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ON THE CONNECTION OF THE FIRST-ORDER FUNCTIONAL
CALCULUS WITH MANY-VALUED PROPOSITIONAL CALCULI

JULIUSZ REICHBACH

From the results presented in my paper [2] it follows that it is possible
to approximate the first-order functional calculus by many valued proposi-
tional calculi; in this paper* we shall describe this approximation.

We shall use the terminology of [2] and in particular:

(2) individual variables: Xp x2, . . . [or simply x],
(2) apparent individual variables: a^, a2, . . . [or simply a]7

(3) finite number of functional variables: f^ , . . . , /c,
(4) logical constants: ' (negation), + (alternative), Π (general quantifier),
(5) atomic expressions: R, Rj, R2> expressions: E, F, G, Ep F^,

Gι,...
1

(6) ιυ(E) —the number of different individual [p(E)—apparent] variables oc-
curring in the expression E,

(7) Um\ —the sequence ί̂ , . . . , im; {^(fnl—*!! different indices of those
and only those individual variables which occur in E,

(8) n(E) = max \w(E) + p(E), max Uw(E)\\,
(9) n(E) = ?2(E), if E is an alternative of normal forms, n(E) = max {n(E)r

n(F)\9 where F is the simplest alternative of normal forms equivalent
to E, in the opposite case (we choose an arbitrary alternative),

(10) Έ — maximum of arguments of /«, . . , / ,
(21) E(u/z) —the expression resulting from E by substitution of u for each

occurrence of z in E (with usual conditions),
(12) C(E) -the set of all significant parts of the formula E: H € C(E) . 2 = .

H = E or there exist F, G, Ht such that: (H = F) A (E = F') v {(H = F)
v (H = G)] (E= F + G)v (Ξi) {H = HJ[ (x/a)\ A (E = JlaHJ,

(13) Skt —the set of all formulas of the form Σ Λ ; . . . Σtfχ. Π # t + ί . . . Ila^F,
where F is a quantifierless expression containing no free variables,
ΐla. is the sign of the universal quantifier binding the variable a. and
Σ*;.G = (Πβ;.G')\ ; = 2 , , k.3

*An abstract of this paper appeared in [5].
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(14) S({im\) —the set of all atomic formulas R such that all indices of free

variables occurring in R belong to Um\7

(15) n(Ey r) = max \n(E^\ . . . , n(E}\,

(16) M, Mp . . . —functions of all atomic formulas with values 1 and 0; T,

Tp . . .—functions on S(l, . . . , t), for given t, with values 1 and 0

(we shall name such functions "functions of the rank tn),

(17) (K) -for each K,

(18) Wp v^ . . . —numbers 0 or 1.

The formal proof E^, . . . , E β of the formula E is defined in the usual

way, but to the proof of given theorems we must also assume that for each

z' = 1, . . . , ft, E is an alternative of significant parts of the formula E; the

number n is named the length of this formal proof. The thesis is the last

element of a formal proof.

Obviously:

L.O. If the length of a formal proof of the formula E is 72, then the length of

some formal proof of the formula E(x/y) also is n.

LA. For each formula E we may write an alternative F of formulas G € Skt
such that E is a thesis if and only if F is a thesis, E' + F is a thesis;
we may also assume that G = ΣΛ^ . . . Σtf^^ Tlamtl where H is quanti-

fier-free.

L.I. asserts the existence of Skolem's normal form for theses, see [lj.

In the following we shall interpret the signs ' and + as Boolean opera-

tionsi (complemention) and + (addition) respectively; therefore Π is inter-

preted as an infinite Boolean multiplication. By this interpretation we have

extended the function M, see (16), on all formulas and therefore we shall use

the symbol M \E] for an arbitrary E,

It is known:

T. 1. The formula E is a thesis if and only if for an arbitrary Λ1 we have

M{E} = 0.

Let M/sp . . . , sj be a function on S(l, . . . , t) such that for an ar-

bitrary R e S(l, . . . , t) we have:

M/sv . . . , s / ( K ) = M\R(xs /xj) . . A x s /xt)l4

L.2. If kv . . . , k <ty then:

M / s v . . . , s t / / k v . . . , * / = M / s k , . . . , s k / .
i q

The proof is immediately.

In the sequel we shall write \it\, i instead of z'j, . . . , it, i if i is dif-

ferent from z'j, . . . , it; Ut\, i instead of z'j, . . . , i v if i = i. for some / < t;

therefore M/{i \ - instead of M/iΊ, . . . , i / and M/{s. \ - instead of M/s ,

. . . , s . A '« f ί

We shall also consider a Boolean algebra whose elements are w-tuples
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of numbers 0 and 1 and operationsΊ (complemention) and + (addition); this

Boolean algebra determines a many valued propositional calculus.

Let

(/) E v . . . , E k , . . .

be the sequence of all formulas of the considered calculus and let N(E^) = k

—the index of E^, k = 1, 2, . . .; let t be a natural number and Q a function

on atomic formulas R e S(l, . . . , t) whose values are 72-tuples of numbers

0 and 2; we shall use the following abbreviation:

(
wl N(R)\

• ]

ys(R)/
D.I. g(t, j, q, UJ, Q) • = (»',, . , im < t) Λ (R) \(R € S(UJ)) -> (w; N(R)

= Wq N(R?1

We explain the meaning of D. L:
Rv . . . , Rk, . . . , Ru - all elements of die set S(Um}). The re-

"] 0 w—77^—~ lation g(t, j, q,Um\, Q) asserts that
1 * the lines /' and q are equal; on this

. . . . . . . figure:

. . . . wjk. . . .

q • . . . w q K . . . S < R t ) - | • I

;;; ;:•:• \- J
n 1 . . . wnk. . . 0

Let Q be the function defined above and V — the function defined in the
following way:

(Id) V{t, Q, {im\, R\ = Q(R), if R is an atomic formula,
(2d) V{t, Q, UJ, F'\ = V1 U, Q, UJ, F\,
(3d) Vίt, Q, UJ, F + G\ = V it, Q, UJ, F\ + Vlt, Q, UJ, G\,

(4d) Let k = N(HaF) and kγ = NfFίx/α)}; then: v{t, Q, UJ, ΠαF} =

I ] • = •(;) K; < n) -> {wjk = I . m . (q) (r) {(q < n) A (r < ί) Ag(t,

h q, UJ, Q) Λ VU, Q, UJ, T, F(xja)\ = I : J ̂ vτ

jk = vτ

qk = ί)|)}.

Y J '
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The meaning of (Id) - (3d) is known; we explain the meaning of (4d):

Rl ' ' ' Ru _ ^ F(Xl/a) . . . F(x/a) . . . F(x/a)

1 0 . . . 2 v\ki . . . v\κ . . . v \ h t

j • •

q

In the left part of this figure is the figure described above and on the

right side we have:

(". 5 Λ
V ί t , a UJ, , F ( « / α ) l - I . 1 , r - 1 , . . . , » .

\< J
The definition (4d) asserts that w. ^ = 1 if and only if for each q < «, if

the lines / and ^ are equal on the left side, then on the right side of ones we

have only 1 (i.e. we have no 0).

D.2. J(Q, t, G) . EE . (m) (ίj) . . . ( ί w ) {(772 + p(G)< t) Λ <f Ϊ"W ( < ? )I C UJ)6 +

(j) (Vlt, Q, UJ, /, G\ = V{t, Q, l£wK G})}.

We note that / (Q, t, G) is an invariant relation.

D.3. F e P(ί, β, E) . = . (3G) KG (C(B) ) A {/(β, ί, G) ^ V{i, β, {^(p)},

F\ = ί i j }}.

Because the values of M are w-tuples, then in the sequel we shall also

write M - Mn.

D.4. FePU, E] . Ξ . (Mn) {(1 < n < 2 C ^ ) -> (F e P ( ί , Λ*π, E))}.

D.5. F f P |E | . ^ . ( 3 i ) K i > « ( F ) ) A ( F £ P U E])}.

D . 6 . E € P . = . EcP\E\.

The meaning of D.3. - D. 6. is simple; see [2].

We shall prove that P is the class of all true formulas:

D.7. T e M[k] . Ξ . (3s^ (3sk) {T = M/{sk\\.

M[k] is the set of all functions of the form M/sp . . . , s^/.

D.8. Q ~ (T^, . . . , TΛ, ^) . = . Tp . . . , Ίn are different functions of the

rank k, Q is a function defined on 5(2, . . . , k) whose values are n-

tuples of numbers 0, 1 and for each /? e S(l, . . . , k): T.(R) = 2 . = .

" ; N ( J 0 = 2 > / < n
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D . 9 . Q - M ( T V . . . , T M , k ) . = . Q ~ ( T v . . . , T n , k ) a n d T , , . . . , T n

are all elements of M[k].

It is easy to prove:

L.3. UQ~ (Tv . . . , Tn, k), then:

g(k,j,q,im,Q). = .T/UJ=T(/\iJ.

ίW\
L.4. If g(k, j , q, {ij, Q) a n d V{k, Q, {ij, E \ = \ . j , t h e n :

w
w.= 1 . == . wq = 1, j , q< n .

The proof of L.4. is inductive on the length of the formula E.

T.2. If E is an alternative of formulas belonging to Skt, F e C(E), M{E\ = 0,
k > «(H), Q« M(TV . . . , Tn, k), then:

(1) Um + p(F) < k, F e S({iJ), M/{s{ \ = T/UJ, Uw {F)\ C UJ,

ίWl\
M{F(xs /x. ) . . . (xs /x. )} = 0 and V{k, Q, UJ, F\ = [ . j ,

then Wj p= 0. \ W f l '
(2) If E is also an alternative of formulas of the form Σa^ . . . Σ α ^

ΠαrG, for some quantifierless G, then for each F € C(E) we have
J(Q, k, F) and therefore E 7P.

Proof: —First of all we notice that the proof in general case is anal-
ogous to the proof in the case E e Skt and (2) is a simple conclusion from
(1) (in view of the form of E).

The proof of (1) is inductive on the number of quantifiers occurring in
F and is analogic to the proof of T.2. from [2]; we use here L.3.

T.3' If Ej , . . . , Ef is a formalized proof of the formula E, then for each
k>n(E, r) we have E € P[k, E], / = 2, . . . , r.

Proof: —By using the proof rules given in [2] or [3] it is easy to prove
by induction on / < r that for each k > n(E, r):

(1°) E - € P[k, Ej; therefore E e P.
(2°) E.+ F e P[k9 E] for every F such that C(F) C C(E) and k > n(F).

The proof of (1°) and (2°) is analogous to the proof of T.3'. from [2]; we
prove ones simultaneously, see [2j; we use L.O., L.2., L.3. and L.4.

T.3. If E is a thesis, then E € P (follows from T.3'.).
L.5. There exists Skolem's normal form F of the formula E such that F is

an alternative of formulas of the form Σα^ . . . ̂ a

m^ι ΠΛ^CJ, for some
quantifierless G, n(E) = n(F) and if E c P, then F e P.



FIRST-ORDER FUNCTIONAL CALCULUS 107

To the proof of L.5. we use T.3-, the deduction theorem and the usual
Skolem's method of constructing normal forms.

T.4. The formula E is a thesis if and only if E e P.

T.4. f o l l o w s from T.I., T.2., T.3., L.I. a n d L.5.; to t h e proof o f T.4.
in the left-hand side we choose F which satisfies L.I. and L.5>', the whole
proof is analogic to the given in [2].

T.4. asserts that P i s the class of all true formulas.
If we replace D. 3. by:

ί'\
D.y. F(P(t, Q,E).= . ](Q, t, E)^V{t, Q,Uw{F)i F\ = \ 1

then T.4. remains true for normal forms.
T.4. proves the possibility of approximation of the first-order functional

calculus by many valued Boolean propositional calculi; in this approximation
the quantifier Π is interpreted as a finite operator, see (4d).

The examples we shall give in [4],

NOTES

1. The expression we define in the usual way; the expression in which an
apparent variable a belong to the scope of two quantifiers Πα is not a
formula; if a does not occur in E, then HaE is not a formula.

2. The dots separate more strongly than parentheses.

3. There are Skolem's normal forms for theses; alternatives of these formu-
las we also name Skolem's normal forms.

4. We may here replace the indices 1, . . . , t by ip . . . , iw(Ry

5. We use the same denotation, because the operations are analogously to
the given above.

6. The sign C is the inclusion.
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