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Semantical Analysis of Superrelevant
Predicate Logics with Quantification

MIROSEAW SZATKOWSKI

As is well-known, the definition of the Kripke-type semantics for the rele-
vant propositional logics was given by Routley and Meyer in [9], but the defi-
nition of the algebraic semantics of these logics was given by Dunn in [2]. The
Kripke-type semantics (called the relevant RPg-spaces) and the algebraic seman-
tics (which we call the simple Cr-matrices) for relevant propositional logics
were also defined by Maksimova ([5]). It can be easily proved that Routley and
Meyer’s semantics are equivalent to relevant RPg-spaces, and that Dunn’s seman-
tics are equivalent to simple Cg-matrices. In [S], Maksimova showed that there
exists a close relationship between relevant RPg-spaces and simple Cr-matrices.
An essential aspect of this relationship is that for any relevant RPg-space there
exists the respective simple Cr-matrix, the contents of which are identical with
the contents of the relevant RPg-space; and with any simple Gg-matrix it is
possible to correlate the respective relevant RPg-space. However the contents
of that relevant RPg-space need not be identical with the contents of the initial
matrix, though in the case of finite matrices the identity of contents holds.

In this paper we pick up the subject of semantics for quantified relevant
logics, which is an important and underdeveloped one. Some basic problems and
solutions in this field were noted by Routley in [8]. We introduce here two types
of semantics which we call respectively general relevant RPg-spaces (g.r. RPg-
spaces) and structurally general relevant RPg-spaces (s.g.r. RPg-spaces). In gen-
eral, by a g.r. RPg-space we mean any triple ¢S, V,) such that S is a relevant
RPg-space, V is a nonempty set, and ¥ is a nondegenerate (V,S)-simple Crp-
matrix, and by an s.g.r. RPg-space we mean any triple (So, V,S;) such that S,
and §; are relevant RPg-spaces and V is a nonempty set. We state that though
the contents of any g.r. RPg-space as well as the contents of any s.g.r. RPg-
space determine some superrelevant predicate logic, i.e. a predicate logic con-
taining the relevant predicate logic RQ; for the superrelevant predicate logics
they are incomplete.
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The g.r. RPg-spaces are a generalization of the Kripke-type structures
(S, V), where S is a relevant RPg-space and V is a nonempty set (cf. the rele-
vant quantificational model structures defined in [9]), and of the algebraic struc-
tures <%, V), where ¥ is an m-simple Cg-matrix and V is a nonempty set (the
structures of the type (2, V) amounting to De Morgan monoid-valued models
of RQ and its supersystems, cf. [1]), in the following sense: (1) If ¢S, V,¥) is a
g.r. RPg-space such that ¥ is a two-element Boole algebra, then ¢S, V,U) and
(S, V) determine the same superrelevant predicate logic; and (2) if S, V,A) is
a g.r. RPg-space such that S is a one-element relevant RPg-space, then (S, V, %)
and (9, V) determine the same superrelevant predicate logic. Having introduced
g.r. RPg-spaces and knowing the relationship between relevant RPg-spaces and
simple Cgr-matrices, it would be natural to introduce s.g.r. RPg-spaces too.
However every s.g.r. RPg-space (Sp, V,S1) could be replaced by the direct
product {Sy X S;, V X V) because contents of these structures are the same;
thus it is not essentially a new kind of structures. In the case of g.r. RPg-spaces
the similar trick cannot be used. The direct product of m-simple Cgrp-matrices
does not have to be an m-simple Cgo-matrix.

Our reason for introducing the g.r. RPg-spaces is the fact that, thanks to
these structures it is possible to characterize a wider class of the superrelevant
predicate logics, in comparison to structures of the type (S, V') and structures
of the type <%, V). However the s.g.r. RPg-spaces are useful to get many solu-
tions characterizing the g.r. RPg-spaces.

The paper is divided into three parts. In the first part we introduce the defi-
nitions of the general relevant RPg-space and the structurally general relevant
RPg-space, and we also state theorems on the contents of these structures. In
the second part we give proofs of the incompleteness of these semantics for
superrelevant predicate logics.! Finally, in the third part we state some relations
between the g.r. RPg-spaces and the s.g.r. RPg-spaces.

1 Given the symbols: p ™, g™, r” ... of n-ary predicate variables, n €
w, and the countably infinite set {x,3,z,...,Xy,Y0,20,- - . } Of individual vari-
ables we define in the standard way the set AT of atomic formulas. By FOR we
denote the set of all formulas built up by means of connectives: A, v, =, =, V,
3 (conjunction, disjunction, relevant implication, negation, universal quantifier,
and existential quantifier, respectively) and atomic formulas. The symbol Var(«)
denotes the set of all free variables occurring in «. When Var(a) € {xy,...,X,},
we shall write o (xy, .. .,X,). The symbol o (x;/x;) is used to denote the result
of simultaneous substitution of x; for every free occurrence of x; in «, with nor-
mal restrictions.

Let Cgrg: 2598 — 2FOR be the consequence operation defined as follows:
for all X © FOR and a € FOR, a € Cro(X) iff « is provable from X by
means of some instances of axiom schemas of system relevant implication with
quantification RQ (see [9]) together with the rule of modus ponens, the rule of
adjunction, and the rule of generalization. In the case when C; and C, are con-
sequence operations in FOR and C;(X) € C,(X) for all X € FOR, we shall
write C; = C,.

We say that «, 8 € FOR are similar (in symbols o ~ ) if one of them can
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be obtained by changing some bound variables in the other one (for the formal
definition of similarity see [7]). By a substitution in FOR we shall understand
any function 4: FOR ~ FOR, which is a homomorphism with respect to A, v,
-, 7, Vxy, VX,...,3x;, 3X,,... and which satisfies the following conditions

(cf. [4]):

(i) Var(h(a)) < Var(a), for all « € FOR
(ii) for every o € AT and for every i,j € w, there is some 8 € FOR of a
special form (see [6]) such that #(«) ~ B and A (a(x;/x;)) ~ B(xi/X;).

For a given X € FOR by the symbol Sb(X) we shall denote the closure of X
under all substitutions in FOR. Each subset X € FOR such that RQ € X and
X = Crp(Sb (X)) will be called a superrelevant predicate logic.

By a relevant RPg-space we shall mean by Maksimova [5] (cf. also [9]) any
quadruple S = (S, R, P,g), where S is a nonempty set, R is a ternary relation on
S, PSS, g: S~ Sis amapping, and which satisfies the following conditions
for any a,a,,b,b,,c,c; € S:

RPgl  There exists d € P such that Rdaa

RPg2 There exists d € P such that Rada

RPg3 If a; <5 a and Rabc, then Ra, bc, where “a <g b” means “there exists
d € P such that Rdab”

RPg4 If b, <5 b and Rabc, then Rab,c

RPg5 If ¢ <5 ¢; and Rabc, then Rabc,

RPg6  If Rabc, then Rabd and Rdbc for some d € S

RPg7 If Rabc and Rcde, then Radd,; and Rbd, e for some d; € S

RPg8 If Rabc and Rcde, then Radd,; and Rd, be for some d; € S

RPg9 g(g(a)) =a

RPgl0 If Rabc, then Rag(c)g(b)

RPgll Rag(a)a.

Let % = (A4, D) be a matrix, such that 4 = (A4,A,v,—,—) is an algebra
similar to FOR(, - -; (= a set of formulas whose all connectives belong to
{A,v,—,7}) and {A4,A,v) is a distributive lattice in which D is a filter having the
property: a A b = a iff a > b € D for all a,b € A; and moreover, the follow-
ing conditions are satisfied for all a,b,c € A:

MDa->b=(b—>c)—(a—rc)
QQa<(a—-b)—-b
BRa->(a—-b)sa->b

@ (a—-b)rn(a—=c)<a—- (bnrc)
B)(a—-c)r(b—-c)<(avb)—c
6®)a->b=<b- a

(7) 7a=a,

where “a < b” means “a =a A b”.

In this case, we say that A = (A4, D) is a simple Cgr-matrix (cf. [5]). A sim-
ple Cg-matrix % = (A, D) will be called m-simple Cgp-matrix, if for each set 7,
2 = T < m, it satisfies:
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(8) The algebra A4 is m-complete; i.e., there exists A a, and \/ a, for

any subset {a,|t€ T} S A teT er
(9) The filter D is m-complete; i.e., {a/|t € T} < D implies A a,

V a,€ D teT
teT
(10) If \/ @, € D, then a, € D for some t € T
teT
an A (a-=b)=<a—- A\ b,
teT teT
(12) A\ (a,—»b) <\ a,— b
teT teT
13) A (avb)=av A\ b,
teT teT
ayH A an A\ by< A\ (a,nby).
teT teT teT

By a general relevant RPg-space we mean a triple (S, V,¥) satisfying the
following conditions:
(i) S is a relevant RPg-space
(ii) ¥ is a nonempty set
(iii) ¥ is a nondegenerate « (¥, S)-simple Crp-matrix, where « (V,S) is the
smallest cardinal number both greater than ¥ and {(b,c) € S?|Rabc}
for any a € S.

By an interpretation function in the g.r. RPg-space ¢S, V,%) we shall un-
derstand any function J such that:

(1) For each 0-ary predicate variable p® and eacha € S, J(p©@,a) € A4;
and if @ <g b, then J(p@,a) = J(p©,b)

(2) For each n-ary predicate variable (n = 1) and eacha € S, J(p™,a) is a
function from V" to A; and if @ <gb, then J(p™,a)(ay, . . .,ay_1) <
J(p"™,b)(ay,...,a,_;) foranyay,...,a,_; € V.

A general relevant RPg-model (g.r. RPg-model) is a quadruple <S, V,%,J),
where (S, V,2) is a g.r. RPg-space and J is an interpretation function in
(S, V,9). By an assignment for the g.r. RPg-space ¢S, V,%) we shall understand
any function @ from the set of all individual variables to the set V. The defini-
tion of the value-function v for the g.r. RPg-model (S, V,%,J) is inductively
given in this way that for any assignment & for (S, V,2) and for each ¢ € S:

M) v(p@,a) =J(p?,a)
(i) v(pMxy. .. Xp_1,d8,a) = J(p,a)(@(xp) ... d(x,_1)), n=1
(iii)) v(a A B,d,a) = v(a,d,a) A v(B,d,a)
@(iv) v(a v B,d,a) = v(a,d,a) v v(B,d,a)
W) v(a—B,d,a) = N\ (v(a,d,b) - v(B,d,c)|b,c € S and Rabc)
i) v(—a,d,a) = “v(a,d, g(a))
(vii) v(Vxe,d,a) = \ (v(a,d’,a)|@’ is an assignment that agrees with @
except on Xx)
(viii) v(3xa,@,a) = \/ (v(a,@’,a)|@’ is an assignment that agrees with @
except on x).
We say that o« € FOR is satisfied in the g.r. RPg-model (S, V,%,J), if
there exists an assignment @ for ¢S, V,2) such that v(«,d,a) € D for any a €
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P. If for every assignment & for (S, V,%) the formula « is satisfied in the
(S, V,U,J), we say that «o is true in (S, V,%,J). And the formula « is true in
g.r. RPg-space (S, V,2), if « is true in every g.r. RPg-model (S, V,%,J). The
set of all formulas true in the g.r. RPg-model ¢S, V,¥,J) (in the g.r. RPg-space
(S, V,%))—the contents of (S, V,A,J) (the contents of (S, V,UA))—will be
denoted by E(S, V,U,J)(E(S, V,¥)).

Theorem 1.1 For every g.r. RPg-space {S,V,2), E(S, V,%) is a superrele-
vant predicate logic.

Proof: Considering each axiom of RQ separately we get that it is true in any g.r.
RPg-model and that the rules of RQ preserve truth.

By a structurally general relevant RPg-space we mean any triple
{8y, V, 81>, which satisfies the following conditions:

(i) So = (S0, R0, Py, &> and S; = (S,Ry, Py,g) are relevant RPg-spaces
(ii) V is a nonempty set.

A function J is said to be an interpretation function in the s.g.r. RPg-space
(8o, V, 817, if for each a € S, and for each w € S;:

(1) For any 0O-ary predicate variable p©@, J(p©@,a,w) € {1,0}; and if
a<s,b,w=gs uand J(p©,a,w) =1, then J(p©,b,u) =1

(2) For any n-ary (n = 1) predicate variable p™, J(p™,a,w) S V"; and
if @ <5, b and w <g, u, then J(p"™,a,w) € J(p™,b,u).

A structurally general relevant RPg-model (s.g.r. RPg-model) is a quadruple
(8o, V,8;,J), where (S, V,8;) is an s.g.r. RPg-space and J is an interpretation
function in ¢Sy, V,S;). Any function @ from the set of all individual variables
to the set V is called an assignment for the s.g.r. RPg-space (So, V,S:). The
definition of the value-function v for the s.g.r. RPg-model ¢Sy, V,S;,J) is
inductively given in this way that for any assignment & for Sy, V,S;), for each
a e Sy and for each w e S;:

(i) v(p@,a,w) = 1iff J(p@,a,w) =1
1) v(p™xg.. . Xp_1, @ a,w) = Viff J(p™,a, W)a(xp) ... a3 (Xy—1), n =1
(iii) v(a A B,d,a,w) = 1 iff v(a,d,a,w) = 1 and v(B,d,a,w) =1
iv) v(a v B,d,a,w) = 1 iff v(a,d,a,w) = lor v(B,d,a,w) =1
) v(a — B,d,a,w) = 1Iiff for each b,c € Sy and for each u,z € S;: if
Ryabc and Ry wuz and v(«,d,b,u) = 1, then v(B3,d,c,z) = 1
i) v(~a,a,a,w) = 1iff v(a,d,go(a),g(w)) =0
(vil) v(Vvxa,d,a, w) = 1 iff for every assignment ¢’ which agrees with @
except on x, v(a,d@’,a,w) = 1
(viil) v(3xa,d,a, w) = 1 iff for some assignment @’ which agrees with a
except on X, v(a,d’,a,w) = 1.

We say that o € FOR is satisfied in the s.g.r. RPg-model {Sy, V,S;,J), if
there exists an assignment a for (Sy, ¥, S;) such that v(«,d,a,w) = 1l for each
a € P, and for each w € S;. If for every assignment & for ¢Sy, V, S;,J) the for-
mula « is satisfied in the ¢Sy, V,S:,J), we say that « is true in {Sy, V,S;,J).
And the formula « is true in the s.g.r. RPg-space {Sg, V,S,), if « is true in
every s.g.r. RPg-model {Sy, V,S1,J). The set of all formulas true in the s.g.r.
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RPg-model (Sy, V,S;,J) (in the s.g.r. RPg-space ¢Sy, V,S;)) —the contents of
(S0, V,81,J) (the contents of ¢Sy, V,S;)) —will be denoted by E(Sy, V,S:,J)
(E(So, V,51)).

Theorem 1.2 For every s.g.r. RPg-space {Sy, V,S:1>, E(So, V,S1) is a super-
relevant predicate logic.

Proof: Enlarges with minor modifications the corresponding proof of Routley
and Meyer ([9]) showing that the axioms of RQ are true in any s.g.r. RPg-model
and that the rules of RQ preserve truth.

2 If for the superrelevant predicate logic L there exists a set {{S;, V;,¥;)|i €
I} of g.r. RPg-spaces such that L = ﬂ E(S;, V;,%;), then we say that L has

iel
characteristic class of g.r. RPg-spaces. Similarly, if L is a superrelevant predi-
cate logic and if there exists a set {(S¢, V', S1)|i € I} of s.g.r. RPg-spaces such
that L = () E(S§, V', Si), then we say that L has characteristic class of s.g.r.
i€E
RPg-spaces.
Let the symbol RQF denote the superrelevant predicate logic RQ + F(F =
3x(p(x) = Vyp(»))) and let the symbol H denote the formula (¢©@ — r©@) v
(r® = g©@) v vxvy(s(x) - s(y).

Lemma 2.1 H & RQF.

Proof: We define the s.g.r. RPg-space Sy, V, S, as follows:

Let A = (A,<4) be the poset such that A = {a,b,c} and =4 = {Kx,
Nx€A}U Ke,a),{e,b)). Let A = {x" |xE A}, AT ={xT|x€ A}, <" =
x|y =4 x}and = = Kx*,yt)|x =4 y). Let <(Sp,<) be the poset
such that S = A~ U At U {0}, where 0 g A" UAY, and<==<"U=<tU
{0,0>}. Now we define the relevant RPg-space Sy = (Sy, R, Py, go) in the
following way: Py = {0}; go is the function S, » S, such that go(x~) = x*,
go(x*)=x"forallx€ A and gy(0) =0; Ry = (A~ U A% U [0,x,y)|x <
Y} U %0,y x < y} U Kx,2,0)| y < go(x)}. Because <g, = <, then the order
<g, may be indicated by the diagram

Let {(S;,<) be the poset such that S; = {#*,4~,0} and < = {{x,x)|x € S} }.
We set the mapping g;: S; = S, defined as follows: g; (ut) =u", g (u™) =
u™ and g, (0) = 0. Moreover we put P, = {0} and R, = {u*,u~}> U {0, x,x)|x €
{ut, u U Kx,0,x)x e {ut,u }} U Kx,x,0)|x € {ut,u"}} U {(0,0,0)}. So
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we have defined the relevant RPg-space S| = (S;,R;,Py,g;>. The order can be
demonstrated by the following diagram:

ut 0w
Let V = {a,b}. This gives us the s.g.r. RPg-space ¢Sy, V,S;).

Now we define the interpretation function in the s.g.r. RPg-space
(S0, ¥, 81> putting:

for (x,y) € (0,05,<b™,05,(c*,00}, J(¢?,x,y) =0
and J(q?,x,y) = 1l otherwise
for {x,y) € {£0,0),{a*,0),{c*,0)}, J(r@,x,y) =0
and J(r@,x,y) = 1 otherwise
ae ) J(sx0)Kxy) € (S X S;) — {0,0)}), and
be ) J(s,xy)Kx,y) € (S X S;) — £0,0),{c™,0}).

Then we have H & E(Sy, V,S;,J). It remains to prove that for any for-
mula « (x) constructed by ¢ @, 7@, and s, 3x(a (x) = Vya (»)) € E(So, V,8;,J).
Suppose to the contrary, i.e. that Ix(a(x) = Vya (y)) & E(So, V,S1,J). Hence
it follows that for every assignment & for {Sgy, V,S;,J), v(a(x) = Vya(y),
a,0,0) = 0. Let @ and @’ be assignments for (Sy, V,S;,J) such that @(x) = a
and @’ (x) = b. Therefore there exist agy, by € Sy and wy, 4y € Sy and such that
Ry0aybg, R,0wyuy, v(a(x),d, a9, wo) = 1, and v(Vya(y),d, by, ug) = 0. Hence
we obtain that v(«(x),ad, by, up) = 1 and v(a(x),a’, by, uy) = 0. Analogically,
there exist a;,b; € Sy and w;,u; € S; such that Ry0a;b;, R0w,u;,v(a(x),a’,
a;,wy) = 1, and v(Vya(y),a’,b,,u;) = 0. Consequently, v(a(x),d’,by,u;) =
I and v(a(x),d,b;,u;) = 0. It can easily be seen that by & A~ and b, &€ 4™,
because for each ¢ € A~ and for each w € §;, v(a(x),ad,a,w) = v(a(x),a’,
a,w). The elements by, b; cannot be compared with respect to the relation <g,,
since then v(a (x),d, by, ug) = v(a(x),d’,by,u;) = I and v(a(x),d,b,,u;) =
v(a(x),ad, by, uy) = 0 could not occur. Hence either by =a*, by = b* or con-
versely b, = a*, by = b™. But one can check, that for any ¢ € {¢*,b™ } and
for any w € Sy, v(a(x),d,a,w) = v(a(x),a ,a,w), which contradicts the as-
sumption that 3x(«(x) = Vya(»)) & E(So, V,S1,J).

Lemma 2.2 For any g.r. RPg-space {S,V,A), F € E(S,V,Y) implies H €
E(S, V).

Proof: 1f V = 1, then for any g.r. RPg-space ¢S, V,%), H € E(S, V,%). Suppose
that ¥V =2 and H & E(S, V,%). Then there exists an interpretation function J
in the g.r. RPg-space (S, V,) such that H & E(S, V,%,J). Hence for some ele-
ment ag € P, v((¢® - r@)yv (r©@ - g©@),q,) & D. Let u, be an element of
V. Consider now the interpretation function J; in (S, V,%) such that for any
a€S: J1(q9,a)=J(g?,a); 1 (r®,a) =J(r®,a); Ji(p,a)(u) =J(q?,a)
if u=ugp; Jy(p,a)(u) =J(r'?,a) if u # uy. Let v, be the value-function for the
g.r. RPg-model (S, V,%,J;>. Then it is obvious that for any assignment & for
(S, V), 01 (3x(p(x) > Vyp(¥),d,a) = v1(q ¥ > Vyp(V) v (rD > vyp(»),
3,a) = 0,((q©@ = g Ar©@)y (rO@ - g© o Oy 5y So, if v,(g® > g© A
rOyv (r@® - g9 Ar©®)y g) € D, then after an easy calculation we obtain that
also v; (¢ - r@) v r9 - gy, q) € D, and v((g® - r®)v *r© -
q?),a) € D. Therefore, on the strength of the assumptions, v, (3x(p(x) —
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vyp(¥)),d,ay) & D for any assignment @ for ¢S, V,%), and consequently F &
E(S, V).

Theorem 2.1 The superrelevant predicate logic RQF does not possess char-
acteristic classes of the g.r. RPg-spaces.

Proof: On the strength of Lemmas 2.1 and 2.2.

Lemma 2.3 For any s.g.r. RPg-space {Sy,V,S0), F € E(S,,V,S:) implies
H e E(S,V,81).

Proof: If I7=_1, then for any s.g.r. RPg-space (Sy, V,S), H € E(So, V,S1).
Suppose that V' = 2 and H & E(Sy, V,S;). Therefore there exists an interpre-
tation function J in the s.g.r. RPg-space {(Sy, V,S;) such that H & E(S,, V,
S1,J). Hence for some elements ay € Py and wy € Py, v((¢© - r©@)v (r© -
a9y, a9, wy) = 0. Let 1, be an element of V. Consider now the interpretation
function J; in {(Sy, V,8;) such that for any @ € S, and for any w € S;:
Ji(@Q,a,w) = J(@9,a,w); J;(rQa,w) = J(rQ,a,w); J(p,a,w)ug, if
J(g9,a,w) = 1; and J; (p,a, w)u iff J(r'?,a,w) = 1, for every u € V and
u # uy. If vy is the value-function for the s.g.r. RPg-model Sy, V, S;,J;), then
we obtain that for any ¢ € Sy, for any w € S|, and for any assignment & for
(Sp, V,81) the following equivalences hold: v, (Ix(p(x) - Vyp(»)),d,a,w) =
1iff v,(gY = vyp() v (rQ - vyp(y)),d,a,w) = 1iff v,((g ¥ - g @ A
r@y v (r@ - g©@ A r®) g w) = 1. The last identity implies the identity
01(g@ - r®)yv (r@ - g©),q,w) = 1, which is equivalent to v((g® —
rO v (r©® - g @)y g w) = 1. Therefore for any assignment @ for (S, V, S, ),
v (Ax(p(x) = Yyp(¥)),ad, a9, wo) = 0, and consequently F & E(Sy, V,S;).

Theorem 2.2 The superrelevant predicate logic RQF does not possess char-
acteristic classes of the s.g.r. RPg-spaces.

Proof: On the strength of Lemmas 2.1 and 2.3.

By Lemmas 2.1 and 2.2 it is easily seen that the incompleteness result holds
for the semantics of the type (¥, V). Also, by Lemmas 2.1 and 2.3 we get that
the incompleteness result holds for the semantics of the type (S, V).

3 Let S =(S,R,P,g) be a relevant RPg-space. A subset H < S is called a
<g-hereditary if for any a,b € S it follows from ¢ € H and a <g b that b € H.

Theorem 3.1 For any s.g.r. RPg-space Sy, V,S;) there exists s.g.r. RPg-
space Sg, V, St ) such that

(@) S¢ =<Sg,R5,P5,g0) and Si = (ST, RY, P, g1)

(i) =gz and <g; are partial orderings on Sg and Sy, respectively
(iii) Py is a <ggz-hereditary subset of Sg and P{ is a <gy-hereditary subset of
St
(iv) E(So, V,S1) = E(S5, V3 ST).
Proof: Suppose that (Sp, V,S,) is an s.g.r. RPg-space. Let P§ = {a € S| there
exists b € P, such that b <5, @} and P{ = {a € S| there exists b € P, such
that b =g, a}. By an easy verification we obtain that S§ = (S, Ry, P9, go> and
SY =(S,,R,,P?,g,) are relevant RPg-spaces, and that <5, = <g§ and =g, =
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=<gsp. Next, given the equivalence relations =g, (for any a,b € Sy, a =g, b iff
a <g9 band b <59 a) and =g, (for any a,b € S|, a =5, b iff a <50 b and b
<sp @), we construct in the standard way the quotient relevant RPg-spaces
85 =<S83,R5,P3,85) and 8§ = (S{,R},Pf,g) corresponding to S§ and S?,
respectively. The final and crucial step of the proof consists in showing that the
following condition holds:

(*) Let<(Sy,V,S;,J) be an s.g.r. RPg-model and let v be the value-function
for the ¢Sy, V,S:,J). Then for any o € FOR, if v(«,d,a,w) = 1l and
b =g a, u =5 w, then v(a,a,b,u) = 1.

But then the condition (*) does not call for a new proof, since it is a well-known
lemma of Routley and Meyer ([9]). So by the condition (%) it can easily be seen
that (iv) holds.

In the remainder of this paper we will discuss only s.g.r. RPg-spaces
(S0, V, 81, where P,, P, are hereditary subsets of S, and S; with respect to the
partial orderings <5, and <g,, respectively. G.r. RPg-spaces will be also dis-
cussed as g.r. RPg-spaces ¢S, V,%), in which the relevant RPg-space S =
(S,R,P,g) is such that P € S is a hereditary subset with respect to the partial
ordering <g.

The following construction allows the correlation with any relevant RPg-
space S of the respective matrix. Let S = (S, R, P,g) be a relevant RPg-space.
The symbol 4 (S) denotes the class of all <g-hereditary subsets of S, whereas
the symbol A/g(S) denotes the algebra with universum (S) and operations
defined as follows: for any H;,H, € A(S), HHnH,=H N H,, H v H, =
H,UH,, H - H, ={a €S| for every b,c € S: if Rabc and b € H;, then ¢ €
H,}, ~H, = {a|g(a) &€ H,}. It is obvious that in A/g(S) there exist A H, and

teT
H;, where T is a set of any power, Let D(S) = {H € A(S)|P € H}.
V

teT

Lemma 3.1 For any relevant RPg-space S = (S, R, P,g) such that the set P
has the least element, A(S) = {Alg(S),D(S)) is an m-simple Crp-matrix, where
m is any cardinal.

Proof: 1t suffices to verify that: (i) the class A(S) is closed with respect on the
operations A, v, —, —; (ii) D(S) is a filter; and (iii) conditions 1,. . .,14 defin-
ing an m-simple Cgp-matrix hold (cf. also [5]).

Theorem 3.2 For any s.g.r. RPg-space {Sy, V,S,) such that the set P, € S,
has a least element, E(Sy,V,S1) = E(So, V,A(S1)).

Proof: Suppose that ¢Sy, V,S;,J) is an s.g.r. RPg-model and v is the value-
function for the {(Sy, V,S:,J). Let @ be an assignment for the s.g.r. RPg-space
(8o, V,S1>. We define the interpretation function J; in the g.r. RPg-space
(So, V,A(S1))y as follows: J;(p@,a) = (we S;|J(p?P,a,w) = 1 and J; (p",
a)(@(xg),. .., @(xp_1)) = {we€ S| J(p™,a,w)a(xp) ...a(x,_1)}, forn=1.
Let v, denote the value-function for the {Sy, V,A(S;)). It is easy to verify that,
for any o € FOR, for any assignment & for the (S, V,S;) and for each a € S,,
vi(a,d,a) = {w € S;|v(a,d,a,w) = 1}. The proofs of the remaining steps are
easy and will be omitted.
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Let % = (A4,D) be an m-simple Cro-matrix. We say that a proper m-
complete filter F of the algebra A is an m-prime filter if it has the following

property: for any 7 <m, if \/ @, € Fthen {¢,|t € T)NF# @. If m < ¥,
teT
then we identify m-prime filters with prime filters.

Lemma 3.2 Let A = (A, D) be an m-simple Crp-matrix. Then
() If m = Ry, then the m-complete filter generated by a nonempty subset A, of
the universum of the algebra A is the set of all elements a € A such that a =

)\ a; for some elements a, € Ay, t € T, and for some T <m
teT
(ii) If m < R, then the m-complete filter generated by a nonempty subset Ay of

the universum of the algebra A is the set of all elements a € A such that a = a,
A...A a,_, for some elements ay, . ..,a,_1 € Ay.

Proof: By an easy verification.
It follows easily from Lemma 3.3 that

Lemma 3.3 Let ay be an element of the universum of the algebra A and let
F be an m-complete filter of the algebra A. Then [F,ay) = {a € Ala=agnc
and ¢ € F} is the m-complete filter generated by the set F U {a,}.

Let the symbol Gq denote the set of all proper m-complete filters of the
m-simple Cro-matrix A =(A4,D). Let G = Gy U {J,A}. For any F,F, € G
let F\-F, = {z| there exist x € F| and y € F, such that x < y — z}. By the sym-
bol IF, we denote the set of all m-prime filters of the algebra 4. Let F =IF, U
{J,A}. We now introduce certain specific definitions (cf. [5]), namely: for any
EF,,F, €F, R(FF,,F,) holds iff F-F| € F,, P= {F|F € F and F 2 D}, and
g(F) ={x€ Alg(x) & F}.

Lemma 3.4 Let ¥ = (A, D) be an m-simple Crp-matrix such that the set-
theoretic union of any chain of m-complete filters of the algebra A is an m-
complete filter. Let F,,F, € G and F € F. Then

(i) If F,-F, € F, then there exists F{ € F such that F, € F{ and F{-F, S F
(i) If F,-F, © F, then there exists F5 € F such that F, € F> and F,-F5 € F.

Proof: Let us note that if m < Ry then we consider filters and thus each algebra
A of the m-simple Cgp-matrix % = (A4, D) satisfies the condition: the set-
theoretic union of any chain of filters is a filter. We only prove the lemma for
the case when m = R,. To prove (i) let us assume that K = {F’|F€ G, F| S F’
and F’-F, € F}. The collection K is nonempty, since F; € K. Let C be a chain
in (K,S) and let P = U (X)X € @). Since F, € F’ for each F' € C, then F; <
P. Since P-F, = U (F'-F|F’ € C), then P-F, € F. In the case when P €
{D, A}, then we conclude the proof. Let us assume that P & {J,A}. Now, on
the strength of the assumptions of the lemma, P is an m-complete filter. Hence,
by the Kuratowski-Zorn lemma, K has a maximal element F*. Let us assume
that F* ¢ IF, U {A}. Then there exist elements a, € A, t € T, and T < m, such
that \/ ¢, € F* and |t € T} N F* = @. For each t € T, let F;' = [F*,a,)

teT
be an m-complete filter generated by the set F* U {qa,}. Hence F; D F* for each

t € T. Therefore for all ¢ € T there exist b,,c; € A such that b, —» ¢, € F},
b, € F,, and ¢; ¢ F. By Lemma 3.3 there exist x, € F*, t € T, so that x; A
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a, < b,—c,. Let x = /\ x,. Now, by an easy verification we get that x A ¢, <

teT
N\ b:— \/ ¢ forall € T, and, consequently, \/ (xra,) < A\ b,— \ ¢.
teT teT teT teT teT
Since xA \/ @, < \/ (xAa,) then x A V a< N\ b,— \/ ¢;. Hence it fol-
teT teT teT teT
lows that A\ b,— \/ ¢, € F*, but because N\ b EF,, then \/ ¢, € F—a con-
teT tET teT teT

tradiction, since F is an m-prime filter.
The proof of case (ii) is entirely analogous to the previous proof, and there-
fore is omitted.

Lemma 3.5 For any EF, € G:
) FFedG

(i) D-F=F

(iii) F-Dc F.

Proof: To prove (i) observe that if F-F; € {J,A} then F-F; € G. Now let us
assume that {a,|t € T} S F-F; ¢ {J,A}. Hence we get that there exist b, € F;
for each ¢ € T such that b, > a, € F. Then A b,€ F; and A (b, > a,) €F.

teT teT

Since A\ (b,—a) =< A\ b~ N\ a,then A b,— A a, € Fand, consequently,
teT teT teT teT teT . .

N\ a: € F-F,. Now, assuming that ¢ € F-F; and a < b we get immediately that

teT

there exists c € F; such that c>e € Fandthatc»a<c—b. Thenc—>b€EF

yields b € F-F;.

To prove (ii) observe that if x € D-F then there exists y € F such that
y—x € D. Hence y € x and so x € F. Next, assuming that x € F we get that
also x € D-F by virtue of the fact that x - x € D.

To prove (iii) suppose that x € F-D. Thus for some y € D, y > x € F.
Therefore (y —» x) > x € D and so y » x < x. Hence x € F.

Lemma 3.6 Let A = (A, D) be an m-simple Crp-matrix such that the set-
theoretic union of any chain of m-complete filters of the algebra A is an m-
complete filter. Then IF(Y) = (IF,R,P,g) is a relevant RPg-space.

Proof: In the first place we shall show that the following condition holds:
(¥*) For any Fy,F, € [F, F; € F, iff there exists F € P such that R(F, F,,F>).

Let us assume that F; € F,. Hence by Lemma 3.5(Gi) D-F, € F,. If D €
IF, U {A} then on the strength of Lemma 3.4(i) there exists F € IF such that
D € F and F-F; € F,. Therefore, F € P and R(F,F;,F,). Conversely, let
R(F,F,,F,) for some F € P. Then F-F, € F,. Since F € P then D € F. Hence
D-F, € F,, and consequently by Lemma 3.5(ii) F; € F>.

Remembering about the possibility of applying Lemmas 3.4, 3.5, and Con-
dition (*) the reader should not have any difficulties in supplying all the proofs
that are omitted here.

To verify RPg 9 observe that if F € IF then g(F) € F. Applying the defi-
nition of the set g(F) one gets that x € g(g(F)) iff ~x € g(F) iff -—x € Fiff
x€eF

To prove RPg 10 suppose to the contrary that F-F; € F, and F-g(F,) €
g(F;). Hence there exists y,z € A such that y >z € F, y € g(F,) and z &
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g(F)). Since y - z <=z — —y, therefore -z — 1y € F and -z € Fj, and con-
sequently -y € F,. Hence we conclude that y & g(F,)—a contradiction.

To prove RPg 11 let us note only that for any x,y € A, x A "y < (x>
»), since the proofs of the remaining steps are easy.

Lemma 3.7 (cf. [3]) Let % = (A, D) be a finite simple Crp-matrix. Then ¥
and U(F,(A)) are isomorphic.

Proof: The fact that IF,(¥) = (IF,,R, P,g) is a relevant RPg-space is proved in
an analogous manner to the proof of Lemma 3.6. We add, however, that in
every finite simple Cro-matrix the set-theoretic union of any chain of filters
is a filter. Now, we define the function A: A - A(F,(¥)) as follows: A(x) =
{F € F,|x € F} for every x € A. We omit the proof that the thus-defined func-
tion A is a well-defined function and that 4 is a bijection. And, moreover, the
reader can easily verify that the function A preserves operations A, v, —; and
that for each x € 4, x € D iff h(x) € D(IF,(¥)). To prove the inclusion 4 (x —
¥) € h(x) - h(y) assume that F € h(x - y) and F & h(x) - h(y). Then we
get that x —» y € F and there exist F},F, € IF, such that R(F, F,,F,), Fy € h(x),
and F, &€ h(y). Hence we have F-Fi € F,, x€ Fyand y ¢ F,. Thus y € F-Fy,
and consequently y € F, —a contradiction. Now, we shall prove that for all
yE€Aandallxe A, x + 0y, h(x) = h(y) € h(x— y). Let us assume that for
some F € F,, F & h(x— y). Hence x > y & F. Let us consider the sets F; =
{z|x = z} and F-F;. Thus y ¢ F-F;, because if y € F-F, then z > y € F for
some z € F; and so x —» y € F on the strength of z > y < x - y. Let F, be an
element in the set IF, such that F-F; € F, and y € F,. On the basis of Lemma
3.4(ii) there exists F* € IF, such that F; € F* and F-F* € F,. Hence we obtain
that R(F,F*,F,), F* € h(x), and F, € h(y), therefore F & h(x) - h(y). In
this way, it remains to prove that #(04) = A(y) € h(04 — y) for all y € A. But
since ¥ is a finite simple Cgo-matrix, then in the algebra A there exists a greater
element 14 and 04 —» y = 14. Hence £ (04 — ») = F,,.

Theorem 3.3 Let A = (A, D) be a k(V,S)-simple Crp-matrix such that the
set-theoretic union of any chain of k(V,S)-complete filters of the algebra A is
a k(V,S)-complete filter. Then E(A, V,.A(F())) € E(S, V,%).

Proof: By the construction of the relevant RPg-space F(Y) = (IF, R, P, g) the set
P has a least element. So by Lemma 3.1 A(IF(¥)) is a «(V,S)-simple Cggp-
matrix. Let 4 be the function from A into A (F) given by: h(x) = (FE€ F|x €
F} for every x € A. Let us assume that o & E(S, V,%). Hence there must exist
a g.r. RPg-model (S, V,¥%,J) such that o & E(S, V,%,J). Now, we define the
interpretation function J; in the g.r. RPg-space ¢S, V,A(F(%))) as follows:
Ji(p©@,a) = h(u), if J(p©,a) = u; and J,(p™,a)(@(xo),. . .,@(Xp—1)) =
h(u), if J(p™,a)(G(xg),...,8(Xp—1)) =u, n = 1.

Let v; denote the value-function for ¢S, V,A(IF(2))). We shall prove that

(*) For any formula «, for any assignment @ for ¢S, V,%) and for each a € S:
v (o, d,a) = h(u), if v(a,d,a) = u.

The proof of (*) goes by induction with respect to the length of the formula «.
We verify only the cases when a = 8 — vy and a = Vxf3, because the verification
of the remaining cases is easy. By the proof of Lemma 3.7, h(x—> y) € h(x) —
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h(y) for any x,y € A. To prove the inclusion A(x) = A(y) € h(x — y) assume
that for some F € F, F ¢ h(x — y). Hence x > y & F. Let F; = {z|x < z}.
Therefore y ¢ F-F;, because if y € F-F; then z » y € F for some z € F; and
so x - y € F on the strength of the z = y < x— y. Let us consider F, € FF such
that F-F; € F, and y & F,. By Lemma 3.4(ii) there exists F* € F such that
F, € F* and F-F* C F,. Hence it follows that R(F,F*,F,), F* € h(x), and

F, & h(y), so F & h(x)— h(y). In order to show that A{ A a,] = A h(a)

teT teT

for each 7 such that 7 < x(V,S) let us note that F € h</\ a, | iff A\ a,€F

teT teT

iff for each t € T, a, € Fiff foreach t € T, F € h(a,) iff FE  h(a,). Let
teT
a = f — v. In this case we have: v, (8 — v,d,a) = A (v1(8,d,b) - vi(v,4,

¢)|b,c € S and Rabc) = A (h(v(B,a,b)) - h(v(y,d,c))|b,c € S and Rabc) =
N\ (h(v(B,@,b) = v(y,d,¢))|b,c € S and Rabc) = k(N (v(B,a,b) — v(y,4,
¢)|b,c € S and Rabe)) = h(v(B - v,d,a)). If a = vxB, then we obtain that
vi(a,d,a) = \ (vi(B,@',a)|a@’ is an assignment that agrees with @ except on
x) = N\ (h(v(B,a',a))|@" is an assignment that agrees with & except on x) =
h(/\ (v(B,d’,a))]&’ is an assignment that agrees with 4 except on x) = h(v (e,
a,a)).

Since o & E(S, V,¥,J), then there exists an assignment @ for (S, V,%) and
a € P such that v(«a,d,a) € D. Thus, on the strength of the (%), v, («,d,a) =
h(v(a,d,a)) &€ h(D) = D(IF(Y)), and consequently o & E(S, V,A(IFF(A))).

Corollary 3.1 Let A = (A,D) be a k(V,S)-simple Crp-matrix such that the
union set-theoretical of any chain of «(V, S)-complete filters of the algebra A is
a «k(V,S)-complete filter. Then E(S, V,F()) € E(S, V,Y).

Proof: 1f follows from Theorems 3.2 and 3.3.

Theorem 3.4  Let A = (A,D) be a finite Cro-matrix. Then E(S,V,Y) =
E(S, V,U(FF,(Y))).

Proof: 1t follows from Lemma 3.7.

NOTE

1. It should also be mentioned that RQ is incomplete for the standard ternary relation
semantics and yet complete for a nonstandard ternary relation semantics, distin-
guished by a special clause for the quantifier. These results were given by Kit Fine
in his unpublished work. The author is greatly indebted to the editor for bringing this
fact to his attention.
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