THE POWERS OF AN OPERATOR OF
NUMERICAL RADIUS ONE

Michael J. Crabb

Let H be a complex Hilbert space, and T a bounded linear operator on H. As
usual, the numerical radius w(T) of T is defined as

sup{|(Tx, x)|: x € H, |x|| =1} .
C. A. Berger and J. G. Stampfli [1] have shown that if w(T) = 1, then
lim sup | T"x[| < V3 x|

(see also T. Kato [3], [4]), and they ask for the best constant K such that

lim sup || T"x| <K ||x||. They give an example (due to A. L. Shields) of an operator
T and an element x € H with o(T) = ||x|| =1 and | T?x| =v2 (n=1, 2, ---).
Hence K > V2. We show here that the best constant K is V2, and further, that if
[x]| = @(T) =1, then |T"x| — £ for some £ < V2.

Berger and Stampfli [2] show that if w(T) = ||x]| =1 and || T™x| =2 for some
n, then T+lx = 0. We give another proof of this, and we also show that
|T=| = | T2x| = --- = | T*-1x| = V2, that %, Tx, ***, T®x are mutually orthogonal,
and that their linear span forms a reducing subspace of T. This was proved in the
case n=1 by J. P. Williams and T. Crimmins [5].

THEOREM 1. Suppose that o(T) = ||x|| = 1. Then | T®x| — 2, wheve
0<2< V2. If8=+2 then |Tx| =vV2 (n=1, 2, ).

Proof. Let n be a positive integer, and let ax € R (k=0, 1, ---, n). Then, for
y=agx +--+a T"x, |(Ty, y)| < (y, y), in other words,

n
aga, ”Tx”2 +ajay ||T2x||2 + 2 ajak(Tj+1x, Tkx)
j,k=0
j+1#k

(1)

n
< a(2)‘+af | |2 +--+ 2 ajak(zj, T*x).
J,k=0
j#k
Replacing T by eie T and integrating both sides over [0, 211], we obtain the inequal-
ity

2
m;apga) +myaja,+ " +mpa,_ja, < a%+m1a% + - +mpa,,
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where m, = ||T™x||?. Let
1 -mj /2

O . —mn/2

-m, /2 m,

and put Dg = 1. Since the associated quadratic form is nonnegative, D, > 0. Ex-
panding by the last row, we find that

1
(2) Dy=muDy ;- Zmrlen—Z .

If D, vanishes for some n, let k be the smallest suffix for which Dyx = 0. Then

Dyy1 = -%mlzﬁl Dy_1, S0 that my; = 0. In this case, | T"x| — 0.

If D, > 0 for all n, then

1 2
D, _ muyDyp_] - ZmnDn-Z Dn_1
Dn-l Dn—l - Dn—Z ’

since Drzl_l -mpDp-1Dn-2 +lm121D121_2 > 0. Therefore

4 — £ as n — «, for
some £ > 0. By (2),

n
Dn-l
2 1/2

m =2{Dn-l+l: Dn—l _ Dn Dn-l] %
o Dn—Z_ Dn—Z Dn-l Dn—Z ’

s that m, — 2¢. Also, ¢ <D;/Do=mj - 3m?<1.

Clearly, £ =1 only if m; =m, = -+ = 2.

THEOREM 2. Suppose that o(T) = ||x| = 1 and that | T*x|| = 2 for some integer
n. Then T**1x =0, |T®x||=v2 (k=1, 2, ---, n - 1), the elements x, Tx, ---, T°X
ave mutually ovthogonal, and theiv lineav span is a veducing subspace of T.

Proof. With the notation of Theorem 1, m,, = 4. Therefore

D, = 4(Dn—l - Dn—Z) >0,

so that
Dh.1 _Dn-2 D,
1 < == < < - < =—=< 1.
— Dp.2 = D3 — — Do —
Hence D; =D, =-+-=Dy_1=1,and m; =mp =-*=my,_] =2. Also, Dy =0, so that

mp,; =0. Let (T X, Tkx) = Rjkelajk. Replacing T by e T in (1), and taking real
parts, we obtain the inequality
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n

2a0a1 + -+ Zan_zan_l + 4an_1 a.n+ Z) a.jakRj+1,kCOS ((] +1 - k)6 + aj+1’k)

jsk=0
j+lzk
(3)
n
2 2 2 2 .
Lag+2a]+--+2a | +4an+. kE . a;a, Ry, cos (G -Kk6+ ajk) .
Jy K=
j#k
If we put ag=a;) = =a,_;=1and a, = 1/2, then the terms independent of 6 on

each side of (3) are equal Hence the 1ntegra1s of each side over [0, 27] are equal. If
we had strict inequality in (3) for some 6, the integral on the left-hand side would be
less than that on the right. Therefore, we have equality in (3) for these ag, **-, a,.
Hence, the partial derivatives of the two sides of (3) with respect to ag, -+, a, must
be equal at this point. For a,, this gives the relation

Rj,ncos((n-1)6 - ay )+ " +Rp_1,nc08(0 - an_1 )

= 2Rg,pcos(nd - &g ) + - +2R,_; ncos(0 - an_l’n).

Since this holds for 0 < 6 < 27, we conclude that Rg , = - =R,_; ,=0. Similarly,
differentiating with respectto a,,_;,a,_ 5, -* successwely, we find that R =0 for
i#j.
Let L =lin(x, Tx, :--, T"x). Suppose a L L. Putting
y=x+Tx+-- +Tn'lx+%Tnx+ta,

where t > 0, we obtain the inequality %(Ty, y) < (y, y), which implies that

+2Tx, Ta) +t2 0(a, Ta) < %[22 (> 0).

tSE('x+Tx+--- 5

Hence % ( X+ e +lTnx, Ta) < 0. Replacing a by el a, we obtain the equation

2
(x 4 e +-;:Tnx, Ta) =0, and replacing T by eif T, we deduce that
(x, Ta) = --- = (T"x, Ta) =0, or Ta + L. Hence L is a reducing subspace of T.
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