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ON FINDING THE GROUND STATE SOLUTION
TO THE LINEARLY COUPLED BREZIS-NIRENBERG
SYSTEM IN HIGH DIMENSIONS:

THE COOPERATIVE CASE

YuaNzE WU

ABSTRACT. Consider the following elliptic system
. k
|ui\2 72ui + A z U j in Q,
Jj=1,j#i
u; =0, i=1,...,k, on 01,

—Au; + piug

where k > 2, Q C RN (N > 4) is a bounded domain with smooth boundary
00, 2* = 2N /(N —2) is the Sobolev critical exponent, p; € R for all
i =1,...,k are constants and A € R is a parameter. By the variational
method, we mainly prove that the above system has a ground state for all
A > 0. Our results reveal some new properties of the above system that
imply that the parameter A plays the same role as in the following well-
known Brezis—Nirenberg equation

—Au=Xu+[u? "2u inQ,
u=0 on 09,

and this system has a very similar structure of solutions as the above Brezis—
Nirenberg equation for .
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1. Introduction

In this paper, we mainly consider the following elliptic system

k
—Au; + piu; = ui* Pug+ XA Y uw; in Q,
(1.1) i=1og#i
u; =0, i=1,...,k on 01,

where k > 2, Q C RN (N > 4) is a bounded domain with smooth boundary 9,
2* =2N/(N —2) is the Sobolev critical exponent, p; € R for alli =1,...,k are
constants and A € R is a parameter.

Over the last 25 years, owing to important applications in biology and physics
in low dimensions (1 < N < 3), there has been significant interest in studying
the existence, multiplicity, and qualitative properties of solutions to the following
elliptic system

—Au; + piu; = |ui|[P72u; + AF,, (u)  in Q,

(1.2)
uiGH&(Q), 1=1,...,k,

where u = (ug,...,ux), k > 2, Q C RY (N > 1) is a domain (bounded or
unbounded), 2 < p < 2* for N = 1,2 and 2 < p < 2* for N > 3 with 2* = 400
for N =1,2and 2* = 2N /(N — 2) for N > 3 being the Sobolev critical exponent,
w; € Rforalli=1,... k are constants, and A € R is a parameter. For example,
let k =2, p=4, and F(u) = u}u3/2, then the system (1.2) has the following
nonlinearly coupled form

—Aup + pup = ui + Aduy  in Q,
(1.3) —Aug + pous = ud + Muus  in Q,
H 2 1
u; € HYQ), i=1,2,

which are also known in the literature as the Gross—Pitaevskil equations (see

g. [17]). Such a system can be used to describe the Bose-Einstein condensation
in two different hyperfine spin states in the Hartree-Fock theory (cf. [8]), which
also arises in nonlinear optics to describe the behavior of the beam in Kerr-
like photorefractive media (cf. [1]). From the viewpoint of mathematics, an
important characteristic of the system (1.3) is that it is weakly coupled, that is,
system (1.3) has semi-trivial solutions (the definitions are given in Definition 1.1
below). Indeed, let u,, be the solution to the following equation

—Au+ pu=u in Q,
u € Hi ().

Then it is easy to see that (u,,,0) and (0, u,,) are solutions of system (1.3). On
the other hand, if we set k = 2, @ = RY and F(u) = ujuz, then system (1.2)
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has the following linearly coupled form

—Auq + Hiuy = |u1\p*2u1 + Aug  in RN,
(14) —Aug + Moo = |’U,2‘p_2UQ + Au; in RN,
w; € HYRY), i=1,2,

which is also used to describe some phenomena in nonlinear optics in low dimen-
sions (1 < N < 3) (cf. [1]). From the viewpoint of mathematics, an important
characteristic of system (1.4) is that it is strongly coupled, that is, system (1.4)
does not have semi-trivial solutions. Since it seems almost impossible for us
to give a complete list of references, we simply refer the reader to [6], [9], [14],
[23], [24], [32] and references therein for system (1.3) and [2], [3], [12], [20] and
references therein for system (1.4).

Recently, system (1.2) with Sobolev critical exponent has begun to attract
attention, see, for example, [10]-[12], [25], [31] and references therein. It should
be pointed out that, compared with the subcritical case, the existence of a non-
trivial solution is always very fragile for the Sobolev critical equation or system.
For example, Chen and Zou considered the following critical system in [10],

—Aug + miup = \ul\pl’Qul + Aug  in RN,
(15) —Ausy + Moo = ‘UQ‘pQ_QUQ + Au;  in RN,
wi € H'(RY), i=1,2,

where N > 3, 2 < py,py < 2* with 2* = 2N /(N — 2) being the Sobolev critical
exponent, 1, p2 > 0, and 0 < A < ,/prpz. By using the variational method, it
has been proved in [10] that system (1.5) has only zero solution with pq,u2 >0
and 0 < A < /urpg for p; = py = 2" whereas for p; < p = 2%, there exists
a number A, ., € (0,/f1/12] such that the existence of positive ground state
solutions is strongly dependent on the relation between A and A, ,,. Moreover,
as pointed out by Chen and Zou in [10, Remark 1.1], A,, ., can be seen as
a critical value for the existence of positive ground state solutions and it remains

open whether system (1.5) has a ground state solution for A = A In the

1,2t

very recent work [25], Peng et al. studied the following critical system
—Auy 4 pug = |ug | "2ug 4+ Mug  in Q,

(16) 7Au2 -+ HaUg = |UQ|2*72'U,2 —+ )\Ul in Q,

UL =us =0 on 09,

where 2 C RY (N > 3) is a bounded domain. By using the variational method,
it has been proved in [25] that system (1.6) has a positive ground state solution
with —a; < min{u,pe} < 0 and 0 < A < \/(ozlJrul)(qurug), whereas
system (1.6) has only zero solution with p1,ps > 0 and 0 < X\ < (/i if Q
is star-shaped. Moreover, some new results about the multiplicity of nontrivial
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solutions to system (1.6) for A > 0 small enough were also established in [25].
Here oy > 0 is the first eigenvalue of —A in H}(Q).

We also note that the general k-component case of system (1.2) with

9 k
Fay=> 37 fuyud’?
i,j=1, j#i

have already been studied by the variational method and many results involv-
ing the critical case for k = 2 have been extended to the general case k > 2,
see, for example, [21], [22], [29], [31] and references therein. We remark that the
k-component case of system (1.2) also has a physical background and a condensa-
tion has been experimentally observed in the triplet states (cf. [26]). Moreover,
from the viewpoint of mathematics, it has been observed that the general k-
component case of such system with the critical Sobolev exponent may have some
new phenomena and properties (cf. [31]) that are somewhat different from the
2-component case (cf. [11], [13]). Thus, inspired by the above facts, it is natural
to ask what will happen for the k-component critical system (1.1)?7 In particular,
will recent results in [25] for k = 2 still hold for the general case k > 27 Is the
general k-component case of (1.1) different from the 2-component case? To the
best of the author’s knowledge, these questions have not yet been studied in the
literature, thus the main purpose of the current paper is to provide an answer
to these questions.

Clearly, system (1.1) has a variational structure. Indeed, for every i =
1,...,k, let H; be the Hilbert space of H}(Q) equipped with the inner product

(u,v); = / VuVo + puv de.
Q

Then if p; > —ay for all @ = 1,...,k, H,; are also the Hilbert spaces and the

k
corresponding norms are given by |lu|l; = (u, u)ll/ % respectively. Set H = 11 Hi.

Then H is a Hilbert space with the inner product =
k
(u,v) = Z(ui7vi>i.
i=1
The corresponding norm is given by |[ul| = (u,u)'/2. Here, u;, v; are the ith

component of u, v, respectively. Define

k
a0 e = (5l - g [

i=1

k
2 dgg) - Z / u;u; de.
Ja

4,j=1,1<j
Then it is easy to see that £,(u) is of C? in H and &y (u) is the corresponding
functional of the system (1.1).

DEFINITION 1.1. We call u a nonzero solution to (1.1) if u is a solution
to (1.1) with u # 0. We call u a nontrivial solution to (1.1) if u is a solution
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to (1.1) with u; # 0 for all i = 1,..., k. We call u a semi-trivial solution to (1.1)
if u is a nonzero solution to (1.1) that is not a nontrivial solution.

DEFINITION 1.2. We call u a nonnegative solution to (1.1) if u is a nonzero
solution with w; > 0 for alli =1,..., k. We call u a positive solution to (1.1) ifu
is a nonnegative solution with u; > 0 for alli = 1,..., k. We call u a nonpositive
solution to (1.1) if —u is a nonnegative solution. We call u a negative solution

o (1.1) if —u is a positive solution. Here, —u = (—uy,...,—u). We call
u a sign-constant solution to (1.1) if either u is a nonnegative solution or u
is a nonpositive solution. We call u a sign-changing solution to (1.1) if u is
a nonzero solution that is not a sign-constant solution.

DEFINITION 1.3. We call u € H a ground state solution to (1.1) if u is
a nonzero solution and &£, (u) < €x(v) for all nonzero solutions v.

Let us briefly sketch our main idea in studying (1.1). Let
F=diag((=A+p1) 7" (A 4+ ) ™)

and

01 1 1

1 0 1 1

7=11 1 0 1

111 ... 0
Then system (1.1) is equivalent to the following operator equation in H
(1.8) u=\ATu+7"u,
where 7 = FoZ and T* = F o Z with Z(u) = (Ju T2y, lur|* ~2uy,).

By (1.8), it seems that, from the viewpoint of operators, system (1.1) has
a very similar structure to the following well-known Brezis—Nirenberg equation

Au=du+ [ul* "2u inQ,

1.9
(1.9) u=~0 on 0f2.

Note that the existence of solutions to the above well-known Brezis—Nirenberg
equation is heavily dependent on the relations between A and a,, (cf. [4], [28]
and references therein). Thus, to study system (1.1) for A > 0, it seems neces-
sary to provide a clear understanding of the eigenvalue problem u = AF o Zu
corresponding to (1.1), which is equivalent to
k

—Au; + piu; = A Z u; in Q,

=1, j#i
u; =0, i=1,...,k on 0f).

(1.10)
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Here A > 0 and {am, }men are the eigenvalues of —A in HJ(2), which are in-
creasing for m.

Based on these observations, we first need to study the system (1.10). Clearly,
system (1.10) is the linearization of (1.1) at the trivial solution 0. Let N, be the
corresponding eigenspace of a,,. Then our first result can be stated as follows.

THEOREM 1.4. Let N > 1, pu; > —aq for alli =1,...,k and A > 0. Then
there exists a sequence {\y,} C RT with \,, 7 400 as m — oo such that
system (1.10) has nonzero solution if and only if X = A,,. Moreover, we also

have:

(a) For every m € N, A, is the unique solution to the following equation

A
(1.11) - -
(b) Hereu = (uy,...,ug) is a solution to system (1.10) corresponding to A,

if and only if u € N}, = {pe., | ¢ € Ny}, where e,, is the unique basic
of the algebra equation D}, X = 0 with

Qm + 1 —Am —Am s —Am
A Wt <Am e —Am
—Am —Am —Am cee Qg

(c) We have N\, = inf |ul|?/2, where
ucM

m—1

My = {ue (Vo))" 1) =1}

k %)
G(u) = Z / wjuidz  and (~:n_1)J' = EDM*
j /2 l=m

ij=1,i<j
In particular, (./\75)L =*H.

REMARK 1.5. (a) Some early studies on the eigenvalue problem related to an
elliptic system that is linearly coupled are given in [7], [15], [18] and references
therein. However, to the best of the author’s knowledge, Theorem 1.4 seems to
present the first completed results devoted to system (1.10) for all A > 0.

(b) By Theorem 1.4, we also have the decomposition H = @ N;* of the
=1
space H. Moreover, if \,, < A < A,,41 for some m € N, then [|ul|?/2 — AG(u),

the order-two part of the functional £x(u), is positive definite in (J\Z’;)L and
nonpositive definite in N. In particular, |[ul[?/2 — AG(u) is positive definite
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in H for 0 < A < A;. These properties are very important in applying the
variational method to study system (1.1).
(c) If k = 2, then by (1.11), Ay, = /(m + p1) (i + p2) for all m € N.

Since the Brezis—Nirenberg equation (1.9) has only zero solution for A < 0
if Q is star-shaped, by our above observations, it is also natural to study the
nonexistence result of System (1.1). Our results in this aspect can be stated as
follows.

THEOREM 1.6. Let N > 3 and p; > 0 for alli=1,...,k. If Q is also star-
shaped, then system (1.1) only has zero solution for 0 < X\ < A\, where A} < Ay
is the unique solution to the following equation

k

A
1.12 =1
( ) Zﬂj+>\

j=1

and A1 s given by Theorem 1.4.

REMARK 1.7. If k = 2, then by (1.12), A} = \/ju1jiz, which implies Theo-
rem 1.6 for k = 2 is just the observation by Peng et al. in [25, Remark 1.1].
However, to the best of the author’s knowledge, Theorem 1.6 for £ > 3 is to-
tally new. Moreover, we also give a uniform and precise formula to describe the
number A} for all k£ > 2.

Since system (1.1) may only have zero solution if u; > 0 for alli=1,...,k,
it is natural to study the existence of nonzero solutions of system (1.1) under
the condition min{us,...,ur} < 0. In what follows, to state our main results
about this aspect, we first introduce some notation. Let

1 1 *
T (u) = 2</QVu2dac+1//Q|u|2 dx) ~ o Q|u|2 dx.

Then it is well known that (cf. [4], [28]) in the case N > 4, m, = SN/2/N for
v > 0 whereas m, can be attained for v < 0 in one of the following two cases:

(1) N=4and v # —a,, for all m € N,

(2) N >5.
Moreover, we also have 0 < m,, < SN/Q/N in these two cases. Here,
1.13 v = inf v
(1.13) m, = inf T,(u)

with Q, = {u € H}(Q)\ {0} | J)(w)u = 0}. Now, our main results can be
stated as follows.

THEOREM 1.8. Let N > 4 and p; > —aq for alli=1,... k. If we also have
min{py, ..., ux} <0, then we have:

(a) System (1.1) has a positive ground state solution uy for 0 < A < Aj.
Moreover, system (1.1) has no sign-constant solution for A > \y.
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(b) System (1.1) has a ground state solution Uy that is also sign-changing
in one of the following two cases:
(1) N=4 and A > A\ with X\ # Ay, for all m € N,
(2) N>5and A > \;.
Moreover, if k =2 or k > 3 with

(1.14) E(uy) < min - {my x40
1,5=1,....k, i#j

then uy is also nontrivial.

REMARK 1.9. (a) The existence of positive ground state solutions to sys-
tem (1.1), described by (a) of Theorem 1.8, was predicted by Peng et al. in [25,
Remark 1.4]. However, the novelty of (a) of Theorem 1.8 is that we give a global
description of the existence and nonexistence of positive ground state solutions
to system (1.1) for all A > 0, which is based on Theorem 1.4.

(b) To the best of the author’s knowledge, part (b) of Theorem 1.8 is totally
new even for k = 2.

(¢) The condition (1.14) is easy to achieve. Indeed, it has been proved
in Lemma 5.7 that £,(uy) < SM/2/N, where S is the best Sobolev embed-
ding constant from H'(RY) to L?"(RM). On the other hand, if either A\ >
max{—p1,...,—pu} or there is only one p; < 0, then we must have
1 SN2

min {mm_M er#j_,_)\} > N

,5=1,....k, ij

which implies that the condition (1.14) holds.

(d) The condition (1.14) also implies that the case k > 3 is somewhat different
from the case k& = 2. Indeed, as we stated above, the 2-component case of
system (1.1) is strongly coupled, that is, it has no semi-trivial solutions. However,
the general k-component case of system (1.1) with & > 3 could be weakly coupled,
that is, it may have semi-trivial solutions. For example, let 3 = ps = —p < 0.
Then for A < p, we can see that m_,» can be attained by some @_, in one
of the following two cases:

(1) N=4and —p+ A # —ayy, for all m € N,

(2) N >5.

Set Uy = (W—ptn, —U—p42,0,...,0). Then it is easy to see that U, is a semi-
trivial solution to system (1.1).

(e) The condition (1.14) also seems to be technical for £ > 3. For example,
in the case kK = 3, we can see from Remark 5.10 that any nonzero solution must
be nontrivial if py # pa, p1 # p3, and ps # ps. Thus, it will be very interesting
to discuss the most general condition to ensure that 1, is nontrivial.

(f) Recall that (cf. [4], [28]) the well-known Brezis-Nirenberg equation (1.9)
has a ground state solution in one of the following two cases:
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(1) N=4,A>0and X # a,, for all m € N,

(2) N>5,A>0.
Moreover, the ground state solution is positive for 0 < A < @1 and cannot be
sign-constant for A > a;. Now, by Theorem 1.8, we can see that system (1.1)
has a very similar structure of solutions to the well-known Brezis—Nirenberg
equation (1.9).

In this paper, we also obtain the following result.

THEOREM 1.10. Let uy be the positive ground state solution to system (1.1)
obtained by Theorem 1.8 for 0 < A < A\1. Then uy — 0 strongly in H as A — \1.

REMARK 1.11. To the best of the author’s knowledge, Theorem 1.10 is also
totally new for system (1.1) even for k = 2. Moreover, from the viewpoint of
bifurcation, we can see from Theorem 1.10 that (0, A1) is a bifurcation point at
the trivial branch (0, \), which is also very similar to the well-known Brezis—
Nirenberg equation (1.9).

REMARK 1.12. By (f) of Remark 1.9 and Remark 1.11, we call system (1.1)
the linearly coupled Brezis—Nirenberg system.

Notation. Throughout this paper, C and C’ are indiscriminately used to
denote various absolute positive constants. We also list some notation used
frequently below:

u=(ug,...,up), L7(Q) = (L (),
{t,u} = (tyuy, ..., tyug), ujy = (Jusl,. .. Jurl),
tu = (tuy, ..., tug), u, = (uf,...,uy).

We use O(]b]) to denote the quantities that tend towards zero as |b| — 0, where
|b| is the usual norm in R¥ of the vector b. We also denote the eigenvalues
of —A in H}(Q2) by {am }men, which are increasing for m. The corresponding
eigenspaces of a,,, are denoted by N,,.

2. The spectrum of the operator 7
Recall F = diag((—A + p1) ™4, oo, (=A + pg) 1) and

o1 1 ... 1
1 01 ... 1
7=11 1 0 1
111 --- 0

Then it is easy to see that 7 = F o Z is a linear operator from £2(Q) to H.
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LEMMA 2.1. Let N > 1 and p; > —ay for alli = 1,...,k. Then T is
compact from H to H.

PROOF. Let {u,} be a bounded sequence in H. Then without loss of gene-
rality, we may assume that u,, — ug weakly in H as n — oco. By the Sobolev
embedding and without loss of generality once more, we may assume that u,, —
ug strongly in £2(€2) as n — oo. Denote v,, = Tu,, then we have

—Avy" + pv = Z uj in €,
J=1j#i
v =0, 1=1,...,k on 0N).

(2.1)

It follows that

k
= 3 [wer
i=1,
k 1/2 1/2
< |u"|2d1’) </ |v?|2dx)
= :
1 n n
S Z [l 1151103 [1s,

H JE j=1, j#i
J
j=1

which implies {v,} is bounded in H. Without loss of generality, we may assume
that v,, = vo weakly in H as n — co. Then, by (2.1), we can see that

k
J=1,j#i

(2.2) 7
wW=0, i=1,...,k on O0N.

Thus, vo = Tug. On the other hand, since u,, — ug strongly in £2() as n — oo
and {v,} is bounded in H, we have from (2.1) once more and (2.2) that

v )17 4 o(1) Z /u”v"da:+ 1)

Jj=1,j#i

i (frrtos [ g —adhurae) <o

k
- / 0+ o(1) = o7 +o(1).

Hence, we must have v,, — vq strongly in H as n — oo. That is, Tu,, — Tug

0”2

| /\

[

J

strongly in H as n — oo. O
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Denote the spectrum of 7 in H by o(7). Then by Lemma 2.1, we can see
that o(T) = op(T), where 0,(T) is the point spectrum of 7 in H. Recall that
{am }men are the eigenvalues of —A in Hg(€2), which are increasing for m, and
the corresponding eigenspaces of a,,, are denoted by N,,.

LEMMA 2.2. Let N > 1 and p; > —ayq for all i = 1,...,k. Then there
exists a positive sequence {o},} with o], — 0 as m — oo such that {o],} C
a(T)N(0,400).

ProOOF. For every m € N, let us consider the following function
k

A
2.3 =N —"
(23) =3

It is easy to see that f,,(0) =0, \ lir+n fm(A) =k and f,, () is strictly increasing
— 400
for A > 0. Since k > 2, there exists a unique A}, > 0 such that f,,(\},) = 1. Let

am+p1 A, L L

=N amtpe =N o =AL

D = =L, =N amtps .. =N,
=L, =\ =\ cee Qup g

Then, by a direct calculation, we can see from ay, + u; + A, > 0 for all m € N
and i =1,...,k that
k k \
det(D),) = m o F N1 = — .
M) Ef“ B m)< ;am+ui+kin>
It follows from f,,(A,,) = 1 that det(D),) = 0. Now, let u,, = by,,, where

©m € Ny, and b is a constant vector. Since ¢y, is the eigenfunction of «,,, by
a direct calculation, we can see that

k k
—Au™ + pul =\ Z ult = (bi(am + 15) — Ay, Z bj><pm
J=1,j#i J=1,j#i
for all i =1,...,k. Since det(D),) = 0, there exists b, # 0 such that
k
—Au" + piul® — N Z ul* =0 forali=1,... k.
=1, i
Let o], = 1/A,,. Then {o],} C o(T) N (0,+00). Moreover, since a,, ,/ +0co as
m — oo, we can see from f,,,(\/ ) =1 that ], 7 +00 as m — oo, which implies
or, (0 as m — oo. O

By Lemma 2.2, we may assume that o(7) N (0, +00) = {0} U {0 }men with
om # 0 and o, \ 0 as m — oco. We also denote the corresponding eigenspace
of o, by Ny
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PROPOSITION 2.3. Let N > 1 and p; > —ayq foralli=1,...,k and A\, =
1/om for allm € N. Then A, is the unique solution to the following equation

& A
—— =1 forallmeéeN.
= O + 5 + A
Moreover, we also have
(2.4) N = {ven | ¢ € Nin},

where ey, is the unique basic of the algebra equation D} X = 0 with

Qo + 1 —Am —Am ... —Am

—Am Qo + U2 —Am .. —Am

(2.5) Df =] —Am “Am Qmtpz . —Am
—Am —Am —Am cee Qg

PRrROOF. It is well known that H; = @ N,, for all i = 1,... k. It follows
m=1

that

k k ) oo
(2.6) n=][n=]1 ( Nm) = P W)k

=1 i=1 “m=1 m=1
Clearly, dim(N,,) < oo for all m € N. Without loss of generality and for the
simplicity, we assume that dim(N,,) = 1 for all m € N in what follows. Let

o0 —
u € N \ {0}, then by (2.6), we have u = ) {a;,v;}, where a; € RF are

Jj=1
constant vectors and v; € N7 with N = (N;)* for all j € N. That is

ui:Zagv{ foralli=1,... k.
j=1

Since we assume dim(N,,,) = 1 for all m € N, we have vf =pjforalli=1,... k.
It follows from u € N} that

k

(eS) 0o k
Zaf(aj + pi)p; = —Au; + piug = Ay, Z u = Z ()\m Z af)@j
j=1

=1, l#i j=1 I1=1, 1#i

for alli =1,..., k. Since ¢; are linear independent and orthorhombic in L?(12),
by multiplying the above equation with ¢; and integrating, we must have that

k

al(a;+pi) =Am > af
1=1, 12
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foralli=1,...,k and j € N, which implies D,, ja; = 0 for all j € N. Here

a; + M1 —Am _)\m N _)\m

—Am a; + pe —Am L. —Am

Dpj = —Am —Am Qi+ p3 ... —Am
—Am —Am —Am N R L

It follows that, for every j € N, either
(1) a; =0, or
(2) det(D,y ;) = 0.
Since u # {0}, there exists j,, € N such that det(D,, ;) = 0. By a direct

calculation, we can see from o;; + p; + Ay, >0, forall jym e Nandi=1,...,k,

that
k

det(Dme’) H(a.hn + 273 + A (1 -

=1

k A, )
i=1 W+ i+ Am

Note that u; > —aq for alli=1,...,k and A\, > 0, thus we must have

K2

>\m
2. _— =1
( 7) Z ajm + i + )\m

i=1
Note that A, / 400 as m — oo and f;,, (A) is increasing for A > 0, we also
have that a;,, ., > «j, for all m € N. It follows that j, > m for all m € N.
Since A is the unique solution to f;, (1) = 1 in (0, +00), we can see from (2.7)
that A\, = )\;-m. By jm > m, we can see from the fact that A/, is increasing that
Am > A, for all m € N. On the other hand, by A,,, ,/* +00 as m — oo, we also
have A\, < X/ for all m € N. Thus, we must have A\, = A/, for all m € N. That
is, Ay, is the unique solution to the following equation

k
(2.8) Z =1 forallmeN.

= am —|—/1J+)\

It remains to show (2.4). Indeed, it suffices to show that 0 is the eigenvalue
of DX, with degree 1 for all m € N, where D7, is given by (2.5). By a direct

calculation, we can see from «,, + ; + Ay, >0 forallmeNandi=1,...,k
that
k k A\
det(D;},) = Om F i +Am) | 1 — — .
5= Tom 3 (123 )

It follows from the fact that A, is the unique solution to (2.8) that det(D},) =0
for all m € N. Thus, 0 must be the eigenvalue of D}, for all m € N. Now, for
every m € N, let us consider the following equation

det(D}, —vE) =0,
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where F is the identity matrix and v € R is a constant. If v # o, + p; + Ay, for
all i =1,...,k, then by the fact that A,, is the unique solution to (2.8), we can
see that

(2.9) det(D;, —VvE)

|
z?r

b A
m 7 A’m_ 1- =
(v + pi + l/)( 7~_1am+m+)\m_y>

1

.

I

s
Il
-

(m + i + A — V)

k k
- Z H /\m(am + pi+ Am — V)

i=1 j=1, j#i
k k
=[Jlam+nmi+20) =D ] Amlam+m+An)
i=1 i=1 j=1,j#i
k k
_Z< H (O‘m+ﬂj+)\m)
i=1 Nj=1,j#i

where p,,,(v) is a polynomial of degree at most k — 2. For every i = 1,... k, by
the fact that \,, is the unique solution to (2.8) once more, we have

k k k
H (am+uj +)\m) - Z H /\m(am+ﬂj +/\m)
j=1,j#i =1, ji I=1, 1,5
k k )\
= H (am+uj+)\m)<1 Z m )
=1, 4 (s O T E A
) k
= = (m + 14 + Am) >0
G+ s+ Am j=g¢i ’

Therefore, by (2.9), we can see that 0 is the eigenvalue of D}, with degree 1 for
allm e N. (]



LINEARLY COUPLED BREZIS-NIRENBERG SYSTEM 711

3. A variational characteristic of \,,

Let Mo ={ueH | G(u) =1}, where

k
(3'1) g(u): Z /Qu]uldx

1,j=1,1<j
Set
A= inf [ulf?.
ueMy

LEMMA 3.1. Let N > 1 and p; > —oy for all i = 1,....k. Then A} is
attained and N\ = 2);.

PRrOOF. Clearly, A > 0. Let {u,} C M, be a minimizing sequence. Then it
is easy to see that {u,} is bounded in H. It follows from the Sobolev embedding
that u,, — ug strongly in £2(Q) as n — oo, which implies that G(ug) = 1. Thus,
by the weakly semi-continuity of the norm || - ||, we have ||ug||? = A}. It remains
to show that A\] = 2);. Indeed, by Proposition 2.3, we can see that

per = M T ey,

where ¢ is the eigenfunction corresponding to «; and «y is the first eigenvalue
of —A in H}(Q). It follows from 7 = F o Z that
k
et (=Ap + pip) = M\ Z e;go in Q,
=1, j#i
=0, i=1,...,k on 0f).

(3.2)

Multiplying (3.2) with el and integrating by parts, we have
lpeil* =2MG(per).

Let 1 = pe;/\/G(per). Then, by the fact that G(pe;) and ||¢ e;]|? have the
same order, we can see that u € My, which implies

loe _

G(per)
On the other hand, it is easy to see that My is a C'! manifold in H. Thus, by
the method of Lagrange multipliers, there exists § € R such that

2\ = [a* > A7

(3.3) up — G (ug) =0,

Since G'(ug) ug = 2G(up) = 2, by multiplying (3.3) with ug, we can see that
d = A7 /2. It follows from 7 = F o Z that

1
Uy = 5 )\TTUO.

Thus 2/A7 is a eigenvalue of T. Note that o1 > o0, for all m > 2, we must have
Al > 2)X;. Hence, we obtain that A\ = 2);. 0
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By Proposition 2.3 and (2.6), we have the following decomposition of H:

(3.4) H=EP N,
m=1
Let
(3.5) No=@nN; and (M) = @@ ;.
k=1 k=m+1

We also define

Xp = inf %, where My = {ue (A7)" | Glu) =1}

with G(u) given by (3.1).

LEMMA 3.2. Let N > 1 and p; > —ay for alli = 1,...,k. Then X is
attained and N5 = 2.

PROOF. Since the proof is similar to that of Lemma 3.1, we only sketch it and
point out the differences. Indeed, by a similar argument as used in the proof of
Lemma 3.1, we can see that there exists u; € Mj such that |[u;]|> = A\3. In what
follows, we prove that A5 = 2. In fact, by (3.4), we can see that N C (N7)L.
Now, also by a similar argument as used in the proof of Lemma 3.1, we can
show that 2)\ > A\5. On the other hand, since it is easy to see that M; is a C*
manifold in the space (/\7 )+, also by a similar argument as used in the proof of
Lemma 3.1, we have

w = A Tw in ()
which, together with Proposition 2.3, implies
u; = %A;Tul.

Thus 2/A} is a eigenvalue of 7. Similar to that of Lemma 3.1, we must have
A5 > 2X2. Hence, we obtain that A5 = 2\q. O

Now, by iteration, we define A%, (m > 3) as
A= inf  |uf?,  where My,_, = {u e (N )" | u) = 1}.
ueEM;, 1

Then by a similar argument as used for Lemma 3.2, we have the following lemma.

LEMMA 3.3. Let N > 1 and p; > —aq for alli = 1,...,k. Then X}, is
attained and X}, = 2\, for allm > 3.

Combining Lemmas 3.1-3.3, we actually have the following result.

PROPOSITION 3.4. Let N > 1 and p; > —oy for alli=1,...,k. Then X},
is attained and X}, = 2X\,, for all m > 1.

Proof of Theorem 1.4 follows immediately from Propositions 2.3 and 3.4.
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4. The nonexistence result

Define
k

(4.1) fo(A) = Z uj)-\i- N

j=1
If u; > 0 for all ¢ = 1,...,k, then by a similar argument as used for f,,(\),
which is given by (2.3), we can see that fy()\) is increasing for A > 0 with
lim fo(A) = 0 and lim fo(A) = k. Thus, there exists unique A} > 0 such
A0+ A—+oo
that fo(A7) = 1. Moreover, since a; > 0, it is also easy to see from the fact that

fi1(A) is increasing for A > 0 that A} < A;.

LEMMA 4.1. Let N > 1 and pu; >0 foralli=1,... k. Then

k k
(42) / (Zujuj|2 — 2\ Z uiul> dx >0
2N j=1

i,l=1,1<l

for allu € H if and only if 0 < X < 7.

PRrROOF. Let
I SED U
—A 1253 A ... =
U = A=A [V T A
A =X =X g

For every v € R, by a direct calculation, we have

k k
A
H(Nj + A=) (1_2 ), v # p; + A, for all j,

detU —yE) =771, L
22— H (1 + X —7), v = p; + A, for some i.
j=1, j#i
Let
a A
g(v) =1 ;Mj+)\_fy'

Then ¢(0) =1 — fo(A). It follows that g(0) > 0 if and only if 0 < A < Aj. Note
that g(7y) is decreasing for v < 0 with Em g(y) = 1, thus there exists a unique
y——00

v« < 0 such that g(v.) = 0 if and only if A > A}. It follows that & has a negative
eigenvalue if and only if A > A}. On the other hand, since g() is decreasing in

i+ A i1 + A) with lim = —o0 and lim =400, k—1
(g + A i1 +A) Sy - 9(7) Syl 900

eigenvalues of U must lie in [A + p1, A + pg]. Hence, the eigenvalues of U have
the following two properties:

(1) all k eigenvalues lies in [0, A + pg] if 0 < XA < AF,
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(2) there is a unique negative eigenvalue and other k — 1 eigenvalues lie

in A+ p1, A+ pe] i A > A
Therefore, U is nonnegative definite if and only if 0 < A < Aj, which implies
(4.2) holds if and only if 0 < A < Af. O

We close this section with a proof.

PROOF OF THEOREM 1.6. Let u € H be a solution to system (1.1), then
by the classical regularity theories, u; € C*(Q) for all i = 1,...,k. Now, by the
Pohozaev identity, we can see that

k
2
7Z/Q|Vuj\2d$+72/ z,n)|Vu;|? ds
/(Zujuj|2—2)\ Z uul>d:v—|—

i,l=1,1<l

7

where n is the unit outer normal vector of €. It follows from u € H being
a solution to system (1.1) that

QNZ/ anuJ|2d5——/<Zu]|u]|2—2/\ Z uul>da:

i,0=1, 1%l

Since 2 is star-shaped, we must have from Lemma 4.1 that u = 0 for 0 <A< A7.0

5. Existence of ground states
5.1. The definite case 0 < X\ < A\;. Let
(5.1) Po = {ueH\{0}|&(u)u=0}.

Then Py is the well-known Nehari manifold of £,(u), where £\(u) is given
by (1.7). Since

&\ (wu = [[u]® - 22G(w) Z/le dr,

it is easy to see that Py is a C' manifold in H, where G(u) is given by (3.1). Let
5.2 = inf &x(u).
(5-2) cx = Inf &x(u)

LEMMA 5.1. Let N >4, pu; > —aq foralli=1,... )k and 0 < A < A\;. If

we also have min{juy, ..., up} < 0, then 0 < cx < SNV/2/N, where S is the best
Sobolev embedding constant from H'(RN) to L*" (RV).

PrOOF. Let u € Py. Then, by the Sobolev embedding, we have from p > 2
that

(5.3) [u]|? = 2AG(u Z/ lu;|? da < CZ ug|2” < ]
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It follows from Proposition 3.4 that

A .
(5.4) (1 — ) < C'u))* 72,
A1
which, together with 0 < A < A\; and Proposition 3.4 once more, implies
(5:5) Ex(w) = Ex(w) — = &\ (W = — ([[ull® — 22G(w) > = (1— 2 ) Jul?
’ A A o A N =N M\ ‘

Since u € Py is arbitrary, we must have from (5.4) that

1 A2
> —(1-+— ‘.
C)\_N(l )\1)0

It remains to show that c) < SN/2/N. Recall that m, can also be attained by
some u, for —a; < v < 0, where m, is given by (1.13). Now, without loss of
generality, we assume —o; < g1 < 0 and set Uy, = (u,,,0,...,0). Then it is
easy to see that U,, € Py. It follows that
1
Cx S EA(Ulh) = ‘7H1 (uﬂl) =My, < N SN/27
which completes the proof. O

Now, we can obtain the following.

PROPOSITION 5.2. Let N >4, p; > —ay foralli=1,...,k and 0 < X\ < Ay.
If we also have min{py, ..., ur} < 0, then there exists uy € Py such that uy is
a positive ground state solution to system (1.1).

PRrROOF. Let
(5.6) Ax(u) = & (u)u.

Then it is easy to see that Ay(u) is C! in H. Moreover, for every u € Py, we
have from Theorem 1.4 and (5.4) that

k *
(5.7) A () = 2([[ul]? - 2XG(w)) — 2° Z/Q a2 da

= 2 2)(|mlP ~ 226(w)) < ~C.

Thus, by applying Ekeland’s variational principle and the implicit function the-
orem in a standard way, we can obtain a (P.S) sequence of £x(u) in Py, denoted
by {u,}, at the energy level c). By (5.5), we can see that {u,} is bounded in
H. Without loss of generality and by the Sobolev embedding, we may assume
that u,, — uy weakly in H and u,, — ug strongly in £2(Q) for all 1 < ¢ < 2* as
n — oo. Clearly, £\ (ug) = 0. If up = 0, then we have

(5.8) /|Vu§”\2dx:/ P da+ (1)
Q Q
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foralli=1,..., k. Note that by (5.4), we have

k
Z/ |Vul'|> dz > C + o(1).
i=1 79
Thus, there is at least one ip € {1,...,k} such that
/ |Vul | dz > C" + o(1).
Q
It follows from (5.8) and Sobolev’s inequality that
/ |Vul | do > SN2 4 o(1),
Q
which together with (5.8) once more, implies

(5.9) ex +o(1) =Ex(u,) = Ex(uy,) — %Eg(un)un

k
1 * 1
j=1"9

It contradicts to Lemma 5.1. Thus, we must have that ug € H \ {0}, which
implies ug € Py. Hence

ex+o(1) = Ex(uy) > Ex(ug) + 0(1) > ex + o(1).

Therefore, ¢y is attained by ug. Let uf = |uY| for all i = 1,...,k. Then it is
easy to see that G(ug) < G(u,), where u, = (uf,...,u}). Since A > 0, we can
see from a standard argument that there exists ¢y € (0,1] such that tyu. € Py.
A standard argument also implies £x(ug) > Ex(tug) for all ¢ > 0. Thus, by
A > 0, we have

cx = Ex(ug) > Ex(taug) > Ex(tauy) > ca.

Let uy = thu,. Then c, is attained by u, with uf‘ >0foralli=1,...,k It
remains to show that uy is a nontrivial solution to system (1.1). Indeed, since
Py is C' in H, by the method of Lagrange multipliers, there exists § € R such
that

(5.10) El(uy) — 6A (uy) = 0.

By multiplying (5.10) with uy, we can see from (5.7) that § = 0 and & (uy) =0,
which implies uy is a solution to system (1.1) with uf‘ >0foralli=1,...,k. By
the maximum principle, we have that either u; >0 oru; =0foralli=1,...,k.
Now, suppose u, is not a nontrivial solution, then there exists j € {1,...,k} such

that u])‘ = 0. Since uy # 0, without loss of generality, we assume that u} > 0
fori=1,...,49p and u} = 0 for i = iy + 1,..., k with some ig € {1,...,k— 1}.
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Since uy is a solution to system (1.1), we have from u? =0 for i =ig+ 1,...,k
that u, is also a solution to the following system

0
—Aui + il = |ui|2*_2ui + A Z U in Q,
. Jj=1,j#1

5.11 ‘0
( ) Zui =0 in Q,

i=1

u; =0, i=1,...,10 on 0f).
It is impossible since u} > 0 for i = 1, ..., 4. O

5.2. The indefinite case A > \;. Without loss of generality, we may as-
sume A, < A < A4 for some m € N by Theorem 1.4.

PROPOSITION 5.3. Let N > 3 and p; > —aq for alli=1,...,k and A\, <
A < A1 for some m € N. Suppose u is a nonzero solution to system (1.1),

then u must be a sign-changing solution to system (1.1).

PROOF. Suppose the contrary, then u is either nonnegative or nonpositive.
Without loss of generality, we assume that u is nonnegative. Now, multiplying
system (1.1) with vy and integrating by parts, where vi € Nf = {¢e; | ¢ € N1}
is the corresponding eigenfunction of A; given by Theorem 1.4, we have from
A > A, that

Alg’(u)vl = /\1g/(V1)u = (u,v1>

k
= Z/ |uj|2*_2ujvj1- dz + \G'(w)vy > MG (u)vy,
j=1"%

which is impossible. Thus, u is a sign-changing solution to system (1.1). d

For simplicity, we assume that dim(N,,) = 1 for all m € N in what follows.

Now, by Theorem 1.4 once more, we also have that dim(N5) = 1 for all m € N.

Let "
Falu) = (Ay(w), E,(Wwi, .., EL(W)w,),

where w; € N for all i = 1,...,m and A, (u) is given by (5.6). Then it is easy
to see that Fy(u) is C! in H.

LEMMA 5.4. Let N > 3, p; > —aq foralli=1,....k and Ay, <A < Appy1
for some m € N. Then P,, is a C' manifold in H with codimension m~+1, where

(5.12) P = {uec H\NJ | Fr(u) =0}

and N is given by (3.5).
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PROOF. Since Fy(u) is C! in H, P, is a C' manifold in H. It remains
to show that the codimension of P,, is m + 1. For every u € P,,, we set

m
z =Y a;w; + su. Then

i=1
Fi(w)z = (A\(w)z, F} 1 (0)z, ..., F} , (0)z) € R™F,
where Fy ;(u) = & (u)w; for all i = 1,...,m. By a direct calculation, we have
k
(5.13) Ay (w)z = 2((u,z) — \G'(u)z) — 2* Z/ uj|? ~2u;z; de,
j=1"9

where G(u) is given by (3.1). On the other hand, for every i = 1,..., m, we have
k
(5.14) ff\,i(u)z = (z,w;) — \G'(z)w; — (2* — 1) Z/ |uj|2*_22jw§ dz.
Pl

Set t = (s,a1,...,an). Then by (5.13) and (5.14), we can see from u € P, that

m

(5.15) (Fy(u)z) -t = Z (llaiws]|* — 22G (a;w;))

i=1

k m 2
2" 2 i
—Z/ ] (§ :aiwj) da
j=179 i=1

k m
—(2*-2) Z/Q u [ 2 (suy + > awh)? da.
j=1 i=1

~ m .
Here t - s is the usual inner product in R”*'. Since u € H \ N}, and ) a;w} €
i=1

'/\7;“ we can see from Theorem 1.4 that

m 2
/ |uj|2*_2<suj+2aiw§) de >0 forallj=1,... k.
Q i=1

Thus, by (5.15), we have from Theorem 1.4 once more that (Fj(u)z) -t < 0 for
all t # 0. Thus, for every u € P,,, F}(u) is onto. It follows that
H =N}, ©Ru® TP

for all u € P,,, where T,P,, is the tangent space of P,, at u. Therefore, the
codimension of P, is m + 1. O

We also need the following two technique lemmas.

LEMMA 5.5. Let N > 1, pu; > —aq forallt=1,...,k and A\, < A < Ayt
for some m € N. Then, for every u € P,,, we have

(5.16) Ex(u) > & (tu + i aiwi)
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for allt > 0 and a; € R, where Py, is given by (5.12) and w; € N}. Moreover,
(5.16) is equal if and only if t =1 and a; =0 for alli=1,...,m.

PROOF. Let z = Y a;w;. Then by u € P,, and Proposition 3.4, we have

i=1
(5.17) Ex(tu+2z) — Ex(u) = QHUHZ + t{u, z)
1 VA 2 _ 2 _ u) — S U2 Ax
+3llal = A(( - 16 e 2w ds )

k

1 . «
3 2 [t s = ) o
J

—

k 2
t*—1
< .
_z/ e,

o L
2*

(Ituj + 251* = ug* — 2% |uy|* ~tu;z;) da,

where G(u) is given by (3.1). For every j = 1,...,k, we consider the following
function

t2—1, o 1 " C e 2
fit)=—; Ju; |* —27(|fua‘+2j\2 — Jug " = 2%y > P tuyz).

If there exists £y > 0 such that fj/ (to) = 0, then we must have
(518) (‘Uj|2*72 — |t0Uj + Zj|2*72)(touj + Zj)u]- =0.

Since u € H \ N and z € N, we can see from (5.18) that u; = 0, where N
is given by (3.5). It follows that f;(t) = —|2;|* /2* < 0. Note that f;(t) — —oc
as t — +oo if uj # 0 whereas f;(t) = —|z]? /2* < 0 if u; = 0, thus we must
have that f;(¢) < 0 for all ¢ > 0, which, together with (5.17), implies (5.16).
Moreover, since u € H \ N and z € N%, it is also easy to see from (5.17) that
(5.16) is equal if and only if t =1 and a; =0 for all i = 1,... ,m. O

LEMMA 5.6. Let N > 3, p; > —aq foralli=1,....k and A\, < A < Appy1
for some m € N. Then, for every u € H \./\7;,‘1, there exist unique ty, > 0 and
vy € ./\N/';;L such that tyu+vy € P, where ./\N/';; is given by (3.5) and Py, is given
by (5.12).

PROOF. Let u e H \/\Nfﬁl and consider the following function

f(t) =Ex <t11 +) az’Wi)a
i=1
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where t = (t,a1,...,a,) € RT x R™. By Theorem 1.4, from \,, < A < Ayt
we have that

(5.19)  f(t) < [t2(|ut]]® - 226 (ut))
rem 1 []1 LN
;?A‘M(tUJ+;aiwj|t|>

where u = 1 + ut with @ € N7, and ul € (/\7;;)J' Since u € H \ N, and
a;w; € N foralli =1,...,m, by the Lebesgue dominated convergence theorem

o*

— It dx,

and Theorem 1.4 once more, there exists R > 0 such that

1 SN
5.20 inf — | tu; JW
om g f (e e)

which together with (5.19) and 2* > 2, implies f(t) — —o0 as |[t| — +o00. On the
other hand, since A, < A < Ajp41, we have from Theorem 1.4 and a standard
argument that f(t) <0ift=0and f(t) >0ifa; =0foralli=1,...,m and

o

dx > C,

t > 0 small enough. Thus, there exists t, > 0 and a;, € Rforalli=1,...,m
such that f(ty) = max f(t), where ty = (fu,a1,us---,@m,u)- 1t follows that
teERT xXR™

m
tuu—%zzjahu“g<57%n.

i=1

Thanks to Lemma 5.5, t, must be unique. O
Set

(5.21) Cy = uler},me Ex(u),

where P, is given by (5.12).

LEMMA 5.7. Let N >4, p; > —aq foralli=1,....k and A\, < A < A1
for some m € N. If min{py,...,ur} <0 and either

(a) N=4, A\, <A< Ay, or

(b) N =5,
then 0 < ¢\ < SN/2/N.

PROOF. Let u € Py,. Then u = i + ut, where 0 € J\~f;,"1 and ut € (K/ﬁl)l
Now, by Lemma 5.5, we have £x(u) > £y (tut) for t > 0 small enough. Since
Am < A < Am41, a standard argument implies £y (u) > C. Note that u € P, is
arbitrary, we must have ¢y > 0. We next show that ¢, < SV/2 /N. Let

_9).2\ (V=2)/4
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Then it is well known that V. is the unique positive solution to the following
equation up to a translation

(5.23) —Au=|ul* "2u, ue DYFRY),

where D2(RVN) = {u € L? (RY) | |Vu| € L*(RV)}. Moreover, we have

/ \VVE\ZCZ:E:/ V¥ de =87,
RN RN

where S is the best Sobolev embedding constant from H}(2) to L (RN). Let
©(r) be a nonnegative smooth radial cut-off function on [0,+00) such that

©(r) =1 on a ball contained in © and suppy C 2. Define v.(x) = V.(z)p(|z|),

then we have from [28, Lemma 3.4] that
(5.24) /|v5|2* dz = SN2+ 0(eV), /|VUE|2dx:SN/2+O(5N_2),
Q Q

(5.25) / el do = O£V 7272), / V.| da = O(eV-2/2),
Q Q
and

Ce?|In(e)| + O(e?) for N =4,

Q Ce? + 0(eN~2) for N > 5.
Without loss of generality, we may assume that pu; < 0. Now, set V. =
(ve,0,...,0). Since Q\ supp p is a nonempty open set in €, by [28, Lemma 3.3],

ve € HY(Q) \ N, where N, = @ N;. Tt follows that V. € # \ N, where N
i=1
is given by (3.5). By Lemma 5.6, it suffices to show that

1
sup  E(tV. +w) < — SN2,
t>0, weN* N

m

Indeed, let 2, = Q\ supp ¢, then, by the convexity, we have that, for every ¢t > 0
and w € N}i,

(5.27) /|tv€+w1|2* dx > /(tva)z* dm—l—Q*/(tva)z*_lwl dw—l—/ lwy |* da,
Q Q Q

Q.

which together with dim(N*) < oo implies

/ (b, +wi]? da > /(tva)T dm+2*/(ma)2*—1w1 dz + Cllwn |2 .
Q Q Q
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It follows from the Holder inequality, the Sobolev embedding and dim (./\7;;) < 00
that

1 1
EN(IV. +w) < [t + 5 [W]F = G (W) + (e, wa):

k k
1 .
—)\/tvgzwjdx—?Z/ |wj|2 dx
QO 5 i—o Q.
J J

1 « * *

——*/ |tvs|2 d:c—/(lfvs)2 “lwy da — Cllw |7
Q Q

. 1
da + S |[w[* = AG(w)

1
gutvanl

s (c|w“ [ el de - ¢ )

Jj=2

+w1|1</ |Vtu€\dx+/ |tv€|2*_1dx) — w2
Q Q

which, together with (5.24), implies

(5.28)  E\(V. +w) < > [tua? - / el do+ 3wl — AG(w)

157)-

We claim that there exists Ry > 0 independent of € > 0 small enough such that

k
+ ((E+ 2O ENT22) Jws; —
j=1

Ex(tV.+w) <0 fort* + |w|* > R2
Indeed, we redefine w; = a;w;, where ||w;||; = 1. We also use the notation
k
s = (t,ai,...,a;) € R* xR¥ and R = ,[t2+ ) a3. Since |aj/R| < 1, by

j=1
(5.24)—(5.25) and (5.27), we have from the Sobolev embedding that

k
(5.29) R~ </ tve +w1|* do + Z/ |w;|* dx)
Q j=279

ay
= EU6+ w1
Q

2 k 2"
t .
> <R) SN2 4 O(eWN=2)/2) Z( ) C/Q|wj|2 dz,
where O(E(N_z)/z) is independent of ¢, a;, and R. Since |t/R| < 1, we may

assume that t/R — tp as R — +oo. If tg = 0, then by R = [t + Z az, we
Jj=1
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must have from dim(./\Nf;;L) < oo that
LN
Z(ﬂ) c/ |w;|? dx > C" >0
; R Q
j=1
for R large enough. Otherwise, we have to > 0. Tt follows that (t/R)> SV/2 > ¢’

for R large enough. Thus, by (5.29), there exists R’ > 0 independent of € > 0
small enough such that

k
(5.30) R2*(/ [tve +wi |* da + ) / lw;|* dx) >
Q - Q
Jj=2

for € > 0 small enough and R > R/, where C’ > 0 is independent of . Thanks
to 2* > 2, we have from (5.30) that there exists Ry > R’ independent of € > 0
small enough such that

Ex(tVe+w) <0 for R> Ry.

Now, let ¢ < Rg. If N > 5, then by (5.25), (5.26), and (5.28), we have from
Theorem 1.4, g1 < 0 and a similar calculation as used in the proof of [28,
Lemma 3.5] that

EXtV.+w) < %SN/Q — Ce? + O(eNW=2/(N+2)y < %SN/Q

with € > 0 small enough. If N =4 and \,, < A < Aj,41, then, by Theorem 1.4,
we have

1 2 2

S IWll™ = AG(w) < =Clw]]".

Thus, also by (5.25), (5.26), and (5.28), we have from p; < 0 and a similar
calculation as used in the proof of [28, Lemma 3.5] once more that
1 1
Ex(tV.+w) < ZSQ — Ce*|In(e)| + O(e%) < 182
with & > 0 small enough. Hence, we must have ¢y < SM/2/N. O

Let Bf,, = {u e (/\~/;’;L)L | [lu]| = 1}, where (/\~/:n)J' is given by (3.5). For

every u € IB%fm, by Lemma 5.6, there exist unique ¢, > 0 and vy € /\7;; such

that tyu + vy € Py, where Py, is given by (5.12).
Now, let us consider the functional W : Bfm — R given by

(5.31) Py (u) = Ex(m(u)),
where m(u) = tyu + vy,.

LEMMA 5.8. Let N >3, p; > —aq foralli=1,....k and A\, < XA < A1
for some m € N. Then we have:

(a) Ux(u) is of C on Bfm, Moreover,

(5.32) Uy (w)w = & (m(u))[tuw] for all u,w € Bf .
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(b) €\ = ¢\, where ¢\ = iJIrlf Uy(u) and ¢y is given by (5.21).
By

(c) {u,} is a (PS) sequence of Ux(u) if and only if {m(u,)} is a (PS)
sequence of Ex(u).

PROOF. (a) We first assert that m(u) is continuous on BY .. Let {u, } C Bf ,
such that u,, — u strongly in H as n — oco. Then, by a similar argument as
used for (5.20), we can see that {m(u,)} is bounded in . Since dim(N*) < oo,
we may assume that t,, — to and vy, — vo strongly in H as n — oco. It follows
that tou + vg € P, where P, is given by (5.12). Thanks to Lemma 5.6, we
must have tou+ vy = m(u). Thus, m(u) is continuous on Bfm. Let u,w € ]B%f’m
and use the notation us; = u + sw, where s € R. Now, since v, , vy € /\7;17 we
have from Taylor’s expansion and the definition of P,, that

Ua(us) = Ua(u) = Ex(m(u,)) — Ex(m(u)) = Ex(tu,us + Vu,) — Ex(tuu + vu,)
< En(tu,us +vy,) — Ex(tu,u+vy,) = 5;\ (tu, 0+ vy, )[tu, sW] + o(s)

and

Ua(us) = Ua(u) = Ex(m(uy)) — Ex(m(u)) = Ex(tu, us + V) = Ex(tuu + vu)
> Ex(tutts + V) — Ex(tut + vy) = EL(tut + Vi) [tusw] + o(s).

By the continuity of m(u), we can see that ¢,, — t, and vy, — vy as s — 0.
Thus
8\11)\(11) — lim \I/)\(us) — \I/)\(ll)
ow 5—0 s
Since 9V (u)/0w is continuous for u,w and is linear for w, by [30, Proposi-
tion 1.3], ¥ (u) exists and (5.32) holds.

(b) By the definition of ¢y and ¢, it is easy to see that ¢\ > ¢,. On the
+

1,m>
u=u+ut withu e V¥ and u' € (./\7,*;1)L By Lemmas 5.5 and 5.6, we can see
that there exists unique ¢ = ||u*|| and v = 1 such that m(u'/||ut||) = u € P,,.
It follows that

e | e

Thus, we also have ¢\ < ¢y, which implies ¢\ = ¢j.
(c) By = {ueH||ul| =1}. It is easy to see that By = (N;, NBy) ® BT,
Since & (m(u)) =0 in N# @ Ru by the definition of P,,, we have from (5.32)
that

= &\ (m(w))[tuw].

other hand, by Lemma 5.5, for every u € P,,, we have u’/||ut| € B, where

(5.33) [P ()[ = sup Wy(w)w = sup &;(m(u))[taw]

weB; weB

1,m 1,m

= tu sup &y(m(u))z = tu[|E5 (m(w))].
zcBq



LINEARLY COUPLED BREZIS-NIRENBERG SYSTEM 725

Since ¢\ = ¢y > 0 by Lemma 5.7, we can see that {ty,} is bounded away
from 0 if {u,} is a (PS) sequence of ¥Ux(u). On the other hand, if {m(u,)}
is a (PS) sequence of £y(u), then by Lemma 5.7, we can apply a similar argu-
ment as used for (5.9) to show that {m(u,)} is bounded in £ (2). Recall that
m(u,) = ty, U, + vy, with {vy,} C N and dim(/\N/,f,;) < 400, thus, {vy,} is
also bounded, which together with {m(u,)} C P,, and {u,} C Bim, implies
{tu, } is bounded. Thus, by (5.33), {u,} is a (PS) sequence of ¥, (u) if and only
if {m(u,,)} is a (PS) sequence of &y (u). O

Recall that in the case N > 4, m, = SN/Z/N for v > 0, whereas 0 < m, <
SN/2 /N can be attained for v < 0 in one of the following two cases:

(1) N=4 and v # —a,, for all m € N,

(2) N >5,
where m,, is given by (1.13).

PROPOSITION 5.9. Let N > 4, p; > —aq foralli=1,...,k and A\, <A <
Am+1 for some m € N. If min{yuq, ..., pur}t <0 and either
(a) N =4, \py <A< A1, or
(b) N >5,
then there exists Uy € Py, such that Uy is a ground state solution to system (1.1)
that is also sign-changing. Moreover, if k =2 or k > 3 with
e < i,j:l{?%,rla,i;éj{muﬁ_)\ + m;tj-H\}a

then Uy is also nontrivial.

PrOOF. Since Bim is a natural constraint in (/\7{,“1)1', by applying Ekeland’s
variational principle and the implicit function theorem, we can see that ¥y (u)
has a (PS) sequence {u,} at the energy level ¢y, where (/\N/',*;L)L is given by (3.5).
By Lemma 5.7, we can apply a similar argument as used for (5.9) to show
that {m(u,)} is bounded in £2" (). Recall that m(u,) = tu, u, + v,, with
{vu,} C N2 and dim(ﬁ,ﬁl) < 400, thus {vy,} is also bounded, which to-
gether with {m(u,)} C Py, and {u,} C By, implies {t,,} is bounded. Hence,
{m(u,)} is bounded in H. For simplicity, we denote m(u,) by w,. By the
Sobolev embedding theorem and without loss of generality, we may assume that
w, — wo weakly in H and w,, — wq strongly in £2(Q2) for all 1 < ¢ < 2*
as n — oo. Thanks to Lemma 5.7, by a similar argument as used in the proof of
Proposition 5.2, we must have wq # 0. Clearly, &£ (wo) = 0.

Let w,, = w,, — wg. Then w,, — 0 weakly in # and w,, — 0 strongly in
L£2(Q) for all 1 < g < 2* as n — oo. It follows from the Brezis-Lieb lemma that

k
1 2 1 2"
- +§ ([ (var = n +o(1
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and

E\ (W)Wl = E\ (W) Wi + E\(wo)w) 4+ 0(1) forall j=1,...,k,

n

where u' = (u1,0,...,0)and w/ = (0,...,u;,0,...,0) for j = 2,... k. It follows

that
/ymyfczx:/ @77+ o(1)
Q Q

forall j=1,... k. If |W,|] > C + o(1), then by a standard argument, we must
have that

k 1 2 1 2% 1
- ~n _ ~n N/2
JEZl <2 /Q ’ij } dx o /Q ‘w] ’ dx) > N S +o(1),

which contradicts Lemma 5.7 and the fact that £y(wg) > 0. Hence, w,, — wq
strongly in H as n — oco. Denote wg by 1, then by Proposition 5.3, U, is
a ground state solution to system (1.1) that is also sign-changing. It remains to
show that U, is also nontrivial. If k = 2, then by the fact that system (1.1) is
strong coupled for k = 2, it is easy to see that U, is nontrivial. Let us show that
U, is also nontrivial for k& > 3 with

34 3 i | ).
(5:34) O < iy A+ M}

Suppose the contrary, then there exists j € {1,...,k} such that ﬁ? = 0. Without
loss of generality, we assume that 4} # 0 for i = 1,...,ip and @} = 0 for
i=1dg+1,...,k with some ig € {1,...,k — 1}. By the fact that system (1.1) is
strong coupled for k = 2, it is easy to see ig > 2. On the other hand, since U,
is a solution to system (1.1), we have from @} = 0 for i = iy + 1,...,k that Uy
is also a solution to system (5.11), which implies that @} (i = 1,...,io) are also
solutions to the following equation:

—Au; + (i + Mg = |ug)> ~2u; in Q,
u; =0 on 0f2.
By the definition of m,,4x given by (1.13), we must have from u; # 0 for all
i=1,...,19 that
(5.35) Tiiin (@) > my,sa.
Note that by (5.11) once more, we have

10

G(u) = Z /Quiuj dx = _ZB?”,%
i=1

4,J=1,i#]

which together with (5.35) and ig > 2, implies

io
E@) =D Tueon (@) = min {mya )
£ J=Lk,
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This contradicts (5.34), which implies Uy must be nontrivial if (5.34) holds. O

REMARK 5.10. In the case k = 3, we can show that any nonzero solution u
must be nontrivial if p; # pe, pu1 # ps and ps # pz. Indeed, suppose the
contrary, then as in the proof of Proposition 5.9, we must have ip = 2 and u
satisfies:

—Auy + pug = |ug|P"2uy + Aug  in Q,
—Aug + pipun = ug|P2uz + Aug  in Q,
UL +us =0 in €,
up =ugs =0 on 0f).

It follows that (ue — p1)us = 0 in 2, which contradicts ug # 0 and g1 # uo.

Proof of Theorem 1.8 follows immediately from Propositions 5.2-5.9.

6. The concentration behavior of uy as A\ — \;

Recall that u), is the ground state solution obtained by Theorem 1.8 for
0 < XA < Ap such that uy € Py and €y (uy) = ¢, where Py and ¢ are respectively
given by (5.1) and (5.2).

PRrROPOSITION 6.1. Let N > 4 and p; > —ay for oll i = 1,... k. If we
also have min{uq,...,ux} < 0, then for every {8,} C (0, 1) with B, — A\
as n — oo, there exists a subsequence, which still denoted by {B,}, such that
ug, — 0 strongly in H as n — oo.

ProoF. Let {8,} C (0,A1) with 8, — A1 as n — oo. Without loss of
generality, we may also assume that 8, / A1 as n — oo. Recall (5.2), we can
see from a similar argument as used in the proof of [19, Lemma 5.1] that c)
is nonincreasing for A € (0,\1). It follows from (5.5) that {ug,} is bounded
in H. Without loss of generality, we may assume that ug, — ug weakly in H as

n — oo. Since supcg, < SV/2/N, by a similar argument as used in the proof
neN
of Proposition 5.2, we can show that uy # 0 if lim cg, > 0, which contradicts
n—oo

Proposition 5.3 owing to the fact that ug, are positive. Now, the conclusion
follows immediately from (5.5) once more. O

Finally, we get proof of Theorem 1.10. Since Proposition 6.1 holds, we can
obtain the conclusion by a standard arguments.
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