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REPRESENTATION RESULTS FOR OPERATORS
GENERATED BY A QUASI-DIFFERENTIAL
MULTI-INTERVAL SYSTEM IN A
HILBERT DIRECT SUM SPACE

MAKSIM SOKOLOV

ABSTRACT. We study the spectral structure of operators
generated as direct sums of self-adjoint extensions of quasi-
differential minimal operators on a multi-interval set (self-
adjoint vector-operators). Special attention is given to the
ordered spectral representation for such operators.

1. Introduction.

1.1 Problem overview. The modern theory of quasi-differential v-
operators originates from the fundamental work of Gesztesy and Kirsch
[10], where these authors considered a Schrodinger operator generated
by the Hamiltonian

d? 1 1
1 H=-— 2 - , §>0.
(1) dx? * (S 4> costz’ °

It is clear that the potential in (1) has a countable number of singu-
larities on R, leading to spoiling of the local integrability. In order to
overcome this difficulty, operators T; are constructed, generated by the
same Hamiltonian (1) in the coordinate spaces
of ™ . W .
L ( 5 + 4, 5 —|—z7r),
1 € Z, and then the direct sum operator @;cz7T; is considered in the

space
@LQ (—% +im, % +m) .
i€Z
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The work [10] gave birth to various generalizations of the problem.
In 1992, Everitt and Zettl [9] studied direct sums of minimal and max-
imal operators generated by arbitrary formally self-adjoint expressions
in Hilbert spaces considered on arbitrary intervals (maximal and min-
imal v-operators). Later in 2000, v-operators were also considered in
complete locally convex spaces by Ashurov and Everitt in [2], which
was a natural generalization of their basic work [1]. Since 1992, quasi-
differential v-operators have mostly been investigated in connection
with their non-spectral properties, such as introduction of minimal and
maximal v-operators and their relationship (it was shown that adjoint
of the minimal v-operator is maximal in a Hilbert space, see [9], and the
analogous result with the modification for Frechet spaces was obtained
in [2]). Everitt and Markus have developed the theory of self-adjoint
extensions for v-operators with the employment of symplectic geome-
try. In connection with this, see their recent memoirs [7] and [8]. The
modern theory of differential v-operators has a connection with the the-
ory of differential operators on graphs. In some cases certain boundary
conditions lead to considering a differential operator on a graph as a
direct sum operator. The most modern results pertinent to the spectral
theory of differential operators on graphs were obtained in the works
of Carlson [4, 5] and Kurasov and Stenberg [11].

Since the theory of quasi-differential v-operators in a Hilbert space
is quite young and the most recent studies concerned mostly problems
connected with their common theory, a very small attention was given
to its spectral aspects. Some results, describing position of spectra of
v-operators were presented in 1985 in [10] and the most recent results
belong to Sobhy El-Sayed Ibrahim [10, 11]. Some spectral properties
of abstract self-adjoint v-operators were studied by M.S. Sokolov in [16,
17] and R.R. Ashurov, M.S. Sokolov in [3]. Nevertheless, a rigorous
structural spectral theory for such operators has not been developed
yet.

The attention of the current work is mainly focused on representation
results for an abstract and, in particular, quasi-differential self-adjoint
v-operator.

1.2 Quasi-differential operators and v-operators. Basic concepts of
quasi-differential operators are described in [7, 9]. A good reference
for operators with real coefficients is the book of Naimark [15].
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Let us have a number n € N, n > 2, and an arbitrary interval
I CR. Let Z,(I) be a set of Shin-Zettl matrices. These are matrices
A = {ars}, ars : I — C of the order n x n, such that for almost all
x el

(i) Arg € Lloc(I) r,s=1,n;
(i)  arpi1(z) #0 r=1,n—1;
(111) ars =0 s=r+2n r=1n-—2.

Consider a function f : I — C. Its quasi-derivatives relative to a
Shin-Zettl matrix A are defined by

() 2=
i) 15 =1/ () [(@/dn) 15 = S0 a5 r =T
(iii) £ = (d/de) f5 7 =0 ans £V

Let us introduce a linear manifold D(A) C ACoc(I):

Da(I):i={f: I —C| " e AC.(I), r=T,n}.

It is possible to see that f € D4(I) implies f,[f} € Lio(I), and it is
possible to prove that D4 (I) is dense in Lo (1).

Relative to a matrix A € Z,(I), we have the quasi-differential
expression Mu[f] = i”fkl], feDa(l).

A matrix AT € Z,(I) designates a Lagrange adjoint matrix to A if
AT = —L YA*L,, where A* is the adjoint matrix, and L, = {l,4} is
an (n x n)-matrix, defined as:

l _ { (=)= r=1n;
e 0 for other r, s.

Using this notation we suppose that in this work we deal only
with Lagrange symmetric (formally self-adjoint) expressions, that is,
Ma+[f] = Ma[f] = 7(f), where 7 is an alternative notation for a
Lagrange symmetric expression.
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For a quasi-differential expression M4[f], the Lagrange formula is
known ([er, 3] C I — an arbitrary compact subinterval of I):

B R
2) / [ 9@ Malf)(@)—f (&) Mar[g@)] } di = [£.94(8) ~ [ gl a(a),

where f € Da, g € D+, [f,g]a(B) and [f, g]a(«) may be derived from:

n

[fogla(@) =i S (=1 @) ol (@), wel

=1

Let w > 0 be a weight function from Lj(I), w : I — R. The Hilbert
space L?(I : w) is formed as usual.

We define maximal and minimal operators as follows:

Definition 1.1. Operators Thax and Th, are called respectively
mazimal and minimal operators if they are generated by 7(f) on the
domains D(Tax) and D(Timin):

D(Tpax) ={f: I = C| feDA(I); wir(f) € L*(I:w)},
Tmaxf = w_lT(f)7 (f S D(Tmax))§
D(Twin) = {f| f € D(Tmax); [f:9]a(b) —[f,gla(a)
=0 (g € D(Tmax))}v

Tminf = WﬁlT(f)a (f € D(Tmin))7

where [f,g]la(b) and [f,g]a(a) are limits, which necessarily exist, of
bilinear forms from (2), that is, limg_[f,9]la(8) = [f,gla(b) and
hmozﬂa[fa g}A(Oé) = [fv g]A(a)

The following general theorem is known for the operators Tiax and
Tmin:

Theorem 1.2. For the operators Tyax and Tyin and their domains
the following facts are valid:
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(a) D(Tmin) € D(Tmax). Domains D(Tmin) and D(Tiax) are dense
in L2(I : w);

(b) The operator Tmin is closed and symmetric, the operator Tyax 18
closed in L*(I : w);

(¢) Ty = Tmax and T

min max Tmin'
All self-adjoint extensions of Ty,in appear to be the contractions of

Tm ax-

Let © be a finite or a countable set of indices. On ), we have
an Everitt-Markus-Zettl multi-interval quasi-differential system {I;, 7;;
wi bicq. This EMZ system generates a family of the weighted Hilbert
spaces {L?(I; : w;) = L?}icq and families of minimal {Tinin; }icq and
maximal {Ti,ax,; ticq operators. Consider a respective family {7T;}icq
of self-adjoint extensions.

We introduce the system Hilbert space L? = @;cqL? consisting of
vectors f = @;cq f;, such that f; € L? and

112 = S IsE =3 / |2 dar < o,

1€Q i€Q i

where || - ||? are the norms in L?. In the space L? consider the operator
T : D(T) C L? — L2, defined on the domain

p(r) = {1 e @DT) 12+ Y ITAIE <0 |

icQ ieQ
by Tf = ®ical: fi.

Definition 1.3. The operator T = @;cqT; is called a quasi-
differential v-operator generated by the self-adjoint extensions T;, or
simply a vector-operator (or shortly a v-operator). If €2 is infinite, the
v-operator T is called infinite. The operators T; are called coordinate
operators. For Q' C ), the operator ®rcq Tk is called a sub-v-operator
of the v-operator ®;cqT;.

The following abstract preliminaries may be found, for instance, in
the books [6, 13].
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Fix i € Q. For each T; there exists a unique resolution of the identity
Ef\ and a unitary operator U;, making the isometrically isomorphic
mapping of the Hilbert space L? onto the space L*(M;, j1;), where the
operator T; is represented as a multiplication operator. Below, we
remind the structure of the mapping Uj.

We call ¢ € L? a cyclic vector if for each z € L? there exists
a Borel function f such that z = f(T;)¢. Generally, there is no a
cyclic vector in L? but there is a collection {¢*} of them in L?, such
that L? = @,L?(¢*), where L?(¢*) are Tj-invariant subspaces in L?
generated by the cyclic vectors ¢F. That is, L2(¢*) = {f(T})¢*},
varying the Borel function f, such that ¢* € D(f(T;)). There exist

unitary operators
U": L") — L*(R, "),

where p*(A) = ||[E'(A)¢"||? for any Borel set A. In L?*(R, u¥), the
operator T; has the form of multiplication by A, i.e.,

(UFT: Lo U '2) () = A=),
Then the operator

Ui = @U’f : @LW) — @L%R, u¥)

makes the spectral representation of the space L? onto the space
L?(M;, j1;), where M; is a union of nonintersecting copies of the real line
(a sliced union) and p; = 3", p*. That is, (U;T;U; '2)(N\) = f(N)z(N\),
where z € U[D(T;)] and f is a Borel function defined almost everywhere
according to the measure p;.

A vector ¢ € L? is called mazimal relative to the operator T}, if each
measure (E'(-)x,z);, * € L?, is absolutely continuous relative to the
measure (E*(:), ¢);.

For each Hilbert space L?, there exist a unique (up to unitary
equivalence) decomposition L? = @, L?(p¥), where ¢} is maximal in
L? relative to T}, and a decreasing set of multiplicity sets e};, where e}
is the whole line, such that @5 L?(¢F) is equivalent with @ L?(el, p;),
where the measure of the ordered representation is defined as y;(-) =
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(E()pl, @b)i. A spectral representation of T; in @y L%(el, y;) is called
the ordered representation and it is unique, up to a unitary equivalence.
Two operators are called equivalent, if they create the same ordered
representation of their spaces.

2. Spectral properties of the vector-operator 7.

2.1 The spectral representation for the operator T. In this section
we show how the ordinary spectral representation of the v-operator
depends on the ordinary spectral representations of its coordinate
operators.

Definition 2.1. For i € Q, we introduce a sliced union of sets
M; (see also preliminaries) as a set M, containing all M; on different
copies of U;eqM;. The sets M; do not intersect in M but they can
superpose, i.e., two sets M; and M; superpose, if their projections in
the set U;cqM; intersect.

Separate arguments show that the following auxiliary proposition is
true.

Proposition 2.2. Let us have a set of measures u;, i € 0, defined
on nonintersecting supports. If

> / FON) dps (V) < oo,
ieQ v T
for any Borel function f(\), then the following equality is true:

> [ san = [ a3 mo.

i€Q VT i€Q

Lemma 2.3. The identity resolution E) of the v-operator T equals
the direct sum of the coordinate identity resolutions ES, that is,

E\ =P E;.

i€Q
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Proof. Consider x € D(T'). This holds, if and only if
TP = S Tl = 3 [ ol < .
1€Q i€
Then, using Proposition 2.2 we find out that:
> [ edisnl= [0 Y s
ieQ - ieQ
This means that x € D(T), if and only if

/ A2 S | Bal? < oo

i€

|Tx]? = / X2 S B2

1€Q

and

Using the uniqueness property of an identity resolution, the last two
equations show that the operator ®;cq L5 is the identity resolution of
the v-operator T'. That is, according to our notations F) = ®;enE}.

The lemma is proved. a

Lemma 2.4. For any Borel function [ and any vector x € D(f(T)),

the following equality holds: f(T)x = [®icaf(T;)]x.

Proof. Let x € D(f(T)). Then, paying attention to Proposition 2.2

and Lemma 2.3, for any y € L?, we obtain:

T)x,y) = / T I d (B y)

/ f d Z E)\xuyz [

1€Q
=y / FON) d(ESxi,yi)i
1€Q
= Z -Tza yz %
i€

= ([Gicaf(D)]x,y)-
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Since y is arbitrary, we have f(T)x = [®icqf(T;)]x. This completes
the proof of the lemma. o

For z; € L2, i € Q, define z; = {0,...,0,2,0,...,0} € L?, where z;
is on the ith place.

For each i € Q, let £(T;) denote the subspectrum of the operator T,
i.e., the set where all spectral measures of T; are concentrated. Note

that (T}) = o(T}).

Consider a projecting mapping P : M — U;cqM;, see Definition 2.1,
such that P(e(T;)) = e(T3).

Definition 2.5. Let Q = UK A, AN Ay = @ for k # s and

Ap={se€eQ:Vs,le A, s#1, P(e(Ty))NP(e(T;)) = B,
where ||E*(Bgy)p:||? = 0 for any cyclic ¢; € L7, t = s,1}.

From all the possible divisions of this type we choose and fix the one
which contains the minimal number of Aj. If all the coordinate spectra
o(T;) are simple, we call the number A = min{ K} as the spectral index
of the v-operator T

Theorem 2.6. Let each T; have a cyclic vector a; in L%. Then
the v-operator T has A cyclic vectors {ak}ﬁzl, having the form aj =

ZieAk 3:

Proof. First we consider the case of two coordinate operators. Let
s, € Q. Then, in order to obtain one cyclic vector in L? & L? having
the form as @ a, for any x = xs ®z; € L? & L? we have to find a Borel
function f such that

x= f(Ts & T))[as & .
From Lemma 2.4 it follows that
x = [f(Ts) @ f(Th)][as ® ai].

On the other hand, we must obtain each space Lg, p = s,1, by closing
the set {fp(Tp)ap}, letting f, vary over all the Borel functions such
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that a, € D(fp(Tp)). If s,1 € Ay, then supposing that f = f, on
P(e(T,)), we obtain the required function f, since any functions in the
isomorphic space L? are considered equal on the set of measure zero.
Hence, it is clear that, for all ¢ € Ay, we may build a single cyclic vector
of the form
a, = Dica,0; = Y &,
i€EAL

using the process described above, each time operating with a pair of
operators.

We remind that we have the minimal number of Ag. Consider the
Hilbert space

(3) [@iEAkL?] D [®j€AqL?]7 k 7é q.
We know that then
[Uiea, P(e(T:))) N [Ujea, P(e(T}))] = Big

has a non-zero spectral measure. From the reasonings described in
the beginning of this proof, we see that for joining the cyclic vectors
ay = @ieca,a; and ag = Djea,a; into the one

ap+a; = Z&Jrzﬁj,

icAy, jEA,
we would have to derive the Hilbert space (3) by closing the set

{fk(@ica, i) ar} & {fy(Bjea,Tj) ag},

with varying the Borel functions f; and f;, which coincide on Bj,.
This is not possible, since the set of such functions is not dense in the
isomorphic space L? (the isomorphism is understood as in the spectral
representation of the space (3)). Hence, we have obtained A cyclic
vectors
ar=) acl’ k=TA
1€EAL

and have proven the theorem. a
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Corollary 2.7. Let each T; have a single cyclic vector. Then

1. A = 1 if and only if the coordinate operators Ty, i € §, have almost
everywhere, relative to the spectral measure, pairwise non-superposing
subspectra.

2 a) card () < Rg. A = card (), if and only if all the coordinate
operators T; have pairwise superposing subspectra;

b) card (2) = Rg. A = oo, if and only if T has an infinite sub-v-
operator, the coordinate operators of which have pairwise superposing
subspectra.

Proof. The proof directly follows from the reasonings of the proof of
Theorem 2.6. O

In the next section we will rigorously show what a spectral multiplic-
ity of a v-operator is. Nevertheless, this notation is intuitively clear.
Running ahead, let us present here two examples, which will show the
difference between the spectral index and the spectral multiplicity of
the v-operator T.

Example 1. Let us have a three-interval EMZ differential system
{I;,7;,1}?_; (an impulse, an impulse and a kinetic energy):

Il = (—OO,+OO), T1 = %%, D(Tl) = D(Tmax,1>;
12 = [07 1}7 T2 = %%; D(TQ) = {f € D(Tmaw72) .
£(0) = e f(1),
a € [0,27};
d\2
B0l == (g) . DO = € DTuma)

f(0) =0, f(1) = 0}.

If a ¢ U2, (27rn — m2n?), it may be shown that the spectra o(T}) are
simple and
o0
e(M)=R, &)= J @m-a), &)=

n=—oo n

(mn)2.

(@

1
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Thus, in this example A; = {1}, As = {2, 3}, which means that A = 2.
From the reasonings, presented below in the process of building of
the ordered representation (next section) it follows that the operator
@®3_,T; has a simple spectrum. So, the spectral index does not equal
the spectral multiplicity.

Example 2. We have a three-interval EMZ system {I;,7;,1}3_; (a
kinetic energy, a mirror kinetic energy, an impulse):

d 2
Il :[O,—FOO), T = — (%) )

D(Tl) = {f € D(Tmax,l) : f(o) + kfl(o) =0, —co< k< OO};
2
_[2 :[0,4'00), To = (%) 5
D(Ty) = {f € D(Tmax,2) : f(0) + sf(0) =0, —00 < s < oo}
14
Tdt
D(T3) = {f € D(Twax,3) : f(0) = € f(1), o € [0, 27]}.

I3 :[O; 1]a T3

a) If k, s € (—o0,0] U {+0o0}, then

e(Th) = (0,400), &(Tp) =(-00,0), &(T3)= |J (2mn—a).

n=—oo

For this system we have: {1,2,3} = U?_,; Ay and 4; = {1,2}, Ay =
{3}. Thus, here the spectral index also does not coincide with the
spectral multiplicity (which is 1) and equals 2.

b) The case 0 < k, s < 400 leads to the following

(1) = {5 U000 e = (-0 u {5},

e(T3) = U (2mn — ).

n=—oo
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If

wt | O (s )

n=—oo

0[O (-]

n=-—oo

we have A; = {1}, Ay = {2}, A3 = {3}. That is, A = 3 but ®}_,T;
has a simple spectrum.

Example 3. Let us have a vector-operator &_, T; with
e(Ty) = U mn, e(Tz) = U ™, e(T3) = U ™.
nezZ,n>0 neZ,n<0 nez,n#0

Spectral index equals 3 but spectral multiplicity equals 2.

Definition 2.8. A v-operator T = @®;cqT; with the simple coordi-
nate spectra o(7T;) is called distorted if its spectral index does not equal
its spectral multiplicity.

With some loss of technical value but more clearly for applications,
Theorem 2.6 may be reformulated as

Corollary 2.9. Let each T; have a simple spectrum. Then undis-
torted v-operator T has A-multiple spectrum.

Let us pass to the general case when each operator T; has m; cyclic
vectors. There exists a decomposition

m;

r-Pr-PT -B.

i€Q ieQ k=i
where each T has a single cyclic vector. For the v-operator T' decom-

posed as above, we apply Theorem 2.6 and find the spectral index A. Tt
is clear that in this case for the spectral index there exists the estimate

(4) A > max{m;}.

As it has been stated in the preliminaries, for each operator T;, there
exists the unitary operator U; such that U; : L? — L?(M;, u;). Hence

PBu.:Pr: — PLi, m).

1€Q 1€Q i€Q
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Or, in the general case, i.e., when there are T; with more then one cyclic

vector, . ‘
Du.-PDPL — DPL®R ub.

i€Q i€Q k=1 i€Q k=1

From Theorem 2.6 it follows that there exists a unitary operator

m; A
5 VDB LR - DR — DR Y w).

i€Q k=1 JEA,

This means that for any v-operator 7" there exists the unitary operator
V @icq U;, which represents the space L? on the space Lo(NV, p):

VEP Ui L — LN, p),
1€Q

where N is the sliced union of A copies of R and

ﬂ:ZA:ZuJ»

g=1j€A,

according to the symbols in (5). We finally obtain

Theorem 2.10. Let the v-operator T = ®;cql; be undistorted.
The unitary operator V is defined as in (5). If unitary operators Uj;
make spectral representations of the Hilbert spaces L? on the spaces
L?(M;, j1;), then the unitary operator

w=Vu;

i€

makes the spectral representation of the space L? on the space L*(N, ).

We formulated this theorem for undistorted v-operators, since only
for them the operator V' will reduce the quantity of spectral measures
to the minimal possible. For arbitrary v-operators (distorted and
undistorted) we shall present the method of constructing an ordered
representation.
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2.2 The ordered spectral representation. Here we present the process
of building the ordered representation for a v-operator. For conve-
nience, we separate this process into units.

Let there be a v-operator T' = ®;cqT;.

(A) Let a; be maximal vectors relative to the operators T; in L?.
We want to find a maximal vector relative to the v-operator T. We
know that the vector ®;cqa; does not give a single measure, if a set
P(e(T;))NP(e(T;)) has a non-zero spectral measure for ¢ # j. Consider
restrictions T;| L2(a;) = T!. Since all the operators T have single cyclic
vectors a;, we can divide Q into Ay, k = 1, A, see Definition 2.5, and
apply Theorem 2.6 for the operator @;cq7;. Thus, we have derived
A vectors a* = ®jea,a;j, which are maximal in the respective spaces
L2(a%) = @jGAkL? (aj). Indeed, this is obvious for the case card (Ax) <
Ng. For the infinite case, if arbitrary y = @;c,y; € L*(a¥) and if

(©) ([Breac]()a"a") = > (F()ay,a5); =0,

JEAR

then from the maximality of the vectors a; for all j € Ay, and since
P(e(T})) N P((Ty)) has zero spectral measures for j # k, we obtain

2 (B Owiw); = ([BjeacB)()y,y) =0,

which follows from the convergence to zero of the series with the positive
maximal elements (6). Thus, in particular, we have constructed a
maximal vector in L2 for the case A = 1.

(B) Let now 1 < A < oco. Designate T% = ®jea,Tj. For any two
operators T* and T¢, k # s, let us introduce the sets g5 s = P(e(T*))N
P(e(T?)) and e, = P((T*))\ ey,s. There exist unitary representations
Uk . L2(aF) — L%(R, par), see formula (5) supposing there A = 1.
Consider measures py and g, s, defined as py s(e) = par(e Neg,s) and
pr(e) = par(e Neg), for any measurable set e. For any operator T,
with respect to T, measures p; and py s are mutually singular and
HE + Pi,s = iar; therefore,

L2(Ra ,u'ak) = LZ(R, Mk) D L2(Rv :u'k,S)'



736 M. SOKOLOV

It means that (according to our designations):
—1
UF L LR, 1) — L(a)) & L¥af )

and aF = ak @ ak +» Where ak and ak form the measures pj, and pix o
respectively. De51gnate also as max{w 1} the vector, which is maximal
of the two vectors in the brackets (Note that this designation is valid
only for vectors, considered on the same set. In order not to complicate
the investigation we assume here that any two vectors are comparable
in this sense. In order to achieve this, it is enough to decompose each
coordinate operator T; into the direct sum T} @ T, where the
operators have respectively pure point and continuous spectra. Then
after redesignation we obtain the equivalent v-operator to the initial
v-operator ®T;).

Consider first two operators 7' and T2. It is clear that the vector

1P2

_ a1 2 1 2
a = aj] @ a; @ max {aLQ, a271}

is maximal in L?(a') @ L?(a?). Note that a} and a3 and they both
may equal zero. A maximal vector in L2(al) @ L?(a?) @ L?(a?) will
have the form:

19203 _ 132 3 142 3
a = ajg; @ a3z @ max {a1®273, a371®2} .

Continuing this process, we obtain a maximal vector in the main space
L2.
10--OA _ 1&--®A—1 A 1 ®A—1 A
(7) a = Ag.pr-1 DA D max{a1® BA-1,A BN 16 BA— 1}
Formula (7) may be simplified, if we divide the measures p,r into

continuous and pure point, that is, par = pS™ + pPh. Then a* =
ak-cont g akPP_ Relative to any operator 7%, k # s, we have

k t k,cont k k
ak:@ont _ con ®a con and ak,pp — PP Da PP
k s k k,s
Now we can repeat the process described above in (B), separately for

the continuous and the pure point parts. Since measures with the same
null set may be considered equivalent, we have

max{wcont’,(/}cont} — either wcont or wcontj

max{wP? PP} = either wP? or YPP,
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for any two vectors w and 1. We obtain

2a

al@..~@A,cont — aLcont D [@?7 ;,cont} )

Similarly,
al®-®App _ plop g [@ - ,pp} _

Since max{wnt, PP} = )PP we finally derive

al®OA — 100 App g a%g::gﬁ,com

Let A = co. We define a'® ®A a5 a vector which satisfies the
following equality:

H @Ez 1@~-@A

1€Q

L

[@Eﬁ( )} 16--@L

j=1

2
= lim

2

)

since the limit on the right side exists.

(C) The next step is to build the measure of the ordered representa-
tion for the v-operator. From Lemma 2.3 and the reasonings above, it
follows that such a measure will be

(N —

1€

(D) The final step is to construct the canonical multiplicity sets s,, of
the v-operator. s; is the whole line. sy must contain all the spectrum,
multiplicity of which exceeds or equals 2. For this purpose, we are
primarily to unite all e}. But, nevertheless, U;e} will not include all
the sets of multiplicity > 2 since we know that if P(e? \ e4) N P(e] \ e3)
has a non-zero spectral measure, all the intersections of this sort will
represent the multiplicity 2 and should be included into sy (since
then it is not possible to construct a single cyclic vector). That is,
so = (U;P(eb)) U (UN (P(ei\eb)). Using this idea and the fact that an
infinite intersection of measurable sets is a measurable set, by induction
we may finally build s,:

®) P

U[ U NP
Zma‘,Zn
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Eventually, we are ready to formulate the theorem:

Theorem 2.11. The measure 0 defined in (2.2) is the measure of
the ordered representation of the v-operator T. The sets s, defined in
(8) are the canonical multiplicity sets of the ordered representation of
the v-operator T. Thus, the spectral representation of the space L? on
the space ©,L?(sp,0) is the ordered representation.

Let us return to Examples 1 and 2. For each distorted v-operator
Ty ® Ty ® T3, a spectral measure will be constructed on the vector
al®2®3_ For the v-operator from Example 3 two spectral measures are
constructed on a'®2®3 and

min{aiQ, a%,l} D min{aig, ag,z} D min{a’g,lv ai,3}7

where the sense of the minimums is clear.

Now the term ‘distorted v-operator’ is clearly explained by the form
of the cyclic vectors for such an operator. The multiplicity set es will
be

[P(e(Th)) N P(e(T2)] U [P(e(T2)) N P(e(T5))]
U [P(e(Ts)) N P(e(Th))]-

Using the obtained spectral representation we can construct equiva-
lence classes in families of self-adjoint operators:

Definition 2.12. Two families of self-adjoint operators {T;}Y; and
{S; }JL:1 are called equivalent, if the respective v-operators & ;T; and
EBjLzlSj are equivalent.

Note that if two families {T;}}Y, and {S;}_, are equivalent, it is not
necessarily that N = L and T; is equivalent with S;.
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