraction. Further, by (1.6) we have

ψ(Ly) = f ∗y (L′y)+ Ey (2.3.5)

for some effectivefy-exceptional divisorEy. Via ψ we have both Mori and GIT
equivalence onNE1(Qx). Clearly GIT equivalence is finer: if the semi-stable loci
are the same, the associated contractions ofQx are the same. By the theory of
VGIT, the GIT chambers are finite polyhedral, the affine hulls of finitely many ef-
fective divisors. ThusNE1(Qx) is a union of finitely many Mori chambers, each
finite polyhedral.

Now suppose thaty andz are general members of the same Mori chamber. We
will show they are in the same GIT chamber (thus showing that GIT and Mori
chambers are the same). By assumptionfz andfy are the same; they are bira-
tional because the corresponding divisors are large. By dimension considerations
(since the Mori equivalence class is maximal dimensional),Ey andEz have the
same support, the full divisorial exceptional locus offz = fy, and the number of
components of either is the relative Picard number andQz = Qy is Q-factorial.
We argue now thatUz = Uy.

Of course, it is enough to showUz ⊂ Uy. Let z be a point ofUz. Then, by
the construction of GIT quotients, there is a sectionσ ∈ H 0(V, Ly)

G such that
σ
∣∣
Uy
= q∗y (σ ′) for a section

σ ′ ∈H 0(Qy, L
′
y)
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that does not vanish atqz(z)∈Qz = Qy. We claim that

Ly
∣∣
Uz
= q∗z (L′y) and σ

∣∣
Uz
= q∗z (σ ′). (2.3.6)

This impliesσ(z) 6= 0 andz ∈ Uy. We can check (2.3.6) after removing any
codimension-2 subset fromUz. By (2.3.2) and (2.3.5),Ux ∩ Uy andUx ∩ Uz are
equal in codimension 1: the complement of either is, up to codimension 1, the in-
verse image underqx of the divisorial exceptional locus offz = fy. ThusUz and
Uy are equal in codimension1, and we can check (2.3.6) after restricting toUz∩Uy
(where it obviously holds).

Thus, the Mori and GIT chambers have the same interiors, and (up to closure)
each chamber is of formf ∗z (Ample(Qz)) × ex(fz) for linearizationsz such that
Qz isQ-factorial. In particular (up to closure), the moving cone will be the union
of the (finitely many) chambers withfz small. To finish the proof we need only
show that, on theseQz, the nef cones are generated by finitely many semi-ample
line bundles. Letz be such a character. Note that, sincefz is small,NE1(Qz) and
NE1(Qx) are canonically identified byf ∗z . LetCz ⊂ C be the closure of the GIT
chamber ofz (which we know is the closure of the ample cone ofQz). Choose
y ∈ ∂Cz. By the VGIT theory there is an inclusionUz ⊂ Uy. It follows that the
rational map

fzy = fy B f −1
z : Qz 99K Qy

is regular. By negativity of contraction, sinceψ(Ly) (being on the boundary of the
ample cone) is nef onQz, the termEy in (2.3.5) is empty andφ(Ly) = f ∗y (L′y).
SinceL′y is ample andfzy is regular,ψ(Ly) is semi-ample onQz.

2.4. Corollary. LetX be a projective geometric GIT quotient for the action
of an algebraic torus on an affine variety with torsion class group. If the nonsta-
ble locus has codimension at least2, thenX is a Mori dream space satisfying the
conclusions of(2.3). Moreover, GIT quotients from linearizations in the interior
of Mori chambers are geometric quotients(i.e., the Mori chambers are chambers
in the sense of[DH]).

Suppose furthermore thatV is smooth. Then any rational contraction ofX with
Q-factorial image is a composition of weighted flips, weighted blowdowns, and
étale locally trivial(on the image) fibrations of relative Picard number1with fibre
a quotient of weighted projective space by a finite abelian group.(In particular,
the image of any such a contraction has cyclic quotient singularities.) Indeed, the
factorization is obtained by the series of(necessarily codimension-1) wall cross-
ings connecting a general member of the ample cone ofX with a general member
of the chamber corresponding to the contraction.

The smooth case of (2.4) is obviously an optimal situation: the contractions are
parameterized in a nice combinatorial way, and each contraction is naturally fac-
tored into simple parts. We note that in general such a factorization is possible
only if one allows small modifications; there will be no such factorization if one
restricts themselves to morphisms. For example, there are birational morphisms
f : X→ Y of relative Picard number 2 between smooth projective toric varieties



340 Yi Hu & Sean K eel

that do not factor through any morphismX→ Y ′ of relative Picard number 1 with
Y ′ Q-factorial.

Proof of Corollary 2.4.Except for the final claim of the first paragraph, everything
is immediate from (2.3) and the theory of VGIT (see [DH, 0.2.5] or [T, 5.6]). We
follow the notation of the proof of (2.3). Consider a linearizationy in the interior
of a Mori chamber. It is enough to show thatq∗y is an isomorphism; then, for any
characterv, Lmv

∣∣
Uy

is pulled back fromQy (for somem > 0). Thus the stabilizer
of any point ofUy is in the kernel ofmv for all v, so the stabilizer is finite. We
can check thatq∗y is an isomorphism after removing codimension-2 subsets from
Qy andUy. Thus we can restrict toUy ∩ Ux and to the locus wheref −1

y is an iso-
morphism. Here the quotient is geometric, soq∗y is an isomorphism by Kempf ’s
descent lemma.

Corollary 2.4 applies to any quasi-smooth projective toric varietyX by Cox’s con-
struction [C], which gives an essentially canonical way of writingX = X(1)

(for the fan1 with support the latticeN = Nn) as a GIT quotient ofAr , r =
#(1(1)) (where1(k) is the collection ofk-dimensional cones in the fan), byT =
Hom(An−1,Gm) satisfying conditions (1) and (2) of Lemma 2.2.

For aρ-dimensional torusT acting on affine space, the GIT chambers are par-
ticularly simple: an action ofT on Ar is given byr charactersχi ∈ χ(T ). The
T -ample cone is the affine hull of the characters, and the GIT chambers are the
affine hulls of all subsets ofρ independent characters (see e.g. [DH]). Combin-
ing this with Cox’s construction and (3.3) gives a simple algorithm for describing
the Mori chambers of any quasi-smooth projective toric variety. This description
was obtained by Oda and Park [OP] using Reid’s toric Mori’s program [R1]. The
factorization in (2.4) gives a cheap form of Morelli’s factorization theorem [Mo],
“cheap” in that—even in factoring a birational map between smooth spaces—we
allow cyclic quotient singularities. The factorization does, however, have an im-
portant advantage over Morelli’s: Morelli factors birational maps, but even to
factor a birational morphism he may have to blow up an indeterminate number
of times; in fact, there could be infinitely many such factorizations. On the other
hand, all possible factorizations into contractions are encoded in the chamber de-
composition of (2.4). We note that, by [BK], quasi-smooth projective spherical
varieties give further examples of Mori dream spaces.

Notation. For a collection ofr line bundlesL1, . . . , Lr and a vector of integers
v = (n1, . . . , nr)∈Zr , we let

Lv := L⊗n1
1 ⊗ L⊗n2

2 · · · ⊗ L⊗nrr .

2.5. Definition. For line bundlesL1, . . . , Lr onX, let

R(X,L1, . . . , Lr) :=
⊕
v∈Nr

H 0(X,Lv ).

2.6. Definition. Let X be a projective variety such that Pic(X)Q = N1(X).

By aCox ring for X we mean the ring
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Cox(X) := R(X,L1, . . . , Lr)

for a choice of line bundlesL1, . . . , Lr that are a basis of Pic(X)Q and whose affine
hull containsNE1(X).

Remark. Rather than have choices as in (2.6), we would prefer to use⊕
L∈Pic(X)

H 0(X,L).

However, this does not have a well-defined ring structure (for an isomophism class
L the vector spaceH 0(X,L) is determined only up to a scalar). Of course, Cox(X)

as we have defined it depends on the choice of basis. If we choose twoZ bases of
the torsion-free part of Pic(X) then the two rings are isomorphic. If we replace
the line bundles by positive powers, then the original Cox ring is a finite exten-
sion of the new Cox ring. Thus finite generation of the Cox ring, which for our
purposes will be the main issue, is independent of choice. For any toric variety,
Cox(X) is a polynomial ring, Cox’s [C] coordinate ring, whence the name.

2.7. Lemma. Let σ1, σ2 ∈H 0(X,L) be two sections of a nontorsion line bundle
whose zero divisors have no common component. Then(σ1, σ2) ⊂ Cox(X) is a
regular sequence.

Proof. Supposea · σ1 = b · σ2. We can assume thata andb are homogeneous.
Thusa andb are sections of the same line bundleM anda ⊗ σ1 = b ⊗ σ2. Let
A,B,D1,D2 be the zero divisors ofa, b, σ1, σ2. We have an equality of Weil
divisors

A+D1= B +D2.

It follows thatA−D2 = B −D1 is effective and Cartier. Thusd = a/σ2 = b/σ1

is a regular section ofM ⊗ L∗; moreover,a = σ2 · d andb = σ1 · d.

2.8. Lemma (Zariski). LetL1, . . . , Ld be semi-ample line bundles on a projec-
tive varietyY. ThenR(Y, L1, . . . , Ld) is finitely generated, and there exists an inte-
germ > 0 such that, for anyk > 0 and after replacingLi byL⊗kmi , the canonical
map

H 0(Y, L1)
⊗n1⊗ · · · ⊗H 0(Y, Ld)

⊗nd → H 0(Y, L(n1, ...,nd ))

is surjective for allni ≥ 0.

Proof. If P = P(L1⊕ · · · ⊕Lr) then R(Y, L1, . . . , Lr) = R(P,OP(1)), so we re-
duce to a single semi-ample line bundle, where finite generation is a familiar result
due to Zariski. For somem > 0,

symk(H
0(P,O(m)))→ H 0(P,O(km))

is surjective for allk. The second statement follows by considering the appropri-
ate graded piece.
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2.9. Proposition. LetX be aQ-factorial projective variety such that

Pic(X)Q = N1(X).

ThenX is a Mori dream space if and only ifCox(X) is finitely generated.
If X is a Mori dream space thenX is a GIT quotient ofV = spec(Cox(X)) by

the torusG = Hom(Nr ,Gm), wherer is the Picard number ofX, satisfying the
conditions of(2.3). Moreover we may choose the Cox ring so thatG acts freely
on the semi-stable loci of any linearization in the interior of a Mori chamber.

Proof. LetR = Cox(X) =⊕v∈Nr Rv.

Assume thatX is a Mori dream space. For each (closed) Mori chamberC ⊂
NE1(X), let RC =

⊕
v∈C Rv. Since there are only finitely many chambers and

since any homogenous element ofR lies in someRC, to show thatR is finitely
generated it is enough to show thatRC is finitely generated for eachC. Choose
a chamberC and line bundlesJ1, . . . , Jd ∈ C that generateC (as a semi-group).
Expressing theJi as tensor products of theLj induces a surjection

R(X, J1, . . . , Jd)→ RC,

so we need only show that R(X, J1, . . . , Jd) is finitely generated. By part (2) of
Proposition 1.11, there is a contracting rational mapf : X 99K Y to a projective
Q-factorial normal varietyY such that eachJi = f ∗(Ai)(Ei) for Ai semi-ample,
Ei effective, andf exceptional. Hence, by the projection formula there is a natu-
ral identification

R(X, J1, . . . , Jd) = R(Y,A1, . . . , Ad).

The latter is finitely generated by (2.8).
Now supposeR is finitely generated. Note thatG acts naturally onR, so

R =
⊕

v∈χ(T )=Nr
Rv

is the eigenspace decomposition for the action. Thus

H 0(V, Lv)
G = Rv

and, forv = L∈Pic(X), the ring of invariants is

R(V, Lv)
G = R(X,L).

ThusX is the GIT quotient for any linearizationv ∈Ample(X) ⊂ χ(G)Q, and for
any linearizationv = L the induced rational mapX 99K Qv is fL.

Let h : R → C be a point ofV, and letv ∈NE1(X) be a linearization. By our
description of the invariants,h is Lv semi-stable if and only ifh(Rnv) 6= 0 for
somen > 0. For somem > 0 andv1, . . . , vd with

∑
vi = mv, suppose that

Rnv1⊗ · · · ⊗ Rnvd → Rnmv

is surjective for alln > 0. Then
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V ss(Lv) =
i=d⋂
i=1

V ss(Lvi ).

It follows in particular from (2.8) that any amplev has the same semi-stable locus,
sayU. Furthermore,λ∈Gh (the stablizer ofh) if and only if λv = 1 for all v such
thath(Rv) 6= 0. In particular,λv is torsion ifh isLv semi-stable. The ample cone
generatesNr = χ(T ) (as a group); thus, anyh semi-stable for an amplev has fi-
nite stabilizer. HenceX is a geometric quotient ofV. Choose two sectionsσ1, σ2

of some ample line bundleL whose zero divisors have no common component.
Let I be the ideal of the non–semi-stable locusUc (with reduced structure). Re-
call thatσ1, σ2 ∈ I, so by (2.7) it follows thatUc has codimension at least 2. Thus
the quotientX satisfies the conditions of (2.3), soX is a Mori dream space.

Now choose a Mori chamberC and generating line bundlesJ1, . . . , Jd, with
associated contracting birational mapf as before. After replacingX by a SQM
(which is again a Mori dream space with the same Cox ring), we may assume that
f is a morphism. One sees thatV ss(Lv) is constant forv in the interior ofC, and
that any point in this open set has finite stablizers, by using (2.8) exactly as in the
previous case ofC = Nef(X). The same argument shows that, after replacing the
Li by powers, the stabilizers are trivial.

2.10. Corollary. LetX be a smooth projective variety withPic(X)Q = N1(X).

ThenX is a toric variety if and only if it has a Cox ring that is a polynomial ring.

Proof. In the smooth toric case, Cox(X) is Cox’s homogeneous coordinate ring.
By (2.9), if Cox(X) is finitely generated thenX is a geometric GIT quotient of
spec(Cox(X)) by a torus, and the quotient of an affine space by a torus is a toric
variety.

The next proposition indicates that the birational contractions of a Mori dream
space are induced from toric geometry.

2.11. Proposition. LetX be a Mori dream space. Then there is an embedding
X ⊂ W into a quasi-smooth projective toric variety such that:

(1) the restrictionPic(W )Q→ Pic(X)Q is an isomorphism;
(2) the isomorphism of(1) induces an isomorphismNE1(W )→ NE1(X);
(3) every Mori chamber ofX is a union of finitely many Mori chambers ofW ;

and
(4) for every rational contractionf : X 99K X ′ there is toric rational contraction

f̃ : W 99K X ′, regular at the generic point ofX, such thatf = f̃ ∣∣
X
.

Proof. LetR = Cox(X) =⊕v∈Nr Rv. By (2.9),R is finitely generated overR0 =
k. Choose homogenous generators whose degrees (in the grading) are nontrivial
effective divisors. This defines ak-algebra surjectionA→ R from a polynomial
ringA as well as a compatible action ofT = Hom(Nr ,Gm) onA such thatAT =
k. LetA = spec(A). We have an equivariant embeddingV = spec(R) ⊂ A. Let
Mv (resp.Lv) be twistings by the characterv ∈ χ(T ) of the trivial line bundle onA
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(resp.V ). Following the notation of (2.0), we have thatAss(Mv) ∩ V = V ss(Lv)

for anyv. Thus GIT equivalence onV is finer than GIT equivalence onA. Choose
v a general member of a Mori chamber of Mov(X). We claim that the quotient
Wv := Ass(Mv)//T satisfies the conditions of (2.3). As remarked in the proof of
(2.4) we need only check the codimension condition of Lemma 2.2(1). Suppose
Anss(Mv) has a divisorial component. By (2.9),Qv satisfies the conditions of (2.3)
and so there is a nonconstant functiong ∈O(A) on whichT acts by some char-
acter,χ, whose restriction toV is a unit. But thenLχ ∈PicG(Uv) is trivial; hence
χ is trivial. But thenf is a nonconstant invariant function, a contradiction. Thus
(2.3) applies toQv andWv, and the result follows.

There is a natural local (in the cone of divisors) generalization of(1.10) asfollows.

2.12. Definition. LetC ⊂ NE1(X) be the affine hull of finitely many effective
divisors. We say thatC is aMori dream regionprovided the following hold:

(1) there exists a finite collection of birational contractionsfi : X 99K Yi such
thatCi := C ∩ f ∗(Nef(Yi))× ex(fi) is the affine hull of finitely many effec-
tive divisors;

(2) C is the union of theCi; and
(3) any line bundle in(fi)∗(Ci) ∩ Nef(Yi) is semi-ample.

Proposition 2.9 has the following analog.

2.13. Theorem. LetX be a normal projective variety and letC ⊂ N1(X) be
a rational polyhedral cone(i.e., the affine hull of the classes of finitely many line
bundles). ThenC ∩ NE1(X) is a Mori dream region if and only if there are gen-
eratorsL1, . . . , Lr ofC such thatR(X,L1, . . . , Lr) is finitely generated.

Proof. Analogous to that of (2.12).

It is natural to expect that the region of the cone of divisors studied by Mori the-
ory is itself (at least locally) a Mori dream region. This leads to the following
conjecture, which by the ideas of the proof of (2.9) contains all the main conjec-
tures/ theorems (e.g., cone and contraction theorems, existence of log flips, log
abundance) of Mori’s program.

2.14. Conjecture. Let 11, . . . , 1r be a collection of boundaries such that
KX + 1i is Kawamata log terminal. Choose an integerm such thatLi =
m(KX +1i) are all Cartier. ThenR(X,L1, . . . , Lr) is finitely generated.

2.15. Corollary. The conjecture holds in dimension3 or less.

Proof. It is easy to check that the intersection of the affine hull of theLi with
NE1(X) is a Mori dream region.

2.16. Corollary. LetX be a log Fanon-fold, withn ≤ 3. ThenX is a Mori
dream space.
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Proof. LetKX+1 be KLT and anti-ample. Choose a basisL1, . . . , Lr of Pic(X)
whose affine hull containsNE1(X). Choosen > 0 so thatAi = Li − n(KX +1)
is ample for alli. Let1i = 1/nmDi +1 forDi a general member of|mAi |. Note
thatLi = n(KX +1i) (in Pic(X)Q) and that1i is KLT for sufficiently largem.
Now apply (2.13).

3. Connections withM̄ 0,n

The original motivation for this paper was to try to understand the geometric mean-
ing of the cone of effective divisors in connection with questions of Fulton onM̄0,n,

the moduli space of stablen-pointed rational curves.

3.1. Question (Fulton). IsNE1(M̄0,n) (resp.NE1(M̄0,n)) the affine hull of the
1-dimensional (resp. codimension-1) strata?

See [KM] for definitions, partial results, and an indication of the wide range of
contexts in whichM̄0,n naturally appears. The connection with GIT is as follows.

Consider the diagonal action ofG = SL2 on then-fold product(P1)×n. By the
Gelfand–Macpherson correspondence, theVGIT theory for this action is identified
with that of the torusT = Gnm on the GrassmannianG(2, m). For example, the
G-ample cones and their chamber decompositions are naturally identified, and the
corresponding GIT quotients are the same (in the first case we vary the line bun-
dle and the linearization on each is canonical; in the second case, the line bundle
is fixed and we vary the linearization by characters). Corollary 2.4 (see Remark
2.3.1) now applies. TheG-ample cone and chamber decomposition are easy to
describe (see [DH]), and one obtains a complete description of the rational con-
tractions on any of the GIT quotients. By [Kap],̄M0,n is the inverse limit of all
the GIT quotients.

3.2. Question. Is M̄0,n a Mori dream space?

One result of [KM] is that any extremal ray ofNE1(M̄0,n) that can be contracted
by a map of relative Picard number 1 is generated by a stratum, so long as the ex-
ceptional locus of the map has dimension at least 2 (any stratum can be contracted,
and the exceptional locus of the contraction satisfies the dimension condition for
anyn ≥ 9). By (1.11), ifM̄0,n is a Mori dream space then any extremal ray of the
Mori cone is contracted by a map of relative Picard number 1. Thus, a positive
answer to (3.2) would nearly answer Fulton’s question forNE1(M̄0,n).

There is a natural action of the symmetric groupSn on M̄0,n, and it is natu-
ral to consider theSn-equivariant geometry or (equivalently) the geometry of the
quotientM̃0,n. This quotient is itself an important moduli space; for example,
M̃0,2g+2 ⊂ M̄g is the hyperelliptic locus.

Letk = [n/2]. LetBi ⊂ M̄0,n (k ≥ i ≥ 2) be the union of codimension-1strata
whose generic point corresponds to a curve with two components and exactlyi

marked points on one of the components. The analog of (3.1) forNE1(M̃0,n) is
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proven in [KM]. In fact,NE1(M̃0,n) is simplicial, generated by the (images of
the)Bi. Furthermore, every moving divisor is big (and thus every rational con-
traction ofM̃0,n is birational). In particular, by (2.9) it follows that̃M0,n is a Mori
dream space if and only if the ring⊕

(d2, ...,dk)∈Nk−2

H 0
(
M̄0,n,

∑
diBi

)
is finitely generated.

Observe that, by(1.10), apositive answer to (3.2) would imply the following.

3.3. Implication. For eachk ≥ i ≥ 2 there exists a birational contraction
fi : M̃0,n 99K Qi, whereQi isQ-factorial of Picard number1 and where the ex-
ceptional divisors offi are exactly theBi with j 6= i. The moving cone ofM̃0,n is
simplicial, generated by pullbacks of ample classes from theQi.

We know thatf2 of (3.3) exists: it is the (regular) contraction to the GIT quotient
of SL2 for the action on thenth symmetric product of the standard representation
(i.e., the GIT quotient forn unmarked points onP1).

We finish by giving a result that yields another connection betweenM̄0,n and
GIT. Though not directly related to the rest of the paper, we hope the reader will
find it of interest.

In [FM], Fulton and MacPherson construct a functorial compactificationX[n]
of the locus of distinct points in a smooth varietyX. As we now indicate,M̄0,n

occurs as a GIT quotient ofP1[n] by the natural action ofG = SL2 .

There is a proper birational morphismf : P1[n] → (P1)×n. Let E be an ef-
fective divisor, with support the full exceptional locus off, such that−E is f -
ample (such anE exists for any proper birational morphism betweenQ-factorial
varieties).

3.4. Theorem. For each linearizationL∈PicG((P1)×n) such that

((P1)×n)ss(L) = ((P1)×n)s(L) 6= ∅
and for each sufficiently smallε > 0, the line bundleL′ = f ∗(L)(−εE) is ample
and

(P1[n])ss(L′) = (P1[n])s(L′) = f −1((P1)×n)ss(L).

There is a canonical identification

(P1[n])ss(L′)/G = M̄0,n

and a commutative diagram

(P1[n])ss(L′)
f−−→ ((P1)×n)ss(L)

q

y q

y
M̄0,n

g−−→ ((P1)×n)ss(L)/G,
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whereq indicates the geometric quotient and where the variousg are Kapranov’s
blow-up expressions for̄M0,n, realizing it as the inverse limit of all the GIT quo-
tients of (P1)×n.

Proof. We follow the notation of[FM] for divisors onX[n] and that of [H3] for
the chamber decomposition for PicG((P1)×n). For a subsetS ⊂ {1,2, . . . , n}, let
lS be the linear functional on PicG((P1)×n):

lS(x1, . . . , xn) =
∑
i∈S

xi −
∑
i /∈S

xi .

For the first statement, see [H2]. We letU be the semi-stable locus for a lin-
earization on(P1)×n corresponding to a chamber, andU ′ = f −1(U). Let the
corresponding quotients beQ andQ′. By [FM, pp. 195, 212] there is a natural
G-equivariant surjectionP1[n] → M̄0,n, whereG acts trivially onM̄0,n. Hence
there is an induced proper birational morphismQ′ → M̄0,n. To prove this is an
isomorphism (both sides beingQ-factorial), it is enough to show that both sides
have the same Picard number:

ρ(Q′) = ρ(U ′) = ρ(U)+ eU = ρ(Q)+ eU ,
whereeU is the number off -exceptional divisors that meetU ′ or (equivalently)
the number of diagonals1S that meetU and have|S| > 2. We show first that
ρ(Q′) is constant (i.e., independent of the chamber). It is enough to check two
chambers sharing the codimension-1 wallWS. Let the two open sets beU1 andU2,

where we assume thatU1 meets1S and|S| ≤ |Sc|. Note theU ′i meet the same di-
visorsD(T ), except thatU ′1 meetsD(S) (and notD(Sc)) whileU ′2 meetsD(Sc)
(and notD(S)). If |S| ≥ 2 thenQ1 99K Q2 is a small modification, soρ(Q1) =
ρ(Q2) andeU1 = eU2. Suppose|S| = 2. ThenQ1 99K Q2 is a birational contrac-
tion with exceptional divisor (the image of)1S. Thusρ(Q1) = ρ(Q2) + 1. On
the other handeU1 = eU2 − 1, sinceD(S) is not exceptional (its image is diviso-
rial) whereasD(Sc) is exceptional.

Now we computeρ(Q′) for the case of the chamber given by inequalitieslS <

0 for all 1 /∈ S. In this case,Q = P n−3 and thef -exceptional divisors that meet
U ′ are precisely theD(S) with 1 /∈ S andn− 2 ≥ |S| ≥ 3. Thus

ρ(Q′) = 2n−1−
(
n

2

)
−1= ρ(M̄0,n).
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