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Neo-Fregeanism: An Embarrassment of Riches

Alan Weir

Abstract Neo-Fregeans argue that substantial mathematics can bedler
from a priori abstraction principles, Hume’s Principle oenting numerical
identities with one:one correspondences being a promiexarple. The em-
barrassment of riches objection is that there is a pluraftyconsistent but
pairwise inconsistent abstraction principles, thus nbtahsistent abstractions
can be true. This paper considers and criticizes varioubdurriteria on ac-
ceptable abstractions proposed by Wright settling on amathe—stability—as
the best bet for neo-Fregeans. However, an analogue of tharesssment of
riches objection resurfaces in the metatheory and | coedhydarguing that the
neo-Fregean program, at least insofar as it includes aniio ontology, is
fatally wounded by it.

1 Introduction

In the last decade or two there has been a revival of intemdsicism recast not
as the doctrine that mathematisdogic but rather as the claim mathematical truths
have something like the status assigned to them by the &igiciTheneologicist
contention is that mathematical truths are known, wherg #ne, neither by some
mysterious form of direct intuition nor by empirical confiation, even of an indirect
and holistic fashion via the scientific theories they cdntie to. Rather mathematical
knowledge arises on the basis solely of the understandittgedfasic mathematical
and logical concepts which anyone who grasps the mathesh#tiths has. This
view might be interpreted as saying that mathematical $ratte analytic, are true
by virtue of meaning, similarly that fundamental mathewcetinference rules are
meaning-constitutive. Since the notion of analyticitytid snder a cloud, in some
quarters, a more broadly acceptable goal for the neoldgiuight be to try to es-
tablish that mathematical axioms are implicit definitiomes, prima facie, anyway,
this does not commit one to the notion of analyticity; thigdeed, is the direction
which recent work has taken (see Hale and Wrighi)[
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14 Alan Weir

Having “something like the status assigned them by the isigitis a vague no-
tion, one which the neologicists need to clarify if theirwies to be assessed fully.
But | take it to be clear enough to be going on with. In particlf it could es-
tablished that mathematical truths, or even just a subatgmoportion of them,
are known by a process different from that proposed by thektatian platonists
or by Quinean empiricists, a process whose materials eagmtvolve only ap-
peal to grasp of mathematical language, then this wouldtitotesa major advance
in the epistemology of mathematics. It would establish thgistemic innocence”
(cf. Shapiro and Weir4€], p. 160) of mathematics. So in what follows | will assume
that the idea of “epistemic innocence” is clear enough fau#ftil debate with the
neologicist to take place, while noting that the neologiovges the wider philosoph-
ical community a fuller account of what it amounts to.

The main proponents of this program, philosophers such aghitvand Hale'
take it that they are continuing and developing a progratrated by Frege and so
characterize the program aso-Fregearas well aseologicist Neo-Fregeans also
want to uphold Frege’s platonism at least to the extent adiinglthat truth in pure
mathematics is as objective as truth in the empirical seisnlsowever exactly one
wishes to analyze the notion of objectivity in the sciencéley reject, moreover,
any form of relativism in mathematics (cf. Wrighi{], p. 293). They also reject the
idea that there is a plurality of mathematical domains—é&®dént set theories, or
different domains of sets, numbers, and categories, andrdo-fwhich cannot all
be accumulated into a single mega-universe.

Clearly, the neo-Fregean position is a highly attractive fmn anyone sympathetic
to the traditional view that mathematics is a system of dbjedruths knowable a
priori but who is also sensitive to the usual epistemoldgicablems raised against
platonistic mathematics, most notably the puzzle as to hewauld gain knowledge
of a world of causally inert abstract objects. But how carsgraf mathematical
language yield knowledge of the existence of a rich realnbsfract entities which
exist independently of our language or conceptual system®yTo explain this, the
neo-Fregean focuses on abstraction principles. Absbragtiinciples are principles
of the forn?

ax(gx) = ax(yx) < E(p, ¥)
wherea is some term-forming variable-binding operator which fersimgular terms

from open sentences arilis an equivalence relation over properties. One key ex-
ample is Hume’s Principle (HP):

VXYY ((NXXX=nXxYX < X 1-1Y)

with X 1-1Y the second-order sentence which expresses the existeagmefone
correspondence between the and theY's. An important impetus to the revival of
neo-Fregeanism has been the detailed sketch, by Wright¢f what has become
known as Frege’s Theorem (cf. Boold3,[p. 209; [3€], p. 273)—the derivability of
second-order arithmetic from second-order logic plus HarRenciple. For exam-
ple, from this principle one can derive in standard secomtioogic' a theory even
stronger than (though equiconsistent with) the usual P&dekind formulation of
second-order arithmetic.

The more general neo-Fregeanism goal, following on fromtbsult, is to show
that there is an abstraction principle, or set of principkesuch thatA plus second-
order logic yields all mathematical truths, or at any ratahaise truths we need to
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do empirical science and metamathematics. In additiongddimal goal, the neo-
Fregean seeks to convince us that both the abstractioriglern®e and second-order
logic are epistemically innocent. One way to cash this outildidbe to claim that
anyone who grasped a proof of a mathematical reéRuitom A and second-order
logic is thereby in a position to know th# is true in something like an a priori
fashion® This means that our mathematician must be able to know ai goiom
an epistemically innocent way) the truth Af and similarly know in some innocent
fashion the truth of the axioms and soundness of the inferenles used in the
derivation.

Itis with the abstraction principles, and the problems \lgidse if one holds both
that they are objectively true and that they are epistetgigaiocent, that this paper
concerns itself. There are, of course, a number of othep steallenges which neo-
Fregeanism faces, for example, the anti-Anselmian insigt¢hat one cannot prove
objective existence claims a priori, or the challenge ofwshg that the standard
second-order logic used in the derivation of Frege’'s Thmoaed presumably in
any stronger mathematical results is a system of epistdéigninaocent truths. For
this logic is a classical “nonfree” logic which includes thdl impredicative axiom
schema of comprehension whereby the second-order quesnifie interpreted as
including in their range every subs8tof the domain of individuals (or include a
property for each such extensiohHowever, in this paper | will focus solely on the
innocence or guilt of the abstraction principles which tke+fregean appeals to.

The structure of the paper is as follows. Sectiosets out the main objection |
will be concerned with, thEmbarrassment of Riché8R) objection, while Sectiof
looks at Wright's first main response, the appeal to consigargess principles. Sec-
tion 4 shows that this response on its own is inadequate while @egtiooks at a
couple of additional criteria that Wright sketches, arguimat they too will not do.
In Section6 | develop a third notion into a stronger critergability, which seems
to provide the best hope for the neo-Fregean of providingreswar to the embar-
rassment of riches objection. In Sectionthough, | argue that an analogue of the
ER objection simply recurs at a metatheoretic level. In thalfsection, Sectio#,
| argue that this shows that the full neo-Fregean prograrataly flawed but that
there may be less “Fregean” variants which can survive tbhbgetions.

2 Embarrassment of Riches

Since my focus is on the abstraction principles, not thecldgshall assume for the
purposes of the present argument that a priori existenagpoannot be ruled out
of court, that there are analytic or meaning-constitutivemore broadly, perhaps,
epistemically innocent, principles or rules and that thetesyn of such principles and
rules includes standard second-order logic. The embanergsof riches objection
is to the effect that more principles than can possibly altihue together can be
validated by the neo-Fregean methéds.

I will introduce the ER objections by starting with a relatexe which Wright
calls the “Bad Company” objection, one raised by Boolos, nett, and Field: the
objection is that Hume’s Principle is formally very simitarthe naive rules for class,
embodied, in one form, in Frege’s notorious Axion? V:

VXVY({X : XX} = {X: YX} < VZ(XZ <+ Y 2).
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If the former is analytic, so is the latter. But since thedais inconsistent, it cannot,
surely, be analytic, hence neither is Hume’s Principle, amy similar abstraction
principle.

As it stands, this Bad Company objection is not all that giro®ne possible
response is to deny that Axiom V is inconsistent (or at leastydhat the theory
of Axiom V is trivial). This would involve fairly extensiveastriction of classical
logic, of course: Axiom V is inconsistent not only in intwitistic logic but also in
relevant logics such a or RWX these being weaker than the well-kno&nand
R. However, one increasingly common strategy with nonatassogics is to so set
up the division between operational rules (e.g., in natdealuction systems intro-
duction and elimination rules for the logical constants] atructural rules that the
operational rules yield classical logic given classicalaural rules but then block
antinomy by allowing classical structural rules only in cipécases (ideally cases
involving all of standard mathematics). Wright, indeedywh some sympathy with
some fairly heterodox lines of thought by entertaining@esly the possibility of re-
jecting the applicability of Cantor’'s Powerset Theorenmhe tlomains of interesting
abstraction theories §f], p. 294)1° (Cantor himself thought the theorem did not
apply to “inconsistent multiplicities”).

Still, accepting as true unadulterated Axiom V is a very catifesponse to take.
But one need not be so radical in order to respond effectieeBad Company. For
even if one accepts that Axiom V is trivially inconsisterttotigh formally speak-
ing an abstraction principle with the same overall struizags Hume's Principle, this
still does not tell very heavily against neo-Fregeanisme mho-Fregean can deny
that Axiom V is epistemically innocent simply by laying dowansistency as a cri-
terion on epistemic innocence so still affirming that Hunfergciple is innocent.
Since hidden inconsistency could lurk in many other abstagrinciples, the neo-
Fregean will have to concede that analyticity or epistemimcence is not a purely
formal matter, nor a decidable one (c34], p. 213, fn. 27). But this is a plausible
position to adopt on independent grounds: analytic rufethat sense, need not be
transparentlyanalytic to those who follow them. After all, the neo-Fregeall want
to hold that indefinitely many, currently undecided, mathéoal theses are a priori
true, even though it may take a genius to come up with a prosbofe of them.

There is, however, a related but far stronger point: theeeiraaefinitely many
consistenbut pairwise inconsistergbstraction principles. If all consistent analytic
principles are analytic, then both of two such principlesamalytic and presumably
true which is absurd® This style of objection is what | mean by the Embarrassment
of Riches or ER objection.

This point is made by HecKi] utilizing abstraction principles of the form

VXYY (@aX XX = aXY X< (P VvV VX(XX < YX)))

where P contains no occurrences of theabstraction operator. This principle is
satisfiable if and only ifP is.'? Hence for incompatible values & (e.g., B = the
universe is of siz&dg versusP; = the universe is of siz81) we get satisfiable but
incompatible principles, indeed, provably incompatibtapiples where, as in the
two examples just given, we have two principRs P; such that?;, Pj L.

A case which will be of particular interest in what followscoes whenP takes
the form Bad¥) & Bad(Y) where Badness is a second-order property of proper-
ties for which equinumerosity is a congruence (a cardipalibperty). We then get
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disjunctivizedgeneralizations of Axiom V of the form
VXVY({X : XX} = {X: YX} < ((Bad X) & Bad(Y)) VvV VX(XX < Y X))).

I will call disjunctivized Axiom V principles of this typelistraction principles For
example, as instances of Bad we could choose finite, infuniteguntably infinite, or
Big, where a property is Big if and only if there is a functioarh it onto the universe.
This latter version is in fact Boolosiew V[ 1] and the idea of distraction principles
is simply a generalization of his notion. Further instatitias of the schematic ‘Bad’
include properties such as being of size at legstor at leastd,, or at least,,
where6y is thenth-inaccessible cardinal (hereis finite). We could also set exact
cardinality limits on Bad, for example, countably infiniteexactlyXy, / 3, / 6, or
weaken these clauses to at mdst/ 3, / 6, and so on. All these concepts and more
are definable in second-order logic (Garlagj.[

The set theories which result are interesting in that thelpaay a limitation of
size principle, widely seen as a non-ad hoc method of réisigioaive set theory and
avoiding paradox. If two properties are the same size thiérereboth are Bad, or
both are Good-£~Bad). Define a set to be the extension of a Good Property:

Setx iff IX(Good X) & x = {x : XX}).
Then itis easy, using the definition afby
X € yiff IX(y = {x: Xx} & XXx),

to prove from the abstraction principle in question a corhpresion principle for sets
(equivalently Good properties):

VYX(GoodX — VX(X € {X : XX} < XX)),

and it will follow that if the extension o is a set andX is equinumerous wittY
thenY too determines a set as its extension.

However Heck’s problem arises even in this particular catbere are incompat-
ible distractions. In particular, let andy be cardinality properties which are

(a) provably incompatible in that ~3X (¢(X) & ¥ (X)),** and
(b) such that both are provably properties for which equiertosity is a congru-
ence, thatisi- VX, Y((pX & X 1-1Y) — ¢Y), likewise fory.

Examples of a pair of properties which satisfy both (a) afjda¢e the pair ‘exactly
of sizeXg’ and ‘at least of sizédq’.

Consider then two distraction principleB;, in which the badness property is
Bady = (Big & ¢), andD, in which Bag = (Big & ), with ¢ and, as in (a) and
(b).

Theorem 2.1 D4, Dy 1.

Proof Note first that for any distraction princip®; we haved X (Bad (X)) for the
badness property featuring in that principle. The argun®eatreductio: if not the
principle collapses into Axiom V. So by existential instatibns (or by assumptions
for existential elimination) from the two such existentigneralizations derivable
from D1 and D2, we have

- Big(F) & ¢(F) &Big (G) & ¥/(G). (1)
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From (1) we get F 1-1 G by composition of functions, hence, frori)(again
together with property (b) above we get,o(F) & v (F) contradicting (a) above.
O

So the neo-Fregean needs to discriminate further among isteation princi-
ples. One further constraint might be that such principlestmot only be proof-
theoretically consistent (i.e., we do not habe—_L for the distraction principld)
but satisfiable in a full standard second-order model. Bué lagain it is easy to
produce incompatible principles each of which is satiséiafir example " with
Bad as (Dedekind) finite versi3™ with Bad as (Dedekind) infinite. Both of these
principles have models. For models for distraction pritesgexist if and only if we
can biject the class of good properties into a proper subsist & the domain of
individuals Dg, the range being the good classes, or sets; all the bad piespere
map into abad guy a dummyproper classobject,# € Do—Sets. (For simplicity
and with no commitment to a nominalistic metaphysics, | wdéntify properties
over a domairD of individuals with subsets db.)

On various assumptions, we can find models for all the vagiotBad given
above. It is straightforward to show that all and only then@mpty) finite models
satisfy Bad as finite, though the models are a degeneratercadech there are no
sets, no good classes, and all properties are mapped to ¢néuommy objecm.'*
Using ZFC we can show that Bad as infinite has models in all autyltbe infinite
cardinalities because the number of good, that is, finitbsets of a universe of
cardinality X, is just®,. So we select ak,-sized proper subset dg, biject all
finite properties into it and the rest #® € Do—Sets. But clearly no standard model
can satisfy both these principles simultaneously.

And of course there are other abstraction principles whid lonly in infinite
models and so are incompatible witbf™, for instance, Boolos's New V1] in
which Bad is Big. This has models &b and also at alhearly stronginaccessible
cardinalities:” if we add to ZFC the assumption that such cardinals exist.

Theorem 2.2 The number of smaller subsets of a set S of nearly strongé@saidde
cardinality 6 is just6.

Proof Without loss of generality we can consider the cardinielf rather thars.
Sinced is regular, every small subset ®fs also a subset of somie< 6. There are
at most 2 < 6 subsets of each sughand there are exactlysuch cardinals. Thus
there are at most x & = 6 small subsets of (and obviously there are at least that
many). O

So this time we select@sized proper subset of the domain of individuals and biject
the properties of cardinality: 6 onto it and the rest to the dummy proper class.
By similar techniques, ZFC plus the axiom of inaccessiblesgs the existence of
models for abstraction principles with Bad as ‘Inaccessjiidad as ‘at least/exactly
the size of thenth-inaccessible’ and so on. These models are particulatdyesting,

of course, since, Sets being of inaccessible size, we getisidfieory (which can be
derived from the abstraction principle given a standarafiteeory.)® We do notin
general get the Axiom of Choice but we do get it for some insiéions of Bad, for
example, as ‘exactly siz€ or with Bad = Big as in the New V distraction principle
(see pg], Section 3). Neither do we get foundation. To see this, kimgy in ZFC)
partition Sets into two disjoim-sized set<S; and $ such that our bijection of the
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properties into the individuals mags} to «, for all « € § and maps the remaining
small properties intd». Then there will exist a Big, universe-sized subdomain of
Sets in which each member is equal to its unit set; that istelma {x : x = vy},

in an assignment to variables in whiehs assigned tq, is itself assigned: since
AX(X = y) is interpreted by« }. Nonetheless we can define the well-founded classes
(relative tog as base) by

WCX =qef YX((XD & VY(VZ(zeYy — X2) — XY)) = XX)

(i.e., the inductive closure from the empty set under the beship operation) and
prove from this the WC classes form a well-founded hierar8win these theories
with Bad as exactly thath inaccessible we can get, by restricting to well-founded
sets, ZFC (and a bit more, far> 1).

Overall then, the class of Distraction principles yieldgch and interesting set of
theories, an important subclass of abstraction principlée problem for the neo-
Fregean is precisely that it is too rich, that we have an Emalsament of Riches.
Even on fairly weak assumptions, there are incompatibkeatison principles (e.qg.,
Bad as finite versus Bad as infinite) such that both are s#fisfii# both can be
known in epistemically innocent fashion both of them mustrbe, which is absurd.

Commenting on Heck’s examples of consistent but pairwisensistent abstrac-
tions, Boolos asserts forthrightly:

His article seems to me to do in, once and for all, the idea‘tw@itextual
definitions” like Hume’s principle or Basic Law V, have, inrggral, any priv-
ileged logical status. (Boolos], p. 231)

3 Conservativism

Wright, however, does not accept that he has been “done ia.tdthsiders princi-
ples which, likeDFI, are true in only finite models but he finds the incompatipilit
of Hume’s Principle, for example, with such principles normavorrying than the
formal resemblance all abstraction principles have to AxM ([36], pp. 295-97).
But given the satisfiability of both principles, is this aitie justified? Have we not
here pairs of principles each with an equal title to be cldsseepistemically inno-
cent but such that at least one must be false. Certainly negeBns cannot withhold
the title of analytic or innocent fro®F" on the grounds that they know via intuitive
acquaintance with the world of mathematical objects thiatworld, hence the uni-
verse as a whole, is infinite. Nor can they rule ®" on the grounds that as a basis
for empirical science it appears to be somewhat unfruitusay the least. If appeal
to intuition or pragmatic utility is allowed to determine igh abstraction principles
are legitimate and which are not then neo-Fregeans can logwentipled objection
to the mathematical epistemology of the Kantians or the gaigti epistemology of
Quine or Putnam; and if that type of empiricist epistemol@ggcceptable then the
use of abstraction principles, rather than, say, axiomesystsuch as ZFC, in the
development of mathematics would be largely a matter oétastl convenience.

We must remember in this connection that mathematics isewdgtal with respect
to logic, certainly not with respect to second-order lodiaray rate!’ Thus CHE=_L
holdsfor anyone who defings set-theoreticallyand who believes that the second-
order formulation CH of the continuum hypothesis is fals@nifrly the implica-
tion fails for those who hold CH to be true. For the former th&tothe continuum
hypothesis is not ¢ogical possibility in the semantic sense, where this somewhat
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obscure notion is precisified model-theoretically. It it adogical possibility since
a set-theoretic universe in which the continuum hypothesids is mathematically
unavailable on this view, hence presumably mathematigalpossible, though the
statement that the continuum hypothesis holds is consipteonf-theoretically, if
ZF is (given standard, finitistic notions of proof). SimiiaiWWO = L fails for a
platonist who accepts WO, but holds for any platonist wheaptsthe axiom of de-
terminacy, which entails the falsity of the well-orderiigeorem WO, and so forth.
For this latter theorist, mathematics rules out the extstenf a structure which rep-
resents the logical possibility of WO. Since logical consage is such a rich and
structurally complex notion, it is inevitable that any gasi which moves beyond
blind acceptance of some system of primitive rules will hawaise mathematics
in the investigation of the properties of logical systembgther currently favored
or disfavored. There can be no neutral, nonaligned mathesnais far as logic is
concerned.

Moreover, mathematics is no less fundamental than logic-th® neo-Fregean.
It does not seem to make much sense to say that the principlegio are more
meaning-constitutive, more analytic, more epistemicadlyocent, than mathemat-
ical principles applicable to term-forming, rather thamtsatial, operators. How
then can the neo-Fregeans rule out laying down that all tstres, hence all empir-
ical structures, must be finite? Why is that illegitimateit i6 legitimate to require
that other mathematically impossible “structures” whien de specified without
proof-theoretic inconsistency be ignored?

Wright, however, has a general and principled objectionringiples such as
DFIn and the whole range of abstraction principles in which Bagsgathe form
‘exactly sizea’ or ‘at most sizeg’. It is that such principles araonconservative
because they place upper bounds on the size of the totalraeieéindividuals and
hence on the range of acceptable empirical theories anéth@nething which no
genuine mathematical theory can do, granted that mathesnatia priori. So the
telling objection toDFI" is not that it is useless for empirical science but that it has
a property which no theory, not even a theory which happerikeractual world
to be empirically fruitful, can have if it is a genuinely mathatical theory. This is
Wright's primary response to the Embarrassment of Richgsctibn.

To evaluate this response we have to look at conservatigenerse closely. The
formulation above is too loose of course: mathematics ddesepconstraints on
acceptable empirical theories: it rules out theories wisiah that the number of
spacetime regions is both continuum-sized and of 8izefor example. Rather the
idea is that mathematical theory should be compatible withraatural possibility;
otherwise we would need to know, presumably a postericat, ttie physical world
is not structured in one of the possible ways which are inisberst with mathematics
in order to know that mathematics is actually true. And thatild conflict with the
a priori status of mathematical trutA. Hence adding a true mathematical theory to
an empirical theoryT should not enable us to prove any more physical conjectures
than those which already followed frof. If T does not entaiC, if there is a
possibility of T being true andC false, then mathematics should not conflict with
that possibility. So there should likewise be a possibiityl holding together with
any body of mathematical truths and y@tstill being false. Perhaps, then, if we
admit only conservative abstraction principles the setiohsonservative principles
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will be a consistent set and we will knock out at least one ohex the warring pairs
of consistent but pairwise inconsistent abstraction [ipies.

There are a number of natural ways to characterize the albmii@nrof conser-
vativeness, all of them making use of relativizations oflvf@imed formulas (wffs)
by formulas. LetP” represent the result of restricting quantifiers in the iffby a
formula in one free individual variablax. For example,

1. PA = P for atomicP;
2. the relativization transformation distributes over ¢$eatential operators; and
3. (a) (Yyp)” = Vy(Ay — ¢*);
(b) Ayp)” =3y(Ay & ¢*);
(€) (YXp)" = VX(VY(Xy = Ay) = ¢»);
(d) @Xp)A =3IXVY(Xy = Ay) & 7).
In the discussion of conservativeness which follows, | w#sume we start from a
languaget which we expand tac™* by the addition of class abstracts—for example,
L7 is closed under the operation of applying class bracketdftlogx to form new
singular termgx : ¢x}. Since | will be considering abstraction principles which
yield a theory of classes sufficient to define ordered pabigestito the law of ordered
pairs,
(X, y)=(w,2) & X=w&y=7),
we can consider only monadic second-order logic, with i@tat represented by
properties of ordered pairs.
Probably the most natural form of conservativeness priadgpthe type utilized
by Field (see ], pp. 96-97, fn. 21; pp. 125-26). A syntactic version of hitecion
is

Let T be a theory in£ and A an abstractionist theory i£™. T, A

need not be consistentet ~Mx be~3aX(x = {x : Xx}) so that the
extension ofMx comprises the abstracts of theoty Then if T™M,

At C™M thenT + C.

Thus we relativize our theory and consequence to-iihs, the nonmathematical,
concretesubuniverse. Replade by = and we get the semantic version of Field’s
criterion.

However, Wright had initially utilized the following consativeness principle:

Letd be any theory with whiclE is consistent. TheR is conservative
with respect t@ just in case, for any expressible in the language®f

6 U {X} entails theX-restriction of T only if # entailsT. ([36], p. 297,

fn. 49)

(A X-restricted formula restricts the first-order quantifienshe intended interpre-
tation, to the members of the domain of individuals which rmoereferents of the
abstraction terms.) However, lgtbe

If there is an infinite property then Clinton is not an adwdter

Hume'’s Principle plug deductively and hence also semantically entails that @tint
is not an adulterer but does not entail deductively or semantically this on its own
(even if Clinton himself thinks that ‘Clinton is not an aderér’ is true by virtue of
meaning alone). And ‘Clinton is not an adulterer’ is fierestriction of ‘Clinton is
not an adulterer’? Thus even the finite version of Hume’s Principle, in which the
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initial second-order universal quantifiers are restrit¢tefihite properties, is not con-
servative on Wright's criterion. For finite Hume, like HPsalentails that there are
infinitely many individuals in the domain of the first-ordesantifiers (Heck 16]).
For this sort of reason, Wright abandons his initial notidrconservativeness in
favor of a Field-type criterior”

I will look at one further group of conservativeness pritegwhich arise by let-
ting the restriction predicate be a simple unary predi&ateThe criteria are then the
same as Field’s except that we relativizeBaather than to~ 3X(x = {x : Xx}),
so that the£t abstractionist theory is conservative if and only iTE, A+ CE
only if T = C. The main idea here is th& picks out theempirical or physi-
cal items (and the restricted second-order quantifierseravgr properties or sets
of physical items) but we remain neutral as to whether maiead items are part
of the physical world or not. Thus, withi our empirical theory above, models of
T~M embed the original physical structure in a substructuridisfrom the sub-
structure satisfying the mathematical theory Btis compatible both with overlap
and with disjointness. This type of principle | will callaesar-neutrakince such a
principle applies equally well whether or not mathematatadtracts are necessarily
disjoint fromempiricalitems. But note also thaf may already contain mathemat-
ical language, may contain some abstraction operatorsyérigal operators, say)
and in£* we introduce a new one (a set-theoretic operator, for exampere
again the Caesar-neutral principle seems reasonableisalt@vs us to be neutral
as to whether the new abstracts overlap the old ones or neth@hsome numbers
are also sets, it may be.

As introduced above, these two conservativeness prirgGiphee Field and the
Caesar-neutral, come themselves in two subbrands—sigraactsemantié! Have
we any grounds for preferring one to the other? Certainlyetiesomething uncom-
fortable for the neo-Fregean in appealingstamanticconsequence as part of a pro-
gram designed to show that mathematics is analytic. Fore/regiginal idea was
that mathematics should lpEovablefrom logic plus definitions, not that it should
be a semantic consequence of it. Moreover, more recent @ateim legitimize the
notion of analyticity appeal to such ideas as meaning-@oiise inference rules
so there seems to be a close link between notions of an&yéicd those of proof
and derivation. On the other hand, unless one is prepareccepa(with Zermelo
and a number of other prominent logicians of the earlier pathe last century—
see Moore 18] and [L9]) that infinitary proofs are as legitimate an idealizatidn o
actual inferential practice as proofs with 98° steps, then proofs must satisfy the
restrictions in the Godelian theorems. In that case, a megedan who utilizes a
proof-theoretic notion of entailment must give up on the pateness of analyti-
cally true mathematics’

A further problem with a syntactic notion of conservativesies that it is heavily
dependent on proof architecture; on some proof systemslegenis not syntacti-
cally conservative. Thus in standard natural deductiotesys, adding the negation
rules to the— fragment of propositional logic yields new theorems in tieklan-
guage, for example, Peirce’s law—R((— Q) — P) — P)—while in others,
for example, Gentzen’s LK, the negative rules are conseesatith respect to the
negation-free fragment. But we surely do not want our natioihwhat is conserva-
tive, if questions of which mathematical principles arectar false are to hinge on
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them, to depend on (arguably) aesthetic qualities sucheasehtness, by this or that
group’s lights, of a particular proof architecture (cf. Wgi1]).

Moreover, there is an even more troublesome prospect ferwativeness de-
fined syntactically in a variant of the Caesar-neutral foBansider for the moment,
for simplicity, only second-order abstractions. Supposeadd to the language not
only a simple first-order predicate which we envisage as picking out the empirical
domain, but also a second-order predidatevhich we use to relativize yet further
the second-order quantifiers thus:

(¥X@)EF = ¥X((Vy(Xy — Ey) & F(X)) — ¢&F);

@Xp)EF = 3X(Vy(Xy — Ey) & F(X)) & ¢&F).

There seem little grounds for the neo-Fregean to objectdorskorder predicates
which take first-order predicates as arguments. The alisinaaperator, after all, is
a second-order functional expression which takes firsérgucedicates as arguments.

One motivation for this modification of the Caesar-neutrékdon is to accom-
modate those who believe that not all predicates stand faige properties. Many
scientific realists, for example, do not believe that alkeesions determine a prop-
erty; only some are the extension of genuine natural kindslwltut reality at the
joints.” If we think of F then as picking out, in our intended interpretation, the
genuine properties, then in relativizing a thedry-in a language extended by the
introduction of an abstraction operator—t&-F we are ensuring that the quantifiers
in TE-F range over only the original empirical domain and the eroplrproperties
of the items in that domain. Thus we should expect abstragtimciples to be con-
servative here too. They should not enable us to prove arytibout the original
empirical domain or the empirical properties of items inttthemain that we could
not already prove before we added that principle.

If we construe this conservativeness principle syntaltyioae get

If TE-F A+ CEF thenT F C, E andF as above
(HereT, C are wffs ofL.)

Theorem 3.1  Any principle which, for some given infinite cardinality holds in
all domains of size:** is syntactically conservative on the modified Caesar-rautr
criterion.”*

Proof Suppose-[T = C]J; hence by Henkin completeness and Lowenheim-Skolem
for Henkin models (see Shapir®4], Section 4.3) there is a countable Henkin model
H satisfying each instance of the axiom scheme of comprebiensith countable
individual domaind, countable property domaiD, D a set of subsets af, such
that=y T, ~C. Suppose principlé is true in all domains of size, for some
infinite «. Add in enough individuals td to get a sizex domaind* and expand the
predicate domain to a full second-order domRif@*). A is true in the new model
H* (in which we interpret all constants from the original laage just as they are
interpreted inH). Now just because there is a Henkin model satisfying-C it
does not follow that there is a full second-order model Batig it. But we are
concerned withT &-F, ~CE-F_ et the extension oE (in H*) bed and that ofF

be D so that inT E-F, ~CE:F first-order quantifiers are relativized so that they range
over d, second-order relativized quantifiers range oler Then an induction on
wiff complexity establishes that each wif iF-F, ~ CE-F has the same value id*
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relative to any assignmentto the first and second-ordevégables of members aff
andD, respectively, as the corresponding wiflin~C has inH. It follows that each
wifin TEF ~CEF is true inH* if and only if the corresponding wff if, ~C is
true inH. Thus~[TEF, P = CE-F]. Hence by soundnesdTE-F, A+ CEF]. O

Thus although the Caesar-neutral criterion is a very restderlooking requirement
to place on a mathematical principkein a language with second-order predicate
constants, there is no problem in finding conservative,i;igénse, but syntactically
incompatible principles (e.g., distraction principlegiwBad as exactlyg versus
Bad as at least)).

4 Inconsistent Conservatives

So | will focus in this section on semantic conservativer{esstting the qualifica-
tion ‘semantic’ unless specifically wishing to contrastiwdlyntactic conservative-
ness). | list now some apposite results.

Theorem 4.1  Hume’s Principle is conservative in the Field and Caesautra
senses (PurgrC).

The meaning of the parenthetical reference to Pure ZFCisahsuming ZFC in our
metalanguage, we can prove that Hume’s Principle is coatieavin the Field and
Caesar-neutral sens&s This of course is music to neo-Fregean ears.

We can get a more general result using the notion afir@moundedabstraction
principle, defining this as a principle such that for eversdaazal «, there is a larger
cardinalr such that the principle is satisfiable in all domains of aaatity 1.

Theorem 4.2  Allunbounded principles are conservative (in both Field &aesar-
neutral senses)4{FC).

Proof of Theorem 4.1 Suppose~ (T = C). Then there is a full set modé/l,

of cardinality«, in which all of T are true andC is false. ExpandM to M* by
adding amk,-sized R, > «, setN of new members—the numbers—to the individual
domain Do of M and taking the full power seP(Dg) of D§ = Do U N, as the
property domain (with all nonlogical constants assignezdlgame interpretation in
M* as inM). Each se in P(Dg) has a cardinal carX and the number of these
cardinals is the numbe# of cardinalsy,0 < y < 8, andB < 8,. We can thus
map the cardinals of the sets R(Dg) into N € Dg by a functionf, interpreting
nxex by f(card X) where X is the extension opx; this yields an interpretation
in which Hume’s Principle is true iM*. DefineNx by 3X(x = nx(Xx)) so that
the extension of-Nx is the set of nonnumbers of the domain, hence a subset of
Do. Call an assignment to free variablesMrassignment if and only i& assigns
only members ofDg to individual free variables and only members BfDg) to
predicate free variables. A proof by induction on wif conxite then establishes
that for all P € £, P~ is satisfied in modeM* by an M-assignment if and
only if P is satisfied by that same assignmenin M. It follows that P~V is true

in M* if and only if P is true inM, henceM* is a counterexample model for the
entailmenfT~N, HP = C™~N]. A variant of this argument establishes the result for
the Caesar-neutral criterion. O
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It will be useful here to generalize beyond second-ordetratisons to the higher-
order case. Rather than start from a base language of siypglé¢iteory, a cumulative
type theory will suit our purposes better. Here we suppoaeftr every finite order
we have predicates and variables of that order (countabhyinahe latter case) and
that an atom(G) is well formed if and only if the order oF is greater than that
of G. In the semantics, a (standard) model is a pairl ) whered is the individual
domain, the range of the Oth-order variables. The cardynafithe model is the
cardinality ofd. The second componehtof a model is an interpretation of all
the constants in the appropriate domains. Wtreorder quantifiers range over the
nth-order domain (as remarked, we will get by with monadicgration since we
can introduce ordered pairs once we have some set theory.(nT 1)th-order
domainDp41 is Dy U P(Dy), the union ofDy, with its power set. More generally,
wheres C d, definesg = S, si+1 = S U P(s) and define the cumulative hierarchy
generated bg by | J;,, S -

This languagelc of cumulative type theory is then expanded to a language
by adding an(i + 1)th-order abstraction operator. We can think&f as the base
language£ of hierarchy. AtL,+1 we apply the operator in question, for example,
class brackets, to one-place open sentept€sX' of £, to get the new singular
terms{X' : ¢! t1X1}i 11 of L1 and expand the set of atoms to include theg#.
is thenlJ; _,, £i.°® The interpretation of these class operators then will betttey
represent functions from theh-order properties into the individuals. Thus a fourth-
order abstraction will take the form

VXYY 3(0x X3x = ox Y3x < E(X3,Y3))

whereE is an equivalence relation over third-order predicates.

In the semantics we show by induction that interpretatiamsstable through
the hierarchy, in that a wff has the same value (relative tassignment) in all
sublanguages in which it occurs; therefore it can be asdignenique value inc™.

A further useful extension is to adibstractor quantifiers’ Abstraction operators
of ordern + 1 are formally functional terms which takeh-order open sentences as
arguments and yield singular terms as outptit§Ve can thus add, at each order of
the language, quantifiers over such terms. In the languageatigmented, there can
therefore occur sentences such as

FFAVXEYYS(F4X3 = 14Y3 o E(X5,Y3))).

The range of ain+1)th-order abstraction quantifidris the set of all functions from
Dn into Do. Finally we can iterate this whole process by adding a furdbstraction
operator to generate a languagé™ and so forth.

In order to prove Theorer.2 we need to generalize the notion of the relativiza-
tion of a formula to our more complex languages. Define byns®on the metathe-
oretic termsA"[ X], whereX is annth-order variable, by

AUXY =ger Vy(X'y — Ay),
AT XML =ger VYP(XMHYT — ATYT)),

and then generalize the predicate quantification clausieidefinition ofp” to
VX")A = YXNUATX] > o),
AX"p)" = IX"(ANX" & 9P,
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adding, for abstractor quantification,

(V") A VENVXIYY((FX =y — (A'[X"] > Ay)) — o™,
Af"pA = FFVXWVY((F"X =y > (A'[X"] = Ay)) & ¢P).

Thus the relativized abstractor quantifiers generalize fovections whose range, for
any properties in the cumulative hierarchy generated flogrstibsetia of d which
satisfiesA, is also a member afa.

Now we can return to the proof of Theorefri>—All unbounded principles are
conservative (in both Field and Caesar-neutral senses)ich we are considering
abstraction principles of arbitrary order in a languagée which extends, by the
addition of the operator, a languagewhich may itself contain other abstraction
operators and other nonlogical names and predicates.

Proof Suppose then thatth-order abstraction principlé is unbounded and that
~(T E C) where all wffs inT, C belong to.£. Let M be a counterexample model
to the entailment with individual domathof sizex. SinceA is unbounded, itis true

in all models of some cardinality > «. Expand, if need be, the individual domain
of M to create a sizg domaind* of a new standard mod&l*. The interpretation
function | * of M* agrees withl on all name and predicate constants. Furthermore,
eachnth-order abstraction operator ifi is interpreted just as it is i, for inputs
from Dn. For members oD}; — D, we let all the operators map to some dummy
object ind. This means that the abstraction principles other thamay fail in £7.
However, let|D}|, where D} is the range of theith-order predicate variables in
M*, be the partition ofD}; effected by the equivalence relation on the right-hand
side of A. Since A holds in all models of cardinality, there exists a functiog
from |D}| into d*.?° Interpreting the abstraction operafor: ¢x} of Aby g, Ais
true in M*. WhereS C Dy; is the interpretation opx in £, ands the member of
|Dy| to which S belongs, we assigg(s) as the referent ofx : ¢x} in £Ln4+1 and
show that semantic values are stable as we go through thardtigr Finally we
prove by induction on the complexity of arbitrary wif that P has the same value
in M relative toM-assignment as P*, the Field or Caesar-neutral relativization
of P, has inM*. In the Caesar-neutral case, we asgigas the extension oE x.

An M-assignment assigns to each variable an item of the apptepider from
the cumulative hierarchy generated ¢y The proof is a relatively straightforward
generalization of the analogous stage in the proof of Thaaré. For example, if
we assume the theorem holds §or and we are considering the inductive case for an
individual universal quantification then for the Caesautra criterion (the argument
for the Field case is similar) we argue

VXgX is true inM relative too iff

for all x-variant (M) assignments[x/«], ¢X is true inM relative too [X/«]
iff (Inductive Hypothesis)

@Ex is true inM* relative too [x/«], for all o € d iff

Vx(~Mx — ¢EXx) is true inM* relative too (since any norv-assignment
x-varianto[x/f] satisfiesEx — ¢Ex vacuously sinces does not satisfy
EXx).

HenceP is true inM if and only if P* is true inM* so that~(T*, A = C*).2° 0O
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We have seen that there are at least some unbounded albstraaticiples—Hume’s
Principle is one—and it is easy to see that there are alsound®al distraction prin-
ciples, for instanced'™ where Bad= Dedekind-infinite. But are there too many
unbounded abstraction principles? The answer is yes. Btarine, suppose the gen-
eral continuum hypothesis (GCH) is true. Then Bad as ‘is the sf a successor
cardinal’ is satisfied at every successor cardial; since the number of small sub-
sets isk,1—a fortiori the number of subsets not the size of a successuliral

is < Ny41 (cf. [26], p. 315). But by similar reasoning the distraction prineipith
Bad as ‘the size of an “odd” successor’, with an odd successardinal of the form
Ny-r2n+1, IS true at all odd successor cardinals; and similarly tegaétion principle
with Bad as ‘the size of an even successor cardinal’ is trad aen successor car-
dinals, granted GCH. These last two principles are unbadirfience conservative,
but clearly are not simultaneously satisfiable in a full gt model (cf. Fined],

p. 514).

Or dropping GCH in the background metatheory but adding tteeng axiom of
inaccessibles—for every cardinalthere is a larger (strong) inaccessible—we can
show that taking Bad as ‘has the size of a successor in thessefiinaccessibles’
yields an unbounded (hence conservative) distractiorcipli® incompatible with
taking Bad as ‘has the size of a limit in the series of inadbéss, though the latter
is similarly unbounded ¢¢], p. 319).

The neo-Fregean may well refuse to accept the truth of GCHiraght not accept
the axiom of inaccessibles (though the latter is very widstgepted among set-
theorists). But embarrassment of riches arises on weakengstions. Take any
predicatep such that theps and the norps are unbounded, that igx might be
‘X is a successor cardinal’. There are infinitely many suchipatels. Next take
any ‘at leastc’ distraction principleD (i.e., in the principleD, Bad is ‘at least of
sizex’) which holds at arbitrarily higty cardinals and also at arbitrarily high ngn-
cardinals. (Since it is a logical principl® will hold in all models of cardinality
« if it holds in at least one.) ‘At least countably infinite’ Wilways satisfy these
conditions. Now consider,

D4 Badi(X) = X is size at least and there is som¥ with X C Y such
that cardY) is a¢ cardinal.

D> Bad(X) = X is size at least and there is som¥ with X C Y such
that cardY) is a nong cardinal.

Theorem 4.3 (ZFC) Dj and D» are unbounded, pairwise unsatisfiable principles.

Proof For any cardinal, we can find a largercardinal®, such thatD holds at

N, ; it follows that the number of subsets of sizex of anyR,-sized domain must
be < R,. All subsets of size8, k < B < R, are Bad, however, since they are of
size at leask and a subset of a properiyx(x = x), whose cardinality satisfies.
Hence all these Badproperties can be mapped onto the dummy proper class and
the rest, the Goadproperties, bijected into the domain of individuals. THugis
satisfiable in every model of si2&,. But Dy is satisfiable in n@ cardinal-sized
model. For any universe-sized subset of the domain is ga@ace it is not a subset

of a set whose size is @ cardinal. But there are®2 such universe-sized Gogd
subsets, wher8g is the size of the domain, 90, is not satisfiable in such a model.



28 Alan Weir

Similarly D3 is satisfiable at arbitrarily high nop-cardinals butD1 is satisfiable at
none of them. O

So once again we see that not only are there consistent lbwigainconsistent duos
of abstraction principles; there can also be pairwise ingatible but semantically
conservative abstraction principles. Wright's first aibe for winnowing out good
from bad abstractions—conservativeness—cannot do tkariilt job on its own.

Perhaps the neo-Fregean will reject even this metatheaegument establish-
ing the existence of jointly incompatible but conservativeories, though it would
seem that to do so the neo-Fregean would need to have no tithicKRC set theory
and all its works and pomps. Certainly, there would be a petgnmconsistency or
self-refutation if the neo-Fregean relied, in a metathéoralidation of his or her
position, on results which could not be derived from absimagrinciples which the
neo-Fregean found acceptable and it is possible that th&rezggean will settle on ab-
straction principles incompatible with ZFC. On the othemdhaZFC is a very fruitful
mathematical theory which is accepted by most set-theoristis does not preclude
the possibility of root and branch criticism of the theorgrfr the philosophers but,
unless the theory can be shown to be inconsistent, the mdhéso$tandard math-
ematical theory the neo-Fregeans reject, the less plauiblr position becomes.
Hence the neo-Fregeans, though they ought to aim at evntimadwing away the
ladder of ZFC and similar set theories, will want to land orpatsfrom which a
large body of that theory (certainly enough to do contempyguaysics and to yield
conservativeness results for proper parts of the theock, ast Hume’s Principle) can
be recaptured.

5 Modest Conservatives

Can we get around the problem raised in Seciidnve tighten further the conditions
on the acceptability of abstraction principles? Wrightpmsed in B6] a second
conservativeness criterion which he later characterines t

Distractions entail conditionals of the form:
—(3F)(¢F) — (VF(YG)(ZF = £G ©« (¥YX)(Fx < GX))

The immediate intent of the proposed constraint is thatrangtderivable by
thereductioof the antecedent of such a conditional afforded by its padadl
consequent should be in independent good standing. . . .rSabstraction
is good only if any entailed conditional whose consequerasic Law V
(or, therefore, any other inconsistency) is such that athfr consequences
which can be obtained by discharging the antecedent areé@pendent good
standing, as may be attested by their derivation in puresghnighder logic (like
the case of New V) or their independent derivability from #iestraction in
question (like the case of Hume's Principle). (Wrigh8], p. 326)

So letA be any abstraction ar@ any consequence &. ClassicallyC is equivalent
to~C — 1, so Wright requires that~C, which can be obtained by discharging the
antecedent, is of “independent good standing,” hence reg|(granted the classical
equivalence o€ and~~C) that anything derivable from an abstraction be derivable
“independently.”
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Wright acknowledges the need for clarification here:

But what does that mean? In particular, how might it be chareaed so as
not to outlaw any proof by reductio ad absurdum?3[[ p. 327)

Wright suggests that an “independent derivation” must edplaradox-exploitative”
and gives the following account of the latter notion:

a derivation from a conservative abstraction is paradglegative just if
there is a representation of its form of which any instanceal&d and of
which some instance amounts to a proof of the nonconseevetss of an-
other abstraction. For instance, the derivation of the essmr-inaccessibility
of the universe from the Distraction canvassed above iglparaxploitative
because it may be schematized under a valid form of whichhenatstance
is a derivation, from the appropriately corresponding faistion, that the uni-
verse contains 144 objects3{])

The corresponding distraction is presumably the distwactiith Bad= ‘has exactly
144 instances’ but that distraction is unsatisfiable. Buhpps Bad=‘is of sizeX¢’
will do the job just as well for Wright, since this puts a captba physical universe,
contrary to conservativeness.

All this is surely rather odd. It cannot be that an axiom onpiple P is suspect
because there is a proaf of C from P which shares a form with a proaf* of
D from Q, D and Q instantiating the relevant schematic forms@fand P, and
whereD is something we would reject: this kind of “sharing form” istrcriminal.
Wright requires thaQ is not just any old formula: it must pass the first criterion
of conservativeness. And it is true that the most obviousfftat the universe is
at least successor inaccessible from the distraction wéith-B ‘at least successor
inaccessible’ shares form with a similarly obvious prodilizing the collapse of the
distractions into Axiom V if there is no Bad property) thatthniverse is of size
exactly®Xo, a proof whose premise is the distraction with Badis of sizeRg'. But
then there is a similar proof that the universe is infinitenfrthe distractionD'"f
in which Bad= ‘Dedekind infinite’. Is this distraction to be rejected besa of
structural similarities between proofs of results fr@i as premise and proofs of
dodgy results, such as that the universe is of size ex&gtlfrom other abstractions?
For D' is satisfiable at all infinite cardinalities, just like Huraérinciple.

Wright may say that there are “independent proofs” of thenityfiof the universe
from D', ones which in a clear sense appeal only to properties of ikgaats
themselves, for instance by proving that there are infipiteany natural numbers,
that is, set-theoretic surrogates for natural numbers eléfim the usual Zermelo or
von Neumann ways. But ‘paradox-exploitation’ was suppdsegive sense to the
notion of ‘independent derivability’; we cannot then reguthe latter notion to make
sense of the former. Moreover, it is not true that, as Wriglgss

the only resources they [‘roguish distractions”] have tovgh . . that the uni-
verse is limit-inaccessible or successor inaccessibleyhatever, are those
furnished by the inconsistency of Basic Law V and the consetjtnodus
tollens on the relevant conditional 3¢, p. 326)

For any proof of a resul€ from premiseP there are infinitely many other proofs
of that result from that premise. Consider the followinggfrechema, applicable to
any distraction, that there are a Bad number of abstraasjfgmlly sets:
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Taker = {x : Setx&x ¢ x}. If ris a Set, if the property
AX(Setx & x ¢ X) is Good, then comprehension holdsrof That is,
Vy(y € r < (Setx & x ¢ X)), so in particular,

rer< Setr&r ¢r,

from which it follows that~Setr. So Setr — ~Setr hence~Setr, that

is, from our definition of Set, the property of being a nor-~seé¢mbered

Set is Bad. So, if Bad is some cardinality concept, we cangiothe

above fashion that there are a Bad number of sets, namebethavhich

do not belong to themselves.
This proof seems as set-theoretic as any. Yet we can usehiot that the universe
must beat leastof the cardinality given by the Badness concept, since thersu
verse of sets has that cardinality, without appealing torasylt about the cardinality
of the whole universe. (To be sure, since the Bad cardinafisiie so that all sin-
gleton properties determine unit sets, we can concludéduthat the universe is
exactlyof the cardinality given by Bad, but this way of proving theuk “originates
in a requirement that the distraction imposes on its ownrabist’ to paraphrase
Wright [3€], p. 329.)

Is the above progparadox-exploitative If so, what of the standard proofs that
there is no Russell set, that there is no universal set (glSeibsets there would be a
Russell set), or that the powersebois larger tharx—why are the standard proofs
of these results not also paradox-exploitative? If so, is élploitation such a bad
thing?

Agnother constraint which Wright suggests adding to coreg&reness is “mod-
esty”™

an abstraction is Modest if its addition to any theory withiethit is con-

sistent results in no consequences—whether proof- or rtbderetically

established—for the ontology of the combined theory whighrot be jus-

tified by reference to its consequences for its own abstractd againjusti-

ficationis the crucial point: an abstraction may fail this constrairen though

every consequence it has for the ontology of a combined yheay be seen

to follow fromthings it entails about its proper abstracts; in partiguitawill

not count if, as in the case of the Limit-inaccessible Digicm, a conse-

guence for the combined ontology is needed as a lemma in tioé fhrat the

abstracts have a property from which that very consequenitmvk. ([39)],

p. 330, Wright's emphasis)
Wright's emphasis on justification is indeed essential hEog suppose we drop all
reference to issues of justification. What is left seems ta Ioeflection principle
which | will call Modest Reflection. Lef be an abstraction-operator free language,
L7 the extension oft resulting from adding an abstraction operator governed by a
logical abstractiorA, andP a sentence of’.

Modest Reflection IfA = P thenA = PM (and of course there is a syntactic
version in which= is replaced by-).

That is, if a thesis holds in alh universes, the abstract subuniversiectsthat
thesis—the consequenPeor the combined ontology holds only when the restricted
version ofP holds for the abstracts. In such a case let us sayAhatlects modestly
the principle is a sort of negative converse of conservaggs:



Neo-Fregeanism 31
If A, T"M £ P~M thenA E P,

where™M restricts to thaenorabstracts.

Wright's text, in particular the reference to “no conseqeesi for the combined
theory which “cannot be justified by referentiteconsequences fits ownabstracts
(emphasis mine) suggests the stronger principle,

If A, T = P thenA = PM (for anyT consistent withA).

But this constraint seems too strong. Suppose we take HPdahid & ZF (but the
point will also hold forempirical theorie¥ so far as we know HP is consistent with
ZF. Or equivalently add HP to (HP> ZF), with ZF a second-order finite axiom-
atization. The pair HP, (HP> ZF) entail that there is an uncountable infinity of
individuals. But HP on its own does not entail that there isianountable infinity
of numbers, so HP comes out as immodest on this reading. [Petie constraint is
rather

If A, T = PthenA T = PM,

But this just is Modest Reflection whetehas a finite axiomatization or where we
allow infinitary wffs, for then we just considdr — P.

Theorem 5.1  Every logical distraction in which unit properties are Gomflects
modestly.

Proof Suppose there is a counterexample madeb A entailsPM, one with do-
maind. Letn C d be the set of all referents of individual constant$imnda < d

be the set of all abstracts . Since unit properties are Gooé, holds only in
infinite domains and, d, andn U a all have the same cardinality. Construct the
modelM* by letting its domain b@& U a, so its variables range over the cumulative
hierarchy CH 4 generated by U a; interpret its individual constants as M and

its predicate constants by the restriction of teinterpretation to CHg. This is

a counterexample model ®8—proof by induction over wff complexity. Since the
distraction is logical and sindé* is the same size ad, A holds inM* too. Hence

A does not entaiP. O

So Wright needs the clause about all consequences beingigidsand not merely
“following” from “things it entails about its proper abstts.” But what on earth
does this mean? It suggests some tight proof-theoretiomadis when a classicist
might hold to classical semantic consequence but pay dpattémtion to conse-
guences derivable in relevant logic or some such. Even iesioimg could be made
of this, what on earth does it have to do with “meaning-cauatstie” or “a priori” or
“epistemically innocent” principles? One can see how semples such as & or
vI| are meaning-constitutive (if, at any rate, one is not rab@linean to an extent
that the later Quine himself shied away from). But it is veaydhto see what proof-
theoretic modesty or the complex definition of paradox-eitation has to do with
this. The whole approach exudes a strong whiff of ad hochkeyepicycles which are
being generated give out strong signals that we are in theepoe of a degenerating
research strategy, if not prograthas Wright himself seems to acknowledge:

That is apt to seem uneasily complex and less clearly metiviitan one
would wish. (€], p. 327)
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6 Stability

However, just as the neo-Fregean program seems to be inrdebiet, Wright comes
up with a much more powerful, simple, and intuitive idea: apystemically kosher
abstraction must not only be conservative, it must be coilawith all other con-
servative abstractions:

itis not clear that any purpose is served by the continuisigiance on deriva-

tions of a given valid form. Why not just say that pairwiseampatible but

individually conservative abstractions are ruled out—&weer the incompati-

bility is demonstrated—and have done with it3d], p. 328)
Are there any abstractions which are both conservative amgatible with any other
conservative abstraction (i.e., there is a model in whidh bee true)? Call any such
abstractiorirenic; and say that an abstractiongtable if for some cardinak, it is
true at all and only models of cardinalities« (cf. [6], p. 511).

Theorem 6.1 The stable abstractions are the irenic ones.

Proof (Left to right) SupposeA is stable; by Theorem.2 it is conservative,
being unbounded. SincA is stable it holds in all models «, for somex (re-
memberconservativesimpliciter means semantically conservative). Considsv n
a “Ramsified” version ofA in which we replace each constant term (name, predi-
cate, abstraction operator) by a variable of approprigte gnd preface the result
AlX1, ..., Xn] (Wwhere the variables need not all be individual variablg<hle corre-
sponding string of existential quantifiers to §éxs, ..., Xn) A[X1, ..., Xn], @ purely
logical formula | will represent by[ A]. This formula cannot be true in a mod#

of size less tham else by interpreting each constanby the object, property, or
operator function assigned to the corresponding varigbile the assignment which
satisfiesA[xy, . . ., Xn] we would generate a model of sizex which satisfiesA.

Now let B be another conservative principle introduced by a new abism op-
erator and take the language of princigleéo be the base language for the new
principle, so that by adding the abstraction operatoBdb £ we get our new lan-
guageL™. We cannot have

B, A(X1, ..., Xn)A[X1, ..., %n]) "B =L,

else by conservativeness we would haues, ..., Xn)AlX1, ..., Xs]) =L and
hence A | L, contrary to the stability ofA. So there is a modeN of B,
A(X1, ..., Xn) AlX1, . .., Xn])~B. Moreover, if we reduce this to a mod&l™~B
with individual domain the nomBs, the result will be a model ofd(xa, ..., Xn)
AlX1, ..., Xn]) since this is a purely logical sentence. By interpretingheaan-
stantc—name, predicate, or operator—i& by the item assigned to the vari-
able which instantiates in A[X1,...,Xn] by an assignmens which verifies
(3(X1, ..., Xn)AlX1, ..., Xn]) We get a modeN*>B in which A is true. Hence
N*~B and thusN~B and soN must be of size. > . But N is a model ofB. By
the definition of stability A is true inN together withB.

(Right to left) Every irenic abstraction is stable. Suppoeorder abstractio\:
VXVY (ax XX = axY x< E(X,Y))

is unstable so that for each cardirathere is a higher cardinalsuch thatA fails at
some model of siz&. In such a model thén + 1)th-order formula

IFVXVY (X = fY < E(X,Y))
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fails. Consider now the abstracti@h

YWVYZ(BXWX= BXZX <>
[~IFTYXVY (X = fY < E(X,Y)) VVX(WX < ZX)]).

The right-hand side is an equivalence relation since whartée left disjunct is true
(and so abstraction false) every property bears the relation to every otheravhil
when the left disjunct is false the whole formula is coexiemwiith the equivalence
relationYx(Wx < Zx). But when the left disjunct is true, principk is trivially
satisfied by letting8xWx = BxZx for any assignment t&V and Z, that is, by
having a single abstract, while principfeis unsatisfied. On the other hand, when
the left disjunct is false so iB, because it is equivalent in those contexts to Axiom
V, though abstractior is true. Sincd~ 3 fVXVY(fX = fY < E(X, Y)) holds at
models of arbitrarily high cardinalitie® is unbounded and so conservatifeBut

as we have seem is semantically incompatible witB so A is not irenic. O

What the neo-Fregean needs then are (nontrivial) stabieiples, best of all stable
principles which do not hold below the continuum but “kick afew beths further
up. For in that case, stable abstraction principles wilfisaffor the derivation of
the mathematics needed for modern science; they will peoaizstract ontologies of
sufficient size to construct the reals, complex numbers;tians over reals and so
forth.>3> Now Shapiro and Weir g€], p. 319) showed that “at least’ distraction
principles,x > w, are unstable (there stability is called “the strong unlu@shcon-
dition,” cf. p. 318), every such distraction failing at eaafhan unbounded series of
singular limit cardinals. But in the context of our cumwattype theory, we can find
fairly natural distraction principles which are stable.

For example, start either from Hume’s Principle or the corapke but in some
respects more useful distractiai™:

YXVY (ax XX = axY X} < ((Infinite(X) & Infinite(Y)) v VX(XX < Y X))).

(where ‘Infinite’ is ‘Dedekind Infinite’, for example, theiis a bijection from the
property into a proper subproperty). Using AC we can pio{ is true in all infinite
cardinalities (ak, there are},-many finite sets; map the others to the dummy proper
class). Moreover, from this, from the fact that all finite peoties determine sets, itis
clear that semantically it is at least as strong as SF (ZF sriine axiom of infinity)
restricted to pure sets (to exclude the ill-founded ones).

Classing our initial principle aB1 we now add a further second-order Distraction
principle in which Bad, or rather B&dis ~Nun?(X1) where Nunx is our definition
of the finite numbers or their set-theoretic surrogates and

Nunm?X =def YX(XX — Numx).
D2is
VEWWGY({x : Fix}1 = {x : GIx}1 <
(~Num?(FH & ~Num?(Gh) v ¥x(Flx < Gx))).

By dint of the occurrences of the numerical or zero-ordestaperator on the right-
hand side (when we unpack Néthis is a nonlogical abstraction. The Bad first-
order properties, as specified by this distraction, aregthdsch are nonnumerical
that is, are not subsets of the set of finite numbers of the @offia
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Next add the third-order Distraction principle in which Baig ~ Num?(F?)
where

NUMP X2 =get VY (X2Y — Num?Y).
This third-order distractio®? is then

VE2YG2({X : F2X}y = {X : G®X}2 <
(~NUmM3(F?) & ~Numi(G?)) v VX(F2X < G2X))).

The Bad second-order properties, as specified by this digiraare those which are
nonnumerical, that is, not all of the first-order properties which instate them are
numericaf properties.

Continue further by adding a fourth-order distractibfA with Bad* defined in
terms of Nunmi—having only Nuni instances—

Num* X2 =get VY (X3Y — Num?Y)
and so on through all the finite typés.

Theorem 6.2 The set of all these principles is satisfied in all and only eiedf
size> J,. Itis stable and irenic.

Proof Take any standard mod® with individual domaind of cardinality> 3.

This will satisfy D' (or HP) by assigning some countable subset as the extension
[Num| of Num. Again in every standard model, the continuum-sizedgrset of
INum| is the extensiofNun?| of Nun?, the J,-sized powerset gNun?| is the ex-
tension of Nurd and so forth. Since there are continuum-many Gdad., Nunt)
first-order propertied)? is satisfiable by mapping these into a continuum-sized sub-
set ofd and all other properties into a dummy class and using thattmagerpret

the operatofx : F1x}1. Note thatD, could not be satisfied in any domain smaller
than the continuum. Similarly we interpr®€ by means of a map from tHg» many
Good properties into the domain, and likewise through all thengiples D' for

i € w. Hencel J;, D' is satisfied byM, though in any domain smaller tha,, for
somek, all principlesD! for j > k will fail to be satisfied. Moreover, we can show
that( J;,, D' is irenic by essentially the same argument as used in Thedrenie
Ramsify eactD' to yield a purely logical sentence,

A(X1, ..., Xn)D'[X1, . ..., Xnl).
WhereB is any conservative abstraction, the set
(B, 3X1, ..., Xn)D'[X1, ..., %n ) "Bl € w)}
is satisfiable in a modé\l, else
A1, ., ) D' [Xg, ..., Xn](i € w) =L,

contrary to the satisfiability of J;_,, D'. By shrinkingN down to the submodel
N~B with individual domain the norBs we get a model which satisfies all of the
(3(X1, ..., %) D'[X1, ..., Xn]) and so a variant model of the same size which sat-
isfies Ui, D'. This shows as before tht must be of size= 3, hence, by the
stability of J;,, D', the set of sentencés, ., D', B is satisfied byN. 0



Neo-Fregeanism 35

This theory| ., D'—call it BETH,—is thus immune from the embarrassment of
riches problenandgives us a slice of the cumulative hierarchy up/tg, albeitin a
rather restrictive form. We have the natural numbers, &l senatural numbers, all
subsets of the powerset of the set of natural numbers and. €@rdalogically, then,
we have all the pure structures we need for the applied mattiesior contemporary
science, numbers, reals, functions over reals and so on.etvguite simple set-
theoretic principles fail. Thus ifx : ¢x} is a set of orden + 1 then there is no
guarantee that its unit set exists (as a set) because thevgisarantee thdk : ¢x}

is also a set of order. Nor is it clear how the neo-Fregean could actually apply thi
ontology in science since there are no sets of urelemerstssgts of numbers, sets
of sets of numbers and so forth. Perhaps she could introdfwr¢her “impure” set
operator, for instance, one governed by a distraction jpl@evith bad as ‘at least
J,’". This principle is not stable and neither is the result aj@entingBETH,, with

it. But perhaps the neo-Fregean could accept this: there & priori applied set
theory but there is, she might claim, an a priori pure math&alatheory,BETH,,.
And if we need more things in our heaven and earth than pravideby BETH,,
we can extend the type theory into the transfinite and thefetoe the size of the
universe up even higher.

This prospect raises a worry. If there is the possibility dfliag stronger and
stronger such principles, how big is the universe? Mightehmt be a proper class
of stable principles, in which case, if the lower limits wihieach principle forces
the universe to have are unbounded, there will be no (setr¢tie) model of the
whole set of principles (cf.q], p. 514). But this situation is not so different from
that which faces the ZF theorist who cannot prove that alssiretical model for
her intended interpretation of the theory exists. It is ¢steat with ZF that there
are no inaccessible cardinals, in which case the set of Zémexholds in no set-
sized standard model. Moreover the “intended model” hasnaailo—the universe
of sets—which is provably, in the theory itself, not a set.isT$hows that stability
cannot be a necessary condition on acceptability of a th&mg might, though, try
for a more disjunctive criterion: a principle is acceptable if and only if it is either
stable or true (or necessarily true) in the intended intggtion. Or, to avoid adding
in a primitive truth predicate or ascending up a further oiidehe type theory in
order to define truth, we could define acceptability, reativan abstractionist theory
A, by [P is stable ofP is provable fromA]. If the abstractionist theonp suffices for
sufficient proof theory to let us represent the relationaale in second-order logic
from A’ then the abstractionist theory will be able to prove its aeceptability.

7 ER1I

Has the neo-Fregean hit the jackpot then? One cause for mosgdaced earlier
in connection with the criteria of paradox-exploitatiordguostificatory modesty. It
is not enough for the neo-Fregean to find a criterion which-attarizes a consis-
tent set of abstraction principles which together yieldsnash mathematics as we
think we need (for application in science, for example). mhe-Fregean also needs
an argument which shows thall the principles satisfying the criterion are analytic
or meaning-constitutive or implicit definitions which inree interesting sense are
epistemically innocent. We could come to know their truttheut resort to mys-
terious intuition or appeal to pragmatic criteria of usafids of science. But what
has the acceptability, in the sense of the previous seabiban abstraction got to
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do with it being meaning-constitutive or an implicit definit? This objection can
be given more force by considering the following worry, agaus to the original
embarrassment of riches objection.

Consider a bunch of theorists, each taking a distractiamcypie as the basis for
their pure mathematics, but a different one, utilizing dedént definition of Bad,
in each case. Angus is a finitist who accepts as his sole semuled abstraction
principle the distractio® " with Bad= Countably Infinite. He holds that the only
properties one can generalize over in abstraction priesiate numerically definite
ones and maintains that only finite properties are numdyicifinite. Indeed he
might hold that only such properties exist. Bronagh, howgedées as her principle
the distraction with Bad= 3,,-sized>° while for Calum, Bad= the size of the first
inaccessiblefp. Dervla defines Bady) by

Big(F) & F is the size of a Mahlo cardinal & GCH

so that, since Dervla can prove the universe is Bad, Dervigpcave the General
Continuum Hypothesis (GCH) is false. Finally Ewan, who Ksitthat all the others
are wimps, defines Ba#() by

Big(F) & F is the size of a measurable cardinal & GCH

so that Ewan can prove the GCH.

Suppose now we agree with Calum. Then we can rule out Andustsy, since it
places a cap on the universeNgtand we know that the universe is bigger than that;
indeed we might believe the empirical universe has moreviddals than that, has
continuum-many spacetime points, perhaps. Angus’s theamystable and noncon-
servative. WhereP is the claim that there are least things and whereé\x picks
out the abstracts db®", we haveP™~A, A =1 but notP =L (we believe). In-
deed Angus’s theory is provably false, from our perspectigce the universe is
provably not countable; his theory is unacceptable. ShgilBronagh’s theory is
nonconservative since it caps the universgat Both Dervla and Ewan have mas-
sively nonconservative theories: there are no (standaodiets of either, since there
are no Mahlo-sized or measurable sets. Again both theaeetigprovable. Calum’s
theory, however, is trivially provable and so acceptable.

The obvious difficulty here is that Angus, Bronagh, Dervlad &wan can all
tell similar stories. They can all take over the same dedinitf stability and each
can define ‘acceptable’ in the same way but relative to prtitsafrom their own
abstraction principle. Moreover, from the standpoint of ane theory, each of the
others is unstable either because it places a cap on thesmatsome unacceptably
low cardinality or because it has no set models at all. Andesthe five distractions
are pairwise inconsistent, each can prove that every agheracceptable.

The finitist Angus, to be sure, might have problems accomuirgleontemporary
science since it seems, to most, to be steeped in commitmeontinuum-sized and
larger universes. But of course if he insists that intellatintegrity requires us to
write off standard physics as an intellectual incoherenicighy inexplicably for the
moment, works well (compare Berkeley on infinitesimalsg, tleo-Fregean is in no
position to reject this argument on pragmatic grounds dityifor empirical theory
lest the Quinean seize on the admission as acceptance ohadpuepistemology of
mathematics. Note, moreover, that though Dervla and Ewérthiik that Angus,
Bronagh, and Calum place a nonconservative cap on the sthe ohiverse, that is
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not how that trio will see things. Assuming that cardinatssets, in all three of those
theories, it is provably the case for every cardinal sizedliea larger one. All three
theorists can deny that the universe as a whole has a sizénfurs, the notion oRg
as a legitimate number is a myth; it represents rather thelatiesinfinite; Bronagh
holds the same view d,,, Calum offg.

Do we, then, have an analogue of Embarrassment of Richewmirgguo haunt
us at the metatheoretic level? It might seem not. Even themobf consistency
and consequence are essentially contested. We might findotfies L1 and L»
both have proponents; each claims their own logic as a tegié formalization of
the notion of entailment but denies that the other logic i® abuld also find that
a widely accepted mathematical thedrentails existential consequenEen logic
L1 but not in logicLy. If a theorist duly deducek from T usingL; can she not
be said to knowE unless she can further prove that there is a distinction doetw
correct and incorrect conceptions of entailment and thais an explication of the
correct notion? Clearly not, this sets an impossibly highdard for justification and
knowledge. It cannot, therefore, be held that Calum can knbw, innocently, the
mathematical consequences he derives from his distragtianiple unless he can
somehow refute, to everyone’s satisfaction, the claimsmjus, Bronagh, Dervla,
and Ewan to be providing rival, legitimate positions. To bstified in one’s claims
regarding some topic one does not have to be able to knocKlaihar contenders
to knowledge in a contest held in some Archimedean arena.

Nonetheless, even in the case of consistency and logicakecgmence, there is
a legitimate concern the neo-Fregean has to answet., i not a correct logic
then from the neo-Fregean perspective there must be sargéththe practices of
those who use it, or attempt to use it, which prevents itssriri@m being analytic,
meaning-constitutive, or otherwise epistemically inndceSimilarly the rules and
principles ofL; must have this favored epistemically innocent status. Hegsuof
L1 need not be able to demonstrate this is the case. Nor indéexddsessary that
we, the metatheorists, be able to do so either. But if we damiifer someaccount
of what is for one theory to be correct, the other not, thenidba that the existential
consequences @t in L1 limn the true structure of mathematical reality, but thakiv
ontology extracted frort by L, does not, has no plausibility at all.

Only radical Quineans are likely to hold to the thesis thalogical practices can
be said to be analytic or meaning-constitutive and that isandée ruled out as devoid
of a coherent meaning. However the claim that the full seemnal@r logic invoked by
neo-Fregeans s a body of analytic rules or axioms is, asrk@dan Sectiornl, much
more contentious. The move from second-order logic to abstm principles is yet
more contentious still. The neo-Fregean who cashes outda’'m@ms something like
analytic or meaning-constitutive has to persuade us tlmatéasonable to think that
among rival abstractionist theorists such as those foutttei\ngus to Ewan group,
at most one principle is analytic or meaning-constituti®upposing Ewan does
limn the true structure of reality; it must be the case thaifierential practices—in
inferring instances of the right-hand side of his distr@ttprinciple from the left-
hand side and vice versa, for example—are analytic whiledhaf the others are
not. The neo-Fregean has to reject the notion that the intieigractices of Angus,
Bronagh, Calum, and Dervla are every bit as analytithefr notions of class as
Ewan’s is of his. This, | would argue, is hugely implausible.
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The neo-Fregean might, then, construe the a priori natureatfiematical knowl-
edge not in terms of analyticity but in terms of implicit défiion. In empirical
science we can have two perfectly consistent but pairwisensistent theories both
satisfiable by (nonisomorphic) abstract structures. Y&t one of them might im-
plicitly define a system of physical magnitudes (and perteqmicitly define it, if
the conditions for Beth’s theorem are met) because of thielenpirical fact that a
real structure answering to the one exists but not to thero@en the neo-Fregean
hold that, for example, Calum might know, in brute exterrahion, that his sets
exist and Angus et al. fail to know the same of theirs for neeotieason than that
Calum’s universe is the actual universe of sets, none oftter theorists’ universes
is?

The danger here, is obvious. How does the neo-Fregeangosiiifer from
Quinean holistic empiricism in which mathematical thesree posits which, like
the rest of theoretical science, are to be confirmed or disoceed only indirectly
to the extent that they contribute to a well-confirmed ovedtaory of the world?
In what sense is Calum’s knowledge a priori? Had the mathealativerse been
different, his mathematical beliefs would have been faiseugh they would have
arisen in exactly the same way.

From a traditional platonistic perspective, of courses tbdunterfactual is an
empty one with an impossible antecedent: the same mathahatiiverse exists
in all possible circumstances. This suggests a possibp@nsg by the neo-Fregean.
The neo-Fregean might respond by rejecting the claim thegability, because
it depends on notions of provability and model-theoretiosgmuence, depends on
mathematical notions which stand in need of further justifan. The neo-Fregean,
might, for example, interpret these notions modally. In singd, one could argue
against Angus, Bronagh, and Calum and so on, on the grouatshtby all limit
mathematical reality—themouldbe more than a finite, ag,, or accessible number
of things, and any theory which says otherwise cannot bestwatve>’

But there are evident problems with this response: if onesalspto a principle
of modal maximality‘whatever size could exist, does actually exist in mathttcah
reality’, how on earth is one to represent this mathemayigaM/hat abstraction
principle will one use? One might demur from providing a $ngrinciple and
appeal instead to an infinite set of principles: add as masiyattions as one can till
one reaches a maximal acceptable set. But why think thekba&vd unique such set?
Even if one eschews uncountable languages and supposeveva hautral notion
of what size aset(or perhapsproper clas$ of abstraction principles could be, it is
not the case that there is a neutral linear ordering of atiiraprinciples in terms
of the size of the universe they permit as the cases of Dendd&avan show.

Most fundamentally of all, though, this modal response ougsan explanation
of our knowledge of modality and more generally an accouthehature of modal-
ity. How do we know that thereould be infinite sets? If we do not know this, how
can we rule that Angus’s finitary theory places illegitimbtainds on the size of the
mathematical ontology? Clearly the neo-Fregean makirgyrttodal reply cannot
analyze possibility as the existence of set-theoretic soglace then our supposed
knowledge that there could be infinite sets becomes knowleddhe actual exis-
tence of sets containing infinite sets and we are back wittptbblem we started
with. Perhaps the neo-Fregean will take modality as prmitiBut if she adopts
a realist account of modality, we are owed an explanationowsf tve acquire our
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knowledge of what is possible and what is not. A Lewisian tgpenodal realism
would once again bring us back to the very same problems: fwowedknow there
exist causally and spatially isolated possible worlds aimmtg infinite sets—not by
intuition surely? Nor is it obvious that rival accounts of dabrealism, possibilities
as properties of actual reality and so forth, have any battswer to these epistemo-
logical problems than Lewis has.

Or the neo-Fregean might analyze necessity and possiatitgast of the type in
question in mathematics) in terms of analyticity or kindnedions. A proposition is
necessary if it can be derived using only analytic or meawimgstitutive inference
rules, or some such. But once again we move from frying parréo fithink it is
plausible that abstraction principles such as HP, whendtatad in rule form, yield
rules which are meaning-constitutive of the operators thepduce just as certain
types of introduction and elimination rules are arguablglgtic for logical opera-
tors. But there is nothing to discriminate among abstragbidnciples in this regard
(at least where they are all consistent); they can all berdegbas analytic, in this
sense, of the operators they introduce. And to say that soenecd genuinely pos-
sible, in theanalyticsense of possibility, because they conflict with thal analytic
abstraction principles which partially determine what gsgible and what is not,
once again involves us in a vicious regress.

The neo-Fregean may say that all intellectual argument &edission must start
from some framework of assumptions, even when revisingr #fe fashion of Neu-
rath in his boat, those assumptions. In our case, the sigrtimt of most philoso-
phers of mathematics is that of a ZFC-like theory, so we astfied in interpreting
stability andacceptabilityusing that theory, even if the theory is a ladder which we
kick away when moving to acceptance of an abstraction piecf But if, as the
foregoing considerations suggest, any reasonable atishiat theory we arrive at
will itself provide a vantage point from which we can see timany different the-
ories will validate themselves as stable and acceptableotiveds as unacceptable,
how can we justify hewing to the one we have arrived at? NatlgLbecause of its
closeness to ZFC. How could it be that a theory is a priori breeause it fits well
with a historically dominant theory which was developed!gdrists who almost all
rejected neo-Fregeanism and its account of a priori truth?

These considerations then, while they cannot in the nafuiteeccase amount to
a conclusive proof that no satisfactory criterion for winmog out acceptable from
unacceptable abstraction principles will emerge, strpigdicate that there is no
such criterion which can do the job the neo-Fregean needdivt roughly, single
out as a priori or epistemically innocent a consistent sgtriofciples which can be
interpreted in a semantically homogenous fashion witheeisip the empirical part
of the physical theories they form part of and which yieldsslaal analysis and the
mathematics needed for science.

8 Final Remarks

Even if this is so, however, it does not follow that the neegean program has
accomplished nothing. There may, for example, be signifipantial successes.
For there may be ways to blunt the above difficulties whichtwagpmuch of what
the neo-Fregean set out to achieve—some less ambitiougtogmizably similar
program may be one which can be carried through. Among th&ilgesevisions of
the neo-Fregean program, the most radical move is to stagid ground right at the
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outset of the sequence of difficulties sketched above andedb concede that some
abstraction principles are unacceptable. For examplegortgaces all abstraction
principles, including Axiom V, as meaning-constitutivattrs. As remarked at the
beginning of Sectior?, one must then blame the triviality of the classical naivte se
theory not on Axiom V but on the logic which generates trijeaind since triviality
ensues in fairly weak logics, this option involves quite dical breach with Frege’s
thoroughly classical approach to logic. But that in itselhbt a refutation. The most
developed form of the naive approach is that to be found inligdetheism of Priest
([22] and [29]). Priest accepts that Axiom V yields contradiction but clodes that
since it is analytically true, so are some contradictions atlopts a paraconsistent
logic in order to avoid triviality. But it is not necessaryr (at least not obviously
necessary) that one embrace true contradictions if oneaabrAxiom V: radical
enough revisions to the logic will block the derivation oht@diction (cf. Weir B3]
and [34]). In both cases, however, one has to show that the revisi@sot so radical
as to block the derivation of standard mathematics from Axio If either of these
naive approaches could be made to work, they would help tbvadidating at least
one major aspect of the neo-Fregean program, namely, tlaetlide mathematics
follows from meaning-constitutive truths.

There is, however, a less radical way to circumvent the erabament of riches
objection by embracing equally and without discriminat@irabstraction principles
and that is to abandon any claim that second-order formaulaat least with the
full impredicative axiom scheme of comprehension, aredegRather one restricts
logic to classicalfirst-order logic, or perhaps predicative second-ordetesys and
combines logic thus circumscribed with abstraction schiarsach as first-order Ax-
iom V.

{X:ox} = {X:Yx} < VX(pX < ¥X).

This, as Parsons has shown, is consistent and Heck has edtdredresult to pred-
icative Axiom V in a setting opredicativesecond-order logic (Parsonsl], Heck
[15]). The strategy can be extended to show that the set of aldider abstraction
principles is consistent, The drawback here is that the resulting system is rather
weak: certainly much weaker than second-order Peano Aeiticprfar less analysis
or even the lower reaches of set theory. Nonetheless a theafrafinity is prov-
able in the system; indeed, as Heck shows, the predicateeyths stronger than the
arithmetic theonQ.

A neo-Fregean amending her views in this way could no long@mcthat all
mathematical truths are analytic or epistemically innoc8he would have to adopt
a two-tiered approach. There exists an a priori proof thatetare infinitely many
(presumably abstract) objects with the properties desdrib a theory around the
strength ofQ. As to their further properties, as to whether there areinaotn-sized
domains of abstract objects, for example, with the stratfanoperties characterized
in analysis—here one can only put forward conjectures toebtetl by the “fruit-
fulness of their consequences.” As against this one maytsgyiftpragmatic jus-
tification is permitted for parts of mathematics why not gverere? But perhaps
conjectures regarding a realm of abstract objects are orter heoting when one
has an independent (in this case a priori) justification tthatrealm of objects itself
exists. Nonetheless this type of revision undoubtedly &lkes us far from the usual
neo-Fregean conception.
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A different response is to maintain, as in the radical casw@fthat all abstrac-
tion principles are true but to avoid incoherence not byaaldihange of logic but by
relativizing truth. If one can interpret the abstractioimpiples, and the existential
claims following from them, as true in some sort of mind-degent fashion, then
one can accept each of the principles as analytic and asajamea notional uni-
verse, different such universes for different principl@se cannot, classically, amal-
gamate these universes; but then many antirealists hdlthéra can be a plurality of
mind-dependent domains, domains which are incompatibiecmmmensurable in
some way and so cannot be accumulated or subsumed into @ alhkghcompassing
domain. If one was arealist in general but an antirealisuab@mthematics in partic-
ular then this would yield exactly the right metaphysicadition for a classicist who
wishes to maintain that all (consistent) abstraction ppies (of whatever order) are
analytic. No mathematical domains exist in reality but aglity of often incompat-
ible such domains exisirtually (whatever exactly that could mean; clearly there are
enormous problems for the view being mooted in explicativig)t

Here then we divorce the two strands of neo-Fregeanism—gisteenological
and the ontological—distinguished by Hale and Wright (cé introduction to 12)).
The resultingantiplatonist neo-Fregeanisia less vulnerable to armgntological ar-
gumentjibe since there is no commitment to the derivabilityodjectiveexistence
claims from concepts alone. The real universe is not at alsdme as the notional
universes which humans construct; on this view, the questsato the cardinality of
the real universe is an absolute one to be answered not byematttal theory but
rather by empirical, nonanalytic theories.

Wright himself toys with something like this nonrealistdinf thought:

we shall have to say that how many objects there are, and ndick objects
of which kinds there are, is something which is relative te stheme of
concepts we happen to employ; so that in the abstract realmadoption
of a particular conceptual scheme affects not merely whigjhats we shall
recognizeto exist, as in the concrete case, but which objectsially exist.

That is not perhaps an incoherent vievad] p. 293)

He goes on to say, though, that this position “is utterly iigmeto the Fregean spirit
which the new logicism was supposed to safeguard.” Ceytéiisl foreign to the pla-
tonistic strands in Fregean thought; but it may be the only teasafeguard the idea
that our justification for our mathematical theories regtswith intuition nor with
any indirect, and somewhat precarious, assessment oflitg int science but flows
rather from the meaning of the mathematical operators wiigeiie in our theories.
The resulting view would perhaps be close to Dummett’s irFrege: Philosophy of
Mathematicg4]: reference for mathematical terms is a “softer” notiontiiar non-
mathematical terms. Whether this is a reasonable move feoeFnegean to make
will depend on how dearly held the ontological aspect of Eegtism is, compared
to the epistemological.

However that may be, the conclusion | draw over all is thatthie form in
which it is presented by its leading exponents—as vindiggti nonempiricist, non-
Kantian fashion, mathematics platonistically construede-Fregeanism is criti-
cally wounded by the embarrassment of riches objectionelvew the neo-Fregean
program has yielded rich insights into mathematical truth epistemology and less
platonistic variants of the program may yet bear fruit.
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Notes

. See the papers in Hale and Wright’], particularly Hale [.3], Wright [3€], [37], and

[38] (page references are ta7] not to the original articles). See also Hal=J] and
Wright [35]. For a different, more constructivist neologicism, searant pg], [29],
and [30).

The neo-Fregeans concern themselves mostly séttond-ordebstraction principles,
in which the right-hand side specifies an equivalence mativer the domain of prop-
erties, rather than first-order abstraction principlesHigel by an equivalence relation
over individuals of which Frege’s abstraction of identity flirections from parallelism
for lines—Grundlagen 8864—65, Freged], pp. 74-77—is a well-known example.

. The term is Boolos’s in1], p. 171 following Frege’s rather honorific reference to the

Treatise Book |, lll.i inGrundlagen 8§63, B], p. 73.

. See Shapiro44] for an account of standard second-order logic which | takintlude

Axiom Schemata of Comprehension for predicate formulaswpfaglicity.

. Heck [16] shows that Hume’s Principle generates a stronger theany the usual for-

mulation of second-order Peano Arithmetic (with O and sssceor predecessor) rel-
ative to standard bridge principles defining the notionshef one theory in terms of
the other. Burgess, Hazen, and Hodes also noted the comgisiéthe system ([6],

fn. 12). Wright notes (§6], p. 273, fn. 4) that Parsons first pointed out in 1964 what
Wright [35] later showed in some detail, namely, that Hume’s Princyjdéds second-
order arithmetic.

. Important questions arise concerning the relationshipvéet the knowledge of the

mathematical logician who derivésfrom A in this way and the “ordinary” mathemati-
cian (in cases of simple arithmetic, this can be any indizidvith a basic competence in
counting and so forth) who knowR without using any formal logic. However, | leave
those questions to one side in this paper.

For objections to the claim that the second-order logic addd gain substantial results
from Hume’s Principle is epistemically innocent, see Stapnd Weir P7].

So there is a link with Anselm since the objections bear actiral resemblance to
objections made against Anselm’s ontological proof of tkistence of God. Gaunilo of
Marmoutier famously objected to Anselm that his proof cdmtdadapted to prove that
the most excellent island exists and objectors followingi@a claimed that Anselmian
arguments could be used to generate existence proofs fanday types of things.

Boolos [], p. 214; see alsd3]. For Field seef], p. 158. Dummett also criticizes Wright
on similar lines. He objects to the use of a method which isnkmde alleges, to lead
to disaster when one has given no principled explanatiohefitfference between the
legitimate and illegitimate uses—a principled explamatanounting to more than just
saying that no contradiction seems to follow in the legitienease; seel], pp. 188-89,
208.

There are set theories with classical background logicshichvthis holds too, for ex-
ample, those of Church and Mitchell for which see Forstgrdspecially Chapter 4. A
more natural such theory, arguably, is OberschebgsTheory over Classg&0).
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More generally one can find sets, or proper classes of ptegipuch that taken singly
or in pairs they are consistent but the set or class as a whotesatisfiable. See Fing][
p. 514.

If P is unsatisfiable the principle is logically equivalent toidm V, conversely, any
model in whichP holds can be expanded to satisfy the principle by assigringesone
object toax XX, for every X, so thatwx Xx = axY xholds universally.

Here +' represents provability in standard pure second-ordec laith the full impred-
icative Axiom Schema of Comprehension.

Similarly distraction principles with Bad as ‘at mast have models in which there is
just one abstract given by the principle, the proper clastraf, at all cardinalities «.
Where« is finite and nonzero, there is also a bizarre model of gize 1 for Bad =
[at moste] in which there are two classes, thad proper class and thgood universal
set. These two are coextensional, withe y defined bydF(y = {x : Fx} & Fy),
so the axiom of extensionality fails for this distractiorngiple though it holds for any
distraction principle (trivially in this case) when relatied to sets.

Here | am defining a strong inaccessible to be a regular liandioalX; with » a nonzero
limit which is such thaty; > 2¢ for all « < ;. DefineR, to be nearly strong if and
only if the above holds with the last clause amendetto> 2¢ for all k < R, that
is, X; can be “caught”—but not overtaken—from below usifg that is, the powerset
operation. See[], p. 316.

Cf. Weir [32], Appendix I. If we let Bad be inaccessible then subsets moll hold in
general: for example, if the cardinality of the modedisthat is, the second inaccessible,
then there will be sets of size 6, but > 6y which havedy subextensions which are not
sets. We can get around this by letting Bad be inaccessiblg;&ernatively we could
use [exactly inaccessiblg for Bad. If the generalized continuum hypothesis is true
then Bad as exactly, wherex is a regular cardinal, (e.g8n1) will have models too
as there will be exactlyg smaller subsets af.

In fact, the semantics of classical first-order logic is olgft “unscathed” by mathe-
matics if one accepts some theory such as ZF and uses it tmlprihe model-theoretic
semantics for the logic. Thus intuitionists criticize d&sl first-order logic for math-
ematical reasons, taking mathematics to be more fundaintiata logic and radical
finitists may hold thafthere are no more thanthings] is a logical truth, for sufficiently
high n. Similarly a “finitistic neo-neo-Fregean(!)” who held toethlistraction princi-
ple P, with Bad as [exactlyRg-sized] would reject as unintelligible much of first-order
model theory (the compactness theorem, for example) sinlgdiaite sets of wffs, only
finite models exist, and so forth.

Such an argument will not impress a Quinean empiricist ab@ihematics of course.

Or if one is unhappy with the use of proper names, replace ahsegjuent ‘Clinton is
not an adulterer’ with, for example, ‘everything has zersg\aHP+ 6 entails thex-
restriction of the conclusion, namely, every nonabstrmof zero mass, butalone does
not entail that everything is of zero mass.
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See Bg], fn. 21, p. 319. Wright's amended requirement, howevespiseto me to be too
restrictive—he limits unnecessarily the criterion to thies which are consistent with
the abstraction principle. But suppose our thebrig anultraquantizedscientific theory
which holds that the universe contains exactly%6bjects, so one inconsistent with HP.
Nonetheless the relativizatioh™M is perfectly consistent with HP; it holds only that
there are exactly A8 nonmathematical objects.

Syntactic conservativeness and semantic conservativeresindependent of one an-
other since both are formulated in terms of conditionalshefform if ™M, P entails
C™~M thenT entailsC, for the appropriate notion of entailment and to get from tme
the other one needs a completeness result for at least omoent of the conditional,
a result which fails for standard second-order consequence

Perhaps, though, the neo-Fregean can claim that only tlregerses provable from
analytic principles can be known so that the Gédel sentesrcatfeast one formal proof
system must be unknown (but perhaps reasonably believed@s.bSee Shapira’f]
for more on the problems incompleteness results pose foFnegeans who accept the
Dummett/Prawitz program of harmony constraints on intmbidu and elimination rules
in acceptable proof systems. See alsg,[pp. 4-5, fn. 5.

Logical abstraction principles, containing no nonlogical vocabglon the right-hand
side of the equivalence, are of this nature—if they hold ie domain of cardinality
they hold in all domains of that cardinality. Se@, [pp. 509, 552.

This result shows that New V is deductively conservativehenmodified Caesar-neutral
criterion; however, it is deductively nonconservative ba Field criterion since one can
derive global well-ordering WO from it—seef], 83. For on the Field criterion we
restrict WO to WO by restricting the domain to the nonmathematical indivisua
but we can still prove from New V what cannot be proven outritfinat there is a well-
ordering over that domain, namely, the restriction of thé-aelering over the universe.
But on the modified Caesar-neutral criterion, we restriaM@E-F and this now states
that there is a well-orderin® which satisfies the second-order propertyafd which
well-orders the domairk; and this we cannot prove from New V. The proof of WO
from New V shows that New V is semantically nonconservatinele Field criterion,

if we suppose the falsity of W@nother example of the nonneutrality of mathematical
consequence.

Using Scott’s “trick” of defining the cardinak| of x as the set of all sets of least rank
equinumerous wittx, a first-order form of Hume’s Principle can be derived from ZF
though Lévy [L7] proved that Hume’s Principle is not syntactically consgime vis a vis
first-order ZF minus foundation, or ZF plus arbitrarily mamglements.

Wherever possible | will omit the superscripts and subssriwhich are metatheoretic
notation indicating order.

See €], §4.2.

Probably the neatest way to do this, and to handle variabldisiy, is by use of terms,
but to avoid even more clutter | will forbear from adding thos
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In the Field criterion case we adgl new individuals to creatd* and the functionf
maps|D*p| into d* — d.

Note in particular that iB is any abstraction principle of true in M, B* will be true
in M*,

In “Implicit definition and the a priori” L 1], the authors assimilate abstraction principles,
not to primitive inference rules, but to implicit definitisnfor instance, of scientific
terms. The claim that concerns of ‘justificatory modestyd aparadox-exploitation’
have a role to play here is not as implausible as it would bénéncase of primitive
inference rules, butis still, | think, implausible. | dissuthe appeal to implicit definition
a little further below in Sectior.

Thus we have a recipe for creating trivial abstractions thie stable from cardinality
i up, wherec is such that there is a formujaof our language (which will play thkeft
disjunct rolg true in all and only models «.

Neo-Fregean approaches to real analysis are to be fourid]in [

Recall that for simplicity | am identifying properties widixtensions: first-order proper-
ties are simply subsets of the domain of individuals, andrso o

We could extend this into the transfinite by introducing fratks of all ordinal type
< «, for some fixed ordinak, and IettingFﬁ(G") be well-formed wherer < 8.

Or rather with ‘Bad’ replaced by a formula which ZFC thewistn translate as ‘has
cardinality3,’. Bronagh herself might well reject that translation besmshe might
deny that the universe has a cardinality.

A variant on this response is to appeal to Dummett’s notidfinofefinite extensibility.”
We should see the total mathematical universe as an “intifinéxtensible totality”
so that no fixed set of abstraction principles captures itm Ivary sceptical about the
possibility of putting Dummett’s notion to any such use: &8, 83.i.

Though of course the favored abstraction principle mayikthtet ZFC is a correct theory
of pure sets, as far as it goes.

The basic strategy here is to order the terms of the languajassign each predicaps

its own eigen object in a countably infinite domain; for clsene then assigis : ¢x}
that object unlesg is coextensive with an earlier tergq, in which case{x : ¢x} is
assigned the same referent{as: ¥ x}. For any other abstraction principle with its
operator[x : #x] one proceeds in the same way but substitytégarsR to v for ¢ is
coextensive with), whereR is the equivalence relation on properties generated by the
(logical) right-hand side of the abstraction principle far: 9x]; so long as one’s logic
satisfies an extensionality principle as pure second-daodge plus logical abstraction
principles does—cf.q], p. 555—R cannot be more fine-grained than coextensionality.
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