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A CONTINUATION LEMMA
AND THE EXISTENCE OF PERIODIC SOLUTIONS
OF PERTURBED PLANAR HAMILTONIAN SYSTEMS
WITH SUB-QUADRATIC POTENTIALS

ZAIHONG WANG — TIANTIAN MA

ABSTRACT. In this paper, we study the existence of periodic solutions of
perturbed planar Hamiltonian systems of the form

x = f(y) + pl(tv T, y)7
y/ = —g(a:) + p2 (t,a:, y)‘

We prove a continuation lemma for a given planar system and further use
it to prove that this system has at least one T-periodic solution provided
that g has some sub-quadratic potentials.

1. Introduction

We are concerned with the existence of periodic solutions of a perturbed
planar Hamiltonian system

= f(y) +p1(t7xvy)a

(1.1)
Y = —g(z) + pa(t, 2, y),

~

where f,g: R — R are continuous, p;: R®> — R (i = 1,2) are continuous and
T-periodic with respect to the first variable.
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In the case when f(y) =y, p1(t,z,y) =0 and py(t, z,y) = p(t), system (1.1)
becomes

v =y,
y' = —g(x) + p(t),

which is equivalent to the second order differential equation
(1.2) 2" +g(x) = p(t).

The periodic problems of equation (1.2) have been widely studied in literature.
In [9], A.C. Lazer proved the existence of periodic solutions of equation (1.2) by
assuming that g(x) satisfies the sublinear condition

(1.3) lim M =0
|z]|>+00 X

together with the sign condition

(1.4) sgn(z)(g(z) —=p) 20, || =4,

where

1 T

d is a positive constant. From then on, there have appeared many works which
generalized condition (1.3) in different manners (see [3], [5], [12], [14], [15] and
references therein). In particular, some one-sided growth conditions on g(x) or
its primitive G(x), which is defined by

Ga) = | “g(s) ds,

were introduced to study the periodic solutions of equation (1.2). J. Mawhin
and J.R. Ward proved in [12] the existence of periodic solutions of equation
(1.2) under (1.4) and

(1.5) lim sup 2&) < (”)2.

z—+o00 T T

L. Fernandes and F. Zanolin [5] generalized (1.5) to condition

(1.6) lim inf 22&) (W>2.

z—4o00 12 T

As to other nonresonance conditions on the potential G(z) for periodic solutions
of equation (1.2) one can check [13].

In the case when f(y) is nonlinear and p;(¢,z,y) # 0, system (1.1) in gen-
eral can not be transformed into (1.2). The periodic problem of planar system
(1.1) is being studied with an increasing interests ([1], [2], [6]-[8], [16]). In [7],
the existence of periodic solutions of planar Hamiltonian systems of the type
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' = g1(t,y), ¥ = —g2(t, 2) was studied when g1, go: R> = R (i = 1,2) are con-
tinuous, T-periodic with the first variable and satisfy the asymmetric nonlinear

conditions,

4 t
pre < liminfM < lim sup M <p*

y—Foo Y y—+o00 Y - ’

t» xz . t, xT
vy < liminf 792( ) < lim sup 792( ) < I/i,
T—Foo X r—+o0 xr

+

uniformly for ¢ € [0, T], where u*, pu+, v* and v are positive constants. It was

proved in [7] that the given system has at least one T-periodic solution provided
that the following condition holds,

[Tl,Tg]ﬁ{Z;:’I’LENQ} :@7

where Ny denotes the set of positive integers and

w3 ) (e )

s 1 1 1 1
Tg — — —+ —+ .
2\ J/ux  Jp- VUi V-
In the present paper, we shall study the existence of periodic solutions of

system (1.1) when f satisfies the asymmetric nonlinear conditions and ¢ has
some sub-quadratic potential. Assume that f satisfies the conditions as follows,

(h1) ay <liminf /W) < lim sup 1) <a™,
y—rtoo Y y—+oo Y

(hs) a_ < liminf 1) < lim sup Ly) <a~,
y——oo Y y——00

where a* and a4 are positive constants. Moreover, assume that there exists a
constant My > 0 such that

(hs) |pi(t, z,y)| < My, forallt,z,y € Randi=1,2.
Meanwhile, there exists a positive constant d; such that

(go) sgn(z)g(z) > My, |z| > dy.

We prove the following results.

THEOREM 1.1. Assume that conditions (h;) (i = 1,2,3) and (go) hold. Then
system (1.1) has at least one T-periodic solution provided that the inequality

2
lim inf 2G(x) < <c7r>

r—+00 x2 T

holds, where c is a constant defined by

c:1<@+\/‘7>.

2\ at a~”
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COROLLARY 1.2. Assume that conditions (h;) (i = 1,2,3) and (go) hold.

Then system (1.1) has at least one T-periodic solution provided that G satisfies
lim inf G)

r——+o0 xT

=0.
In particular, if g satisfies one-sided sublinear condition
(1.7) lim M =0,

r—+o00 I

then system (1.1) has at least one T-periodic solution.

REMARK 1.3. In [8], Landesman-Lazer conditions were introduced to ensure
the existence of T-periodic solutions of planar systems

0 -1
Ju' = F(t,u), J= ( ) )
1 0

when, referring to equation (1.2), resonance occurs at the first eigenvalue (Ag =
0) of the T-periodic problem. When g satisfies (1.7), system (1.1) can be con-
sidered as a perturbation of the (possibly) resonant system 2’ = f(y),y’ = 0. In
case when f is piecewise linear, i.e. f(y) = ay™ — by~, where y™ = max(y, 0),
y~ = max(—y,0), a,b are two positive constants, we can write (1.1) in the form:

Ju' =V Hy(u) + r(t,u),

with v = (z,y) and
1 42 1, 2
Ho(u) = gay™ +5by™",  r(t,u) = (9(2) —p2(t, 2, 9) pr(t, 2, 9)).
If (hs), (go) hold and g satisfies double-sided sublinear condition
lim —g(x)

|z|=>+00 T

then we can drive from [8, Corollary 3.1] that system (1.1) has at least one
T-periodic solution. However, the latter conclusion of Corollary 1.2 can not

be obtained from [8, Corollary 3.1] because g only satisfies one-sided sublinear
condition (1.7).

COROLLARY 1.4. Assume that (hs) and (go) hold and there are constants
a>0,b> 0 such that

lim M:a lim @:b.

y—+oo Y ’ y—+—oo Y

Then system (1.1) has at least one T-periodic solution provided that G satisfies
2 %
(1.8) lim inf G(f) < <7r) :

T—+00 I T
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where 1 = (1/y/a +1/vV/b)/2. In particular, for any a > 0, b > 0, system

x’ = aer - byi +p1(taxay)7

1.9
9 y' = —g(x) +p2(t,z,y),

has at least one T-periodic solution provided that (1.8) holds.

REMARK 1.5. Corollary 1.4 can be regarded as a generalization of the result
in [5]. In fact, if we take a = b =1 and p;(¢,z,y) = 0, p2(t,z,y) = p(t), then
system (1.9) is equivalent to equation (1.2) and the condition (1.8) is exactly the
condition (1.6).

2. A continuation lemma

It is well known that continuation results based on coincidence theory are
widely used to study the existence of periodic solutions of differential equations.
In this section, we shall prove a continuation lemma for system (1.1). At first,
we imbed system (1.1) into a family of systems with one parameter A € [0, 1],

¥ = Af(y) +pi(t,z,9)),

(2.1)
Y = M—g(z) +p2(t,2,9)).

LEMMA 2.1. Assume that conditions (go), (hs) hold and there exists a positive

constant do such that

(fo) sgn(y) f(y) > Mo, |y| > da,

where My is from condition (hg). Suppose that there exists a constant ¢ > dy
such that if (zx(t),yx(t)) is one T-periodic solution of (2.1) for some A € (0,1],
then

max{x,(t) : t € [0,T]} # C.

Then system (1.1) has at least one T-periodic solution.

We shall use a classical consequence of Mawhin’s continuation theorem [11]
to prove Lemma 2.1. For reader’s convenience, we restate it here.

LEMMA 2.2. Let U = U(t,z;A): [0, 7] x R™ x [0,1] — R™ be a continuous
function and let Q@ C R™ be a (non-empty) open bounded set (with boundary 0
and closure Q). Assume that the following conditions are satisfied:

(a) for any T-periodic solution z(t) of z/ = AU(t, z; \) with A € (0,1], such

that z(t) € Q, for all t € [0,T), it follows that z(t) € Q, for all t € [0,T];

(b) Wo(z) £ 0, for each z € OQ and dg(Vp,,0) # 0, where

1

T
Uo(z) = T/o U(t,z;0), forzeR™.
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Then the equation z' = U(t, z;1) has at least one T-periodic solution z(t) € ),
for allt €10,T].

PrOOF oF LEMMA 2.1. We first prove that there is a constant M > 0
such that, if (z(t),y(t)) is one T-periodic solution of (2.1) with A € (0,1] with
x(t) < ¢, for ¢ € [0,T], it follows that

[z(t)] + y(t)] < M, tel0,T].
Let (z(t), y(t)) be any T-periodic solution of (2.1) satisfying z(¢t) < ¢, t € [0,T].
Integrating both sides of y' = AM(—g(x) + p2(t, x(t),y(t))), we have

T
(2.2) /0 (9(2(t)) — p2(t, (1), y(1))) dt = 0.

Then we obtain
T
- / (el dt = /Igg(xu))dt— / pa(t,2(t), y(t)) dt,

where I; = {t € [0,T] : #(t) < —d1}, I = {t € [0,T] : »(t) > —dy}. Therefore,
we have

/ Ig(iv(t))ldt=—/g(w(t))dt+ lg(=(2))] dt
0

11 12

T
=2 lg(t)ldt +/0 [p2(t, x(t), y ()] dt < T(2M; + Mo),

where M; = max{|g(z)| : —d1 < x < (}. Consequently, we get

T T
(2.3) / /(&) dt = A / l9((6)) — palt, 2(t), y(1))| dt

S/O Ig(fc(t))\dtJr/o [p2(t, x(t), y(t)| dt < 2T (M + Mo).

Integrating both sides of 2/(t) = A(f(y) + p1 (¢, z(t), y(t))), we have

T
| ) + o0, y(e) dt =0,
0
According to the mean value theorem, we know that there is t, € [0,7] such
that
Fly(t)) +p1(te, 2(E0), y(ts)) = 0,

which implies |f(y(t.))| < Mp. From condition (fp) we know |y(t.)| < d2. We
infer from (2.3) that

T
y(0)] < ly(t)] + / W (8)]dt < dy + 2T (M + M) 2 1.
0
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Set My = max{|f(y)| : —c1 <y < ¢1}. Then we have

T T
| L= [ 150) + piea0),y(0) ] de < (Mo +185).
0 0
From (2.2) we know that there is t* € [0, 7] such that

9(x(t")) = pa (", (%), y (")) = 0,

which implies that |g(x(¢*))| < My. From (go) we have |z(t*)| < d;. Hence, we
get
T
0
Set M = ¢; + co. Let us define an open set Q C R?,
Q={(z,y) eR?*: —M <z <, |y < M}.

If (z(t),y(t)) is any T-periodic solution of (2.1) satisfying (z(t),y(t)) € Q for all
t € [0,7], then z(t) < ¢, t € [0,T]. From the conclusion above we know that
xz(t) > =M, |y(t)| < M for t € [0,T]. Since max{z(t) : t € [0,T]} # ¢, we have
x(t) < ¢ for all t € [0,T]. Therefore, (z(t),y(t)) € Q for all t € [0,T].
Let us define a function h: R? — R?,
h(I,y) = (f(y) +ﬁl(‘r7y)v 7g(x) +ﬁ2($,y)),

where Py, Py: R? — R are defined by

e I
ﬁl(x7y) = T/O pl(t7x7y) dt7 ﬁQ(xay) = TA pQ(taxay) dt.

Obviously, |p, (z,y)| < My, |Py(x,y)| < My, for all (z,y) € R% We claim that
dp(h,Q,0) = 1.
To prove this claim, we consider a map H(z,y, \): R? x [0,1] — R?,
H(z,y,A) = (f(y) + Ap1(2,9), —9(x) + AP2 (2, y))-

Since M > max{d;,d2} and ¢ > d;, we know from (fy) and (go) that, for
x € [-M,(] and A € [0,1],

F(M) +Apy(z, M) #0,  f(=M)+ Apy(z, —M) #0
and for y € [-M, M] and X € [0, 1],
g(=M) = Apo(—=M,y) #0,  g(¢) — AP,(C,y) # 0.

Therefore, H(xz,y,\) # 0, for any (x,y) € 9Q, A € [0,1] and thus H is a ho-
motopic mapping. From the homotopy invariance theorem of degree we know
that

dg(h,Q,0) = dg(H(-,1),Q,0) = dg(H(-,0),9,0).
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Since H(z,y,0) = (f(y), —g(z)), we infer from (fy) and (go) that
dg(H(-,0),9,0) =1.

Thus, the claim is proved. According to Lemma 2.2, system (1.1) has at least
one T-periodic solution (z(t),y(t)) € Q for all ¢ € [0, T]. O

REMARK 2.3. Assume that (go), (fp) and (hs) hold and there exists a constant
¢ > dg such that if (za(¢),ya(t)) is a T-periodic solution of (2.1) for some
A € (0,1], then max{yx(¢t) : t € [0,T]} # ¢. Then we can also prove by using the
same method that system (1.1) has at least one T-periodic solution.

We now give an elementary application of Lemma 2.1.

ExXAMPLE 2.4. Assume that conditions (go), (fp) and (hs) hold. Moreover,
g, f also satisfy the following conditions

(81) lim sup 9(x) < +o0,
rz—+oo T

(f) TEAC) Y
y—+oo Y

Then system (1.1) has at least one T-periodic solution.

PRrROOF. From (go) and (g1) we know that there exist constants a > 0, b > 0
such that

0<glx)<axr+b, x>d.

According to (f1), we have that, for any sufficiently small e > 0, there is A. > 0
such that

lfWl <ey+ A, y=>—do.

Let (x(t),y(t)) be any T-periodic solution of (2.1) with z(t.) = max{x(t) : t €
[0,7]} > di. Then, there is an interval [«, 8] containing ., with 0 < f —a < T,
such that

z(a) =2(8) =d1, x(t) >di, t € (a,f).

Since @'(t.) = 0, we have that f(y(t.))+ p1(ts, z(t«), y(t+)) = 0. From condition
(fo) we know that |y(t.)| < da. When z(t) > dy, t € [, t.], it follows from (gp)
that y/(t) = M—g(z(t)) + p2(t, z(t),y(t))) < 0 for t € [, t.]. Therefore, y(t) >
—day, t € [, t.]. Integrating both sides of z/(t) = A(f(y(¢)) + p1(¢, z(t),y(¢)))
over the interval [a, t,], we get

ts

(2.4) 2(t) < Ayt e / ly(6)] dt,

«
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where Ay = dy + T(Ac + Mp). On the other hand, we have that, for ¢ € [a, t.],
ts

25) |y <yt + / gla(s)) s + / Ipa (s, 2(s), y(s))| ds

t.
< As+ a/ |x(s)|ds < Ay + aTx(t.),
t

where Ay = dy + T(b+ My). From (2.4) and (2.5) we get that
x(t,) < Ay +eTAs + caT?x(t,).
Take a small € > 0 such that 0 < eaT? < 1. Then we have
A1 + ETAQ
1—eal? "’
Since A1 > d; and 0 < eaT? < 1, we know that (A; +eTAz)/(1 — eaT?) > d.
According to Lemma 2.1, system (1.1) has at least one T-periodic solution. O

x(ts) <

3. Periodic solutions of planar systems
with sub-quadratic potentials

In this section, we shall use the continuation Lemma 2.1 to prove the existence
of periodic solutions of (1.1) under sub-quadratic potentials.

PrOOF OF THEOREM 1.1. From conditions (h;) (i = 1,2) we know that
there exists da > 0 such that (fp) holds. Set

2
o = liminf 2G(2x) < (c7r> .

r—400 xX

Let us take a fixed constant 7 > 0 such that g, = o+ 71 < (cr/T)?. From [4] we
know that there is a sequence {z,} such that 11111 z, = +o00 and
n——+0o0o

(3.1) 2GC(xa) — G() < gy(a2 —2%), € (0,2,).

We claim that the condition of Lemma 2.1 holds with { = x,, for a sufficiently
large n. Let (x(t),y(t)) be any T-periodic solution of system (2.1) and assume

by contradicition that n%gn;] z(t) = x,, > dy for a sufficiently large n.
telo,

Set t) = x(ty), t« € [0,T]. Si
e trer[l(i)}]x() x(ts) [0,T]. Since

T
/0 (9(2(8)) — palt, 2(t), y(1))) dt = 0,

there is t € [0, T] such that g(x(t)) = pa(t,2(t),y(t)) and then |g(x())| < My.
From condition (gg) we have that |(t)| < d. Hence, there is an interval [a, f]
containing t,, with 0 < 8 — a < T, such that

z(a) =z(8) =d1, =) >d1, te€(a,p),
() =0, y'(t)<0, te]a,p]
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From (2.1) we have

(3:2)  (=g(x(®) + p2(t, (1), y()2' (t) = (f(y(1) + pr(t, (1), y(1)))y' ().

Integrating both sides of (3.2) over interval [¢,¢.] with a <t < t,, we get
(3.3) F(y(t)) — F( G(z(ty)) — G(x(1))
+

) =
/ pi(s,2(s), y(5))y' (s) ds—/t*pz(s,w(S),y(S))w'(S) ds.

Since y'(t) < 0, t € [o, t], we have that, for ¢ € [a, t.],

/ 5)ds / Ip1(5,2(5), y(s))I Iy (5)] ds

Meanwhile,

y(ts)
[a,

< M / —y/(s)ds = Mo(y(t) — y(t.)).

/t*pg(s,x(s),y(s))x'(s) ds SMO/t ) |z’ (s)| ds.

Note that 2'(t.) = 0, we have f(y(t.))+p1(t, z(ts), y(t«)) = 0. Hence, |f(y(t+))|
< Mjy. Furthermore, |y(t.)| < do. Set M = sup{|f(v)| + |[p1(t, z,9)| : |y| <
dy, z€R, t €0, T]}. If t € [, t.] and |y(s)| < dg for every s € [t,t,] , then

‘f(y(s)” + |p1(s,x(5),y(5))| S M> ERS [tat*]'
In this case, we have
/t a!(s) ds < / 7)) + loa (5, 2(5), y(s)]) ds < MT.

If t € [o,t.] and there is ¢ € [t,t.] such that y(s) > da, s € [t,t]; |y(s)| < da,
€ [t,ts], then we know from (fo) that 2'(¢) > 0, t € [¢,¢]. In this case, we get
that

/ |2’ (s |d5—/|x |ds+/ |2"(s)| ds

2(f) — x(t) + MT < x(t,) — x(t) + MT.

It follows that, for t € [a, ],

| palsia(e). o) )
where My = MogMT. From (3.3)—(3.5) we infer that, for t € [a, ],
Fly()=F(y(t.) < G(a(ta)) =G () +Mo(y(t) —y(t))+Mo(x(t.) —z(t))+ M.

Since |y(t+)| < dg, thereis a constant D > 0 such that |F'(y(¢.))| < D. Therefore,
we get

(3.6)  F(y(t)) — Moy(t) < G(z(t.)) — G(a(t) + Mo(x(t.) — x(t)) + Mo,

(3.5) < Mo/t " 12/(8)|ds < Mo ((t.)—(t))+ M,
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where My = My + doMy + D. From (h;) we know that, for any 0 < ¢ < ay,
there is M, > 0 such that

(3.7) (ay —e)y —M: < fy) < (a" +e)y+ M., y=>—da.

Hence, there is M. > 0 such that

F(y) > s(ay — 5)?}2 - M.y — Mé Yy > —do,

~— N

which, together with (3.6), implies that, for t € [a, ],

(ay —e)y(t)* — 2(M + Mo)y(t)
< 2(G(x(ts)) — G(x(t))) + 2Mo((ts) — x(t)) + 2(Ma + MY).

It follows that

(y(t) _ Mt MO) < 2 (G(z(te)) — G(z(t)) + Mo (z(ts) — z(¢))) + 1.

a4y —¢& ay — ¢

where

Cc1 =

2(My + M) N M. + My\?
a, —¢ a, —¢ )

Consequently, we obtain that, for ¢ € [«, t.],

ay —¢€ ay —¢€

y(t) < \/ 2 (Gle(t.) - Gla(t) + Mo(a(t,) —a(t) + =t M0

Since

a'(t) = A(f(y(1)) + pa(t x(t), y(1)),

we know from (3.7) that, for ¢ € [o, t.],

(3.8) 2 (t) < \j%\/%G(w(t*)) — G(z(t)) + Mo(z(ts) — x(t))) + co,
where

02:(a++5)(1\i1+_ +\F>+M + M.
As a result, we infer from (38) that

t m dx
T oat+e Jo, 2(G G(2)) + 2Mo(zs — ) 4¢3’
where z, = z(t,) and ¢3 = CQ\/m/( +¢). From (3.1) we get
b \/F dz
at+¢e Jq4 \/Q,7 2 —22) 4+ 2My(ze — ) + c3
Vay —¢€ m/ar — €

T atte /0 ,/gn(l—tQ) +oll) = 2(a++e)\/@+0(1)’
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where the notation o(1) means an infinitesimal as x, — +oco. Similarly, we can
obtain

Therefore, we have

B-a> (\/a+_€+\/a_€)+o(1).

T 2/0,\ at+¢ a” +e€
Since
2
cm 1 \ayr  Ja_
pn<<T> and C—2< pes + e >,
we get

i T \/a+—5+\/a,—5 _ocrm - T
e—0+ 2,/0, \ at +¢ a” +¢€ NS

which implies that there is ¢y > 0 such that, for 0 < e < g, 8 — a > T. This
is a contradicition. Therefore, there is a sufficiently large x,, > d; such that, for
any T-periodic solution (z(t), y(¢)) of (2.1), we have max{x(t) : t € [0,T]} # .
According to Lemma 2.1, system (1.1) has at least one T-periodic solution. O

REMARK 3.1. In [10], the existence of periodic solutions of Rayleigh equations

(3.9) o’ 4 f(t, @) + g(x) = p(t)

was studied, where f: R xR is continuous and T-periodic with the first variable,
g,p: R — R are continuous and p is T-periodic. Obviously, equation (3.9) is
equivalent to the planar system

r =Y,

(3.10)
y/ = 79(33) - f(tay) +p(t)a

which is of the form of system (1.1). Assume that the following conditions hold:
(c1) There is a constant d > 0 such that

sgn(z)g(x) > sup{[f(t,0)| + |p(t)| : t € R}, [a| > d;

(ca) f satisfies sublinear condition:

t
lim M =0 uniformly with ¢ € [0, T7;

lyl=+o0 Y
c3) The primitive G of g satisfies
p g

2
lim inf 2G(2x) < (W> .

T—+00 I T
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It was proved in [10] that equation (3.9) has at least one T-periodic solution,

which implies that system (3.10) has at least one T-periodic solution. We can

see

that there are similarities between the conditions of the result in [10] and

the conditions of Theorem 1.1. However, it follows from (c3) that f(¢,y) maybe

unbounded and in this case, the conditions (hs), (go) of Theorem 1.1 are not
satisfied. Thus Theorem 1.1 does not include the result in [10].
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