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TWO-GRID METHODS FOR THE SOLUTION
OF NONLINEAR WEAKLY SINGULAR
INTEGRAL EQUATIONS BY PIECEWISE
POLYNOMIAL COLLOCATION

ENN TAMME

ABSTRACT. To solve nonlinear weakly singular integral
equations by the piecewise polynomial collocation method,
it is necessary to solve large nonlinear systems. This can
be done straightforwardly only for comparatively rough dis-
cretizations. In this paper a two-grid iteration method is pre-
sented which enables us to find the solution of such systems
for fine discretizations. We prove the convergence and estab-
lish the convergence rate of this method. So we generalize
for nonlinear equations the results proved in [10] for linear
equations.

1. Introduction. We shall deal with the nonlinear weakly singular
integral equation

1) u(w) = [ K(eyul)dy+ f(o), G,
G
where
G=A{z=(z1,...,2n): O<ap<bg, k=1,... ,n}

is an n-dimensional parallelepiped. The piecewise polynomial colloca-
tion method for the solution of such equations is considered in [1, 5,
8, 12]. In order to calculate the approximate solution by collocation
method, large nonlinear systems must be solved. In the present paper a
two-grid iteration scheme is presented for the solution of such systems.
Fast convergence of this method is shown. Analogous results have been
established for linear equations in [10] and for nonlinear equations in
the case of piecewise constant collocation method in [9].
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2. Integral equation. We shall make the following assumptions
(A1)-(A3).

(A1) The kernel K (z,y,u) is m times, m > 1, continuously differen-
tiable with respect to x,y and u forx € G,y € G, x # y, u € (—00, 0),
whereby there exists a real number v € (—o0,n) such that, for any non-
negative integer [ € Z; and multi-indices a = (a,... , o) € Z7} and
B =(Pr,-..,0n) € L with I+ |a|+|B] < m, the following inequalities
hold:

@ 0 :
|D:L’D£+y<£> K(m,y,u)|

1 v+la) <0
< ¢i(fuf) § 1+ [loglz =yl v+la[=0,
e — gy~ vt al >0

l l
D202, (5% ) Kloou) - D202, () Klopen)
1 v+ ol <0
< o(ma{lunl, [l Dl — el { 1+ logle ~yll v -+]al =0
|z — y| 7l v+ |al > 0.

Here || = aj+...+ay, fora € Z%, |z| = (22 +...+22)Y/2 for z € R",
8 o1 8 Qe
DS = — | =—
2= (an) (o)

9 9 B 9 9 Bn
s _ (Y . Y 4=
Dyyy = <8x1 + 6y1) <8xn * 8yn) ’

and the functions ;:[0,00) — [0,00) and w2:[0,00) — [0,00) are
assumed to be monotonically increasing.

(A2) The righthand term f € C"™¥(G) with the same m and v as
n (Al), ie., f(z) is m times continuously differentiable on G and the
estimates

1 o] <n—v
D f(z)] < const { 1+ |logp(x)| |al=n—w,

pla)rr=lel ol >n—v
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1 l<n—-v

o
‘ af(lx)‘ <const ¢ 1+ |logpi(z)] l=n—-v
T pr(z)vt I>n—v

hold for z € G, |l < m, I = 1,...,m, k = 1,...,n, where
pr(z) = min{xy, by — x5} and p(x) = mini<k<, pr(z) is the distance
from z to G, the boundary of G.

(A3) Integral equation (1) has a solution uy € L*°(G) and the
linearized integral equation

v(z) :/GKO(xvy),U(y) dy,  Ko(z,y) = [W

)

} u=uo(y)

has only the trivial solution v = 0 in L*(G).

Note that the assumption (A1) holds, for example, for the kernels
K(z,y,u) = Ki(z,y,u)lz —y|™, 0 < v < n, and K(z,y,u) =
Ki(z,y,u)log|lx — y|, v = 0, where K;(z,y,u) is an m + 1 times
continuously differentiable function with respect to z,y,u for z,y € G,
u € (—o0,00).

From (A1)—(A3) it follows that the solution wug of (1) belongs to the
space C"™"(G) [7, 12].

3. Collocation method. We use the same non-uniform grid as
in [10, 12]. To define the partition of G into cells we choose a vector

N = (Ny,...,N,) of natural numbers and introduce in the interval
[0,bk], K =1,...,n, the following 2N} + 1 grid points:
j be (k)
xjk :_(_ ) k:071a"'aNk)a
) TN
l‘kN7];V+jk :bk—xkj\{];v_jk, jk :1,... ,Nk.

Here r € R, r > 1, characterizes the non-uniformity of the grid. If
r =1, then the grid points (2) are uniformly located. Using the points
(2) we introduce the partition of G into closed cells G*:

Gg\,:{x:(ml,...,xn):xi’fﬁlﬁxkﬁﬂﬁﬁw k=1,...,n} CG,

jEJN:{j:(jl,...,jn): jk:17---72Nk7 k:l,...,n}.



258 E. TAMME

We determine the collocation points in the following way. We choose
m points 71, ...,y in the interval [—1,1]:

“I<m<m<-<nmp <1

By affine transformations we transfer them into the interval

[xi’“Nl,ka] je=1,... ,2Np, k=1,...,n
foge = w;+%;%wamm G=1,...,m
Note that §]km = i";\;ll = ka if g = —1and n, = 1, ji =
1,..., 2N, — 1. We assign the collocation points
= (), g€,

Q:{q:(Q1,...7qn)lkal,...7m7k:1,...7n},

to the cells G?V, J € Jn.
We define the interpolation projector Py by the formula

(3) (Pru)(z) = Y u(ENeh (), =€ G, jen,
9€Q

where
J1,91 Jndn

Sﬁg\}q( )= PN (z1) - PN (7n)
and goj’“q’“( k), k = 1,...,n, are the polynomials of one variable of
degree m — 1 such that

j L i pr = qw
4 QIR (ghpry = { : . pe=1,...,m.
(4) e En") 0 if pp # g
Let us denote by Ey the range of the projection Py. This is the finite
dimensional space of piecewise polynomial functions ux on G' which on
any cell G, j € Jn, are polynomials of the degree not exceeding m—1
with respect to any of arguments x1, ... ,x,.

We determine the approximate solution uy € FEpy of the integral
equation (1) by the collocation method from the following conditions:

@)@mmjLKuwwmwa¢u> 0, peQicy

z=£3P
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By the representation (3), we can find uy € En in the form

uy(z) = ch’qgoﬁ\’,q(as) if z € Gy, jeJn,
q€Q

where, as it follows from (4),
= uy (E47).

Now the collocation conditions (5) will take the following form of a
nonlinear system which determines the coefficients ¢/'7 = un (§47):

Z/ (N’y’ZuN ))dy+f()

( ) JjEJIN q€Q
peEQ, i€ Jn.

If 13 > —1orn, < 1, then this system has (2m)" Ny ... N,, = dim En
equations and the same number of unknowns. If 7, = —1 and
Nm = 1, then some collocation points coincide. The number of different
collocation points is [2N7(m — 1) + 1]...[2N,(m — 1) + 1] = dim En
and the system (6) has the same number of equations and unknowns.

In [12] the following result about the convergence of such collocation
methods is proved.

Theorem 1. Let the assumptions (A1)—(A3) hold. Then there exist
Ny > 0 and §g > 0 such that, for N, > No, k=1,... ,n, the collocation
conditions (5) define a unique approximation uy € En to ug satisfying

sup |un (z) — ug(x)| < do.
z€G

The following error estimate holds:

max max |uy (£57) — ug (&9
e ma e (647) — o (€47)

r>m/(2(n—v)) ifn-v<1
<consthiy for ¢ r>m/(n—v+1) ifl<n—v<m-1

r>1 ifn—v>m-—1
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where
by,

hy = max —
1<k<n Nk

It is shown in [8] that for special collocation points a more rapid
convergence, the superconvergence, takes place.

To apply the collocation method it is necessary to solve the nonlinear
system (6). We write this system in the form

(7) uy = Tnun + fn

where uy = (un(E4))jern.aeq: v = (F(ENT))jein.qeq are vectors
and

(Tniin ) (637) Z/ <N,y,ZUN (EReR( ))dy,

JEIN Gy qEQ
1€ Jy, pEQ.

Usually the number of equations in (7) is large which makes solving the
system directly rather costly if not impossible. An effective method for
solving this system is a two-grid iteration method.

4. Two-grid method. In addition to the original grid corre-
sponding to N = (Ny,...,N,), we define another grid, the coarse
grid, corresponding to M = (My,... ,M,) where My, k = 1,...,n
are integers such that Nj/M;, are integers greater than 1. Then every
cell G%, j € Jn, of the original grid is fully contained in some cell G,
of the coarse grid.

For solving the system (7) the following two-grid iteration method is
used:

vy = Tyl + fu,
(8)  why — Tmwhy = Rvmfn + RmInvy — TuRamly,

algt = ol + Pun (@l — Ramdly), 1=0,1,...,
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where 7Y is the initial guess of @y, Pyy: R — RV (dy = dim Ey)
and Ryar: R — R are the operators defined by the formulas:

(Pun@hy)(€3F) = Y wh (@D hi(ERF) if &F € GYy,
q€eQ

(Rum (&) = (D),
(R Tnily)(E57) = Z/ K( M,y,ZuN (y)) dy,

JEJIN Gy qeQ

Ramty = Ry Intly + Ry fn-

For linear integral equations, method (8) coincides with the two-
grid method in [10]. For nonlinear integral equations similar methods
are considered in [4, 9]. Iteration method (8) resembles the two-grid
method in [9]. An essentially new idea in the present two-grid method
is the restriction operator R s as the collocation points of the coarse
grid may not coincide with the collocation points of the fine grid.

To apply method (8), it is necessary for every [, to solve the nonlinear
system in the form

9) Wy — Wy = Gm
where

v = Ry fy + RvmIn(Inin + fv) — TuRym (Intuy + fn)-

Note that, compared to the system (7) which corresponds to a fine
discretization, system (9) corresponds to coarse discretization, and thus
the dimension djy; = dim E; of this system is essentially less than the
dimension dy of (7). To solve the system (9), one can use some iterative
methods, for example, Newton’s method with initial guess Ry %, for
wh,. If @'y is a sufficiently good approximation of the solution o
of (7), we can use only one step of Newton’s method [9]. Note that
efficient two-grid methods for solving nonlinear integral equations are
obtained using first Newton’s method to solve system (7) and second
exploiting at each step a coarse grid also [1, 3, 6].

For the convergence analysis of the two-grid method (8) we use the
approach of [2] and consider the iteration method corresponding to (8)
in function spaces.
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We write the integral equation (1) in the form
(10) u=Tu+ f

where

(Tu)(x) = /G K(z,y,u(y)) dy.

It is easy to see that the approximate solution uy € En of (1),
determined from the collocation conditions (5), is the solution of the
equation

(11) uy = PnTun + PNf

Define the operators Roon: Eny — R and Pyoo: RIN — Ey by the
equalities:

(Roonu)(E§") = u(&x"), j € Jn, 4 €Q,
(Pnootin) () = Z un (EXD) R (x), =€ Gh, jE In.
q€Q

These operators define one-to-one correspondence between elements of
Ey and R . From now on we use the operator R for all functions
defined in the collocation points £3%.

Denote
l =P —1 l =P —1 l =P —1
UnN = FNooUp, UN = FNooUnN» Wpr = FMooWpy-
Then
—1 =R l 1 =R l — -R l
Un = RooNUpN, Un = RooNUp, Wpr = RooMWyy-

Making use of the identities

ROONPNOO :I, PNooRooN :PN;
TN = RooNT Pnoo, PNooPunN = Prroo,

we rewrite the formulas (8) as follows:
vl = PnTuly + Py f,
(12)  why = PuTwy =Py f +PuTvy — PuTPu(Tuy + ),
uft = vl Fwl, — P (Tuly + f), 1=0,1,...
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Whereas u?\, = PNOO’I_L(])V € En we also have vﬁ\, € Fy, wﬁw € Ey C En
and uif' € En, 1 = 0,1... Therefore the methods (8) and (12) are
equivalent. At the same time the method (12) is an iteration method
to solve (11).

The equation (9) is equivalent to the equation
(13) wy — PuTwy = gy
where wyr = Py and
g = Puf+PuTPn(Tun + f) — PuTPu(Tun + f).

In the discussion of solvability of equations (11) and (13) we use the
following result which is proved in a more general setting, for example,
in [11]. We consider the equations (10) and (13) in Banach space E
and assume that 7: F — E is a nonlinear operator and Py € L(E, E)
are linear uniformly bounded operators, i.e., ||Pas|| < const.

Lemma 1. Let the following conditions hold.

(B1) Equation (10) has a solution ug € E and

||'P1\/[TU,0 — TUOH — 0 as min Mk — OQ.
1<k<n

(B2) There is a positive 6 such that the operator T is Fréchet differ-
entiable in the ball S5 = {u:||u — up|| < 0} and for any € > 0 there is
ad:, 0 <. <6, such that

|| 7' (w) — T'(uo)|| <& whenever u € Ss_.

(B3) The derivative T'(ug) is a compact operator,

|1PrmT (ug) — T (ug)|| — 0 as 1ISIEIS1”M/€ — 00

and the homogeneous equation v = T'(ug)v has only the trivial solution
mn F.
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(B4) |lgar — fl] — 0 as miny<p<n My, — 0.

Then there exist My > 0 and &y, 0 < 09 < 0, such that for
My > My, k = 1,...,n, the equation (13) has a unique solution
waro = (I — PuT) Ygar in the ball S,. Besides ||unro — ugl| — 0
if miny<p<n My, — oo with the error estimate

llwar,o — uol| < const |[(ParTuo — Tuo) + (gar — f)I]-

We can consider the method (12) as an iterative method
(14) uft = ouly, 1=0,1,...,
for solving the equation
(15) u = du.

To study the convergence of this iterative method, the following well-
known result is used.

Lemma 2. Let equation (15) have a solution uyo € E, and let
SN = {u||lu —unpl| <} If : Sy — E and

[ (u)|| <g<1 asu€ Sns

then up,o is the unique solution of equation (15) in Sns. For every
initial guess U?\r € SN, the iterative method (14) converges to un,o with
the rate

I4+1
N

[|u —uN10||§q||u§\,—uN70||, [=0,1,....

In the following we take E = L*°(G) with norm

||ul| = sup u(z)].
e
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From assumption (A1) it follows that 7: L*°(G) — L*°(G) and that
the Fréchet derivative

OK (x,y,u(y))

9y Au(y) dy

(T (u)Au)(z) = /G

exists for any u € L*°(G). We use the following estimates for studying
of the convergence of the two-grid iteration method.

Lemma 3. Let assumptions (Al) and (A2) hold and u € {u:||u]] <
const}. Then

(16) HPNf - f|| < const Ev,hn»
(17) [|PNTu— Tul|| < constey, py,
and
(18) ||PNT'(u) — T'(u)|| < conste, py,
where
hy = max b—k
N = Zkcn Ny
and
hn v<n-—1
Evhy =4 An(1+|loghyn]) v=n—-1.
Wy " v>n—1

Proof. Let z € G?\,. Then

(Pnf)(x) = fz) = Y FENeN (@) — f(2)

q€Q

=3 PR @)F(ED) - f(a)].

q€Q

Note that, see [10] and Lemma 2.4 in [12],

sup |f(E47) = f(@)| < const e, py
TeGY
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and
(19) max |@47(2)] < "
zeGY,
where .
¢c= max max H =0 .
1<gr<m —1<n<l1 s—1 nqk — 7Ns
$7#qk
Thus

sup |(Pnf)(x) — f(x)| < conste,ny, J€JN,
zeGY,

from which follows the estimate (16). The proof of (17) is analogous
using a generalization of Lemma 2.3 in [12] for nonlinear operators.
The estimate (18) follows from the lemma in [10]. O

Remark. From (19) it follows that ||Px|| < ¢™ = const.

We are now ready to prove the following result about the convergence
of the two-grid method (8).

Theorem 2. Let the assumptions (A1)—(A3) hold. Then there exist
My > 0 and dg > 0 such that, for N, > My, k= 1,...,n, the system
(7) has a unique solution tno satisfying ||Pnootn,o — wol|| < do. The
two-grid iteration method (8) converges for My > My, k = 1,... ,n,
and for sufficiently good initial guess uQ; to this solution with the rate

(20) Hﬂkfl—ﬂN,OH §61€,,7hM||’U,§V—’U,N,0||, l:0717"' )
where ‘
= _ J,q
|un]| max rqneagluzv(fzv |-

Proof. We get by Lemma 3 that the conditions (B1)—(B3) of Lemma 1
are fulfilled with £ = L*°(G). On the grounds of Lemma 1 there exist
M} > 0 and d¢ > 0 such that for N, > M/}, k =1,... ,n, equation (11)
has a unique solution uy o in the ball Ss,. From this the first assertion
of the theorem follows because un o € En and tn,0 = RoonUn,o is the
solution of (7).
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Method (12) is an iterative method of the form (14) where

du = (Py — Pu)(Tu+ f) + (I —PuT) [Puf
+ PuTPn(Tu+ f) — PuTPar(Tu+ f)].

It is easy to check that the solution uy o of equation (11) is the solution
of equation (15) too. The derivative of ® is expressed

&' (u) A = (P — Par) T (u)u
+ [ = PuT'(w)] " [PuT (Pn(Tu+ f))Pn
= PuT (Pu(Tu+ f))PulT (u)Au

where w is the solution of the equation
(21) w — 'PMT’U} =g

with
9g=Puf+PuTPn(Tu+f)—PuTPu(Tu+ f).

Denote vxy = Pn(Tu+ f). Then
9g=Puf+PuTon —PuTun.
Let ||u]| < const. Then by Lemma 3 we get

g = FIl < [[Pacf = fIl + [[PruTon — PuTowml|
< const e, p,, + const ||luy —var|| < conste, p,, -

On the grounds of Lemma 1 there exists MJ > M} such that for
M, > My, k=1,...,n, equation (21) has a unique solution w in the
ball S5, and

(22) [|lw —up|| < conste, p,, — 0 as 1ISI}€1£TLM;§ — 0.

Analogously we get that the formulas (12) and (8) define sequences
uly € Ey and @ty = Roontly, 1 =1,2,..., for My > M/, k=1,... ,n,
and for sufficiently good initial guess u%; € En to un 0.



268 E. TAMME

Due to (A1) and (A3) there exists the inverse operator [I —7"(ug)] L.
By Lemma 3 and (22) we get
1PuT (w) = T'(uo)l| < [|PrT" (w) = PasT (uo)|
+ ||PamT (ug) — T'(uo)|| < conste, p,, — 0

as min My — oo.
1<k<n

Therefore we can find M{" > M/ so that for M}, > My, k=1,... ,n,
there exist the inverse operators [I —Py7’(w)]~! which are uniformly
bounded:

||[I = PyT' (w)] || < const.

For My, > My, k=1,... ,n, we can estimate

12" ()| < [[(Px = Par)T" (u)|
+ const ||Py 7" (vn)PNT (u) — P T (vpr) P T (w)]|
< const [eyny + |[Pu[T (vn) = T (va)|PNT (u)]|
+ |PuT" (var) (Py — Par) T (w)]]]
< coevhy fueSys
where 6 > 0 and Sy 5 C S5,. We choose My > My’ so that coey p,, <1
as My > My, k = 1,...,n. Then from Lemma 2 it follows that

the iteration method (12) converges, for 2% € Sy s and M) > My,
k=1,...,n,and

(23)  [lulf" = unoll < cotunylluly —unpoll, 1=1,2,....

The estimate (20) with ¢; = ¢™¢ follows from (23) because

" = @ oll = Roon (Wi —un o)l < [Jui" — un ol
and
luly = unoll = [[Proo(tly — tn o)l < ¢||aly — anoll-

The last inequality is a consequence of (19). Theorem 2 is proved. o
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From the estimate (20) we see that the two-grid iteration method
(8) converges quite quickly provided that My, k = 1,... ,n, are chosen
sufficiently large. Thus we get for the nonlinear equations the same
rate of convergence as is proved for linear equations in [10]. In
[9] a two-grid iteration method for the solution of nonlinear weakly
singular integral equations on arbitrary bounded domain G by piecewise
constant collocation method is considered. In the special case when the
domain G and the cells G, are parallelepipeds the main result of [9]
follows from Theorem 2 proved above.

Example. Consider the integral equation
1
u(z) = / |z —y| T PP (y)dy + f(z), 0<z <1,
0

where f(z) is selected so that ug(z) = y/2(1 — ) is the solution to be
approximated, see [8]. It is easy to see that the assumptions (A1)—(A3)
hold for this equation with v = 1/2. Tables 1-4 present the norm ey of
the errors of the approximate solutions uy calculated by the collocation
method:

en = |lin — tol| = max  |un(E59) — ug(€L9)].
N = [Jan — tol| jeJN7q€Q|N(N) o(&xI
TABLE 1.
r=1 r=2
EN PN EN PN
1.0 E-1 8.7 E-2

30E-2|34|22E-2]|4.0
87E-3|34|53E-3]4.1
24E-3|36|13E-3]|4.0
32 | 6.8E4 |36 |33E4]4.0
64 | 25 E-4 |28 | 82E-5|4.0
128 | 8.8 E-5 | 2.8 | 2.0 E-5 | 4.0

500»&[\')2
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TABLE 2.
r=1 r=2
M| Nl EN lo EN
4 814 |87TE3| 4|55E-3
41 16| 5 |25E3| 5| 14E-3
8| 16| 3| 24E-3 | 3| 1.3E-3
4| 64| 6 | 25E4 | 8| 82E-5H
8| 64| 4| 25E4 | 5| 8.0E-5
16 | 64| 3 | 2.5E4 | 3| 83E-5
32| 64| 3| 25E4 | 2| 83E-5
41256 | 8| 3.2E-5 | 12 | 4.9 E-6
81256 | 5| 3.1E-5 | 8| 5.1 E-6
16 | 256 | 3 | 3.2E-5 | 5| 5.1 E-6
321256 | 3| 3.1E-5 | 4| 5.1 E-6
64 256 | 3 | 3.1E-5 | 3| 5.1 E-6
TABLE 3.
r=1 r=2 r=4
EN PN EN PN EN | PN
7.8E-4 1.9E-3 6.7E-3

1.9E-4 | 4.0 | 22E-4 | 89 | 1.5E-3 | 4.5
7.0E-5 |28 |34E5|65|21E4|7.0
2.3E-5|3.0|52E6]6.5|27E5|8.0
32| 77E-6 |3.0|10E-6|52|6.7E-6 | 4.0
64 | 2.6E-6 | 29 | 1.7 E-7| 59 | 1.4E-6 | 4.8

500%[\32

The results of Tables 1 and 3 have been obtained by the solution of
the nonlinear system (6) with Newton’s method and of Tables 2 and
4 by the solution of this system with the two-grid method (8) using
lp iterative steps. The number of steps [y is chosen so that the er-
rors in Tables 2 and 4 are within 3% at the error of the corresponding
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TABLE 4.
r=1 r=2 r=+4
M| N |l EN lo EN lo EN
4| 8|4 ] 69E-5 | 11 | 34E-5 | 13| 2.2 E4
41164 |24E5 |11 |51E-6 |12 2.6 E-5
8116 |3 [23E5| 7|51E-6|11]|2.7E-5
413216 | 79E6|13|1.0E6 | 13| 6.8 E-6
81323 |77E6| 8|1.0E-6 |10 6.3 E-6
161323 |77E6| 4|10E6| 6]6.5E6
4164|7 |27E6]|16|1.7E-7 |18 | 1.3 E-6
81644 |27E6|10|1.7E-7 |12 | 1.3 E-6
161642 (25E6| 7|1.7E7| 8| 1.4E-6
32164 |2 |26E6| 4]1.7E7| 3| 14E-6

collocation method. All the integrals needed for the construction of the
system (6) were found analytically.

We have chosen m = 2 and —1n; = 172 = 1 in the case of Tables 1 and
2 and —1; = 12 = 1/4/3 in the case of Tables 3 and 4 (the last values
of 71 and 75 determine the collocation points of the superconvergence).
The number of the equations and unknowns in system (6) is in the
first case 2N + 1 and in the second case 4N. The ratio py = EN/Q/EN
characterizes the rate of the convergence of the collocation method. It is
proved [8, 12] that the error of the collocation method ey = O(N~2)
in the first case for r > 2 and ey = O(N~/2) in the second case
for r > 4. Thus the value of the ratio py ought to be respectively
22 = 4 and 2°/2 ~ 5.7. From Tables 1 and 3 we see that such rate of
convergence is achieved already for » = 2. For r» = 4 the errors of the
collocation method are bigger and the rate of the convergence of the
two-grid iteration method is slower than for r = 2.

The initial guess of the two-grid method has been taken 4% =

Punups in the case of Table 2 and 119\, = RunTarta + fn in the
case of Table 4. In the case of Table 4 one can also use the initial guess
719\, = Pyrntps but then in most cases we need one extra approximation
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step of the two-grid method to get the same precision. Such initial
guesses are so good that it is sufficient to make only one step of
Newton’s method with initial guess R yasvly for w!, for the solution of
the system (9).

From numerical examples it follows that the estimate (20) of Theo-
rem 2 expresses quite well the convergence rate of the two-grid method.
This method converges approximately with the rate of the geometric
progression, which factor essentially behaves like const M ~/2. Tt ap-
pears that one can use rather coarse grids even for a quite fine initial
grid. A good strategy will be M ~ v/N.
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