A RESIDUE FORMULA FOR HOLOMORPHIC FOLIATIONS

James L. Heitsch

INTRODUCTION

In this note we give an explicit formula for the residues of certain of the
secondary characteristic classes for holomorphic foliations with trivial normal
bundle. These residues exist when the foliation is preserved by a transversely
holomorphic vector field. We assume that the vector field has a particularly nice
singular set, which allows us to compute some of the residues. The computation
of these residues gives a geometric interpretation of the secondary classes, as
the form the residues take depends strongly on the local geometry of the vector
field and foliation in a neighborhood of the singular set.

Throughout the paper we assume that the reader is very familiar with the
construction of characteristic classes using connections and invariant polynomials
on Lie groups as givenin [9]. In particular note that we observe the Chern convention
that if an invariant polynomial does not have enough arguments the last one
is repeated until it does; i.e., if ¢ is an invariant polynomial on g/, C of degree
k then

AB)=¢(A,B,B,...,B
$ (A,B) = &( ~ )

where A,B € gl C.

1. THE RESIDUE THEOREM
Let M be a complex analytic manifold of complex dimension n and
T-M=TM®TM

the standard splitting of the complexified tangent bundle of M. If £ is a bundle
over M, we denote the space of smooth sections of £ by C”(£). The space of smooth
complex valued forms on M is denoted A (M) and the space of smooth complex
functions is denoted C”(M).

Let 7 be a complex analytic foliation of complex codimension q on M. At each
point 2 € M there is a coordinate chart (U, z,, ..., z,) so that 7|, is spanned
by 8/8z,.4, ..., 8/0z,. We call such a chart a flat chart for v at z. The normal
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bundle of 7t is the holomorphic quotient bundle v = TM/v and we write
p: TM — v for the natural projection. We assume that v is a trivial bundle.

Definition 1.1. A basic connection 6 on v is a connection of type (1,0) such
that its covariant derivative V satisfies for all Y € C”(v), Z € C*(TM),

Vyp(Z) =p([Y,Z])

An easy partition of unity argument shows that basic connections always exist.

LEMMA 1.2. If (Q;:) is the local curvature form of a basic connection on v
then each Q; annihilates + ® TM, i.e., if Y,Z € 1 ® TM then Q; (Y,Z) = 0.

COROLLARY 1.3. (Bott Vanishing Theorem [3]). If Q is the curvature of
a basic connection on v and ¢ is an invariant polynomial homogeneous of degree
k> qongl,C, then $(Q) = 0 as a form on M.

For the proofs of these see [3]. Let C,[c,, ..., ¢,] be a polynomial ring on
the c¢; where degree ¢; = 2i and the subscript on C indicates that the ring is
truncated above degree 2¢q. Let A(¢,, ..., ¢,) be an exterior algebra on the ¢,
where degree ¢, = 2i — 1 and let W,=A(,,...,¢,)®C, ey, ..., ¢,] be the differen-
tial graded algebra where d(¢; ® 1) = 1 ® ¢;, d(1 ® ¢;) = 0. Choose a basic
connection 6 on v and a flat connection 6’ on v, corresponding to a framing o
of v. These two connections determine a degree preserving map of differential
graded algebras o, ,:W_— A (M) where

o, (1®c;) = c;(Q)
(1.4)
a,  (6,®1) =i X c;(0—0°,Q,) dt

7,0 i
(1]

Here Q is the curvature of 6 and , is the curvature of the connection
0,=t0 + (1 — t)8’, t € R. The ¢, on the right in equations (1.4) are understood
to be the Chern polynomials on g/ C. The map «,, induces the map

o¥, : H*(W,)> H* (M;R)

and this map is independent of the choice of basic connection 6, but depends
on the homotopy class of the framing o. The ambiguity is up to translation by
a Z lattice in H*(M;R). This Z lattice may have non-integral periods. This
construction, in various forms, is due to Bernstein-Rozenfel’d [2], Bott-Haefliger
[4], Kamber-Tondeur [8], and Malgrange (unpublished).

The elements of H*(W,) are secondary characteristic classes for complex
foliations with trivial normal bundle. A basis for H*(W,), due to J. Vey, [cf.
5}, is given by elements of the form

€; 8050, L<..<gph=s..=j,L+hL+.+J,>q1i,=],.

Definition 1.5. A T vector field for 7 is a vector field X on M of type (1,0)
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such that if (U,z,,...,2,) is a flat chart for v and X|U=2ﬂ6/azi then
i=1

f1» ..., f, are holomorphic functions and

of;
9z,

l=i=g<j=n.

We call the set of points .¥where X is tangent to 7 the singular set of X. &
is a union of leaves of v and on M — %7 and X span a holomorphic foliation

7 of codimension ¢ — 1. We assume that & = U N, is a finite union of closed
i=1

and separated leaves of 7. For each ¢ we choose an embedded open normal disc

bundle D; of N, so that its closure D, is an embedded normal disc bundle and

sothat D, N D;=0,i#].

Definition 1.6. A basic X connection on v is a basic connection such that on

a neighborhood % of M — U D, its covariant derivative satisfies

Vxp(Y) = p([X,Y])

for all Y € C”(TM). We say the connection has support off %.
A partition of unity argument shows that such connections always exist.

LEMMA 1.7. Let 6 be a basic X connection on v supported off %. If (.Q;)
is any local curvature form of 6 defined on an open subset of % then each Q;
annihilates 7 ® TM.

Definition 1.8. Let I (W,) be the ideal in W, generated by the elements of
the form¢; ... ¢, withj, + ... +j,=gq.

Lemma 1.7 has the following corollary.

COROLLARY 1.9. If ¢ € I (W,) then dé = 0 and if a basic X connection
with support off % is used in the construction of the map o, ,:W, - A(M), then

o, (@), =0.

The proofs of Lemma 1.7 and Corollary 1.9 are the same as the proofs of
Lemma 3.8 and Corollary 3.10 of [7]. In analogy with Theorem 3.11 of [7] we
have,

THEOREM 1.10. Let 7, M, X and &= U N, be as above. Let o be a framing
’ i=1
of the normal bundle v of v. Let & € I,(W,) be an element homogeneous of degree
k.Then ¢, 7, X and o determine the cohomology classRes, (t,X,N,,0) € H k2N 5C)
such that

i) Res,(v,X,N,, ¢) depends only on the homotopy class of o and the behavior
of v and X in a neighborhood of N,.

i) > tRes,(r,X,N,0) = aX,([$]).
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The map
t:H*"?¢(N;C)— H*(D;C)— H*(M;C)

is the composition of the Thom isomorphism followed by the natural inclusion.
Here we have written H(D;;C) for the cohomology of forms with fiber compact
support. The symbol [¢] stands for the cohomology class determined by ¢.

Compare Theorem 2 of [1]. If & =¢; ...¢;, J, + ... + j, = g, then the
residues we construct are the same as those constructed in [1].

As the proof of Theorem 1.10 is analogous to the proof of Theorem 3.11 of
[7] we shall only give the recipe for constructing the residues.

Let 6 be a basic X connection on v supported off %. Let 6" be the flat connection
on v corresponding to the framing o. Use these two connections to construct the
map a,,:W, — A(M). By the Corollary 1.9 we have a_ , ($)| , = 0. Thus a, ,(d)|p,
is a form with fiber compact support and it determines the class

[aﬂr,o’ (¢)|D1] € HI: (Dz;C)'

Let v:H*(D; C) » H* ?7(N,; C) be integration over the fiber of the disc bundle
D,. Then

Res, (r,X, N;,0) =v ([a,, ®)]p,]).

Note that if 0 is a basic X connection on v supported off % and Y € C”(7),
then 6 is also a basic X + Y connection supported off %. Thus Res,(7,X,N,,0)
actually depends only on the equivalence class p(X) of X in C”(v).

2. THE STRUCTURE LEMMA

We now restrict our attention to a single leaf N in the singular set of X.
We wish to give a formula for the residue of certain elements of I _(W,). To do
so we need to know what the structures of + and X are near N.

PROPOSITION 2.1. (The Structure Lemma). Let « € H,(N;Z). Then there
is an open neighborhood B of 0 € C? and a smooth map ®: S X B — M such
that

i) ®(S* X {0}) represents a
ii) for all t € S, ®(t X B) is transverse to v and ®|,,5 is a homomorphic
map.
iii) the induced foliation ®*t on S' X B is spanned by a vector field
q
d/ot+ Y(t,w) where Y (t,w) = E b,(t,w) d/dw,; and each of the b,’s is holomorphic

i=1

in w. (We write w = (w,, ..., w,) for the usual coordinates on C?.)
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iv) there is a vector field XonS'xXB X = 2 a;(w) a/dw; where the a/s
i=1
are holomorphic functions of w only, and p(®, (X)) = p(X N @ sixs -
V) there is an is an integer k such that the framing of v|ysixp 8iven
by @, (t*0/ow,), ® . (0/0w,), ..., P , @/ow, )extends to the given framing o of v
on M (at least up to homotopy) Here t*d/ow, is the natural action of
teS'C Cond/ow,.

Proof. Let $:[0,1] - N, ¢(0) = ¢(1) be a smooth map representmg a. We
assume that ¢ is an immersion. Let (U, zl, vy 22), 7 = 0, ..., r be open flat
coordinate charts on M which cover &([O, 1] ), and choose them so that

NNnU={z€ U, 2{=..=2/=0)}.

We further assume that real numbers 0 = ¢, < ¢, < ... < ¢,,; = 1 are given
so that ¢([e;,e,,,]) C Uj. We first construct a map §,:[0,1] X B — M. To be
precise in What follows we might have to cut down our neighborhood B at each
step. As there are only a finite number of steps this presents no problem and
for convenience sake we ignore this technical detail.

For each j = 0, ..., r choose v, € (g;,&;,,). Let € > 0 be so small that
g, +e<nv;,v, +e<e;,and ¢(,¢,,, +€) C U,. Fort € [0,g, + €] set

Yol wy, ..., w,) =¢(t) + (wy, ..., w,,0, ..., 0)

w; i=1,...,q

ie.  2(Polt, wy, ..., w,)) = {
220@)  i=q+1,..,n

Let By, B;, B, be smooth functions from [0, 1] to R so that

1) Bo(t) = 0 for ¢t = €,, Bo(¢) = 1 for t = vy, and B, is strictly increasing
on (g,,7v,)-

ii) B,@¢) =tfort <e, + /2, B,(t) =€, + e for ¢ = ¢; + € and B, is strictly
increasing on [0,¢; + €].

i) B,(¢) = y, for t = v,, B,(t) = t for t = vy, + € and B, is strictly increasing
on [v,,1}.

For t € [0,e, + €] set ¥, (¢, w) = Y, (£, w) 0=t=c¢g, and

Z;("’O(El’ w)) 1= 1,..,q9
z; (b, (¢, w)) =< (1= Bo(t) 2 Yo (B, (2), w)
+Bo®)z; bRy (1) i=g+1,..,n

for e, = ¢t < €, + €. See Figure 1. Essentially we are translating a transverse
disc along ([0, 1}) using the foliation 7. We are doing this in such a way that
each ¢ X B is mapped to M holomorphically and so that for each w € B,
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d‘o(enw) ‘1’1([51,52] X {w})

NN U,

¢le;) ¢le, + €)

¥, (81 X B)
U, (v; X B)
Figure 1.

b, ([0,e,] X {w})

is contained in a leaf of r.
Continuing in this manner we obtain a smooth map ¥,: [0,1] X B— M satisfying
i) U, ]10.1) x(0) TEPresents o
ii) for all ¢ € [0,1], ¥,.|,xp is a holomorphic map
iii) the foliation induced on [0,1] X B by ~ is spanned by 9/ d¢.
iv) ¥, (0,w) = ¥,(1, H(w)) where H: B — B is the holonomy around «.

Choose a smooth map p.:[0,1] — C which satisfies n(f) = 0 for ¢ near 0 and
w(t) = 1 for ¢ near 1. Set H, = pn (¢)H + (1 — n(¢))I, where I is the identity map.
Choose p. so that on some neighborhood B of 0, each H, is a holomorphic
diffeomorphism. Define v: [0,1] X B— [0,1] X Bby v(¢,w) = (¢, H,(w)). Then

¥,2v:[0,1] X B> M
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satisfies §, o y(1, w) = ¥, o y(0, w) and so ¥, o y induces a map ®: S* X B— M.

It is immediate that ® satisfies i) and ii) of Proposition 2.1. The induced foliation
®*7on S' X B is spanned by the vector field v, ' (9/¢) which is equal to

a/ot+ > a/ot(w;o H'(w)) - 3/aw;.

If we set

q

Y(t,w) =D a/ot(we H ' w)) 8/ ow,

i=1

then this satisfies iii) of the Proposition since w,o H; ! is smooth in ¢ and holomorphic
in w.

To prove part iv) consider ¥, |,,.5. The action of X on the foliation 7 is holomorphic
and since y, (¢ X B) is transverse to 7 and ¥, |, is holomorphic, X induces a
holomorphic vector field X, on ¢ X B. The union of all these vector fields gives

qQ
a vector field X = 2 a;(t,w)d/ow; on [0,1] X B which is smooth in ¢ since
i=1

Y, is smooth in t. Each of the a; is holomorphic in w as ¥, |,z is holomorphic.
Since X preserves 7, X preserves the induced foliation on [0,1] X B. But this
foliation is apanned by 4/d¢. Thus [X,d /9t] must be-a functional multiple of
d/at. But this is only possible if [X,d/0t] = O, i.e., 8/0t a,(t,w) = 0 and each
a; is a function of w only.

Note also that since X preserves 7, the holonomy map H must preserve X.
Thus each H, preserves X and so the vector field X on S' X B induced by X
q
under v also has the form X = 2 a;(w)d/ow,.
i=1

Now consider the framing of v|4ix5, given by @, (8/0w,), ..., P, (3/0w,).
If o is any other framing of v|4s1.5 then by comparing o with ®,(9/dw;) we
obtain a map o*:S' X B— Gl,C. Two such maps are homotopic if and only if
the corresponding framings are homotopic. If 2 € Z then the framing of v| 415,
given by ®,(t*d/ow,),®,(0/0w,), ....d , (0/0w,) represents the element in
IT,(GL,C) = Z corresponding to k.

3. THE RESIDUE FORMULA

In this section we give an explicit formula for the residues of certain elements
in I (W,). To wit

THEOREM 31. Let ., X, N, M and o be as above and let
é,¢;, ... ¢;,= &,c beinI (W,). Let « € H,(N;Z) and choose @, Y, X and k as in the
Structure lemma. Form the matrices of partial derivatives L = [da;/ow],
Ly = |0b;/ow,||. Then
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Res; ., (r,X,N,0)(@) = (=17 2wi)? S Res (t)dt.

Sl

Res(t) is defined to be the value at 0 of the Grothendieck residue symbol

[(cl(L,,) + k(@2mit) " ¢, (L) dw, ... dw, ]
es,

a,..a,

for fixed ¢.

In [1] an algorithm for computing this residue symbol, due to R. Hartshorne,
is given. We quote with appropriate changes.

Since the origin is an isolated zero of the a; there exist positive integers
a, ..., o, With w;" in the ideal generated by al, ..., @,,. Hence there exist holomorphic

[/ Aad bt

functions b, defined near 0 with wj: 2 b..a.. The Grothendieck residue is

evaluated by expanding (¢, (L) + & (21th) )c J(L) det [|b,,]| in a power series in the
w;. The coefficient of dw, ... dw, /(w, ... w,) is the resultlng Laurent series for

(¢, (Ly) + kwit) ")c, (L) det ||b,] dw, ... dw, /[ (ws? ... wie)

is the desired answer.

Proof. Let p(X,), ..., p(X,) be a framing of v on a neighborhood U, of
®(S' x B) in M which extends the framing given by

p(Dy (8/0w,)), ..., p(@,(8/0w,)).

Let 8 be a basic connection on v whose local form © v, on U, with respect to
the framing p(X,), ..., p(X ) satisfies 6 v, (&) = 0 for all Z e o,(TB) C TM.
This uniquely determmes 0 on ®(S' X B) as at each point z € <I>(Sl X B), the
image of the holomorphic tangent bundle of B, ®, (TB) is complementary to
in TM,.

Let D be an embedded open normal disc bundle of N in M so that

D|d>(sl><{0)) = ®(S' X B)

as bundles over <13'(I.S1 X {0}). Let @ be a (1,0) form on M so that » annihilates
7 and on a neighborhood % of M — D in M, »(X) = 1. (We have assumed for
simplicity that the singular set of X is precisely N). On the neighborhood U,

of @, (S* X B) define the matrix A = ||A | by the equationp ([X,X;]) = z AJP (X;).

Then let 6 be a basic X connection on v supported off % so that on U 0 has
the local form 6, =0, , T @ - A with respect to the framing p(X,), ..., p(X,).

The normal bundle of ®*(t) on S* X B is naturally isomorphic to the holomorphic
tangent bundle 7B of B in T'(S* X B), so we will identify them. We now compute
the local form of the connection ®* (8) on 7B with respect to the framing
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a/dw,,...,a/0w,.

We denote by V the covariant derivative of 8 and by V the convariant derivative
of ®*0.

For each ¢t € S', ®|,, is holomorphic. Since 8 is a connection of type (1,0)
and ®,(3/0 w,) are holomorphic for fixed ¢, we have V4 /52, P (P4 (8/0w;)) = 0,
and so Va,mla/awi = 0. Since p (P, (X)) = P(X)’ 0 is a basic ®,(X) connection
and so we may assume that in fact X = ®, (X) on ®(S' X B). Then

v@-(a/aw,) p(Py(3/0w;) = v«b-(a/aw,) p(X;)
= 0 (@.0/0w,)) >, Ajp(X))
J

= w(®,0/0w,)) p([X,X;])
= 0 (®@,0/0w,)) p([®4 (X), @, (3/3w;)])

= 0 (®@,(3/0w)) p (rb* (Z dw,([X,3/0w,]) a/aw,-))
= @0 @/0w,) Y, (—L) p®, 0/ dw,).
Thus
Va/ow, 8/ 0W; = —Z @* w(3/0w,) L} - 3/ ow;.

Recall that a/dt + Y(¢t,w) spans ®*(r) where Y(¢t,w) € C”(TB) and is
holomorphic in w. Now

vo. @/0t+ Y(t,w)) pD, (a/awi) =p ([CD* @0/0t+ Y(t,w)), D, (a/awi)])

= > (~Lyp®. 3/ ow)).

Thus

Varot 010w, = (Vg 00y = V)0 /0w,) = D (= Li; + ©* 0 (Y)L))3/ ow;.

By the above we see that the local form of ®* 6 with respect to /0w, ..., 8/0w,
is (—®*w|g) - L+ (—Ly+ (®*w)(Y)L)dt. The form ®*w|, is a one form on
S' X B whose restriction to £ X B is of type (1,0) and which is a projector for
X off some neighborhood of 0. In fact any one form & of type (1,0) on B which
has ®(X) = 1 off a neighborhood of 0 may be obtained in this way. We need
merely require that the one form o on M satisfy w(®, (3/dw,)) = & (@/ow,) - ®~*
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on ®(S' X B). Thus we may assume that the local from 6 of ®*(0) is given
by —oL + (—Ly + & (Y)L )dt where o = 2 ¢;(w, W)dw;is any one form on B which

satisfies ® (X) = 1 off some neighborhooci of 0 € B.

Let 67 be the flat connection on v corresponding to the framing o. Since

Res. . (r,X,N,o)

c1¢g

depends only on the homotopy class of o, we may assume that the induced connection
8/ = ®* (0”) on TB is the flat connection corresponding to the framing t*8 /ow,,d /ow.,,
..., 8/8w,. Then with respect to the framing a/dw,,d/dw,, ..., d /awq,ﬁ "has the
local form |87, where 8{° = — k¢™'dt and all other entries are zero.

In order to compute Resfch(T,X, N,o){(a) we must compute cl(é - @f)cJ(ﬁ)

where {) is the curvature of §. Now O = d6 — 6 A 8 and
dd=—db-L—&oAdL—dLyandt+d(»(Y)) - Ladt+ o(Y)dL A dt

while 8 A 8 = f & A dt for some function f. Since each entry of 6 and 0 involves
either an ® or a dt we have ¢, (6 — Of)cJ(Q) =, (6 — Bf)cJ(d 0). Now observe that
doL is a (2,0) + (1,1) + (1,0) A dt form ® A dL is a (2,0) + ® A dt form
dLy A dt is a (1,0) A dt form, and ® (Y)dL A dt is a (1,0) A dt form. The degree
of ¢, is g, so for dimensional and type reasons we have
c; (@ —87)c,(dB) = c,(—Ly)e,(LY(—d®) A dt

+ ¢; (L), (L) (@ (Y)N—d®)? A dt

+ ¢ (L)e,(L)g (=&) A (—=d®)? ™' A (—d(®(Y)) A dt)

— E@wit) e, (L)(—d o) A dt

= (¢, (—Ly)—k@uit) e, (L)(—dd)? A dt

+ ¢, (L), (L){e (YN (—d)?

+ g(=&) A HYN=dB) A (—dd)?!

+ gd ALy (—0) A (—dd)?') A dt.

The form ® A do? A dt = 0 for dimensional reasons so

—iY)@Ado'adt) = —o(Y)d&'Adt+qd Ai(Y)ddAdE" Adt=0.

For fixed t, Y is holomorphic and & is of type (1,0). Thus the Lie derivative ., ®
is of type (1,0) and the form & A .£yd A d®”' A dt is at least a
(g + 1,9 — 1) form A dt and so is zero. Thus

6,6 — e, (Q) = (c,(—=Ly) — k@wit) Ve, (L) (—dd)? A dt,

and
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Res;,., (1, X, N,0)@) = S (S c,® —@f)cJ(ﬂ))
s1 B

- S (S (=17 (¢, (Ly) + k(2wit)"1)cJ(L)d€I)") dt.

We finish the proof by showing that the integral over B is the Grothendieck
residue. We follow [1, pp. 321-324].
Recall that X = 2 a;(w)d/ow; where the a; have an isolated zero at 0, as

N is the singular set of X. Thus there are positive integers «,, ..., «, such that
w7 is in the ideal generated by the a,, ..., a, and there exist holomorphic functions
q

b, defined near 0 with wy* = > b,a,
Jj=1

Let B, C B be the set

q
B_= {(wl, .o w,) E B: Z (w; ;)i < 1}_
i=1

We may assume that the b; are defined on an open set U C B such that
B_ C U. See [1]. On U define the one form w by

o= >  @)b,dw,

1=i,j=gq

and note that on 8B_, the boundary of B, o(X) = 1. Let & bg a form of type
(1,0) on U so that on dB,, ® = w and &(X) = 1 off B,. Let 6 be the basic X
connection corresponding to ®, and write ( for the curvature of §. Then for fixed
te St

S ¢, (60 — 6", (Q) = ¢, (0 — 8)c, ()
B

(=1)7" (e, (Ly) + k(2mit) ™ )e, (L)d T

(=17 (¢, (Ly) + E@wit) Ve, L)d A d&?Y)

.
SBG
- S (-1)7** d((c,(Ly) + & @mit) e, (L) & A de?Y)
BQ
).
S (=17 (¢, (Ly) + E@wit) e, (L) w A do?™?)
oB

a
o
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_ g (=17 d (e, (Ly) + k@2wit) e, (LYo A dw?™)
BCI

S (=1)7 (e, (Ly) + E(2wit) e, (L)d o’
B,

The first equality follows from the fact that c,(2) = 0 on B — B_ as 8 is supported
off B — B,. The third is because both ¢, (L) and ¢,(L) are holomorphic for fixed
tand ® A d®? ' is a (g,g — 1) form. The fourth and sixth are Stokes Theorem,
and the last is the same as the third.

Now dw = dw + dw where dw is a form of type (2,0) and dw is a form of
type (1,1). It is easy to see that for type reasons dw? = dw?. The form

!

o= D o) bydi, a dw,

1=si,j=gq

and an easy computation shows

@) =gl a; ..o, (@,) 7" ... (@,)% " det|b,]| W

where W= dw, A dw, A ... A div, A dw,. The integral

while

S (w w,)* 7" ... (waI)q)"‘«f"1 W=(@qa,.. ()Lq)—1 2mwi)?
‘B(x

—xy—1 o, —1
g ot Wit a Tt wPeW=0
Ba

if B4, ..., B, is a q tuple of nonnegative integers and

Expand (¢, (Ly) + k(2wit) " )c, (L) det ||b

By o By) # (g — 1, .y, — 1),

4 in a power series in w,, ..., w,. Denote

by Res(t) the coefficient of wi: ™' ... wi¢~. Then by the above

(—=1)?**(2wi)? Res(t) = S c, (6 — 8)c, (D).

B

If we compare Res(t) with

I:(cl(Ly) + E@2wit) ) e (L) dw, ... dwq]
es,

a, ... a,

we see that they are the same.
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4. EXAMPLES

Example 1. Let M = T? X C? where T = C/(Z X Z) and has coordinate 2.

We write w;, ..., w, for the usual coordinates on C?. Let Ny, ..., N, 8y, ..., B,

q
be nonzero complex numbers. Set X = \;w;d/0w; and let v be the foliation
P i
i=1

on M spanned by the vector field
q
Y=98/0z+ 2 d,w;d/0w;.
i=1

The vector fields X and Y commute so X is a I vector field for v and its singular
set is N = T? X {0}. The normal bundle v of 7 is isomorphic to the pullback
of TC? and is a trivial bundle. Let o = 8/dw,, ..., /0w, be the usual framing
of v and suppose é, ¢, € I,(W,). Then

e, oy 8)c Ny, oy A
Ay A

q

Res, . (1, X,N,0) =

[dt, + dt,]

q

where dz = dt, + idt, and [dt, + dt,] is the class in H' (T? C) determined by
dt, + dt,. We have written ¢, (3,, ..., 3,) for ¢, applied to the diagonal matrix
diag(s,, ..., 8,) and c,(\,, ..., \,) for c, applied to the diagonal matrix
diag(\,, ... A,). For more on this example in the special case that ¥ = o oz +
X, see [6].

Example 2. Consider the situation above but change the framing o as follows.
Think of T, as 8' X S* C C X C with coordinates ¢, and £,. Let o be the framing
of v given by ¢ = 51 ti2a/0w,, 3/dw,, ..., 3/dw,. Then

c;(Ny, ..., N)
Res, . (r,X,N,0) = —— T {(e, 045 .0 )
Ny oo Ny
— ky)dt, + (¢, (35, .., 8,) — ky)dt,).
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