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MATRIX LYAPUNOV INEQUALITIES FOR ORDINARY
AND ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

ANTONIO CANADA — SALVADOR VILLEGAS

ABsTRACT. This paper is devoted to the study of L, Lyapunov-type in-
equalities for linear systems of equations with Neumann boundary condi-
tions and for any constant p > 1. We consider ordinary and elliptic prob-
lems. The results obtained in the linear case are combined with Schauder
fixed point theorem to provide new results about the existence and unique-
ness of solutions for resonant nonlinear problems. The proof uses in a fun-
damental way the nontrivial relation between the best Lyapunov constants
and the minimum value of some especial minimization problems.

1. Introduction
Let us consider the linear Neumann boundary problem:
(1.1) v (x) + a(z)u(x) =0, =z€(0,L), «'(0)=u(L)=0

and let 1 < p < oo be given. If function a satisfies

L
(1.2) a € 17(0, 1)\ {0}, /O a(z) dz > 0,

L,-Lyapunov inequality provides optimal necessary conditions for boundary va-
lue problem (1.1) to have nontrivial solutions, given in terms of the L? norm,
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|| - [Ip, of the function a™, where a™(z) = max{a(x),0} (see [12] and [14] for the
case p =1 and [4], [31] for the case 1 < p < 00).

In particular, under the restriction (1.2) for p = 1, L;-Lyapunov inequality

may be used to prove that (1.1) has only the trivial solution if function a satisfies

L 4

(1.3) / at(z)dr < —.
0 L

In a similar way, under (1.2) for p = oo, Loo-Lyapunov inequality may be used

to prove that (1.1) has only the trivial solution if function a satisfies

(1.4) at < m?/L2,

where for ¢,d € L'(0, L), we write ¢ < d if ¢(x) < d(x) for almost every = € [0, L]
and c(x) < d(z) on a set of positive measure. Moreover, (1.3) and (1.4) are,
respectively, optimal L; and L, restrictions (see Remark 2.4 below).

If p = oo, assumptions (1.2) and (1.4) are a nonuniform nonresonance con-
dition with respect to the two first eigenvalues A\g = 0 and \; = 72/L? of the
eigenvalue problem:

(1.5) () + Au(z) =0, ze€(0,L), u'(0)=u(L)=0

(see [23]) while if p = 1, (1.3) was first introduced by Lyapunov under Dirichlet
boundary conditions (see [12], chapter XI, for some generalizations and historic
references and [7] for Li-Lyapunov inequality at higher eigenvalues).

It is clear that (1.3) and (1.4) are not related. A natural link between them
arises if L,—Lyapunov inequalities, for 1 < p < oo, are considered and then one
examines what happens if p — 1% and p — oo ([4]). One of the main applications
of Lyapunov inequalities is its use in the study of nonlinear resonant problems.

Different authors have generalized the L.-Lyapunov inequality (1.2)—(1.4)
to vector differential equations of the form

(1.6) u’(z) + A(z)u(z) =0, =€ (0,L)

where A(-) is a real and continuous n X n symmetric matrix valued function,
together with different boundary conditions. These L, generalizations have been
given not only at the two first eigenvalues but also at higher eigenvalues of (1.5)
and they have been used in the study of resonant nonlinear problems ([1], [3],
[16], [19], [30]). Also, some abstract versions for semilinear equations in Hilbert
spaces and applications to elliptic problems and semilinear wave equations have
been given in [2], [11], [21] and [22]. In spite of its interest in the study of
different questions such as stability theory, the calculation of lower bounds on
eigenvalue problems, etc. ([10], [12], [31]), the use of Lo.-Lyapunov inequalities in
the study of nonlinear resonant problems only allows a weak interaction between
the nonlinear term and the spectrum of the linear part. For example, using
the Loo.-Lyapunov inequalities showed in [16] for the periodic boundary value
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problem (see also [1] and [3]), it may be proved that if there exist real symmetric
matrices P and @ with eigenvalues p; < ... <p, and ¢; < ... < g,, respectively,
such that

(1.7) P<G'(u)<Q, foralueR"

and such that

n

(1.8) Uil n {**: k e Nu{0}} =0,

i=1
then, for each continuous and 2w —periodic function h, the periodic problem:
u'(z) + G'(u(z)) = h(z), =€ (0,2m),

(1.9) , ,
u(0) —u(27) = u'(0) —u'(27) =0,

has a unique solution. Here G: R® — R is a C?-mapping and the relation
C < D between n x n matrices means that D — C is positive semi-definite. Now,
by using the variational characterization of the eigenvalues of a real symmetric
matrix, it may be easily deduced that (1.7) and (1.8) imply that the eigenvalues
g1(u) < ... < gn(u) of the matrix G”(u), satisfy

(1.10) pi < gi(u) < g, forallueR™
Consequently each continuous function g;(u), 1 <14 < n, must fulfil
(1.11) g(R")N{k*: ke NU{0}} =0.

To the best of our knowledge, we do not know any previous work on L;,, Lyapunov
inequalities when 1 < p < oo for systems of the type (1.6) under Neumann
boundary conditions. Really, if the restrictions on the matrix A(x) are of L,
type, with 1 < p < oo, it seems difficult to use the ideas contained in the
mentioned papers to get new results on problems at resonance.

In the second section of this paper we provide for each p, with 1 < p < o0,
optimal necessary conditions for boundary value problem

(1.12) u(z) + A()u(x) =0, x€(0,L), «(0)=u'(L)=0,

to have nontrivial solutions. These conditions are given in terms of the LP norm
of appropriate functions b;;(z), 1 < i < n, related to A(x) through the inequality
A(z) < B(z), for all € [0, L], where B(x) is a diagonal matrix with entries
given by b;;(z), 1 <4 < n. In particular, we can use different L, criteria for
each 1 < i < n and this confers a great generality on our results. Even in the
case p; = o0, 1 < i < n, our method of proof is different from those given in
previous works. In fact, we begin Section 2 with a lemma inspired from [16] and
[19], where the authors studied the periodic problem. The proof that we give
for this lemma suggest the way for the case when 1 < p < 0o, where we use in
a fundamental way some previous results which have been proved in [4] and [5].
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They relate, for ordinary and elliptic problems, the best Lyapunov constants to
the minimum value of some especial minimization problems. If 1 < p < oo, this
minimum value plays the same role as, respectively, the constants 4/L (if p = 1)
and 72 /L? (if p = 00) in (1.3) and (1.4) (see Lemma 2.3 below).

It is clear from the proofs given here for Neumann problem, that one can deal
with other situations such as Dirichlet, periodic or mixed boundary conditions
(see [6] for scalar equations and [8] for periodic conservative systems). Systems
like (1.6) have been considered also in [9] and [10], where the matrix A(x) is not
necessarily symmetric and with boundary conditions either of Dirichlet type or of
antiperiodic type. The authors establish sufficient conditions for the positivity of
the corresponding lower eigenvalue. These conditions involve L; restrictions on
the spectral radius of some appropriate matrices which are calculated by using
the matrix A(z). It is easy to check that, even in the scalar case, these conditions
are independent from classical L —Lyapunov inequality (1.3) and therefore, for
the ordinary case, they are also independent from our results in this paper. Also,
in a series of papers, W.T. Reid ([26], [27], [28]) made an extension of (1.3) for
the Dirichlet problem, but he always considered p = 1 (see Remark 2.9 below).
Lastly, in [8] the authors study the periodic case and Tang and Zhang in [29]
consider L Lyapunov inequalities for linear Hamiltonian systems.

In Section 3 we deal with elliptic systems of the form

(1.13) Au(z) + A(z)u(x) =0, z€Q, 82751:6) =0, z€d

where Q is a bounded and regular domain in RY and a—an is the outer normal
derivative on 0f). Here the relation between p and the dimension N may be
important (see Lemma 3.1). To our knowledge, there are no previous work
on L,-Lyapunov inequalities for elliptic systems if p # oo (see [2] and [15],
Section 5, for the case p = 00). Finally, we show some applications to nonlinear
resonant problems. In particular, and for Neumann boundary conditions, we
obtain a generalization for systems of equations of the main result given in [24]
where the author treated the scalar case and where they use in the proof the
duality method of Clarke and Ekeland (see Theorem 3.7 below).

2. Ordinary boundary value problems

This section will be concerned with boundary value problems of the form
(1.12). We begin with a preliminar lemma on L., —Lyapunov inequalities for
(1.12), inspired from [16] and [19], where the authors studied periodic bound-
ary conditions. Our proof suggests the way to obtain optimal L,—Lyapunov
inequalities for system (1.12) in the case 1 < p < 0.

LEMMA 2.1. Let A(-) be a real n x n symmetric matriz valued function with
elements defined and continuous on [0, L]. Suppose there exist diagonal matriz
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functions P(x) and Q(x) with continuous respective entries dpi(x), 1 <k <n
and prr(z), 1 < k < n, and eigenvalues Ay, 1 < k < n, of the eigenvalue
problem (1.5) such that

(2.1) P(z) < A(z) < Q(z), forallzel0,L]

and

(2.2) Ap(k) < Ork(®) < pae(2) < Apey41,  Sforallz € [0,L], 1 <k <n.
Then (1.12) has only the trivial solution.

PROOF. Let us denote by H'(0, L) the usual Sobolev space. If u = (uy, ..
un) € (H*(0, L))", is a nontrivial solution of (1.12), then

)

L L
(2.3) /0 (W (z),v'(z)) do = /0 (A(z)u(z),v(z))dz  for all v € (H'(0, L))",

where (-, -) is the usual scalar product in R™. The eigenvalues of (1.5) are given
by A; = §2n? /L%, where j is an arbitrary nonnegative integer number. If @j is
the corresponding eigenfunction to A;, let us introduce the space H = Hy x ... x
Hjy x ... x Hy, where for each 1 < k < n, Hy is the span of the eigenfunctions
©0, P15 -+ Pp(k)- 1t is trivial that we can choose ¢ = (¢1,...,v,) € H satisfying

(2.4) up +p € HiE, 1<k <n.

In fact, for 1 <k <n, 0 <m < p(k),

L
p(k) / U (x)om(x) dz
(2.5) V=Y hpm, b =20
m= | s
0

The main ideas to get a contradiction with the fact that u is a nontrivial

solution of (1.12) are the following two inequalities. The first one is a consequence
of the variational characterization of the eigenvalues of (1.5). The second one is
a trivial consequence of the definition of the subspace Hy.

L

L
/ (g + 00) (@) dx > Ay / ((ui + ) (2))? da,
0 0

(2.6) 7

L
| @ e <o [ (0@ i,
0 0

for 1 < k <n. Now, from (2.3) we have
L L
(2.7) / ((ut Y (@), (u+ $) () do = / (A()(u+ ) (@), (u+ ) (2)) dz
0 0

L L
+ / W (@), ¢ (2)) da — / (A(2)d(z), (2)) de
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By using (2.1) and (2.2) we deduce
L L
[ @@ ) ds - [ @), v) da
0 0
L L
< / W (@), ¥ (@) di — / (P(a)(x), () da
n L
=3 / (@) — S (@) (e (2)?)

< Z/ S (@) (W(2))? de < 0.

Consequently,

L L
(2.8) /0<(U+¢)'($),(U+¢)’(I)>dxé/O (A(@)(u+ ) (@), (u+ ) (x)) dx

Also, from (2.1), (2.4), (2.6) and (2.8) we obtain
(2.9) Z/)\k)+1uk+wk dx<Z/ uk+1/)k/2x dx

:/ ((u+9) (@), (u+ ) (@) do

0

L
< / (A(2) () (), (u+ ) (2)) da
L
< / (Q@)(u+ ) (@), (u+ ) (@) du
= kz_:l/o prk () (uk + ¥r)*(x) d.

It follows, again from (2.2), that
(2.10) u+1 =0.

But if u+1 =0, then u = ¢ = (¢1,.. ., ¢n) for some nontrivial ¢ € H. Therefore,
(2.11) Z/ x)dx > Z/ (o1)"%(

- / (@ (), () di = / (A(2)o(x), () de

> [ <P<x>¢<x>,¢<x>>dx=§ [ o))

Now, (2.2) implies that ug = ¢ =0, 1 < k < n, which is a contradiction with
the fact that u is nontrivial. O
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REMARK 2.2. It is clear from the previous proof that if the matrix functions
P(z) and Q(z) are constant functions P and @, then it is not necessary to assume
that they are, in addition, diagonal matrices. In fact, to carry out the proof,
it is sufficient to assume that they are symmetric matrices and such that if g,
1 <k <nand pg, 1 <k <n denote the eigenvalues of P and @ respectively,
then

(212) Ap(k) < < L < Ap(k)—&-lv 1<k<n.

We collect now some results which have been proved in [4], section 2. Really,
if we are treating with Lyapunov inequalities for scalar ordinary problems and
1 < p < oo, the constant 3, defined in the next lemma, plays the same role as
Boo = A1, in the Lo.-Lyapunov inequality (1.2)—(1.4).

LEMMA 2.3 ([4]). If 1 < p < 0 is a given number, let us define the set X,
and the functional I, as

X = {v € H'(0,L) : xren[aa’)i]v(ac) +£rer[1(i)g}v(m) = 0},

1 L
I: X1\ {0} = R, L(v) /UIQ,
0

ol

L
Xp_{veHl(O,L):/ |v|2/(p1)v—0}, if 1 <p< oo,
0

L
1}/2
(2.13) I,: X, \ {0} = R, I,(v)= /0 if 1 <p < oo,

L (p—1)/p’
(/ |U|2p/(p—1)>
0
L
XOOZ{UEHl(O,L)Z/ ’U:O},
0

If

(2.14) Bp = min I, 1<p<oo,

m )
x\0y "
and for some p € [1,00], function a satisfies (1.2) and ||a™||, < B,, then (1.1)

has only the trivial solution.

REMARK 2.4. It is possible to obtain an explicit expression for 3, as a func-
tion of p and L (see [4]). In particular, 81 = 4/L, foo = 72/L* and B is attained
in a function v € X; \ {0} if and only there exists a nonzero constant ¢ such
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that v(x) = c¢(z — L/2), for all € [0, L]. Finally and in relation to Lyapunov
inequalities, the constant (3, is optimal in the following sense (see [4]): if

L
¥, = {a e LP(0,L)\ {0} : / a(z)dz > 0 and (1.1) has nontrivial solutions}
0
then 3y = aienzle llat |1, By = ;renzri lat|ly, 1 <p < oc.

We return to system (1.12). From now on, we assume that the matrix func-
tion A(-) € A where A is defined as

(A) The set of real n x n symmetric matrix valued function A(-), with con-
tinuous element functions a;;(x), 1 <4,j < n, z € [0, L], such that (1.12)

has not nontrivial constant solutions and
L
/ (A(z)k,k)dx >0, forall k € R™.
0
The main result of this section is the following:

THEOREM 2.5. Let A(-) € A be such that there exist a diagonal matriz B(x)
with continuous entries by;(x), and p; € [1,00], 1 < i < n, satisfying
A(z) < B(z), forallz €0, L],
(2.15) 165 llp: < Bpis  if pi € (1,00],
b5 llp: < By i pi =1
Then (1.12) has only the trivial solution.

ProoOF. If u € (H'(0,L))" is any nontrivial solution of (1.12), we have

L L
/ (W (z),v'(z)) = / (A(z)u(z),v(x)), forallve (H'(0,L))".
0 0

In particular, we have

L L
/ (! (), () = / (A(z)u(), u(z)),
(2.16) 0 0

L L
/ (A(z)u(z), k) = / (A(x)k,u(z)) =0, forall ke R"
0 0

Therefore, for each k € R™, we have
L L L
/0 <<uim>+k>',<u<x>+k>'>—L / (' (), (2)) = / (A(e)u(), u())
< / <zj<x>u<x>,u<x>> " / (Ale)u(z), k)
+/0 (A(x)k,u(:c)>+/0 (A(x)k, k)

= /0 (A(z)(u(z) + k), u(z) + k) < /0 (B(z)(u(z) + k), u(z) + k).



MATRIX LYAPUNOV INEQUALITIES 317

If w = (u;), then for each i, 1 < i < n, we choose k; € R satisfying u; + k; € X,,,
the set defined in Lemma 2.3. By using previous inequality, Lemma 2.3 and
Holder inequality, we obtain

n n L
A7) 3 B+ kPl < 3 [ fata) + )
=1 i=1

n L n
< Z/O b () (i) + k:)* < D 0 1 (s + K (-1
i=1 i=1

where p;/(p; — 1) = 00, if p; =1 and p;/(p; — 1) = 1, if p; = co. Therefore from
(2.15) we have

|(ui + k‘i)Q

Pi)

(2.18) > (Bo — It

i=1

pi/(pi—1) < 0.

On the other hand, since u is a nontrivial function, u + k is also a nontrivial
function. Indeed, if u + k is identically zero, we deduce that (1.12) has the
nontrivial and constant solution —k which is a contradiction with the hypothesis
A(-) € A

Now, if u + k is nontrivial, some component, say, u; + k; is nontrivial. If
p; € (1,00], then (B, — [|b151lp, )1 (w; + k)25, /p, 1) is strictly positive and from
(2.15), all the other summands in (2.18) are nonnegative. This is a contradiction.

If p; = 1, since B; is only attained in nontrivial functions of the form v(z) =
c(x — L/2), and v'(0) # 0, we have

L
B, 15 + )2 s sty < / (uy(z) + ky)".

Then (2.17) and (2.18) are both strict inequalities and this is again a contradic-
tion. 0

REMARK 2.6. Previous Theorem is optimal in the following sense. For any
given positive numbers v;, 1 < 4 < n, such that at least one of them, say ~;,
satisfies

(2.19) v > By, for some p; € [1, o0],

there exists a diagonal n x n matrix A(-) € A with continuous entries a;;(z),
pi < %, 1 < i < n and such that the bound-
ary value problem (1.12) has nontrivial solutions. To see this, if -y, satisfies

1 < i < n, satisfying Haji

(2.19), then there exists some continuous function a(z), not identically zero,
with fOL a(xz)dx >0, and |la™||,, < ~;, such that the scalar problem

w”(z) + a(z)w(x) =0, z€(0,L), w'(0)=w'(L)=0,
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has nontrivial solutions (see the remark after Lemma 2.3). Then, to get our
purpose, it is sufficient to take a;;(z) = a(z) and a;(x) = § € RY, if i # j, with
0 sufficiently small.

As an application of Theorem 2.5 we have the following corollary.

COROLLARY 2.7. Let A(-) € A and, for each x € [0, L], let us denote by p(x)
the spectral radius of the matriz A(z). If the function p(-) satisfies one of the
following conditions:

(@) [lp*ll < B,
(b) there is some p € (1,00] such that ||pT |, < Bp.

Then the unique solution of (1.12) is the trivial one.

Proor. It is trivial, taking into account the previous theorem and the in-

equality
(2.20) A(z) < p(x)I,, forall z € [0,L],
where I, is the n x n identity matrix. O

REMARK 2.8. The authors introduced in [16] and [19] similar conditions for
periodic problems and p; = oo, 1 < i < n. Our method of proof, where we
strongly use the minimization problems considered in Lemma 2.3, does possible
the consideration of the cases p € [1,00), which to the best of our knowledge
are new. In particular, if p € [1,00), the function p(x) may cross an arbitrary
number of eigenvalues of the problem (1.5). Also, by using our methods one can
deal with other boundary conditions and more general second order equations
(see, for the scalar case, Remark 5 in [4] and Theorem 2.1 in [6]).

REMARK 2.9. In this remark we show some relations between previous corol-
lary and some results contained in [26], [27] and [28] for Dirichlet boundary
conditions. If A(-) satisfies:

(H) A(x), z € [0, L] is a continuous and positive semi-definite matrix function
such that det A(z) # 0 for some z € [0, L] and

L
(2.21) /0 trace A(z) dx < B,

then there exists no nontrivial solution of (1.12). Here det A(z) means
the determinant of the matrix A(z).

In fact, taking into account that for each x € [0, L], p(x) is an eigenvalue of the
matrix A(xz) and that in this case all the eigenvalues of A(x), A1(x),..., A\, ()

are nonnegative, we have p(z) < > A\;j(x) = trace A(z) (see [17] for this last
i=1
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relation). Therefore, from (2.21) we obtain

L
(2.22) o™l = / p(x) dz < B

Previous remark shows that, if we want to have a criterion implying that
(1.12) has only the trivial solution, then (2.22) is better than (2.21).

REMARK 2.10. As in the scalar case, it may be seen that for Dirichlet bound-
ary conditions, hypothesis (H) is not necessary. However, for Neumann boundary
conditions, a restriction like (H) is natural (see Remarks 4 and 5 in [4]). In fact,
for Dirichlet boundary conditions the set A must be replaced by

(AP) The set of real n x n symmetric matrix valued function A(-), with con-
tinuous element functions a;;(z), 1 <4,j <n, x € [0, L].

Then a similar theorem to Theorem 2.5 is true, replacing A by AP (let us remark
that the L, Lyapunov constants for Dirichlet and Neumann boundary problems
are the same for each 1 < p < o0; see, for example [4])). But in the case of
Dirichlet conditions, the proof of such theorem is trivial if a previous result of
Morse is used (see [13, p. 73], and [25, p. 66]). However, it can be easily checked
that this Morse’s result is not true for Neumann conditions: take, for example
0 <e < 7?/L2 Then for each 0 <y <y < L, the problem

u'(z) teu(z) =0, z€(l,lr), u'()=1u'(2)=0
has only the trivial solution. However
W' (x) =0, z€(lh,lz), u'(lh)=u(2)=0
has nontrivial constant solutions.

In Corollary 3.5 of the next section it is shown how, for elliptic systems,
we can obtain optimal conditions without the help of the spectral radius of the
matrix A(z). Obviously that Corollary is also applicable to ordinary problems
as (1.12).

3. Elliptic systems

This section will be concerned with linear boundary value problems of the
form

(3.1)  Au(z)+ A(z)u(z) =0, z€Q, agf) =0, €0,

Here Q ¢ RN, N > 2 is a bounded and regular domain, d/9n is the outer normal
derivative on 092 and A € A, where A, is defined as
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(A4) The set of real n x n symmetric matrix valued function A(-), with con-
tinuous element functions a;;(x), 1 < i,j < n, € , such that (3.1)
has not nontrivial constant solutions and

(3.2) / (A(x)k,k)dx >0, forall k€ R™.
Q

In (3.1), u € (H*(2))", the usual Sobolev space.
As in the ordinary case, we now collect some results which have been proved
in [5].

LeMMA 3.1 ([5]). If 1 < N/2 < p < o0 is a given number, let us define the
set X, and the functional I, as

N
Xp:{veHl(Q):/ |v|2/(p_1)v:0}, if o5 <p <o
Q

Vol?
Q

I,: X, \ {0} = R, I,(v)=

(p=1)/p’
(/ U|2p/(p—1))
(3.3) @
Xoo = {UEHl(Q):/vzo},
Q
[ v
Q
02

if5<p<oo,

Io: Xoo \ {0} = R, I(v)="0—

J

If

(3.4) Bp = Xrgl\i{rg)} L, 5 <p=oo,

and a given function a satisfies

(35) e @R\ [az0 o'l <5,

then the scalar problem

(3.6) Au(z) + a(z)u(z) =0, zeQ, 815(;> =0, xe€d,

has only the trivial solution.

REMARK 3.2. As in the ordinary case, fo = A1, the first strictly positive
eigenvalue of the Neumann eigenvalue problem in the domain 2. Consequently,
it seems difficult to obtain explicit expressions for 3,, as a function of p, 2 and N,
at least for general domains. Finally, the constant (3, is optimal in the following
sense: if N/2 < p < oo and

¥, = {a e LP() \ {0} : /Qa(x) dz > 0 and (3.1) has nontrivial solutions}
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then 8, = mingesy la™l,, N/2 <p < oco.

Next result may be proved by using the same ideas as in Theorem 2.5.

THEOREM 3.3. Let A(-) € A, be such that there exist a diagonal matriz
B(z) with continuous entries by (x) and numbers p; € (N/2,00], 1 < i < n,

which fulfil
(3.7) A(z) < B(z), forallz € 9Q, 165 s < Bp;y 1<i<n.
Then, the vector boundary value problem (3.1) has only the trivial solution.

REMARK 3.4. As in the ordinary case, the previous Theorem is optimal
in the sense of Remark 2.6 (see Theorem 2.1 in [5]). Moreover, by using the
previous Theorem, it is possible to obtain a corollary similar to Corollary 2.7,
which involves the spectral radius p(z) of the matrix A(z) and the norm |[p™||,.

The unique difference with the ordinary case is that, for elliptic systems, p €
(N/2, ).

In the next corollary and in order to show how our Theorem 3.3 can be used
without the help of the spectral radius of the matrix A(x), we consider the case
of a system with two equations.

COROLLARY 3.5. Let the matriz A(x) be given by

(3.8) Az) = < (@) o) )

a12(z)  axn(x)
where
(H1) a;; € C(Q) for 1 <i,j <2,
ai1(z) >0, age(z) >0, a1 (v)age(x) > aly(z), for all x € Q,
det A(x) # 0, for some x € Q.
In addition, let us assume that there exist p1,ps € (N/2,00] such that

2
aia

3.9 a1tlpy < Bpys Bpr — llanallp,
(3.9) laillp, < Bp, Bp, — llaii|lp,

agg + < 5,,2.

b2

Then the unique solution of (3.1) is the trivial one.

PRrOOF. It is trivial to see that (H1) implies that the eigenvalues of the
matrix A(x) are both nonnegative, which implies that A(z) is positive semi-
definite. Also, since det A(z) # 0, for some z € Q, A(-) € A.. Moreover, it
is easy to check that for a given diagonal matrix B(z), with continuous entries
bii(z), 1 < i < 2, the relation

(3.10) A(z) < B(z), forallz e
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is satisfied if and only if, for all z € Q, we have
bii(z) > aii(z), boa(z) > ag(x),
(b11 () — a11(x)) (baz () — aga(x)) > afy(x).

In our case, if we choose

(3.11)

(3.12) bii () = a11(x) +7, baa() = aza () + a%iy(x),

where v is any constant such that

0< v < BIM - ”all“ma
2

1 1 2 (Gp)
== ) lahallps < By — laze + 2
<7 B ||an||pl>” t2llea < Bpa —llaze + == Tl

then all conditions of Theorem 3.3 are fulfilled and consequently (3.1) has only
the trivial solution. g

REMARK 3.6. Previous corollary may be seen as a perturbation result in the
following sense: let us assume that we have an uncoupled system of the type

Ouy ()

Aug(x) + a1 (z)ui(xz) =0, ey =0, x€0d9,
(3.13) 887(‘ :

Aug(z) + an(z)us(z) =0, z€Q; “82””” =0, z€09,
where
( ) a; €CQ), 1<i<2 ap(r)>6>0, agp(x)>0d forallzc,
3.14

Elplap2 € (N/Q,OO] : ||a11||]91 < ﬁl)lv HaQQHID < sz'

Then it is clear from the scalar results (see Remark 3.2) that the unique solution
of (3.13) is the trivial one (see Corollary 6.1 in [5]). Now, we can use Corollary
3.5 to ensure the permanence of the uniqueness property (with respect to the
existence of solutions) of the coupled system (3.1), for any function a;5 € C(9)
with L°°—norm sufficiently small. Here we have considered that the functions
a;i(z), 1 <1i < 2, are fixed and that the uncoupled system is perturbed by the
function aj2(x). But it is clear that we may consider, for example, a11(z), a12(x)
fixed and ago(x) as the perturbation. Some of these results may be generalized
to systems with n equations. For example, if we have an uncoupled system of

the type
Aui(x) + ai(z)ui(z) =0, x e Q;
(3.15) ‘
Ou;(x) =0, €00, 1<i<n,
on
where

a; €0(Q), 1<i<n, au(®)>6>0, 1<i<n, foralzeQ,

(3.16) .
dpi € (N/2,00} : ||(1” pi < ﬁpiv 1<i<n,




MATRIX LYAPUNOV INEQUALITIES 323

then we can use Theorem 3.3 to ensure the permanence of the uniqueness prop-
erty (with respect to the existence of solutions) of the coupled system (3.1), for
any functions a;; = a;; € C(Q), 1 <i # j < n with L>®-norm sufficiently small.
The proof is similar to the case of two equations and it is based on Theorem 3.3.
The unique difference is that now, the matrix B(z) is given by b;;(z) = a;i(z) +e,
1 <i < n with ¢ sufficiently small. It is easily deduced that if the L*°-norm of
the functions a;; = aj;, 1 < i # j < n are sufficiently small, then the matrix
B(x) — A(x) is positive definite for all z € Q.

Next we give some new results on the existence and uniqueness of solutions of
nonlinear resonant problems. We prefer to deal with systems of P.D.E. (similar
results can be proved for ordinary differential systems; in this last case it is
possible to choose the constants p; € [1,00], 1 < i < n). In particular, next
theorem is a generalization, for systems of equations, of the main result given
in [24] for the Neumann problem. Moreover, it is a generalization (at the two
first eigenvalues of (1.5)) of some results given in [2] and [15] where the authors
take all the constants p; = 0o, 1 <1i < n.

In the proof, the basic idea is to combine the results obtained in the linear
case with Schauder’s fixed point theorem.

THEOREM 3.7. Let Q C RY (N > 2) be a bounded and regular domain and
G: QxR" = R, (z,u) = G(z,u) satisfying:

(a) u— G(x,u) is of class C*(R™,R) for every x € Q,
x — G(z,u) is continuous on Q for every u € R™.
(b) There exist continuous matrixz functions A(-), B(-), with B(x) diagonal
and with entries b;;(x) and p; € (N/2,00], 1 <i < n such that
A(x) < Guy(a,u) < B(z) in Q x R,
(3.17) ||bj;||pz < By, for1<i<mn,
/ (A(x)k, k) dz >0 for all k € R™\ {0}.
Q

Then system

Au(x) + Gu(z,u(z)) =0 forxz € Q,

(3.18
) du() =0 for x € 09,
on

has a unique solution.

PROOF. We first prove uniqueness. Let v and w be two solutions of (3.18).
Then, the function u = v — w is a solution of the problem

ou

(3.19) Au(z) + C(x)u(x) =0, z€Q, e 0, ze€09Q,
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where
C(z) = /0 Gy (z, w(z) + Ou(x)) do

(see [18, p. 103] for the mean value theorem for the vectorial function G, (z, u)).
Hence A(z) < C(x) < B(x) and we deduce that C(z) satisfies all the hypotheses
of Theorem 3.3. Consequently, u = 0.

Next we prove existence. First, we write (3.18) in the equivalent form

Au(z) + D(z,u(z))u(z) + Gu(z,0) =0 in Q,
(3.20) du

a—n:O on 0f,

where the function D: Q x R"® — M(R) is defined by
1

D(z,z) :/ Guu(z,02) db.
0

Here M(R) denotes the set of real n x n matrices. Let X = (C(Q2))" be with
the uniform norm, i.e. if y(-) = (y*(-),...,y"(+)) € X, then

yllx =1y (-)lloo-
k=1

Since
(3.21) A(z) < D(x,2) < B(x), for all (z,2) € Q x R,

we can apply Theorem 3.3 in order to have a well defined operator 7: X — X
by Ty = u,, being u, the unique solution of the linear problem

Au(z) + D(z,y(x))u(x) + Gy (x,0) =0 in £,
(3.22) ou

%:0 on 0f2.

We will show that T is completely continuous and that 7'(X) is bounded. The
Schauder’s fixed point theorem provides a fixed point for T" which is a solution
of (3.18).

The fact that T is completely continuous is a consequence of the compact
embedding of the Sobolev space W24(Q) C C(Q) for ¢ sufficiently large. It
remains to prove that T(X) is bounded. Suppose, contrary to our claim, that
T(X) is not bounded. In this case, there would exist a sequence {y,} C X such
that [Juy, ||x — oo. From (3.21), and passing to a subsequence if necessary, we
may assume that, for each 1 < 7, j < n, the sequence of functions {D;; (-, yn(-))}
is weakly convergent in LP(2) to a function E;;(-) and such that if E(z) =
(Eij(x)), then A(z) < E(z) < B(z), almost everywhere in 2, (see [20, p. 157]).

If z, = uy,/||uy, |lx, passing to a subsequence if necessary, we may as-
sume that z, — 2 strongly in X (we have used again the compact embedding
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W24(Q) C C(R)), where 2 is a nonzero vectorial function satisfying

Azg(z) + E(x)zo(x) =0 in €,

(3.23)
% =0 on 0.
on
This is a contradiction with Theorem 3.3. O
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