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AN EIGENVALUE PROBLEM FOR
QUASILINEAR SYSTEMS

JOHNNY HENDERSON AND HAIYAN WANG

ABSTRACT. The paper deals with the existence of positive
solutions for the n-dimensional quasilinear system (®(u’))’ +
Ah(t)f(u) = 0,0 < t < 1, with the boundary condition u(0) =
u(1l) = 0. The vector-valued function ® is defined by ®(u) =
(e(u1),... ,p(un)), where u = (u1,...,un), and ¢ covers
the two important cases ¢(u) = u and @(u) = |uP~2u, p > 1,
h(t) = diag[h1(t),... ,hn(t)] and f(u) = (f*(u),..., f*(u)).
Assume that f' and h; are nonnegative continuous. For
u = (ut,...,un), let f§ = limy o f*(0)/e(llul), f
llmHu|\~>oo fl(u)/ga(”u”)a i=1,...,n,fo= maX{f&: oo 7f(’)n}
and foo = max{fL,...,f%}. We prove that the boundary
value problem has a positive solution, for certain finite inter-
vals of A, if one of fy and f is large enough and the other one
is small enough. Our methods employ fixed point theorems in
a cone.

1. Introduction. In this paper we consider the eigenvalue problem
for the system

(1.1) (@) +Ah(t) f(u) =0, 0<t<]l,

with one of the following three sets of the boundary conditions,

(1.2a) u(0) =u(1) =0,

(1.2b) u'(0) = u(1) =0,

(1.2¢) u(0) = u'(1) =0,

where u = (u1,...,un), ®(u) = (p(u1),...,9(u,)), h(t) = diag x

[h1(t), ... hu(t)]) and f(u) = (F1(ur, ... s un)y. oy f(ur, ... uy,)). We
understand that u, ® and f(u) are (column) n-dimensional vector-
valued functions. Equation (1.1) means that

1

1.

(o(u)) + Ahi(t) fr(ur,... ,uy) =0, 0<t<l1
(1.3) :

(p(up)) 4+ X (t) f™(u, ... su,) =0, 0<t<1
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By a solution u to (1.1)—(1.2), we understand a vector-valued function
u € CY([0,1],R") with ®(u’) € C*((0,1),R"), which satisfies (1.1)
for t € (0,1) and one of (1.2). A solution u(t) = (ui(t),...,un(t)) is
positive if, for each ¢ = 1,... ,n, u;(¢t) > 0 for all ¢ € (0,1) and there
is at least one nontrivial component of u. In fact, we shall show that
such a nontrivial component of u is positive on (0, 1).

When n =1, (1.1) reduces to the scalar quasilinear equation
(1.4) ((u))" + A(t) f(u) = 0.

Further, when ¢(u) = u, (1.4) reduces to the classical equation of
Emden-Fowler type

(1.5) W+ Mh(t) f(u) = 0.

The existence of positive solutions of boundary value problems for
(1.4) and (1.5) originates from a variety of different areas of applied
mathematics and physics, and has been intensively studied, see e.g.,
Agarwal, O’'Regan and Wong [2] and Wong [24].

In connection with the existence of positive radial solutions of partial
differential equations in annular regions, Bandle, Coffman and Marcus
[4] and Lin [17] established the existence of positive solutions of
boundary value problems for (1.5) under the assumption that f is
superlinear, i.e., fo = lim, o f(u)/u =0 and foo = limy, 0o f(u)/u =
0o. On the other hand, one of the authors [20] obtained the existence
of positive solutions boundary value problems for (1.5) under the
assumption that f is sublinear, i.e., fo = oo and f, = 0.

When ¢(u) = |[u[P~2u, p > 1, and for even more general functions
©, the problems have been received much attention in the past several
decades; see e.g., [1-3, 11, 14, 19 and their references].

If 0 < fo, foo < 00, we [13] were able to treat the existence problem,
at the expense of a restriction of A. Roughly, we showed that (1.5) with
(1.2) (n = 1) has a positive solution for certain finite intervals of X if
one of fy and f is large enough and the other one is small enough.
This result was later sharpened by Graef and Yang [9] yielding better
intervals of A\, but yet for the case when one of fy and f. is large
enough and the other one is small enough.
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In several recent papers [21, 22], one of the authors imposed an
assumption (see Al) on the function ¢(u), which covers the two
important cases p(u) = u and p(u) = |u|P~?u, p > 1. Under such an
assumption, it is shown that appropriate combinations of superlinearity
and sublinearity of f(u) with respect to ¢ at zero and infinity guarantee
the existence, multiplicity and nonexistence of positive solutions of
(1.1).

The main purpose of this paper is to extend the results in [13] to the
n-dimensional system (1.1). For this purpose, we use notation in (1.6),
fy and f, to characterize superlinearity and sublinearity with respect
to o for (1.1). These are natural extensions of fy and f, defined above
for the scalar equation (1.5). We are able to show that (1.1) with (1.2)
has a positive solution for certain finite intervals of A if one of f and
f is large enough and the other one is small enough. We employ a
fixed point theorem in a cone due to Krasnoselskii, which is essentially
the same as Lemma 2.1.

Let R = (—00,00), Ry = [0,00) and R} = II}_;R;. Also, for
u=(uy,...,u,) € RY, let [Jul|=37"; |u;|. We make the assumptions:

(A1) ¢ is an odd, increasing homeomorphism of R onto R, and there
exist two increasing homeomorphisms of (0, c0) onto (0, c0) such that

P1(o) p(x) < plox) < (o) p(x), forall o and =z >0.
(A2) f*: R’} — Ry is continuous, i = 1,... ,n.

(A3) h;(t) : [0,1] — Ry is continuous and h;(t) # 0 on any
subinterval of [0,1], i =1,... ,n.

Let

t t 3/4 s
vi(t) = % [/1/4 1/121(/3 hi(7) dT) ds —l—/t Pyt (/t hi(T) dT) ds},
13 .
t6[1,1:|, ’L:L...,n.
It follows from (A1)—(A3) that

I' = min {%(t) :

Xziwll(/ol hi(T)dT> > 0.
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In order to state our results we introduce the notation

o S )
fo_ullxuw @([ull)’ Too =

= 1m
lull =00 @(|[ul])’
ucRY, i=1,...,n,

fo = max{fy,..., fo}, fo=max{fL,..., f2}

(1.6)

Although we will not provide its proof until Section 3, we state at this
point our main result of the paper:

Theorem 1.1. Let (A1)—(A3) hold. Assume 0 < fy < oo and
0 < fy < o0.

(a) If X X
%(m) ““”l(m)

then (1.1)—(1.2) has a positive solution.
(b) If

1 1
- - Y — ),
‘”Q(szl(fm)) ) <¢1<X¢11(f0))
then (1.1)—(1.2) has a positive solution.

2. Preliminaries. The following well-known result from the fixed
point index theory is crucial in our arguments.

Lemma 2.1 ([6, 10, 15]). Let E be a Banach space and K a
cone in E. Forr > 0, define K, = {u € K : ||z| < r}. Assume

that T : K, — K is completely continuous such that Tx # x for
re€ 0K, ={uec K :|z|=r}.

(i) If |Tz| > ||z|| for x € OK,., then
i(T,K,,K)=0.
(ii) If | Tz|| < ||z|| for x € OK,, then

i(T, K, K) = 1.



EIGENVALUE PROBLEM FOR QUASILINEAR SYSTEMS 219

In order to apply Lemma 2.1 to (1.1)—(1.2), let X be the Banach
space I, C[0,1] and, for u = (uq,... ,u,) € X,
hall = sup Jui(t)].

i—1 t€[0,1]

For u € X or R, ||uf| denotes the norm of u in X or R}, respectively.
Define K to be a cone in X by

K:{u:(ul,...,un)eX:ui(t)EO, tel0,1, i=1,....,n,

1
d  mi i) = 7 lull}.
d | min |3 Sa(t)>
Also, define, for r a positive number, ,. by

O, ={ueK:|u|<r}

Note that 9, = {u € K : |u]| =r}.

Let Ty : K — X be a map with components (T%, ... ,T%). We define
Ti,i=1,...,n, by

/Ot o ( / " Mia(r) Fi(u() d7> ds 0<t<o,
/tl ¢—1</Uj Ahi(T) fi(u(T))dT) ds o, <t<l,

where o; = 0 for (1.1)—(1.2b) and o; = 1 for (1.1)—~(1.2¢). For
(1.1)—(1.2a), o; € (0,1) is a solution of the equation

(2.7) Tiu(t) =

(2.8) Qu(t) =0, 0<t<1,

where the map ©% : K — C[0, 1] is defined by

O'u(t) = /Ot 901</: Ahi(T) fi(U(T))dT) ds

(2.9) ) .
_/t ¢1</t () fi(u(r))dr) ds, 0<t<l.
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By virtue of Lemma 2.2, the operator T is well defined.

Lemma 2.2. Assume (A1)—(A3) hold. Then, for any u € K and
i=1,...,n, ©u(t) =0 has at least one solution in (0,1). In addition,
if o} <o0?€(0,1),i=1,...n, are two solutions of ©'u(t) = 0, then
hi(t)fi(u(t)) =0 for t € [al ,al] and any o; € [0}, 02] is also a solution
of ©'u(t) = 0. Furthermore, Tiu(t), i = 1,... ,n, is independent of
the choice of o; € [0}, 0?].

Proof. Let o'(1) = Ahy(7) fi(u(r)). If fo T)dt = 0, we may
choose any o; € (0, 1). Let’s assume fo )dt > 0. Therefore,
©'u(0) < 0 and ©'u(1) > 0. It follows from the continuity of ©u(t)
that ©%u(t) = 0 has at least one solution on (0,1). In addition, ©%u(t) is
a nondecreasing function on [0,1]. If o} < 0’ € (0 1) are two solutions
of ©%u(t) = 0, it is not hard to show that f LT Y[ al(r)dr)ds = 0.

Therefore, a’(1) = 0 on [0},0?]. Let 0; € [o 0?]. Then it is easy to

71791 R

verify that o; is a solution of ©%u(t) = 0. Hence, (2.7) implies

(2.10) Tiu(t) =

which is independent of o; € [o},02]. O

The following lemma is a standard result due to the concavity of a
real-valued function u(t) on [0, 1], see e.g., [21-23].

Lemma 2.3. Assume ¢ is an odd, increasing homeomorphism of R
onto R. Let 0 < u(t) € C0,1] and ¢(u'(t)) be nonincreasing on [0, 1].
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Then
u(t) > min{t,1 —t} sup u(t) for te€]0,1].
t€[0,1]

In particular, ming j4<i<g/qu(t) > 1/4 SUP¢e(0,1] u(t).

We remark that, according to Lemma 2.3, any nontrivial component
of nonnegative solutions of (1.1)—(1.2) is positive on (0, 1).

Lemma 2.4. Assume (A1)—(A3) hold. Then Ty(K) C K and
Ty : K — K is compact and continuous.

Proof. Lemma 2.3 implies that Tx(K) C K. It is not hard to show
that Ty : K — K is compact and continuous. a

Lemma 2.5 [21, 22]. Assume (A1) holds. Then for all 0,2 € (0, 00)
vy (0)z < 7o p()) < vr ' (0)a.

Proof. Since o = ¢1(¢7 ' (0)) = ¥2(¢3 ' (0)) and p(¢~ ' (0 ¢(2))) =
o (z), it follows that

Y2 (31 (0) () = (9™ (0 0(2))) = ¥1 (Y7 (0)) ().
On the other hand, we have by (Al)
Y1 (er ' (0) () < (i (0)x) and 9oy ' (0)) p() = @(ty (0)2).

Hence, p(13 " (0)2) < p(p™ (0 ¢(2)))
Thus, we obtain 15 *(0)z < ¢~ (o @(x)) < ] (o). o

Lemma 2.6. Assume (A1)—(A3) hold. Let u = (uy,...,un) € K
and n > 0. If there exists a component f* of £ such that

Fo) 2 p(n3om) o ve (1]
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then
ITxull > w3 (A) Tllul.
Proof. Note, from the definition of T \u, that Tiu(o;) is the maximum
value of T{u on [0,1]. If o; € [1/4,3/4], we have

ITaul > sup [Tiu(t)]
t€(0,1]

25 L (] e pyar ) i
v/ / o ([ At £t r ) s

k3

Y

; [/1; 0! (/: Ahi(T) @(njiluj(T))dT> ds
i /j/4 - (/(, A7) (0 ]Zj; u; (7)) dT> ds} ,

k3

and in view of Lemma 2.3 and condition (A1), we find

= 5| [0 ([t oo (il ) ar ) s

o[ ([ oo (L1 ) ar) s
=5 L () meare (vt i) ) as

3/4 s n
e [ ( [ nmraro(wt o0 Tl ) ) as]
Now, because of Lemma 2.5, we have
[Txul
_ 95 Wl

> S ingl Uihi(T)dT ds+ 3/41/;;1 Shi(f)dT ds
1/4 s o o

>y () Ty Jull.
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For o; > 3/4, it is easy to see

I T5ul > /14 wl(/sg/4 Ahi(7) fi(U(T))dT) ds.

On the other hand, we have
. 3/4 S . 1
|Tiu] > / <p1(/ () ]”(u(7‘))d7-> ds if o)< 2.
1/4 1/4 4

Similar arguments show that || Tyul| > 5 () T'nlu| if o; > 3/4 or
o; < cl/4. o

For each i = 1,... ,n, define a new function fi(¢) : Ry — Ry by
Fi(t) = max{f’(u) : u e R’ and [ju < t}.
Note that fi = limy_q fi(t)/o(t) and fi = lim, . fi(t)/o(t).

Lemma 2.7 [21, 22]. Assume (A1)—(A2) hold. Then fi = fi and

fio=fi,i=1,...,n.

Proof. 1t is easy to see that fé = f§. For the second part, we consider
the two cases, (a) f*(u) is bounded, and (b) f*(u) is unbounded. For
case (a), it follows from limy_ @;(t) = oo, that fi = 0 = fi . For
case (b), for any § > 0, let M = fi(§) and

Nj = inf{[lufl s w e R, [[ull = 4, fi(u) = M7} > 6.
Then

max{f'(u) : |ul| < N, u e R"}
= M = max{f'(u) : |[ul| = N}, ue R"}.

Thus, for any ¢ > 0, there exists an N} > § such that

fi(t) = max{fi(u): Ni < |lu| <t, ue R}} for t> Ni
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Hence, the definitions of fi and fi imply that fi = fi . u]

Lemma 2.8. Assume (A1)—(A3) hold, and let r > 0. If there exists
an € > 0 such that

then
|Taul| <7 (N ex|[ul| for u€dQ,.

Proof. From the definition of T, for u € 0€2,., we have

[Trull = Z sup [T} u(
i—1 t€[0,1]

< g ! / () 1)

< Zs@( [ mraraii)

< Z ot </01 hi(7) dT Ay (€) gp(r)).

Note that A = 1 (¢7 }()\)). Then (A1) and Lemma 2.5 imply that

|TAuH<Zso ([ st oyen)
<7 erzzpl (/ ; )d7>

=91 ()€X||u|\~ o

3. Proof of Theorem 1. We now provide the proof for this paper’s
main result.

Proof. Part (a). Let f¢ = fy > 0 for some fixed i. It follows that

v (wgl(m) <A<wl(m>'
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Condition (A1) implies that there exists an 0 < € < f¢ such that

1 1
wz(r%l(fa —s)) <A ¢1(x¢11<fm +a>)'

Beginning with f&, there is an 71 > 0 such that
fi(u) = (f6 =€) e(llull)
for u = (u1,... ,u,) € R} and |lul| < r;. Note that
(fo — &) e(llull) = v2 (w3 ' (f5 — ) e([lull).-

If ue 09Q,,, then
Fia(t)) = da(s (i — ©) w(zum) > so(wzl(fé 9 Zuja))
i=1 =

for t € [0,1]. Lemma 2.6 implies that
ITaull > 05 T3 (s — )lull > full for ueaQ,,.

It remains to consider fs. It follows from Lemma 2.7 that fi = fJ
j=1,...,n. Therefore, there is an ro > 2ry such that, for j = 1,... | n,

Fi(ra) < (Fl 4+ ) @(r2) < (fxo +€) 9(ra) = 1(¢7 ' (o + €)) (r2).
Lemma 2.8 implies that, for u € 0),.,, we have

ITaull < o7t () X 97 (foo + ) ul|
< [lull.

By Lemma 2.1,
i(T)\, Qr1>K) =0 and Z'(T)\, Qr27 K) =1.
It follows from the additivity of the fixed point index that i(Tx, ., \

Q,,,K) = 1. Thus, Ty has a fixed point in ,, \ Q,,, which is the
desired positive solution of (1.1)—(1.2).
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Part (b). Let fi, = f., > 0 for some fixed i. It follows that

o (wymn) << ()

Condition (A1) implies that there exists an 0 < & < fZ such that

1 1
¢2(rw21<fgo —s)) <A <¢1(><w11<f0+a))'

Since fg = fg, 7 =1,... n, there exists a r3 > 0 such that
Filrs) < (f§ +e) olrs) < (fo+2)(ra), j=1,...,n.
Lemma 2.8 implies that
ITxuf < o N xvr (fo +o)flull < [lufl for uedQy,.
Next, considering fi, there is an H > 0 such that
F1(w) > (fi =) e(llul)

for u = (u1,... ,u,) € R} and |jul| > H. Let ry = max{2rs,4H}. If
u=(u,...,u,) € 90Q,,, then

[ul| > H,

I

n
i (1) >
L 2 0) 2

and hence,

Fiu) > (i - <) @(é%(ﬂ) > (i - ) iuju))

for te l§
4’41

Lemma 2.6 implies that

ITaul > v (N T o' (fo = )llull > |[uf| for uedq,.
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Again it follows from Lemma 2.1 that
i(Tx, Oy, K) =1 and i(Ty,Qy,, K)=0.

Hence, i(Ty, Q,,\Q,, K) = —1. Thus, T has a fixed point in ,.,\Q.,,
which is the desired positive solution of (1.1)—(1.2). O
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