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1 Imtroduction In [2], J. C. E. Dekker showed that the class Agp of
vegressive isols is not closed under addition (equivalently, in view of [2],
Proposition P 18, Ar is not closed under multiplication) within the ring A*
([4) of isolic integers. In [1], Barback gave a different proof of additive
non-closure which, in contrast to Dekker’s proof, does not appeal to the
notion of degree of unsolvability (of a regressive isol; see [2]). Since
Barback’s proof makes no use of degrees, one is naturally led to wonder
whether the failure of additive closure for Ar is fotally independent of
degvee, in the sense that if d;, and d,; are any given nonzero degrees of
unsolvability then there exist retraceable sets a and B such that ae d,, Bed,,
and the respective isols A and B determined by a and B fail to have a
regressive sum. In view of [5], Theorem T2 and [2], Proposition P 17, this
is always the case when d, # d;; so we need only concern ourselves with the
realization of additive non-closure within a given degree. Barback’s proof
of additive non-closure can easily be embellished with enough auxiliary
coding to produce one particular well-behaved class of degrees d for which
the additive non-closure of Agr can be realized within d; the class we here
have in mind is {d|d 2 ¢”}. As an immediate corollary to the main result of
section 3, we shall conclude that each element of the larger class {d|d 2 ¢'}
bears internal witness to the additive non-closure of Ay ({d|d 2 ¢'} is well
known to have the interesting property of being co-extensive with the range
of the jump operator ([8])); thus, we have total independence of degree for
additive non-closure of A within the class {d|d = ¢'}. (This much, in fact,
is very easy to prove without any appeal to the limiting procedures
employed in our proof of Theorem 3.1. Theorem 3.1, however, goes a bit
further with respect to the form of the summands and the extent of their
illrelatedness.) In section 4 we shall prove that the one-sidedness of
condition (iii) in the statement of Theorem 3.1 is inescapable, at least for
no = 0. In section 5, we restrict our attention to the subsemilattice of
recursively enumerable degrees; there we shall establish, by means of a
suitable elementary priority construction, that, for the entire class 7,- {¢}

Received November 12, 1973



546 THOMAS G. McLAUGHLIN

of nonzero recursively enumerable degrees, the additive non-closure of Ag
is indeed a totally degree-independent phenomenon.

2 Preliminaries We shall, as far as possible, follow the notational and
terminological conventions of [1] and [3]. However, we shall employ a
number of concepts and notations not mentioned in [1] or [3]; these
additional concepts and notations (with the exception of ‘‘movable marker’’
notations, which are exploited in sections 3 and 5) will be either explicitly
explained or appropriately referenced in the present section. To begin
with, we find it convenient to supplement the notation of [1] with an
alternative convention regarding isols: Barback in [1] uses upper-case
Roman letters to denote isols; we shall do the same, but shall occasionally
also employ [a] as a notation for the isol determined by the set a. Next, we
recall that by Kleene’s Normal Form Theorem there exist a fixed
recursive predicate T(%, x, y) and a fixed recursive function U such that
{U((uy)T(n, x, ) n=0,1,2,...}= the class of all partial recursive
functions of one variable; here, as usual, u denotes the least num-
ber operator. We shall denote the mn-th partial recursive function,

U((uy)T (n, x, y)), by ¢,; and for each z and s we set

o) ={ilx, W(E[z5& T(n, x,2) & V) (w< 2z =1T(n, x, w) &y

-Ua)n

where | is the recursive pairing function used in [1]. Note that ¢ is a
coding of a finite subfunction of ¢,, that the graph of ¢, is equal to

U {x, wlilx, y)e <p(5)} and that both the characteristic function and the

cardmahty of the finite set <p(s) can be effectively determined from #z and s.
As in [1], £ denotes the set {0, 1, 2, . . .} of all natural numbers. A set
aC e is said to be recursively enumevable (abbr.: 7.e.) <> 4a = the
domain, 6¢,, of some partial recursive function ¢,. These notions can (as
is very well known; see [13]) be relativized in a uniform way: there exists
a fixed recursive predicate T(X, %, x, y) of one set-theoretic (i.e., second-
order) variable and three number-theoretic variables, such that (Va) [a C

€ ==>({U((py)T(a, n, x,9) n=0,1,2,...} = the class of all one-place

functions partial recursive in a)]; then, setting @7 =4 U 1@, =, x, ),
we may define 0% from ¢2 exactly as in the previous (‘‘unrelativized’’)
case, and then observe that the characteristic function and the cardinality
of qo,,( s can be effectlvely determined from =, s, and a. (The classes
{¢,|nee} and {¢?|ne €} are equal, though it is not necessarily the case that
@, = go;f holds for a given %.) Since we shall use them 1n section 5, we call
attention to the two- varlable counterparts go,, and qo,. , of ¢, and (p(S) for
explicit definition of @2 and (uncoded) ga , see [12]. Often, especially in
section 5, we shall identify cp(S) or q),, w1th the finite function which it
codes. The classes Z)( s) and 1'[,,) of second-order sets and relations,
involving in their definitions both free number-theoretic variables and free
set-theoretic variables but with quantification restricted to number-
theoretic variables, are as in [17], section 15.1. If an element of the class
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%) involves exactly one set-theoretic variable in its definition and if we
substitute the particular set a for the set-theoretic variable in question,
then we say that the resulting set or predicate of natural numbers belongs
to =% a similar meaning attaches to the notation II;,. We shall assume
familiarity on the reader’s part with the concept of degree of unsolvability
of a set of natural numbers ([18]) and with the more elementary properties
of the collection of all such degrees; in particular, we assume familiarity
with the notion of the jump, d', of a given degreed ([18], section 1). We
always use boldface, lower-case, Greek or Roman letters to denote degrees
of unsolvability, with the exception that ¢ is used to denote the zero degree
(i.e., the degree of the empty set ). For each @ C &, @ denotes the degree
of unsolvability of a; symbols such as d simply denote degrees, without
reference to specific representatives. If d is given degree, then d’, d",
d'"', ... is the sequence of finite-order jumps of d; we also denote by dam
the n-th jump of d. (For a precise definition of the jump operator, see
[18], section 1, p. 2.) We recall from the strong form of the Hierarchy
Theorem ([17], section 14.5) that the sets r.e. in @™ (i.e., the sets of form
8¢5 for some m and some B such that g = a™) are just the sets belonging to
the class Z),‘f+1; the latter class, of course, contains sets of degree a(”“). A
degree d is said to be complete @d/(EB)[B Ce&ds= B']. Friedberg’s
famous characterization of the complete degrees ([8]) states that d is
complete <=d 2 ¢'.

In section 5 we shall make use of the notion of a semirecursive set
([10], [11]). For an extensive list of useful properties of semirecursive
sets, the reader is referred to [11]. As to the definition, we remark that
one characterization of semirecursiveness reads as follows ([11], Theorem
4.1): a is semirecursive «<=a is a lower cut in a recursive linear
ordering of ¢; this characterization is often useful for proving ‘‘positive’’
results about semirecursive sets (for illustrations of this utility, see [11]).
On the other hand, in proving Theorem 5.1 (which has a ‘‘negative’’ flavor)
we find it convenient to make use of the original definition ([10], [11]),
which reads as follows: a is semirecursive <= there is a total recursive
function f(x, y) such that (Vx)(Vy)[f(x, v e{x, y} & ({x, y}na D= f(x, y) e
a)]. We shall also have occasion (in section 4) to consider the notion of
point-decomposability. An infinite set a of natural numbers is said to be
point-decomposable ([16]) if there is a_recursive function f such that

() n#m=>0¢y, N6¢;m =P, (ii) a gnUO 8@f(n), and (iii) (V7)[a N 6@
is a singleton].

By a tree we shall mean a function T: { — €, { C €, having the property
that pT C 6T & (Vx) [x€ 6T = {x, T(x), T(T(x)), . . .} is a finite set] &
(Vx)(VY) [(xe 6T & ye 6T & ye{x, T(x), T(T(®),.. .} & x#3) = x¢{y, T(y),
T(T(¥), .. .}. (The last conjunct asserts that the graph of T has no proper
loops.) In the foregoing, pT denotes the range of T and 6T denotes the
domain of T (as in[1]). If T is a tree, and if x€ 5T, then by the T-height,
T*(x), of x we mean the number (uy)[T(x) = T"*'(x)]. (f’(x) is defined
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inductively by the equations f°(x) = x and f"*'(x) = f(f*(x)).) Let f be a
function from ¢ into &, where { C ¢; and suppose pf C 6f. Then if x € 5f, we
denote by f(x) the set {x, flx), f(f (x)) ..}. Atree T is said to be recursive
if {j(x, )| T(x) is defined and = y} is a recursive set; and T is said to be
well-branched if of C of.

Finally, we wish to explicitly recall Barback’s definition of the relation
V between regressive isols. If (a,)meo, (b, )mee are regressive sequences of
natural numbers (Barback uses simply a, and b, as notation for such
sequences), and if a and B are the respective 7vanges of the sequences (a,,)f,io
and {b,)neo, then (a,)meo V (bndneo is defined to mean that a|B & (3p) [pisa
partial recursive function & (V) [either ane 06p & plas) = b, or b,e6p &
p(b,) = a,]]; here, as in [1], a|B means that (In)(Im)[a C 6¢, & B C 6¢, &
60, N 0@, = P]. As Barback has noted in (1), if (@,)0, (Bn)Lo, (Cn)l0o, and
{dndnio are regressive sequencings, respectively, of the infinite regressive
sets a, B, y,and 6, andif a >~y & B~ 6 & a|B & 7|5, then (@, V (b, 0>
(Cpimoo V {d,)n20; hence, the relation V can be defined for pairs of regressive
isols without any restrictions on choice of (separated) representatives or
on choice of regressive sequencings of (separated) representatives. Theo-
rem 1.2 of [1] states that [A + Be Ay & A infinite & B infinite] = A V B.
Therefore, in order to produce infinite regressive isols A and B whose sum
does not belong to Ag, it is enough to arrange that AeAR & BeAR &
‘(A V B); here we are using AY to denote the class of infinite regressive
isols. The existence of such isols A and B is precisely the content of
[1], Theorem 1.3; while the impossibility of having (A V B) with both A
and B co-simple is the content of our Corollary 4.2.

3 Complete Degrees

Theorem 3.1 Let d be a degree of unsolvability satisfying d = ¢'. Then
there exist vetraceable sets B, and B, such that (i) B, =B, = d and (ii) 1([8,] V
[8.). If, in addition, d satisfies the equation d = ¢+ (heve n, can be any
fixed natuval numbev) then we can further requive: (iii) € - B, is r.e. in
¢("0); i'e" € - 3262f0+1-

Proof: We start by defining a certain binary-branching, well-branched
recursive tree T. (By ‘‘binary-branching’’ we mean that exactly two
branches of T emanate from each node of T, i.e., that T~ '(x) has exactly
two (exactly three) elements for every x¢ 8T such that T(x) # x (such that
T(x) = x). For ie{0, 1, 2}, let 7; =4/ {nln = i(mod 3)}. We take T to be the
tree determined by the following equations:

6T=pT={0}U (e - 7o);
T7Y0) = {0, 1, 2};
T ' n+1)={3n+1)+1,3n+1) +2},forn+1lee - 7,

Obviously T is recursive, well-branched and binary-branching. Next, by
means of an elementary priority scheme, we shall construct a co-r.e.
retraceable set 8 such that B = ¢' & no infinite branch {#(n)|ne €} of T is
V-related to an infinite retraceable subset y of B unless y =* pt. (For the
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definition of =*, see [1]. When we say that {t(n)|n € ¢} is a branch of T, we
mean that (vz) [¢(n) e 6T & tn + 1) e 6T & T(t(n + 1)) = #(n) & T(#0)) = £0)].)
B will be a subset of 74 - {0}; hence, we automatically have Blpt for every
infinite branch {#(n)|ne e} of T. The construction of 8 (more precisely, the
construction of ¢ - B), together with that of a partial recursive function p
such that p retraces f, is carried out in stages according to the following
prescriptions.

Stage 0  Set B =4 (¢ - 7o) U {0}; attach the marker A, to the number 3;
define p(® = {(3, 3)}; then proceed to Stage 1.

Stage s + 1 In the description which we are about to give, we understand X5
as denoting 0 if the marker A. is not attached at the conclusion of Stage s;
otherwise, e =47 the number to which A. is attached (sometimes referred to
as the position of A,) at the conclusion of Stage s. No marker will ever be
attached to 0. The procedure as a whole will be such that there exists a
recursive function m(x) with the property that (vs)(Ve)[(e = m(s) => »; >
0) & (e > m(s) = A= 0)]; this function will be used in describing Stage
s + 1, to the extent that at Stage s + 1 we take the value of m(s) as known
(which assumption will readily be seen to be justified once the construction
has been fully described). We are now ready to set forth our procedure at
Stage s + 1. There are two principal cases.

Casel s is even. In this case, we attack the usual ‘‘domination require-
ments’’ relevant to securing the relation B =¢', as in [21], proof of
Theorem 3. First, suppose that there exist numbers &, [, », and y such
that 0<Eksm(s) & Lk &7 =k&il,yeo! &y zxr. Let & be the
smallest % for which such I, #, and y exist. Detach all markers A, such
that A7 > 0 & q 2 k. Define u, = (uu) [ug 5p UB]. Attach A, to uo. Set
Bl = B(S) U{wlxg, =w < uo}, and define P = p© U Lo, )\ko_l)} then
proceed to Stage s + 2. (Note that m(s + 1) = &, in this instance.) If, on the
other hand, no such numbers %k, [, », and y exist, then we define u, as
before, set B+ =4 B U {w | Xe) <w<uo), define p°+” = p) U {uo, A5},
attach A,(s)41 to 4o, and proceed to Stage s + 2. (Here, m(s + 1) = m(s) + 1.)
We remark that it will be clear, when our description of the construction is
complete, that in this second subcase (i.e., when numbers k, 1, », and y of
the indicated type do not exist) we can equlvalently define 8 (s+D) = B(S).

CaseII s is odd. Here we shall attack requirements relevant to insuring
that if {#(n) |z € €} is a branch of T and v is an infinite retraceable subset of
g then [ pt] ¥ [y] = y =* pt. First, suppose that there are numbers w, k, [,
and 7 such that 0<k=sm(s) & 1k & 7edT & T*(») =k & (7, w)up(S) &

w 2z A;. (Recall that T*(») is our notation for the T-height of ».) Then we
take k2, to be the least 2 for which such numbers w, I, and 7 exist and
proceed exactly as in the first subcase of Case I. If no such numbers w, &,
1, and 7 exist, then we proceed exactly as in the second subcase of Case I,

That completes our description of Stage s + 1. We set a =af | U B‘S)
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©0

D =4 U0 P(S). Clearly, a is an r.e. set and p is a partial recursive function.
s=

As usual with such constructions our first concern is to verify that all
markers attain final positions, i.e., that (V#)[s L A, exists and is >0].
This is accomplished by a straightforward inductive argument. Clearly,
Ao > 0 for all s; moreover, it is obvious that A, is not detached at any point
in the construction subsequent to the end of Stage 0. Thus s L Xo exists
and is >0. Now suppose that s i o A, exists and is >0 for all # < k. Let
So be the smallest number s such that (Vw)[w 2s = (Vu)(nsk => )} =
thm o 7\,,)]. Then, in view of the manner in which markers are attached and
detached in our construction, we see that A;4, > 0 for all s 255+ 1. In
addition, it is clear that A4, can be moved during Stage s, s 2 s, + 1, only
if either s is even & (3DEN@Y[Isk+1&r=k+1&iL Ve &y
A1) o7 s isodd & Bw)EDEN[i(r, w e o> & Isk+1& redT & TX1)
B+1& w2 x4 ); in either case, since markers move only from smaller to
larger numbers, it is evident that only finitely many such moves can occur.
Hence s o i+ €xists and is >0. By induction, s L X, exists and is >0
for all values of n. From here on, we denote glm X by A,. It is plain from
our description of the construction that (V#) X, < A.;.] and that p retraces
{\alnee}l. We define 8 = {1,|ne c}; then, it is easy to see that @ = £ - 8. Let
g be an arbitrarily given partial recursive function of one variable; and let
no be the least positive number # such that g = ¢,. Then it is clear from
the description of Stage s+ 1 for even values of s that (Vm) [m > n, & %o(m)
defined = ), > P,y (m)]. Thus, each partial recursive function of one
variable is eventually majorized by the sequence (\.)i.o; hence ([21],

p. 465), B2 ¢'. Since B has r.e. complement, 8= ¢'. Next, suppose that -
{t(n) |ne €} is a branch of T and that [ p#] ¥ [B]. Let % be a partial recursive
function of one variable such that (V#) [(#(#) € 6% & W(t(n)) = x,,) or (X, €0k &
h(r,) = t(n))]. Let m, be the least positive number m such that z = ¢,,. We
see from the description of Stage s + 1 for odd values of s that (Vn) [n>
me = (N, €6 & h(r,) = t(n))], since for all n> m, we have X, > h(t(n)).
From this last statement it readily follows that B =* pf is witnessed by
some finite modification of the function z. But a fortiori, if y is an infinite
retraceable subset of 8 and the relation [p#] ¥[y] is witnessed by the
part1a1 recursive function 7 then y =* pf holds via some finite modification
of %; for, given any number &, if A, €y then the k-th member of y (in order
of magnitude) is 2 ),. Thus, B has the desired properties. (At this point we
would like to interject the remark that the existence of a co-r.e. re-
traceable set B of the type just constructed is a trivial corollary to a
general ‘‘thinning theorem’’ contained in the author’s paper [15]. We have
here included a detailed construction of 3, rather than a mere reference to
[15], because the priorities needed to obtain 8 from scratch are completely
straightforward.)

Next we shall select from T a branch {#n)|ne ¢} such that pt=¢'&
1([pt] ¥ [B). Because of the properties with which we have endowed B, it
will be sufficient to arrange that 8 #* pt in order to insure that [ p#] and [8]
are not V-related. We define ¢ as follows:

v
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t(0) = 0;
(uk) [Re T~ (tw) & (%ﬂ(x,,“) is defined =>

Ont1(Mns1) # B)]if 7 + 1 is even,

() [k e T~ (0() & & = 1(mod 3)] it
Hn+1) = n+1is oddandgeB,
(uk) (ke T"H(Hn) & k= 2(mod 3)] if

n + 1 is odd and —gm.

Clearly, pt = ¢'. Conversely, it is easily shown that ¢’ = p?¢. For, given any
number », we can check whether # belongs to 8 by determining whether
#(2n + 1) = 1(mod 3); so, since B = ¢', we obtain ¢' <pt. Finally, suppose
B =* pt. Then by [2], Proposition P11 there must exist a partial recursive
function ¢ such that BC 6q & (Vn)[q(r,) = ¢(n)]. Let m, be the least
nonzero number m such that ¢ = ¢,. Since we have defined ¢ in such a
way that £(2m,) # (pmo()\zmo), we obtain a contradiction. Therefore, we
conclude that B8 #* pt and hence that [pt] is not V-related to [8]. Thus the
theorem is proved, for the particular case d = ¢'. We shall extend the
result to all d> ¢’ with the aid of [5], Propositions P2 and P4 and [12],
Theorem 4.14(2). Let d be a degree strictly greater than ¢'; and let 7 be a
retraceable set belonging to d. As in [5], let p, denote the uniquely
determined function %: ¢ — ¢ such that % is strictly increasing and pk = 7.
By [5], Proposition P4, the strictly increasing sequence ()\pr(,,)%ﬁo is
retraceable. Let b = P((Xpr(,,»,io). Since pp, =d > B& 6 C B, we have b < d.
On the other hand, since 6 = 8 holds by [5], Proposition P2, we can compute
pp. from 6; hence d = 6 and so d = 6. By [12], Theorem 4.14(2), if d =,¢ s+l
for some # =21 then the set 7 can be chosen from the class 1'[,?“. Since 8
belongs to the class l‘I‘f, it follows that we may assume 6 ¢ II?,, in case
Gn)[nz1&d=¢""]. But then ¢ - 6€ =y, (equivalently, ¢ - & is r.e. in
¢™). It remains to choose from T a branch {u(r)|ne ¢} such that pu = d &
1([pu] V [6]). Since 6 is an infinite retraceable subset of 8, it suffices (in
view of the properties of 8 relative to T) to arrange that 6 £* pu in order to
insure that [ pu]and [6] are not V-related. Letting ps be the function which
enumerates 8 in increasing order of magnitude, we proceed with the
definition of p just as we did with the definition of ¢ in the case d = ¢":

u(0) = 0;
(uk) [k e T™H(u(n)) & (@uga(ps(n + 1)) is defined =

Cnpa(ps(n + 1)) # k)] if n + 1 is even,
(/je) [ke T (u(n)) & k = 1(mod 3)] if

n+1isodd&geb,

(uk) (ke T Hwu(n)) & k = 2(mod 3)] if

n+1is odd&’—;;{a.

uln+1) =
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Exactly as in our treatment of the case d=¢', we verify that pu=d &
5 £* pu; this shows that if B8, = pu and B, = 6 then B,, B, satisfy conditions
(i), (ii), and (subject to the indicated provision regarding d) (iii), and
concludes our proof of Theorem 3.1.

Corollary 3.2 If dis a degvee such that d Z¢', then theve exist rvetraceable
sets B, Bz €d such that B, [B, & B, U B is not regressive.

Proof: Theorem 3.1 and [1], Theorem 1.2. (As mentioned in section 1,
Corollary 3.2 admits an easy proof not involving limiting considerations.
Most of the maneuvering in our proof of Theorem 3.1 relates to condition
(iii).)

Corollary 3.3 If d is restricted to vary over the class of all complete

degrees, then the failuve of additive closure for Agr is totally independent of
d (in the sense explained in section 1).

Proof: Corollary 3.3 follows immediately from Corollary 3.2 and [2],
Proposition P 17(d).

Before leaving section 3 we remark that, degrees of summands aside,
the following very simple result covers a number of examples of Ag +
AR g AR:
Theorem 3.4 Let B be a subclass of 2° such that B is closed under relative
recursive enumerability (i.e., [2eB & Br.e. ina]l = BeB); and let € bea
nonempty countable collection of infinite, vegressive, non-r.e. subsets of ¢,
such that ¢ € q. Let T(C) ={A|lAe AR & 3y)[yeC & A +[y]e AR]}. Then
I(C) is a countably infinite subclass of the §-isols.

(By an 8-isol we mean an isol A such that AN + P.)

Proof: Let C*={6/(3y)[yeC & y =~ 6]}. If A is the collection of all sets
such that a = 6' holds for some b€ C*, then W contains a representative of
each isol A suchthat AeT(C). For if Ae AR &aeA&SeC* & al6&auUbd
is regressive, then, since a U6 is r.e. in § and a is recursive in a U 6, we
see that @ = §'. Since U is countably infinite, T'(€) is countable. Moreover,
it is easily seen that {[y]lyec}< I'(€); hence I'(C) #+ ®. By a routine
deletion argument, I'(C) #® => I'(C) is infinite; thus, we have I'(C)
countably infinite. Finally, if Ae I'(C) then (3a)[ae AN B]. For, by defini-
tion of I'(C), we have [a] + [y] e Ar, with a|y, for some a€ A and ye C. Since
€ CB,yeB. ButaUyisr.e. iny; so, since aly, ais r.e. iny. Thus ae,
since ¥ is closed under relative recursive enumerability. That completes
the proof.

As one rather obvious instance of Theorem 3.4, let C,={yly is
non-r.e. & y is regressed by a partial recursive function p such that p
regresses at most R, infinite sets}. A partial recursive function p is a
countable regressing function (cf. [12]) if p regresses a total of K infinite
sets, where 1 = K= R,. It is easily seen that (; is a nonempty subclass of
the class HYP of all hyperarvithmetical sets; and, of course, HYP is
countable and is closed under relative recursive enumerability.
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In connection with the class (,, one might very naturally inquire
whether T'(C,) C {[yllye€ Co} holds as well as {[,]lyeCo} S T(Cy). We con-
jecture this to be the case. It is easy to give examples of countable classes
¢ for which the identity in question does (does not) hold. For instance, let
C. be any countable collection of non-r.e. regressive sets such that
(VB)(Vy)[(Be Cr & y r.e. in B & v non-r.e. and regressive) = ye€ C;]; the
class of all non-r.e., arithmetical regressive sets and the class of all
non-r.e., hyperarithmetical regressive sets are two particular classes
which satisfy this condition. Since (8|y & BU+y is regressive & B8 is
infinite) = y is r.e. in B, we have I'(C;) C {[y]ly € C,}. For an example of
r(c) ¢ {lylly € C}, we call upon a theorem of Hassett’s concerning universal
elements of A¥®. (The notion of a wumiversal isol was first defined and
studied in [6], where it was shown that such isols are abundant in the sense
of Baire Category.) Hassett showed (in an as-yet-unpublished manuscript)
that there exists a universal regressive isol A such that A = 2B + C for
certain isols B and C with B infinite. (I.e., he showed that universal
regressive isols need not be multiple-free in the sense of [4].) By a
theorem of Ellentuck’s, the isol C in the above equation cannot be of the
form 2D + E where E is finite. Hence, if we take A= 2B + C with A a
universal element of AR and with B infinite, then the collection C =
{2nBlne e, n = 1} (consisting of the non-trivial evexr multiples of B) is such
that {[]lye C}g T(C). (In particular, we have Ce T'(C) - {[y]lyec})

4 Any two co-simple regressive isols are V-velated Tt is natural to inquire
whether condition (iii) in the statement of Theorem 3.1 can be made to
apply simultaneously to the sets B3, and B,. The answer is in the negative,
at least at the bottom level #, = 0.

Theorem 4.1 Let a and B be infinite, point-decomposable sets such that
alg& ¢ o isr.e.& ¢ - Bisr.e. Loce)tf and h be vecursive functions such

that (a) Uo 6@j(n) 1S disjoint from nUO 5Ph(n)s (b) (3Qf(n)nzo wilnesses point-
n= =

decomposability of a, and (c) <6<ph(")):io witnesses point-decomposability of
B. Then theve exists a partial recuvsive function p such that (Vx)(Vy)(Vz)
[(xeaNdpsz) & ye BN BPy)) = [(xedp & p(x) = v) or (yedp & p(y) = x)]].

o0
lzroof: Let k, and [, be numbers such that chk():yo 8¢» and b =

nL-Jo O¢n). Let g1, g2 be recursive functions such that pg,; = 5<pk0 - a and

P82 = Ggolo - B. (Such functions exist because @ and 8 are co-r.e. sets with
aC 5<pk0 & BC 5(/),0.) Given a natural number n, we shall make a stage-by-
stage construction of a partial recursive function #, such that 67, U p7, C
8Pi(n) U OPp(n) & (7n(a) = b or 7,(b) = a), where a is the unique element of
a N3¢, and b is the unique element of S QO<5<Ph<n); it will be clear that the

construction of 7, is uniform in #, so that U0 7, will be a partial recursive
n=

function having the property required by the theorem. At Stage s of the
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construction, we shall add either one new pair or no new pairs to 7,; each
pair put into #, during the construction will be of the form (x, y) where

Gn) [(x € 697() & Y €0Pp(n) OF (x€5Pp) & Y EBPs()].

Immediately after a pair (x, y) has been added to 7,, ¥ will bear the tag D
(for ‘‘domain’’) and y will bear the tag R (for ‘‘range’’); if either x or y
subsequently shows up in pg; U pg,, it will then lose whatever tag (or tags)
it has acquired prior to its entry into pg; U pg,. Let y,, ¥, be recursive
functions such that py; = 69/ & p¥2 = 0@n(n). Our exact procedure is as
follows:

Stage 0 Set 7 =ar {{¥1(0), ¥2(0))}; give ¥,(0) a tag D and give ¥»(0) a tag
R; then go to Stage 1.

Stage s + 1 There are two main cases.

Casel s iseven. Subcase IA Some pair(x, y)in 7$) has the property that
x currently bears a D, y currently bears an R and g,(s) e {x, y}. As will be
clear when our description of the construction is complete, x and y are
uniquely determined by these conditions. If g,(s) = x, proceed as follows.
Remove D from x and set »{5*" =475 U {(W(20),9)}, where 2z, = (u2) [Y1(2) ¢
67 U{g,(#) |t = s + 1}]. (Such a number z, must exist, since @ N 8¢y, # P
and since, as will be clear when our description of the construction is
finished, no number m ever loses a tag D at Stage s, s > 0, unless all the
elements of 61';5") have already been enumerated in pg; U pgz.) Give ¥,(z¢)
a tag D. Then go to Stage s + 2. If, on the other hand, g,(s) = ¥, proceed in
the following way. Remove R from y and set »*V =4 78 U {(Walwo), %)},
where wo = (uw) [W,(w) £ 67 U{g. (D]t < s +1}]. (Such a number w, must
exist, for reasons parallel to those given in support of the existence of z, in
the case g,(s) = x.) Give ¥,(w,) a tag D and give x a tag R. Then go to
Stage s + 2.

Subcase IB There is no pair (x, y) ¢ 7$) such that x currently bears a D, y

currently bears an R and g,(s) e {x, y}. Set +{+ =4 7S, then proceed to

Stage s + 2.

Case II s isodd. Subcase IIA Some pair (x, y) in r,(,s) has the property
that x currently bears a D, y currently bears an R and g,(s) € {x, y}. As in
Subcase IA, these conditions uniquely determine x and y. If gy(s) = «,
proceed exactly as in the g,(s) = x alternative under Subcase IA, but with g,
replaced by g, and ¥; by ¢,. If gz(s) = y, proceed exactly as in the g,(s) = y
alternative under Subcase IA, but with g, replaced by g; and ¥/, by Y.

Subcase IIB There is no pair (x, ) € 1'5,5) such that x currently bears a D, y

currently bears an R and gy(s)e{r, y}. Set »{s*) =y 7$; then go to

Stage s + 2.
That completes the goescription of the construction; clearly, the

function %, defined by 7, = on 1’5,5) is partial recursive and has both its range
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and its domain included in 6¢(;) Ud¢h(,). Moreover, it is plain that
*, Mern = [(x€00(m) & Y €OPh(w) OF (X € D3P,y & ¥ €09(m)]. By induction
on s, we readily establish the following two assertions: (1) at the end of
Stage s, exactly one pair (x, y) € 7, has the property that neither x nor y has
yet been ruled out of @ U 8 by virtue of appearing in pg; U pg:, and (2) a new
pair (x, y) enters 7, at Stage s + 1 if and only if this is necessary in order
to preserve (1) from Stage s to Stage s + 1. Since @ N 5@, and B N 6@y (y)
are singletons, and since Y, ¥, respectively enumerate 6¢; (), 6@ (), it is
therefore clear that there exists a stage s, such that

(Vg)ls 250 = 70 =7 &
(320)(3y) [(x, M erv® & [({x} = @ N 69 & ¥} = BN 604
or ({x} = BN 8¢y, & Iy} = aNd@m)]].

o0
Hencenu0 7, is a partial recursive function p as required for the theorem.

Corollary 4.2 If [a]e AR & [B]eAR & € -aisr.e. & € - Bisr.e., then [a] V
(8].

Proof: We may suppose, with no loss of generality, that alB. Let
aCdpp, & BC 69, where 8¢, Nb6¢; =P. Let p be a partial recursive
function such that p regresses a & pp C 6p C 6@, & (Vx) [xed6p = (Iy)
(»*(x) = p(x))]; and let ¢ be a partial recursive function such that g
regresses B & pg € 69 C 8¢, & (Vx)[x€ebg = ()" (x) = ¢’())]. Let
b*, q* be related to p, g, respectively, as indicated in section 2. Then there
exist recursive functions f and % such that (V#)[6¢/m) = {x|xedp & p*(x) =
n} & ¢Yh) = {xlxebq & gq*(x) = n}]. Corollary 4.2 now follows from
Theorem 4.1, using f and %.

Remark 4.3: The class # of co-r.e., point-decomposable sets is more
extensive than the class &£ of co-r.e. infinite regressive sets; for, the isols
determined by elements of # are closed under addition.

Remark 4.4: It would appear difficult to extend Theorem 4.1 in any very
significant way. For, by means of an easy priority argument of the
classical “‘finite injury’’ type, one can establish that if a is any infinite
co-r.e. set then there exists an infinite co-r.e. set 8 for which no partial
recursive function p exists with the property that (V) [(p (x) € 6p & p(p,(x)) =
pp(x)) or (ps(x) € 6p & p(ps(x)) = p(x))]. (Here, of course, p, and pg are the
functions which enumerate a, 8, respectively, in order of magnitude.)

5 Recursively enumevable degrees Our principal result, to be established
in this section, is that for any non-zero recursively enumerable degree d
there exist two co-r.e. retraceable sets a and B, both in d, such that
a|B & aU B is not regressive. In view of Corollary 4.2 above, we cannot
hope to arrive at this result by forcing 1([a] V [8]), as we did in the case of
Theorem 3.1. With the V relation no longer available for spoilage, we
could simply make a direct attack on regressiveness; this would involve the
spoiling of obvious and easily-handled threats. However, with no more
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effort we can spoil semirecursiveness, which, as was demonstrated in [11],
is a weaker property than regressiveness for the sets now under con-
sideration. Our proof will be a ‘‘finite-injury priority argument’’ which
combines the following three features: (a) a procedure employed by
Jockusch in [10] is used to secure non-semirecursiveness of a U 8; (b) the
Friedberg-Yates ‘‘permitting”’ technique ([21], proof of Theorem 2; see
also [19]) is applied to insure a=sd & B =d; and (c) special ‘‘marker
coding’’ is used, in order to insure d = a & d =B. The entire construction
is undoubtedly an instance of the type of priority procedure guaranteed to
succeed in virtue of the general considerations in Soare’s paper [19]; we
think, however, that the proof will be more readable if we do not attempt to
cast it in the very general form discussed by Soare.

Theorem 5.1 Let d be a non-zevo degvee of unsolvability containing a
recursively enumevrable set. Then there exist two vecursively enumevrable
sets a, B such that

(1) e -ale -8,
(2) a=B=d,
(3) € - @ and € - B are retraceable,

and

-

(4) (¢ - @) U (e - B) is not semirvecursive.

Proof: We shall construct a and 8 in stages, together with partial recursive
functions p and g which retrace € - @ and € - 8 respectively. We shall need
a specific enumeration of an r.e. set of degree d; so let %z be a one-to-one
recursive function such that ph=d & 0¢ph. As in our proof of Theorem
3.1, we make use of movable markers; this time, however, we require fwo
sequences of such markers, one for € - @ and the other for € - 3. We shall
use markers Ay, A;, Az, . . . to keep track of the ‘‘approximate comple-
ment’’, € - a(S), of a; and we shall employ markers Z,, Z;, Zp, ... to
perform a corresponding service relative to 3. In addition, we shall define
a two-place partial recursive function g, with 8¢ = {anne £} x €, whose
intuitive significance will be as follows: for each s, g(2x, s) = z means that
the markers A;, and Z,, carry responsibility for the z-th requirement at
the conclusion of Stage s. (By ‘‘the z-th requirement’’, we here mean the
statement that ¢2 is not a total recursive function witnessing semirecur-
sivity of (¢ - @) U (¢ - B).) Finally, we shall define, along with the
construction of @, B, p, and ¢, a recursive function m(s) with the property
that (Vs) [exactly the markers in {A;|i s m(s)} U {Z;|i = m(s)} are attached
to numbers at the end of Stage s]. As in our proof of Theorem 3.1, we
denote by A; the number to which A; is attached at the end of Stage s, if
i< m(s); similarly, o] denotes the position of Z; at the end of Stage s,
provided ¢ < m(s). Since odd-numbered stages are divided into two ‘‘steps”’
each, we shall denote by )\?'s the position, at the end of Step A, of A;,
provided A; is attached at the end of Step A of Stage s, s an odd number;
similarly for the notation cf"s relative to Z;. The construction will be so
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arranged that, for all s and all i = m(s), min{)}, 07} > i. Because we intend
to exploit the definition of semirecursiveness given in terms of two-place
recursive functions, we shall need to work with the arrays (@2, and
<€05'(S))f,2’o,§20 in the construction and proof which follow. Our procedure for
insuring property (4) was employed by Jockusch in his thesis [10]. (The
procedure in question was not subsequently published by Jockusch, pre-
sumably because he did not require it for the presentation of the material
in [11].) The device used to insure d < a & d =< B is a straightforward coding
procedure (via marker-displacements) of a type which has been used (for
example) by A. H. Lachlan in an unpublished simplification of Martin’s
proof ([14]) that maximal r.e. sets inhabit all r.e. degrees having jump 0.
(We remark in passing, in this connection, that Leonard Sasso has obtained
a fairly general theorem concerning ‘‘trapping’’ constructions, in which
degrees are constrained precisely. In the present instance, however, our
specific coding device would appear to be easier to digest than is the
framework of Sasso’s general theorem; hence, we do not attempt to place
Theorem 5.1 explicitly within the scope of Sasso’s result (though in all
likelihood it does fall there).) Our stage-by-stage construction proceeds,
in detail, as follows.

Stage 0 Attach A, to 2 and Z, to 1, and give 0 a *. Set p® = {(2, 2)}, ¢/® =
1, 1}, @@ = 8@ = {0}, m(0) = 0, and g(2x, 0) = x for all x. Then go to
Stage 1.

Stage s +1, s + 1 =1 (mod 2) We divide our procedure into two steps.

Step A There are three principal cases to be considered. Case Al
3BrEe)[0<Ekz=m(s)& kis even& esk& gk, s)=e& (V)[(0< Ik &1
even & g(l, s) = ¢) = (¢ (A}, 0}) is defined and belongs to {A, oiP]&
h(s + 1) = min{x}, 0} & e does not bear a * at the end of Stage s|. Among all
such &, let k,, .. ., k, be those for which the corresponding e has minimal
value; let ko = min{ky, . . ., B, }; let kyyy = max{ky, . . ., k,}; and let e, be the e
corresponding to 2, (equivalently, to k;.,).

Subcase A1(i) (pﬁg)(S) ()\Zo, cr,:o) = )\,jo. Here we begin by detaching all markers
Ay such that &y < 2 = m(s) and all markers Z; such that 2, < & = m(s); at the
same time, we remove * from all those numbers e > 0 (if indeed such e can
be found) for which (3k)[%k is even & k, < k = m(s) & g(k, s) = e & e bears
a * at the conclusion of Stage s]. We then give ¢, a * and attach Ay, to 25,5
where jo = (1) [j > mox{x|x e 5p Ubg'Y}). We say that e, has its * on
account of k,. Next, we set pS+) = p) U {(27,, Neg-D T, g&*™ = ¢, Finally,
we define m(s + 1) = B, and g(2x, s + 1) = g(2x, s) for all x; then we proceed
to Step B.

Subcase A1(ii) cpez(')(s)(x,:o, or,:0 ) = cr,fo. We detach all markers A, such that

ko < k = m(s) and all markers Z; such that kB, £ k = m(s); we remove * from
all numbers e > 0 (if any such e exist) for which (3&) [k is even & &, < k =
m(s) & g(k, s) = e & e bears a * at the conclusion of Stage s]; we give ¢, a *
and attach Zy, to 2, + 1, where Io = (ul) [I > max{x|x e 5p*) U 6¢'®'}], and we
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stipulate that e, kas its * om account of ky; we set p5°**) = p&) and ¢{*") =

q“u {21, + 1, oko_l)}, we define mq(s + 1) = k, and g(2x, s + 1) = g(2x, s) for
all x; then we go on to Step B.

Case A2 Case Al does not hold as stated, but does hold if we delete the
conjunct ‘“‘A(s + 1) < min{X}, i} . Let ko, eo, and & ,,, be defined exactly as
in Case Al. If (V1) [21> k,u => 2(2, s) # e,], we define: pS+Y = p(®)

k
q(()5+1) = q(s), mo(s + 1) = m(s), g(2x,s + 1) = g(2x,s) for x = 2+1, and
k
g<2( ;l )’ s+ 1) =eo +x for all x; we remove * from any number

e > 0 which has a * on account of a number 2k satlsfymg 2k > k;41; then we
go to Step B. Otherwise, we set p5+ =p& | g8+ = 4 (s + 1) = m(s),
and g(2x, s + 1) = g(2x, s) for all x; then we proceed to Step B.

Case A3 Neither Case Al nor Case A2 holds. In Ithis event, we set p.(,s“) =
p(S), q(s“) q®, mo(s + 1) = m(s), and g(2x, s + 1) = g(2x, s) for all x; then

we go to Step B.
Step B Here, there are two cases.
Case B1 24(s + 1) + 1 = my(s + 1). There are two subcases.

Subcase B1(i) 1(34)[2j > 2k(s + 1) + 1 & g(2h(s + 1), s + 1) currently bears
a : on account of 2j &(pé(zh(sﬂ) s+1)()\2h(s+1), crzh(;H)) is defined and belongs to
{)\zh(sﬂ), czh(5+1)} In this event, we proceed as follows. First, we remove
all markers A, and Z; such that 22(s + 1) + 1 S k = my(s + 1); then we
remove * from those numbers e > 0 (if any) such that e bears a * at the end
of Step A and 1(3k) [k is even & k< 2h(s + 1) +}Qe has its * on account

of k]. We then set oﬁ'*\l) = U{xlxesps™™ - pSH gty )} and BET) =

B U {xl we 5gS8H) - g8 o SRL))Y. (When our description of the construc-
tion is complete, it will be clear that at the end of Step A we have Azp(s+1)
and Z,j(s41) attached to elements of 5p*Y), 645+, respectively, provided
2h(s +1) + 1 = my(s + 1); it will, moreover, be evident that ppS*t’C 5p5+ &
pq(s+1) c 5q(s+1) & (Vx)[(xe 5p(s+1) @p(”l)(x) < x) & (ve Gq(S'H) = q(s+1)(x)<
x)]. Thus, our definitions of a“*" and B(s“) make sense.) We attach
Ash(siry+1 10 2mg and Zop(srr)41 to 2mg + 1, where m = (um)[m > max {x|xe€
5p5 ) U 8¢5, and we define p©tY = plSt U {(2mg, AR, ¢CFY =
a5t U {(2m, + 1, o L)) Finally, we set m(s + 1) = 2h(s + 1) + 1; then
we proceed to Stage s + 2.

Sgbscj}se B1(ii) Otherwise. First, suppose wzz(zi)(sﬂ),s+1)(>»thsT1), 0{‘];’(55—:-11)) =
Xzh(s1+1). Remove all markers A, such that 2k(s + 1) = k& = my(s + 1) and all
markers Z; such that 24(s + 1) < & = my(s + 1); remove * from all numbers
e (including g(24(s + 1), s + 1)) such that e bears a * at the end of Step A &
1(3k) [k is even & < 2h(s +1) +1 & e has its * on account of k]; give
g(2h(s + 1), s + 1) a fresh *, with the stipulation that g(24(s + 1), s + 1) now
bears * on account of 2i(s + 1); attach Ap(s+1) to 2m0£1£re mq is defined

A
as in Subcase B1(i); define a®*+" = U LelopS*) - P gichin -0} and
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(s+1) _ (s+1) /\) (s+1) (s+1)
B S+ )y {xlxedqs’t {s+1 (ozh(s+1))} set p°t = pg U {(2my,
Agh(s+1) 1)} and ¢®*) = gt defme m(s +1) = 2h(s + 1) then go on to Stage

2,(s) A,s
s + 2. Next, suppose ¢g(2h(s+1) s+1)(>tzh(s+1)’ Uzh(s+1)) = Uzh(s+1)- Remove all
markers A, such that 24(s + 1) < 2 £ my(s + 1) and all markers = such that
2h(s + 1) =k = my(s + 12;) remove x fi'om gumbers g‘nder the same condi-
. . B ,S+1 , S+ ,s+1 .
tions as in the case wz(ﬁl(sﬂ),S+1)()\2h(5+1), Oohtort)) = Aghiory); give g(2h(s + 1),
s + 1) a fresh *, on account of 2h(s + 1); attach Z,ps41) to 2m, + 1, where m,

is defined as in Subcase B1(i); define a®*V = o' U {x|xesp{+t) - pi+V

A,s
()\zh(s+1))} and B(S+l) B(S) U {xle 561(5"”) q(s+1)( 2h(sT1) 1)} set p(Sﬂ) p(s+l)
and ¢t = 5% U{@me + 1, oy -0}, define m(s + 1) = 2A(s + 1); then
proceed to Stage s + 2.

Case B2 2i(s +1) + 1> my(s + 1). Here, we define: St = o)y {xlxe
—_ /\

6p(s+1) (S+1)()\'7/’:05::':.‘1 )}; B(s+1) (s) U {xlxe 6q(s+1) q(()s+1) ;205(:-;1))} p(s+1)

ST gl 2 it (s + 1) = mo(s +1). (Again, once our description of

the construction is complete, it will be clear that this definition makes good

sense: Mmy(s + 1) is so specified, in Step A, that precisely the markers A;

and Z; with i = my(s + 1) are attached to numbers at the conclusion of

Step A.) We then proceed to Stage s + 2.

Stage s + 1,5 +1=0(mod 2) Let 7o = (u?) [ > mox{x|xe 5 Usg"1]. We

attach Am(s)+1 to 27, and Em(s)+1 to 21/'0 + 1 we define p(s—l-l) p(s) U {<27_0,
(s+1) _ (s) (s+1) _ <

7”(5)>} and ¢q u {(21’0 +1, 0'm(s)>} we set a U {x|x 270 &

xf p(270)} and B(S+1) =B Ulxlxs2ry+1& x{q(s+l)(2ro + 1)}H; and we
let m(s + 1) = m(s) + 1, g(2x, s + 1) = g(2x, s) for all x, Then we proceed to
Stage s + 2.

That compo}jetes our ocgiescription of oothe construction. We define
a=Ua", 8=U 38", p=U»"®, andg=U ¢". 1t is obvious that a, 8, p,
s=0 5=0 s=0 5=0

and ¢, thus defined, are recursively enumerable, and that p and ¢ are
functions. It is, moreover, trivial to verify by induction on s that (Vx) [(x €
8p => px) = x) & (xedg = q(x) = x)], that 5p = {y|(3s)(Ti) [ = m(s) & (y = A}
or y =2 )& 6g = {y|(3s)(F4) [i =m(s) & (v = o or y = o°)]}, and that
5p C {xlx is even} & 6¢q C {x|x is odd} (whence, automatically, ¢ - ale - B
holds provided that p retraces ¢ - @ and ¢ retraces & - 8). Next, we
observe (the formal proof by induction on s is trivial) that g(2x, s) is
non-increasing as a function of s for fixed x, that g(2x, s) is non-decreasing
as a function of x for fixed s, and that for each fixed value of s the function
£2x, s) is strictly incrveasing with x fov all sufficiently lavge x; moreover,
it is plain that pg(2x, s) = ¢ for each fixed value of s.

As the first step in establishing that the construction ‘‘settles down’’ in
a suitable way, we shall verify thatsljg A andsljg of exist for every ¢ (which
assertion is understood to entail that A; and Z; are attached at the end of
Stage s for all sufficiently large s), that, similarly, SILTO X?'S and sliTo o? o
exist for each ¢ > 0, and that
i>0=> (lim X;® = lim 25 & lim o = lim o).

S$->00 $->00



560 THOMAS G. McLAUGHLIN

It is evident from our statement of the construction that A, and =, remain
attached to 2 and to 1, respectively, from the end of Stage 0 onward. To
proceed by induction, assume that s, is an even number such that

(VO[O0 < sp= t& 0 <3514 = (i <minfmo(t), m(d)}
&A= =X & of= ol = 09

In view of our choice of s, and our procedure at even positive stages of the
construction, the markers Ajy+1 and Z), +1 Mmust be found attached to
numbers at the end of some stage t satlsfylng Sg St =50+ 2; let £, be the
least such £. Now, if A;+;, or Z;4, is detached subsequent to the end of
Stage f4,, it is immediately reattached elsewhere; moreover, clearly,
neither Aioﬂ nor Ei0+1 can be detached more than once as a result of
Case B1 holding at Step B of an odd stage > s, (recall that % is one-to-one).
Let £, be the least number greater than #, such that for no odd stage ¢ = ¢,
does Case Bl of Step B induce detachment of A; 1, or Z; 4,; then if either
Ajg+ Or Z;,+1 moves subsequent to Stage f, - 1, it does so via Case Al of
Step A (with B, = 7, + 1). But it is clear that any move of A; 4, or Z; 4, via
Case Al of Step A at an odd stage ¢ =#,, with &y = 4y + 1, results in a
permanent location of that marker, unless (3u)[u > ¢ & g(i, + 1, u) < g, +
1, #)]. (For, the move in question causes 7, + 1 to endow g(i, + 1, ) with a *,
which, since #> max{t;, So} and g(2x, s) is non-increasing in s for fixed x,
is thereafter a barrier to the movement of A; 4, or Eioﬂ unless i, + 1
lowers its ‘‘g-associate’’ at some stage later than £.) Hence, if we let £, be
a number 2 £, such that (VE)[¢ 2 £, => g(i, + 1, &) = (¢, + 1, £,)] then neither
A,o“ nor Z; ., can move more than once subsequent toAStage t,. So, since
it is clear from the construction that >\10+1 = x,0+1 and 0; 4 = 1o+1 provided
both A; o+ and 2,o+1 remain attached, with no movement, throughout Stage s,
we see that

(t26&0<isi+1) = (i smin{me®), m®O}& A} = AP =138 o' = o}3)

where £; is a number greater than Z, such that neither Ai°+1 nor E,—o+1 moves
subsequent to the end of Stage #;3 - 1. That completes the induction step
from zo to ¢, + 1. From now on, we use ); to denoteshm A} and o; to denote
sILTo o;; and we shall denote sliTo g(2x, s) by g(2x). It is obvious from the
construction that

(Vs)(Vi) [0 < i = m(s) = (A5, A5 ep & (07, o5 € a®)];

o0 o]
so, since p = on 9 & q= U0 ¢" and since A5 = 2 for all s and o = 1 for all
= 57

s, we see that p retraces the set {;|ie ¢} and ¢ retraces the set {0;|ie€}.
But, in view of the constructg)n of thoe> sequences <a(s)>§2o and (B(S))g‘;o and the

definitions of @ and 8 as Uo a(S), SL% B(S), respectively, we have: ¢ -a=
S= =

{r;liee}, € - B={o;liee}. Thus, p retraces & - @ and ¢ retraces ¢ - B.
Since 8p|8g, we conclude that & - ale - 8; thus (1) and (3) are established.

To prove (4), we must first show that (Ve)[{2jl(3s)[g(2j, s) = e]} is
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finite]. We shall verify this by induction on e, noting that since no attempt
is ever made to move A, (to move Z,) from 2 (from 1) subsequent to Stage
0, we have (Vs)(Vj)[g(2j,s)=0=>j=0]. Assume that (Ve)[e<e, =
{2j1(3s) [ £(2], s) = e]} is finite], and let j, = (uj) [(VS)(VE) [k 2 j = g(2k, s) >
eo]]. Suppose, for an argument by contradiction, that {j|(3s)[g(2j, s) =
+ 1} is infinite. Let s, = (us) [(Vj)(Vt)[(t 25 & J Sjo) = (h(t) >jo &
g(2], 1) = g(2j, s) & 2j = mo(t) & Azj= A3j & 03; = 05;)]]. Observe that since
pg(2x, s) = ¢ for each fixed value of s, and since g is non-decreasing in x
for each fixed s and non-increasing in s for each fixed x, we must have
(Vs)[s 2 so = £(2j0, S) = £(2jo) = €o + 1]; moreover, in view of our require-
ments for changing (some of) the values of g during Step A of an odd stage,
we see that there must be an initial stage s, = s, such that 2(j,+1) = m(sl) &
£@20o+1), s =er+ 1& (DIO0<T2jo+1& 50 s) = o+ 1) = o SP0u,
031) is defmed and belongs to {1,}, 0;1}]. We now claim that a;{; otD) = Mafjgh);
that cz(,oﬂ) = Oa(jgh)y and that (Vt)[t > s, =>n(t) > m.n{xz(,oﬂ) Ot If
7\2(;0+1) # Ag(jg+1) OT 02<]0+1) # 03(j ,+1), then there is a smallest number ¢, say
ty, such that ¢ is odd and £ > s, and either Ag(jo+1) OT 22(]o+1) is detached
during Stage £. Suppose that As(jo+r) 1S detached during Step A of Stage #,.
Then h(t,) S mm{)\z(loﬂ), 0;‘(”-0_'_1)} mm{)\z(ljo_,_l), 02(70+1)} and (since £, > s; 2
So) €0 + 1 receives a * on account of 2(j, + 1); this * is never subsequently
lost by e, + 1, since such a loss could only occur if k() = j, for some u 2 ¢,
(which equation is impossible in view of the fact that £, > s,). Since a
permanently-held * on e, + 1 contradicts the infinitude of {j|(3s)[2(2j, s) =
eo + 1]}, we conclude that A, +1) cannot, in fact, be detached during Step A
of Stage f,. For precisely parallel reasons, Z(,+1) cannot be detached
during Step A of Stage /,. Suppose, on the other hand, that A 41) or
Zy(jq+1) 1s detached during Step B of Stage #,. Since 7/, > s,, this cannot
happen because Subcase B1(i) causes A2j0+1 and 22j0+1 to move; hence, it
must occur via Subcase B1(ii). But, then, e, + 1 receives a * on account of
2(jo + 1); since this * is never subsequently lost, we again have a contradic-
tion to the infinitude of {j|(3s)[g(2j, s) = e, + 1]}. Thus we are forced to
conclude that, in point of fact, A:(lio+1) = Nz(jo+1) and 0:(1,‘0+1) = Og(jg+1). It now
follows that for every t > s, we have: 2(jo + 1) s m(®) & (VD[(0<1=jo+1&
221, 1) =eo + 1) = go?o(t)()\zl, 0s;) is defined and is a member of {\};, o5} =
{X21, 027}]. Hence, further, ¢ > s, = h(#) > mm{Az(,oH), 02(,°+1)} for other-
wise, one of the markers Ay +1), Z(j,+1) would be obliged to move at a
stage later than sl Now let s,=(us)[s>s, &g(2(G+2),8) =€ +1&
2(jo + 2) = m(s) & ¢eo+1 (Az(,0+2), 02(,0+2)) is deflned and belongs to {)\2(,0+2),
02(,o+2)} We claim that Az(mﬁ) Az(,o+2), 02(70+2) = 02(,0+2), and (v®)[t>
S, = h(f) > mln{kz(lo.;.z), 0'2(]0+2) ] If K2(70+2) # )\2(70.(.2) or 02(]0"'2) # O2(jg+2)»
then there is a first stage £, say ¢,, such that £ > s, and one of the markers
Asz(jo+2)s Za(jo+e) 1S detached during Stage f. Suppose, e.g., that Ay o) is
detached during Step AtoflStage t,. Then mln{Az(]o_H), 02'(]'01_,_1 } = min{Xy(jg41)s
0'2(]o+1)} < At = miﬂ{Kz(ll_oﬂ), Uz(]o+2)} = m“"{xz(;oﬂ); 02%/0+2)i and e, + 1 re-
ceives a * on account of 2(j, + 2); since, as an obv10us consequence of the
construction, we have 2(j, + 1) +1 = m:n{xz(,o+1), 02(,0+1)} and since g(2(j, +
2), t; - 1) = g(2(j, + 2)), this * remains attached to e, + 1 forever, in
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contradiction to the assumed infinitude of {jl|(3s)[g(2], s) = ¢, + 1]}. We
conclude that, in fact, A 42) cannot be detached during Step A of Stage ¢;.
By a precisely parallel argument, we see that Z,(j +») is likewise restrained
from detachment during Step A of Stage £,. If, on the other hand, Ag(jo+2) OT
22(,°+2) is detached during Step B of Stage ?,, then, since 2(j, +1) +1 =
min {0  02tio+n)}, this must occur under Subcase Bl(n) But then ¢, + 1
receives a * on account of 2(j, + 2); since this * cannot subsequently be lost
by e, +1, we have a contradiction, once again, to the infinitude of
{jl 3s) [ g(2], =eo +1]}. So, we must conclude that )\2(,0.,.2) Aa(jgre) &
Taligta) = Oyjg+2)- 1t follows that v le>t = cpe0+1 (a(jg+2)s Ta(jot))] is
defined and belongs to {A3j,+2), 03 o+2)} = Ma(iore)s Ox(jote)}; Whence, if e + 1
is not eventually to receive a permanently-held *, we must conclude that

. ' t .
(VO [t> t, = h(t) > mln{)\z(ljo+2), 0‘2%1-0.,.2)} = mln{)\z(io+g), 02(io+2)}]°

Now replace ‘‘sy”” by “‘s3g’’, ““s;”” by “‘s;”’, and ““j, + 2°” by ““j, + 3”’in
the above definition of s,, and repeat the argument; if this procedure is
iterated to infinity then, since min{\;, 05} < min{A\z41, Op41} holds for all &,
we obtain effectively computable  sequences (u;)j-, and (w; )2, such that

Vi) [u; <uipn) & Vo) [x s = (xe ph <= xe{nw)|w s w;P].

But this means that pk is recursive: contradiction. Hence, {j|(3s)[ £(2j, s) =

+ 1]} is finite. By induction, then, {j|(3s)[g(2j, s) = e]} is finite for all e.
We are now in a position to verify (4). If (4) is false, then there is a
smallest number e, say e,, such that

@Z is total & (Vx)(Vy) [@3(x, ) efx, y} & [(xe(e - @) U (e - B)
Vye(e -a) U(e - B) = @ilx, y)e(e - a) U (e - B)]].

We may safely assume e, > 0, either by requiring e > 0 in the preceding
statement, or else by insisting upon the ‘‘usual’”’ enumeration (@2e, (i.e.,
that of [13]), in which ¢} = @. Let j, = max{jla(2j) = e,}; and let

Uy = (uu) [(Vs)[s 2 u = (2j, = m(s) & Azjy = Azjy & 02, 03, & g(f()Zjo, S)=ey &
VD0 <157 &2, u = e) =201, u) = 23 & (02,51, o3p) =
@2 O(S)(hzz, 021) is defined and belongs to {\3;, o5/} = {x2s, 02,D1D]].

If e, does not already bear a * at the beginning of Stage #, + 1, then it (if not
some even smaller e) must receive one at Step A of the first odd stage u,
say u,, such that u Zu, + 1 (since otherwise it would be the case that
g(2(jo + 1)) = eo); the reception of this *, in view of our specifications of j,
and u,, must be on account of some number = 2j,, and so either A; 0 OF Zazj,
(or both) must be detached during Stage u,: contradiction (to the choice of
#y). So, in fact, ¢, must bear a * at the outset of Stage u, + 1. Let w, be
that stage prior to Stage u, + 1 during which the particular * in question
became attached to e,. (Possibly, w, = u,.) Since e, > 0, we have wy, > 0,
and the attachment in question had to be or account of some number 2I,
where I, < jo & £(2ly, wo) = €,. But then eg = sh->r20 2(21,, s) = g(21,), since
otherwise Case A2 of Step A would have forced removal of * from e, during
some stage v such that w, < v =wu,. If the * in question was received by e,



DEGREES OF UNSOLVABILITY 563

durmg Step A of Stage w, then we must have: 2, S m(w, - 1) & ¢? (Azl"
02,0 Y) is defined and is not a member of (¢ - @) U (¢ - ). But since eo does
not lose the * in question, which it has on account of 2l,, between the end of
Step A of Stage wy and the end of Stage u,, we see from the construction that
Agp, and 221, suffer no detachments either during Step B of Stage w, or
during stages v such that w, < v =u,; hence, (peo(/\'z”l% Lost V(e -a) U
(e - B), although either Azw,%'l = laj €€ - @ or 0‘210 = 03,€€ - B is true:
contradiction. If, on the other hand, the * in questlon was received during
Step B of Stage w,, we must have: 2l < mq(w,) & ¥2 ()\2,0 , aff,o 9 is defined
and is not a member of (¢ - @) U(e - B). But then, as in the case of
reception via Step A, we obtain a contradiction. We must conclude, there-
fore, that our ‘‘minimal counterexample’’, (050, is not in fact a counter-
example; i.e., (¢ - @) U (¢ - B8) is not semirecursive. It now remains only to
verify the degree-inequalities (2). To see that a@ = d, assume that (using d)
we have computed the first n + 1 elements 2o, A1, . . ., A, 0f € - a. To find
the next element, A1, of € - @, we wait for a stage s, such that (Vs)[(s =
sp&isn)= (s m(s)&hl )] &n+1sm(s,). If n+1 is odd, say,
n+1=2m + 1, then A%, = N4y unless m = h(k) holds for some number
E>s, Ifn+1=2m+18& Gk)[k>s, & h(k)=m], then A, = Apps where
By = (uk)[k > s, & I(k) = m]. If, on the other hand, # + 1 is even, then X%, =
A1 unless A,+1 gets moved at an odd stage ¢ > s, via Case Al of Step A

1_ h(t). But if such

with ko = 7 + 1 or via Subcase B1(ii) of Step B with “—

a move has not occurred by the time all members of pZ which are
vmm{)\,,ﬂ, c,,+1} have appeared in pZ, it can never occur So, we wait for a
stage t' > s, such that (V&) [t >t = h(t) > min{ony, oo Y. If Ay has
moved from )\,,+1 by Stage t’, we find its next location after A,,.,., and repeat
the foregoing observations. Since hm An41 €Xists, we shall locate it in this
fashion after finitely many tries. So since the entire procedure is clearly
recursive in d (uniformly in n), we get @ =€ -a=sd. By a parallel
argument, B = € - B8 =d. Finally, it is clear from the construction that, for
every »n, we have

neph <> nefhw)lus (us)[2n + 15 m(s) & Auys = Aopni]} <
nedn)lu s (u)[2n + 1 = mt) & 0hyyy = Oonnrlh;

hencedse-a=a&dsg-B=pB. The proof of Theorem 5.1 is complete.

To conclude this section, we offer a few remarks on relativization.
Let an infinite subset 8 of € be called a-vetraceable, a = some fixed subset
of £, just in case

(3e) [B S 698 & (vn) [@e(ba(n + 1)) = pa(n)] & ©(p5(0)) = pa(0)].

The notions of a-semivecursiveness and a-vegyessiveness are correspond-
ingly obvious relativizations to a of the ordinary semirecursivity and
regressiveness concepts. The proof of Theorem 5.1 relativizes routinely
to a proof of
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Theorem 5.18 Let ¢, d be degrees of unsolvability such that csd & c + d &
d is r.e. in c; and let a € c. Then theve exist a-vetraceable sets y,, y, such
that y,lys, y, is r.e. in @, y, is r.e. in a, y1 =y, = d & vy, Uy, is not
a-semirecursive.

Since [11), Theorem 3.2 relativizes straightforwardly, the failure of
a-semirecursiveness for y; Uy, in Theorem 5.1R implies the failure of
[y1 Uv:] to be an a-regressive isol. This of course falls short of giving an
actual extension of Theorem 5.1, since we have y; merely a-retraceable for
i =1, 2, rather than retraceable. On the other hand, Theorem 5.1% does
pertain to a class of degrees not covered by the combination of Theorems
3.1 and 5.1, namely, those degrees d which are incomplete, non-r.e., and
r.e. in some smaller degree. The existence of such degrees d is doubtless
known on the basis of direct construction; however, we shall point out a
very simple method of obtaining such d from two theorems, due to Yates,
which are most certainly well known. In the first place, if we relativize
completely the proof of [22], Theorem 1 we obtain for any fixed degree @ a
pair a, B8 of sets such that

azZa&Pzaga+a&P+ta&aisre.ina& Bisr.e.ina
& (Vb)[(bsa& bsp) = bsal

Now, by [23] the degree a with which we start can be assumed to satisfy the
condition

05as0'&0+#a&0'+a& (Vd)[(b an r.e. degree
&[bsavasbd) = (=0vb=0"].

If in fact we start with such an a, it is easy to see that at least one of the
degrees a, B arising from the relativization of [22], Theorem 1 to @ must be
both incomplete and non-r.e.

6 Conclusion It was shown by Hassétt, in [9], that the class of well-
behaved number-theoretic functions of two arguments which fail to map
AR x AR into Ag is very extensive; similar results, set within a very
general framework, have since been obtained by Ellentuck in his re-
cent paper [7]. One could attempt to extend the results of the present
article to the wider context of [7]; [9]; however, it seems to us more
immediately interesting to give a full answer to the question only very
fragmentarily dealt with in the preceding sections: is the failure of additive
closure for Ag completely degree-independent? In particular, what about
the class of minimal degrees? (The proofs given in sections 3 ana 5,
above, are applications of standard techniques; this is especially so in
regard to section 5. Minimal d, on the other hand, might be resistant to
conventional procedures.)

Conjecture Ag + Ag ri— Ay is totally independent of degree.
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