Topological Methods in Nonlinear Analysis
Volume 48, No. 1, 2016, 235-255
DOI: 10.12775/TMNA.2016.044

© 2016 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University

TOPOLOGICAL STRUCTURE OF SOLUTION SET
FOR A CLASS OF FRACTIONAL NEUTRAL EVOLUTION
EQUATIONS ON THE HALF-LINE

LE HoAN HoA — NGUYEN Ncoc TRONG — LE XUAN TRUONG

ABSTRACT. A topological structure of the set of all mild solutions of frac-
tional neutral evolution equations with finite delay on the half-line is in-
vestigated. We show that the solution set is an Rg-set. It is proved on
compact intervals by establishing a result on topological structure of fixed
point set of Krasnosel’skil type operators. Next, using the inverse limit
method, we obtain the same result on the half-line.

1. Introduction

Throughout this paper E denotes a Banach space endowed with the norm |-|.
Suppose that A: D(A) C E — E is the infinitesimal generator of an analytic
semigroup {T'(t) }+>0 of operators on E and ¢: [—r,0] — E is a function belong-
ing to the phase space Cy = C([—r,0]; E). The main purpose of this paper is
to study the topological structure of the set of all mild solutions of fractional
neutral evolution equations with finite delay of the form

CDx(t) — ht,z(t), z)] = Az(t) + f(t,2(t),z;), t >0,

(1.1)
"E(](t) = 1/’@)» le [—7‘, 0]7
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where ©D? is the Caputo fractional derivative of order ¢ € (0,1), the histories
xy: [-1,0] — E are defined by x¢(s) = z(t + s) for all s € [-r,0], and the
functions h, f: Ry x E x Cy — E are given functions satisfying some conditions
specified later.

Problem (1.1) on a compact interval has been studied by Zhou and Jiao [28]
under a more general framework, namely the condition xy = v was replaced by
the condition

xo(t) + g(zey, ... 2e,)(t) = ¥(t), te][-r0].

They proved an existence result by using the Krasnosel’skii fixed point theorem.
In this paper we establish the existence results for problem (1.1) on the half-line
and, in particular, we prove that the mild solution set of this problem is an
Rs-set. For the reader’s convenience, we recall here some definitions.

DEFINITION 1.1 (see [14]). Let M be a topological space. Then

(a) M is called an absolute retract if each continuous map f: B — M, where
B is a closed subset of some topological space N, possesses a continuous
extension over N.

(b) M is called an Rs-set if it is homeomorphic to the intersection of a de-
creasing sequence of compact absolute retracts.

Note that any Rg-set is a nonempty compact connected space. On the other
hand, it is acyclic with respect to the Cech homology functor, i.e. it has the same
homology as the one point space. It may be not a singleton but, from the point
of view of algebraic topology, it is equivalent to a point (see [14]).

In 1890, Peano proved that the Cauchy problem

' (t) = f(t,z(t)), 0<t<a,

1.2
(12) x(0) = xy,

where f: [0, a] x R™ — R"™ is continuous, has local solutions although the unique-
ness property does not hold in general. This observation became a motivation
for studying the structure of the solution set, Sol, for problem (1.2). Peano also
proved that, in the case n = 1, the set Sol(t) = {z(t) : € Sol} is nonempty,
compact and connected in the standard topology of the real line, for ¢ in some
neighbourhood of 0. In 1923, Kneser generalized this result for arbitrary n.
Next, in 1928, Hukuhara proved that Sol is a continuum in the Banach space of
continuous functions with sup norm. A more precise characterization of Sol has
been found in 1942 by Aronszajn [2]. He proved that Sol is an Rs-set. So Sol
is acyclic. The analogous result was obtained for upper-Carathéodory inclusions
by De Blasi and Myjak in [8]. For more details, historical remarks and related
references, see [1].



TOPOLOGICAL STRUCTURE OF SOLUTION SET 237

In many cases, solution sets for differential problems correspond with fixed
point sets of operators in suitable function spaces. The results on the Rs property
of fixed point sets often require compactness of operators on the whole linear
space. This is a difficulty in application. In this paper we first establish a result
on the Rg property of the fixed point set for Krasnosel’skii type operators of the
form U + B, where U is a contraction operator and B is a completely continuous
operator (see Theorem 3.2). Then, by using this result and the inverse limit
method, we not only obtain the existence result but also the Rs property for the
mild solution set of problem (1.1).

For more results on fractional differential equation we refer the interested
reader to [4], [5], [9]-[12], [18], [23], [24], [26], [28] and on topological structure
of solution sets we refer to [3], [6], [7], [13]-[15], [20]-[22], [27].

2. Preliminaries and assumptions

For fractional calculus we recall that if z: [0,400) C R — E then

e the fractional integral of order o > 0 with the lower limit zero for x is
defined as

Ia(t) = ﬁ/o (t = 5)*a(s)ds, t>0,

and

e the Caputo fractional derivative of order o« > 0 for the function z is
defined by

_ t — )P 1M (5) ds
e AR (5)ds,

provided that the right-hand sides of above equalities are pointwise defined on

CD%x(t) := "M (t) =

[0,00). We also note that the integrals which appear in these definitions are
taken in Bochner’s sense.

For the operator A, we assume that it is the infinitesimal generator of an
analytic semigroup {7'(¢) };>0 such that 0 € p(A), where p(A) is the resolvent set
of A. Tt is well known that, for each n € (0, 1], the fractional power A" is defined
as a closed linear operator on its domain D(A"). The following properties will
be used (see [25]):

(i) There is a constant M > 1 such that M := sup |T(t)| < oo.
teER 4

(ii) D(A") is a Banach space with the norm ||z, = |A"z|, for € D(A").

(iii) T(t): E — D(A"), for all t > 0.

(iv) A"T(t)x = T(t)A"zx, for each x € D(A") and t > 0.

(v) For every t > 0, A"T'(t) is bounded on E and there exists C,, > 0 such
that |[A"T(t)| < C,/t".

(vi) A™" is a bounded linear operator for 0 <n < 1in E.
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DEFINITION 2.1 ([28]). By a mild solution of problem (1.1) we mean a con-
tinuous function z: [—r, 00) — E which satisfies x9 = ¢ on [—r, 0] and

(2.1) z(t) = Sq(t)[¥(0) — h(0,4(0), o)] + h(t, (1), z¢)

+ /0 (t— )1 AT, (t — s)h(s,x(s), zs) ds

+/t (t— $)171T, (t — 8)f(s,2(s),ws) ds, ¢ € Rs,
0

where the operators {Sq(t)}+>0 and {T;(t)}+>0 are given by
x—/(gﬁq T(t90)xdf and T,(t a:—q/ 004(6)T(t%0)x do,

with ¢, a probability density function defined on (0, c0) by
1
¢q(9) = ’9_1_1/q¢q(9_1/q) 20,

1 r !
772 —ng— 1M$n(nﬂ'q), 6 € (0,00).
™ n!

The following results on S, and T; are used throughout this paper.

LEMMA 2.2 ([28]). The operators S, and T, have the following properties:

(a) For any fized t > 0, S4(t) and Ty(t) are linear and bounded operators.
Further, for all x € E, we have

qM
|Sq(t)x| < M|z| and |Ty(t)x| < mm

(b) Operators {Sq(t)}e>0 and {T,(t)}1>0 are strongly continuous, i.e. for all
r € FE and 0 <t <ty we have
|Sq(t1)x — Sq(t2)z| = 0 and |Ty(ti)z —Ty(t2)xz] =0 asty — to.

(c) If T(t) is a compact operator for every t > 0 then Sq(t) and T,(t) are
also compact operators for every t > 0.
(d) For anyx € E,a € (0,1),8 € (0,1], we have
AT, (t)x = A*PT, (t)APx, teRy,
gCoT'(2 — )
< I'(1+q¢(1 - )

Now assume that F' is a Fréchet space whose topology is given by the family

| AT, (t) £ > 0.
of seminorms {p,, : n € N}.

DEFINITION 2.3. Let {k,}>2; be a sequence in [0,1). The map U: F' — F
is said to be a k,-contraction operator if

poU(z) —=U(Y)) < kppp(z —y), forallz,ye F.
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The following fact will be used to prove our main results.

LEMMA 2.4 ([16], [17]). Let two operators U,B: F — F be given. Assume
that the following conditions hold:
(a) U is a ky-contraction operator, for everyn € N,
(b) B is a completely continuous operator and
Pn(B(x))
pn(z)—o0  Pp(T)
Then U + B has a fized point in F.

=0, forallneN.

3. Topological structure of fixed point set
for Krasnosel’skii type operators

The following lemma is a corollary of [13, Theorem 2.1].

LEMMA 3.1. Let (X,||]) be a Banach space and K: X — X be a completely
continuous map. Assume that there is a sequence of completely continuous maps
K,,: X — X such that

(a) | Km(z) — K(2)|| < 1/m, for all x € X and for all m € N,

(b) for each m > 1 and each y € X with ||y|| < 1/m, the equation x =

K, (x) +y has exactly one solution.
Then Fix(K), the set of all fixed points of K, is an Rs-set.

Next we shall prove an important result of this paper.

THEOREM 3.2. Let (X, -||) be a Banach space and U,B: X — X be two
operators. Assume that
(a) U is a k-contraction operator,

(b) B is a completely continuous operator satisfying the following conditions:

(i) lim (B(z)[|/]|=]| =0,

llzll—oo
(ii) there is a sequence of completely continuous operators By, : X — X

(n=1,2,...) such that for any bounded subset D of X we have

lim sup ||B,(z) — B(z)| =0,

(c) for every h € X with |h|| < 1/n the equation x =U(x — h) + By(x) + h
has at most one solution.
Then Fix(U + B) = {zx € X : . =Ux + Bz} is an Rs-set.
PrROOF. It follows from assumption (a) that the operator I — U is invert-

ible and its inverse is uniformly continuous on X. We define the completely
continuous operator f: X — X by

flx)=I-U)"'B(z), forzeX.
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Our proof consists of three steps.

Step 1. There exists a convex closed and bounded subset D of X such that
f(D) CcD.

For each z € X we define the operator U,: X — X by

U, () =U(x) + =,
and U" = (U,)™, for m € N. Then, from [16, Theorem 10], it follows that U,
admits a unique fixed point being (I —#)~!(z) and we have:
e the sequence {UM(z)}3°_, converges to (I — U)71(z) for all z € X,
that is,

(3.1) lim [U2(x) = (I =U)~ (=) =0,

m— o0

e there exists a > 1 such that
(3.2) U (x0) — 20| < af|2]|, for all m €N,

where g is the unique fixed point of U.

Next, it follows from assumption (b) that there exists p! > 0 satisfying
1
(3-3) 1B(2)]| < 5 lle = ol

provided that ||z — x¢|| > p'. Then we choose a positive constant p such that
p>p' +a(l+B)+ 2, where 8 = sup{||Bz|| : * € X with ||z — x| < p'}. It is
necessary to note that § # oo thanks to complete continuity of the operator B5.

Now we set D = {z € X : ||z —x¢]|| < p}. Then D is a convex closed bounded
subset of X. Moreover, it is not difficult to prove that Z/{g‘(z)(:ﬁo) € D, for all
x € D. Consequently, passing to the limit as m — oo and using (3.1) we have
f(D)=({I-uU)"'B(D) cD.

Step 2. Let fp be the restriction of f on D. We will show that
Fix(U + B) = Fix(fp).
For this, it is sufficient to prove that if x is a fixed point of & + B then x € D.
Indeed, if = € Fix(U + B) then z is also the unique fixed point of Ug(,) and
(3.4) lim Ui, (z0) = 2.

m—r oo

By letting m — oo in (3.2), we obtain ||z — z¢|| < | Bz||. If ||z — zo|| > p then
||z — 2zo|| < ||z — xo||/2. This contradiction implies that Fix(U + B) C D.

Step 3. It follows from Step 1 and Schauder’s fixed point theorem that
Fix(fp) # 0. Now we put f, = (I —U)"'B,. Then f, is clearly completely
continuous. On the other hand, since (I —)~! is uniformly continuous on X,
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for each n € N, there exists ¢,, € (0,1/2) and §,, — 0 such that for all z,y € X
and ||z — y|| < 0, we have

(35) I =27 @)~ (=) )l < =

From assumption (b) (ii) there exists a subsequence of {B,,} which is still denoted
by B, such that

(3.6) sup || B (z) — B(z)|| < .
xeD

Combining (3.5) and (3.6) we deduce || f,(z) — f(x)] < 1/n, for all x € D.
Finally it is noted that, for y € X satisfying ||y|| < 1/n, the equation = =
fn(x) + y is equivalent to the equation

(3.7) z=U(x —y)+ Bu(z) +y.

In order to prove the existence of a solution for equation (3.7), by assump-
tion (iii), we need only to check that this equation has at least one solution. For
this purpose we consider the operator F: X — X defined by F(z) = U(z—y)+vy.
Then it is easy to see that F is a k-contraction operator and xg+y is the unique
fixed point of F. Moreover, if z € X then we have

Fl'(x) =U(x —y) +y,
for all m € N* and for all € X. Hence, it follows from (3.2) that

(3-8) H]:Zi,(x) (zo +y) — xol|
=UE,, 2y (w0) +y — zol| < |UZ, () (w0) — ol + [[y]l
<al[Bn(z)| +1 < o Bu(x) — B(z)|| + of[B(z)|| + 1.

Combining (3.6) and (3.8), we get

n(‘”)

«
175, 2y (o +y) = zoll < 5 + [ Bla)|| + 1.

We consider two cases:
Case 1. ||z — xo|| < p'. In this case we have

«
||fg(x)($0 +y) — ol < 3 +af+1<p.

Case 2. p' < ||# — zo|| < p. Then we have p/2 > /2 + 1. Hence
[l — o
2

This implies that (I — F)~1B,(D) C D. By using again Schauder’s fixed point
theorem, F + B,, has a fixed point € D which is a solution of equation (3.7).

Q
175, (@ (z0 +9) —woll < 5 + +1<p.

Therefore, by applying Lemma 3.2, the proof of the theorem is complete. O
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COROLLARY 3.3. Let X = C([a,b]; E) be the Banach space of all continuous
functions on [a,b] taking values in a Banach space (E;|-|) and endowed with

the sup norm || - ||. LetU: X — X be a k-contraction operator, B: X — X be
a completely continuous operator such that
1B@)] _
lzl—oo ||l

Assume that there exist tg € [a,b] and eg € E satisfying the following conditions:
(a) B(z)(to) =eg for allx € X,
(b) for any € > 0, if z|r. = y|1., then U(z)|1. = U(y)|1. and B(x)|r. =
B(y)|1., where I. = [a,b] N [to — €,t0 + €].
Then Fix(U + B) is an Rs-set.

PROOF. For each n € N, we define b, : [a,b] — [a,b] by

[y

to if [t —to] < —,

3

1
t - -
n|t - t0|
and consider the operator B,,: X — X defined by

B (z)(t) = B(z)(ba(t), t€ [a,b].

1
t—to) if |t —to| > =,
( o) if| 0|_n

First, we will prove that B,, is completely continuous and for each bounded set
D in X we have

lim sup ||B,(z) — B(x)|| = 0.

It is not difficult to see that B,, is continuous.
Now, let D be a bounded subset of X. Since B is completely continuous the
set B(D) is relatively compact. Hence, for every t € [a, b],

B, (D)(t) := {Bn(2)(t) = B(z)(bn(t)) : © € D}

is also relatively compact. On the other hand, thanks to the equicontinuity of
B(D) we deduce that for any € > 0, there exists § > 0 such that

(3.9) |B(2)(t1) — B(x)(t2)] <e,

for all © € D and for all t1,t3 € [a,b] satisfying |[t; — t2| < 0. By the uniform
continuity of b, on [a,b], we can choose ¢’ > 0 such that |b,(t1) — b, (t2)] < &
if [t; — ta] < ¢’. This implies that B, (D) is equicontinuous on [a,b]. Therefore,
B, (D) is relatively compact. And so B,, is completely continuous on X. Now
we choose ng € N such that 1/ng < 0. Since |b,(¢) —t| < 1/n, for all ¢ € [a, b]
we deduce that

B (2)(t) = B(2)(t)] = [B(x)(bn(t)) — B(x)(t)| < e
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for all x € D, t € [a,b] and for all n > ng. This implies
sup ||Bn(x) — B(z)|| <e, forall n> ny.
z€D
Next, it is necessary to note that, for y € X such that ||y|| < 1/n, the
perturbed equation z = U(x — y) + By(x) + y is equivalent to the equation
fn(x) =y, where
fn:I*(I*U)ilgn, n € N.
Let x € X and t € I, be arbitrary. It follows from assumption (a) that
By (z)(t) = B(x)(bn (1)) = B(z)(to) = eo-
And by using (b), this implies
Up, (2)(0)(t) = U(0)(t) + Bn(x)(t) = U0)(t) + eo =: e(t).
Then we have
U, () (0)() = UUs, () (0))(t) + Bu(2)(t) = Ule)(t) + eo = Ue, (€) (1),
where e (t) := eg for all ¢ € [a,b]. Similarly, it is easy to obtain the equality
UEHL (O)() = U () (1),
So, by passing to the limit as m — oo,
(3.10) (I =U)" Bu(@)(t) = (I = U) " (eo) (1),

for all z € X and t € I,/,. Now let k € {2,3,...} and let 2,z € X satisfy the
condition x(t) = z(t), for all ¢ € I(;,_1/,,. We shall prove that, for all m € N,

ug;(m) (60) |]k/" = ug;(z) (60) ‘Ik/n'

Indeed, we first note that if ¢ € Iy, then b,(t) € Iz—1)/n by |bn(t) —to| =
|t — to| — 1/n. Hence,

B, (z)(t) = B(z)(bn(t)) = B(2)(bn(t)) = Bn(2)(1),
for all ¢ € Ij,/,. This implies that

Us, (x)(€0)(t) =Up, (z)(e0)(t), forallt e Iy,
A simple inductive argument implies that

UE' () (€0)(t) = Ug! ) (e0)(t), forallt € Iy,
By passing to the limit as m — oo, we obtain

(I =U) "' Bu(x)(t) = (I = U) ™' Ba(2)(1),

for all ¢ € Ij,/,. So we have proved that

(3'11) x|1(k71)/n = Z|I(k71)/n = ((I_u)_lgn(x))hk/n = ((I_u)_lgn(z))hk/n'
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Finally, it is sufficient to prove that f,, is injective for all n € N. In fact, assume

that for some z, z € X we have f,(x) = fn(z). This implies that
r—z=I-U"By(z) — (I -U)"'B,(2).

By combining (3.10) and (3.11), we deduce that z = z. O

4. Structure of the solution set on the half-line
4.1. Notations. In this section, for o > 0, we use the notations
No :={neN:n>a}, R, := [0, +00)

and the following functional spaces:

e C, = C([—r,0]; E) is the Banach space of all continuous functions
p: [-r,0] = E

with the norm |||, = sup{|p(?)| : t € [-7, 0]}
o Coo = C([-r,00); E) is the Fréchet space endowed with the family of
seminorms {|| - ||l }ne .
o X,;, = C([o,n]; E) is the Banach space of all continuous functions
x: [o,n] = E with the norm
Pon(z) = sup |x(t)], =€ Xon.
tfo,n]
o X, = C(]o,+00); E) is the Fréchet space endowed with the family of
seminorms {pyn 15 ;.
It is well known that C,, and X, are metrizable with the metrics given respec-
tively by
D IER e TR
n€N, "

and

Z gn Ponl@=Y) L x

& T

Other notations. Let 0 > 0 and ¢ € C,,.
e For x € X, ,, (resp. z € X,;), we put

x(t)
x?(t) =
(t) o

o(t), tel-roal,
x(t) —xz(o), t>o,
or resp. ¥
o(t), te-r o]

Then it is clear that ¥ € C,, (resp. z¥ € Cx).
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e Fort € Ry and = € X, (resp. « € X,;) we shall denote by £¥ the map
(t,x) = E2(t,z) = (¢, z7(t), ).

e Finally, if 6 € C, (resp. 6 € Co) then, for each ¢t € [0,0] (resp. t €
[0,00)), we shall denote by 6, the Co-function defined by

0,(s) =0(t+s), se[-r0]

4.2. Some preliminaries and hypotheses. First we have the following
lemmas. Their proofs are straightforward and we will omit them.

LEMMA 4.1. For every n € N, and x,y € X, ,, we have:

(a) [|z®]l, < 2p0,n(55) +llello,

(b) |x¥(t) — y?(t)| < 2pon(z —y), for allt € [—r,n],
() llzf = yfllo < 2pom(z —y), for all t € [0,n],

() Nz llo < 2pon(x) + l|¢llo, for all t € [0,n].

LEMMA 4.2. The map &% is continuous from Ry x X, into Ry x B x C,
(resp. from Ry x X, into Ry X E x Cx). Moreover, we have

€7@, 2)|| <t + 4pon(@) + 2(0lls,
for (t,x) € Ry x Xy (resp. for (t,x) € Ry x X, and for all n € N,).

REMARK 4.3. In Lemma 4.2 as well as throughout this section the norm on
a product space M; X ... x My is always denoted by || - || and is defined by

k
[(ma, ... ,ma)|| = Z [[mill:,
i=1
where || - ||; is the norm on M;.

In order to study the topological structure of mild solution set for problem
(1.1) we make the following assumptions:

(H1) A generates an analytic semigroup {T'(t)}+>0 such that 0 € p(A) and
T(t) is compact for each ¢ > 0.
(H2) The function f: Ry x E x Cy — F satisfies the following conditions:
(i) the map t — f(t,x,y) is measurable, for all (z,y) € E x Cy,
(ii) the map (x,y) — f(¢,x,y) is continuous for almost every t € R,
(iii) there exists a constant ¢; € [0, ¢) such that for each C' > 0, there is
a nonnegative function r¢ € LY%(Ry) and if (z,y) € E x Cy with
(@, )| < C then |f(t,z,y)| < rc(t) for almost every ¢t € Ry,
(iv) for any bounded subset J of Ry we have

lim |f(t,z,y)|
l@.w)l=oo |[(z,y)]

uniformly in t € J.

:07
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(H3) h: Ry x E x Cy — E is continuous. Further, there exists a constant
B € (0,1) and a sequence {H,, > 0:n € N} with
nﬁqr(l + 5)01,3> < }
Ar(1+ Bq)

H, ((M DA s + T

such that h € D(A?) and, for any (z,y), (2',y') € E x Co, the func-

tion APh(-,x,y) is measurable and APh(t, -, -) satisfies the Lipschitz
condition

|Aﬂh(t7$7y) - Aﬂh(t71‘/,y/)| < Hn(|$ - ‘r/‘ + Hy - y/HO)v
for almost every t € [0, n].

4.3. Main result.

THEOREM 4.4. Let (H1)—(H3) hold. Then the mild solution set S of problem
(1.1) is an Rg-set.

In order to prove Theorem 4.4 we first consider the operators
Z:{\naén: XO,n — XO,n
defined, for all ¢ € [0, n], by

Uny(t) = Sy()[(0) = h(E”(0,9))] + h(E¥ (¢,y))

+ / (t— 8T AT (t - $)h(EV(s,v)) ds,
0

By(t) = / (t— )1 1Ty (t — ) F(€¥(s,9) ds.

LEMMA 4.5. For each n € N we have

~

pO,n(un(x) - i{\n(y)) < knpO,n('r - y)a

forall z,y € Xo p,, where

B nPIr(1 + B)C4_
kn4Hn(<M+1>||A ) oemy + "Ll + H)Ch ﬁ).

BT(1 + Bq)

PROOF. Let z,y € Xy ,,. For every ¢ € [0,n], we have
[Un(t) — Uny(t)]
<[Sy(B)[A(E¥(0,2)) — A& (O, ]| + [[R(E¥ (¢, ) — h(E¥ (t, y)]|
/0 (1 — )T AT, (1 — )M (5,2)) — AV (s, 9)] ds
Hence, by applying Lemma 2.2, assumption (H3) and Lemma 4.1 we get
U (t) — Uny(t)]
< MH,[|A™ | oy (2% (0) =y (0)] + |28 — v [lo)

+
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+ Ho | AP 2oy (127 (1) = % ()] + |2 = ' llo)

’/ )T AYPT (8 — )t [APR(EY (s, ) — APR(EY (5,y))] ds

<4H,(M + DA™ z(zypon(z — y)

qC1-pT'(1 + B) / 8-1 ]
+ |4H,, —F—F— "~ t—s)? ds|pon(x —
<knpon(z —y).
This implies that pom(LA{n(x) - Z)n(y)) < knpon(x —y). O

LEMMA 4.6. The operator En is completely continuous and satisfies the re-
lation R
B
lim Po,n(Bn(z)) —0.
po.n(z)—o0  Pon(T)

PROOF. The proof of this lemma consists of several steps.

Step 1. B, is continuous.

Indeed, assume that (xy) is a sequence in X, converging to « € X . Put
G = {z} : k € N} U{z}. Since £¥([0,n] x G) is compact there is a nonnegative
function rg € L'/ (Ry) such that |f(£¥(s,y))| < ra(s) for all y € G and for
almost every s € [0,n] by using (H2) (iii). This implies

|f(€w(57xk)) - f(fw(s,a:)ﬂ < 2TG(5)3

for all k € N and for almost every s € [0,n]. On the other hand, it follows from
the continuity of ¢¥ and assumption (H2) (i) that f(¢¥(s,xr)) — f(€¥(s,2))
converges to 0, for almost every s € [0,n]. Hence, by the Lebesgue dominated

convergence theorem,

i [ 7€ ) — £ s.)[ " s = 0

k—o0 Jq

From Lemma 2.2 and Hélder’s inequality we get

|B\nxk (t) — B\nx(t”

- ] [ = T = L€ () - (€ s, s

_ar t — )€Y (s, 1)) — f(E¥(s,))] ds
<t [ €= 9 ) — )

t 1—q
< ‘1M</ (t — 5)la=D/(-a) ds) 1
L(1+q)\ Jo

x < (1€ ) - S .0 ds) 1

qMni—n (]_ —q
“T(1+q)

1-q1
q— Q1> ”f(g’ll’( . ,ZL’k)) - f(gw( ! 71'))”[,1/111(0,”)3
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for all ¢ € [0,n]. Here we used the following estimate:

t 1-q1 1-q1 1—q1
(/ (t — S)(q—l)/(l—fh) dS) =41 (1 — Q1) < pi—n (1 - ql) )
0 q—4q1 q9—q1

~

Hence poyn(gnxk — B, x) converges to 0 when k — co. Therefore, gn is continu-
ous.

Step 2. gn is compact.
Let Q be a bounded subset of Xg,,. By using Lemma 4.2, the set £¥ ([0, n] x Q)
is bounded. Hence there is a nonnegative function r¢ € LY@ (Ry) such that

[F(€(t )| < rq(t),

for all € @ and for almost every t € [0, n], by using again (H2) (iii).
For x € Q and 0 < t; <ty < n, we have

Boir(ts) — Bua(ty)| = \ / by — )T VT (1 — ) f(€% (5, 2)) ds

- / 1(751 = 8)1T Ty (ty — 8) f(€¥ (s, @) ds| < T+ I + I,
0

where

)

L - / (s — )Ty (ts — ) F(€% (5, 7)) ds

t1

)

b= | [l =0 = (= T = 9 (€ (5.)

I = / (= )T Tyt — ) — Tyt — 9)) 7€ (s, 2)) ds

Estimate I,. By using Lemma 2.2 and Hélder’s inequality, we have

1—q1
qM 1-q _
hE g (aa) et

Estimate I5. We shall use the following inequality:
(a® = b)Y <a® =7, forall0<a<b, a<0, v>1.

In order to prove this inequality we note that the the function j(t) = (t* —1)7 —
t*7 4+ 1 is increasing on (0, 1] by

§'(t) = ay[(t* — 1)t =7 >0, forall t € (0,1].
Hence j(t) < j(1) = 0 which implies that (¢ — 1) < ¢*7 — 1. Let t = a/b then

we obtain the desired inequality.
By using the above inequality, Lemma 2.2 and Holder’s inequality, we get

qM " 1 11/(1 e
2 < s ([ 102 =070 = (0 = s/ as)
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1—q1
qM 1-— q1 — 1—
< ) IrQll /s (0,n) (tgq w/=a)

<
Fl+qg)\¢—a
_ téq—(h)/(l—fh) + (t2 N tl)(qfql)/(lffh))lflh
1-q1
qM 1-—q _
= r to —t1)77 0.
< B (22) ralm otz — )

Estimate I3. Without loss of generality we assume that t; > 0. For € > 0

small enough, we have

I < / = I T (t — )£ (5,2)) — Ty(ts — 8)F(€¥ (s, )| ds

+/t 1 (tr = 8)17HTy(t2 — 5) (€% (s,2)) — Ty(ty — 5) (€% (s, 2)) | ds

1—€
<<1—(I1)1q1r H ey (oum] w
“\e—a QLY TP(1 g

(T - )T e T3t = )= Tyt =)l |
se|0,t1—¢€

Since T'(t) is compact, and from Lemma 2.2, it follows that T,(t) (¢ > 0) is
continuous in ¢ in the uniform operator topology. Hence I3 converges to zero
independently of x € Q as tos —t; — 0 and € — 0.

Combining the above estimates, we can conclude that {Enx s x € Q} is
equicontinuous.

For each t € [0,n] we put K(t) = {B,z(t) : z € Q}. It is sufficient to prove
the relative compactness in E of K(t). For this, for ¢ € (0,¢) and 6 > 0, we
define an operator l?fl on @ by

Brx(t) = / B /6 0t — )T Gy (O)TI( — £)96)£ (€% (s, ) dO ds,

for x € Q and ¢ € [0,n]. It is not difficult to see that

~

t—e [e7e]
B a(t) = T(=%6)q / / 0t — 5)T 1, (O)T[(t — 5)0 — 6] (¢ (s, 2)) dB ds.
0 )
By using the assumptions on f and the boundedness of @), it follows that the set
t—e o)
{q [ [ -9 te,0rie - s - ool p(e sy dvds o e Q}
0 s

is bounded in E. Then, from the compactness of T'(¢?4), we can claim that
K2 (t) = {Bex(t) : « € Q} is relatively compact in E. On the other hand, since

T,(t)y = q/o 0o(0)T(t10)y df, y € E,

we deduce that, for every x € Q,

=N =N t 5
B (1) —Bf;:v(t)l=q‘ / / 0t — 5)1 6y (O)T((t — )70) (€ (5, 2)) dO ds
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L —5)a 1 —s)4 V(s x S
+ / /5 0(t — 5)1 3y (O)T((t — 5)10) F(€¥ (s, 2)) dO d
= [ a0l = (e o)) s

t o
[ [ o= sy o, 0T (¢ = 57016 s.)) an s

t4q

/t / 0(t — )7~ 9, ()T (¢ — 5)°6)f(¥ (5, )) db ds

<q(J1 + J2).

By using Holder’s inequality, we estimate J; and J; as follows:

A <M</t(ts) 17‘Q(s)ds) </069¢q(9) d0>
< (a-1)/(1- m)ds)lql(/ot a (g ) (/ B, (0 d9)

SMGq ) gl / 06,(6)d9).
o[ - ) i)
o) (] o (o]

1—q\' ™"
SM(_) EqinHr"QHLl/n [0,n] (/ 9¢q(9) d@).
q—q1 0

Combining above inequalities and noting that

/0 00u(6) 0 = s

(see [28]), we obtain

|Bra(t) — Bra(t)]

1_q1 1—q1 §
< gqM T alon nq*ql/tﬁ) 0)dl + ———|.
M (3ZD) gl 1" [ 06,0)d0+ o

Hence there are relatively compact sets arbitrarily close to the set K(t). So KC(t)

ed—n

is also relatively compact in F.

Step 3. Let € > 0. It follows from (H2) (iv) that there exists a positive
constant C such that
I'(1+q)e
AMnd

|f(t 2, y)] < 1, y)l,
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for all t € [0,n] and for all (z,y) € E xCo with ||(z,y)| > C. Let rc € LY/%(Ry)
be a nonnegative function satisfying

|f(t,x,y)| <rc(t), forae teRy,

provided that ||(z,y)|| < C. Hence, for all (z,y) € E x Cy,
I'1+q)e
[f(t 2, y)| <re(t) + Wll(x,y)ll, a.e. t € [0,n].
By using Lemma 4.1, for x € Xy, and ¢t € [0, n], we have

qM ‘ q—1
<m0 ) ds

aM ' q-1 I'(1+q)e
= m/o (t—s) [TC(S) + W(Wp(s)\ + |$f||n)] ds

oMt e T(1 + q)e
< F(l"‘q)/o (t—s)" {TC(S) + W(4p0,n(x) + 2I|wo)} ds

1—q1
qM 1-—q _
< nq q1 r
=T +q) [(qcn) Ircllzeon
I'1+q)e
4qM

|Bpa(t)

(4pon(e) + 2||w||o>]

1-qu
qM I1-—q —a £
<epon(r) + ( ) n= % frellpmom + 5119 lo-

Fl+q)\¢—a
So  lim pom(l?n(:z:))/po,n(:z:) < e. This shows that

po,n(z)—

im  PenBa@)
pon(z)—00  Pon(T)

because € is arbitrary. O

LEMMA 4.7. Let (H1)-(H3) hold. Then, for every n € N, the set of fived
points of operator U, + gn, denoted by Fix(l:l\n + gn), is Rs.

PROOF. It is clear that B:Lx(O) =0 for all x € Xo,,. Let € € (0,n]. Assume
that x,y € X, and satisfy
zr. = yli., I. =[0,n]N[—¢,e] =[0,¢].
By definition of z¥ and y¥, we have z¥(t) = y¥(t) and 2z = y¢ for all t € I..
This implies
Un(@)|1. =Un(W)]1,  Bu()]r. = Ba(y)l1.
So it follows from Lemmas 4.5, 4.6 and Corollary 3.3 that Fix(ﬁn + gn) is Rs.O

Next, for ¢ > 0 and ¢ € C,, we consider two operators U¥,B?: X, — X,
defined respectively by

UFx(t) = Sq(t)[p(0) — h(£7(0, x))] + h(E#(t, x))
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t
+ / (t — )1 YAT, (t — s)h(€7(s, 7)) ds,
0

¢
Bra(t) = [ (¢ o) (e~ 5) (6 (s,0)) ds,
0
for all ¢ > 0. We denote by
o X¥ =Fix(Uf + BE) the set of fixed points of U + BZ,
e S the mild solution set of problem (1.1).

LEMMA 4.8. Suppose that Eg’ # (). The map II: (Eg,d) — (S, p) defined by
H(z) = z¥ is an isometry.

PROOF. Let x € Eg’. It is easy to see that x(0) = ¢(0) which implies

x(t) fort >0,
P(t) forte[-r0].

Hence ¥ € S. On the other hand, if y € S then the restriction z of y on [0, ) is
an element of Eg’ and satisfies ¥ = y. Further, it is clear that II is an injection.
Finally, if 2,y € X¢ then ||z¥ — y¥|l, = pon(z — y), for all n € N. Hence II is
an isometry. O

Finally, we shall prove Theorem 4.4.

ProOOF OF THEOREM 4.4. By Lemma 4.8, we need only to prove that Zg’ is
an Rg-set.

Step 1. We shall prove that ¢ # () for any ¢ > 0 and ¢ € C,.

Similarly as the proofs of Lemmas 4.5 and 4.6, we can deduce that, for each
n € Ny,

Do (UL () —UL(y)) < knpon(r —y), forall z,ye X,,

©
lim pO,n(Bo (7))
Po,n(T)—>00 pa,n(x)

Now we will check the complete continuity of the operator BZ. Let (z,)

=0.

be a sequence in X, converging to x € X,. Let n € N, be fixed and put
G = {xy;, : m € N} U {a}. Tt is clear that G is bounded in X, with respect to
the seminorm p,,. By using Lemma 4.2, we can deduce that {¥([o,n] X G) is
also bounded in Ry x E X C. Here we use the seminorm || - ||, on Co. Then,
similarly as in Step 1 in the proof of Lemma 4.6 we can show that

lim pop(BExy, — Bfx) = 0.
m—r oo

Since n is arbitrary it shows that Bf is continuous.
It remains to show that BY maps bounded sets into relatively compact sets.
To prove this fact we note that (see [17, Proposition 1]), for a bounded set Q
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in X,, the set B£(Q) is relatively compact in X, if and only if for each n € N,
we have

o {BZ(x)|jo,n) : © € Q} is equicontinuous in Xo ,, and

o {B2x(t): x € Q} is relatively compact in E for arbitrary ¢ € [0, n].
But these claims can be proved by using similar arguments as in Step 2 in the
proof of Lemma 4.6. Therefore the operator BY is completely continuous. So it
follows from Lemma 2.4 that

$¢ = Fix(U? + B?) # 0.

Step 2. For each n € N, the set A,, = {z[gn : * € Eg} is Rs.

First we shall prove the relation A, = Fix(ﬁn + gn) Indeed, it is easy to
check that if y = x[j ,,) € A, with x € Eg’, then y belongs to Fix(ﬁn + En) Now
let y € Fix(ﬁn + En) Then y¥ € C,. It follows from Step 1 that

sy = PixU?” +BY") 0.

Hence there exists z* € E%w. Define the function z: [0,00) — E by

o(t) = y(t) for t €]0,n],

x*(t) fort > n.

Then it is not difficult to check that =z € Ug’ and x[j,) = y. This shows that
y € A,,. Therefore

A, = Fix(ljn + En)
Finally we apply Lemma 4.7 to obtain the Rs property of A,,.

Step 3. Since Egb is inverse limit of A,, it follows from [13, Theorem 3.9] that
Zg’ is an Rs-set. O
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