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ON A SOLUTION OF THE CAUCHY PROBLEM IN
THE WEIGHTED SPACES OF BEURLING
ULTRADISTRIBUTIONS

STEVAN PILIPOVIC, BOJAN PRANGOSKI AND DANIEL VELINOV

ABSTRACT. Results of Da Prato and Sinestrari [6]
on differential operators with non-dense domain but sat-
isfying the Hille-Yosida condition, are applied in the
setting of Beurling weighted spaces of ultradistributions

'].7/L<f,>((()7 T) x U), where U is open and bounded set in R<.
For this purpose, the new structural theorems were given

for D’éi)((o, T) x U). Then a class of the Cauchy problems
in the general setting of such spaces of ultradistributions is
analyzed.

0. Introduction. Da Prato and Sinestrari [6] have studied the
Cauchy problem

(0.1) u'(t) = Au(t) + f(t), u(0) = uo,

where A is a closed operator in a Banach space E with not necessarily
dense domain in F but satisfying the Hille-Yosida condition. Here,
ug € E and f is the E-valued continuous or LP-function on [0, 7.
They have considered various classes of equations and types of solutions
illustrating their theory. Regularity properties of the solutions are
extended much later in [26].

Our aim in this paper is to extend the results of [6] for (0.1)
to weighted Schwartz spaces of distributions and Beurling space of
ultradistributions [9]-[11]. Since the weighted Schwartz space D7,
([28]) can be involved in this theory similarly to Beurling type spaces,
and the second ones are more delicate, we focus our investigation on
the Beurling case, more precisely to the space of ultradistributions
D/L(f,)((O,T) x U)), U a bounded domain in R? related to the Gevrey
sequence p!®, s > 1 (see [24] for U = R?). In order to apply results
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of [6] in this abstract setting, we study the topological structure of
spaces Dip7h(U), p € [l,00] (with a special analysis for p = o0),
the closures of D) (U) in such spaces, corresponding projective limits,

tensor products, their duals as well as a vector-valued version of such
spaces. As a special result, we note that Désp (U) is nuclear for bounded

U. Also, we have that all spaces D(L?(U) are isomorphic to B&)(U) for
bounded U. Both assertions do not hold for U = R? The main
results of the paper are related to the structure of quoted spaces.
Such preparatory results are needed for the formulation of the Cauchy
problem in this abstract setting and for the application of results in

[6].

In the second part of the paper we apply our results for the Cauchy
problem with the infinitesimal generators satisfying the Hile-Yosida
condition. In fact, we prove the following result.

Theorem 0.1. Let A : D(A) C E — E be a closed operator which
satisfies the Hille-Yosida condition and f € D/L(f,) (0,T; E). Then the

equation u' = Au+f always has a solution u € D/L(S)(O, T:F).

In other words, we solve (0.1) in the space of Banach valued ultra-
distributions D/L(,f)(O, T;E), ie.,

(W (1), (1)) = AQu(D), 9(0)) + (£(1), (1)), Vo € DO, T),
where A : D(A) C E — FE is closed operator which satisfies the Hille-
Yosida condition

[A=w)*RA:AF| <C, for \>w, k€Zy.

Then, by using this result and the theory that we previously developed,
we prove the following theorem.

Theorem 0.2. Let U be a bounded domain in R¢ with smooth bound-
ary, (i.e., C*= boundary) and let A(x,d,) be a strongly elliptic operator

of order 2m on U. Then, for each [ € DlL(i)((O,T) x U), there erists a
u € DlL(i)((O,T) x U) such that

uh+ Az, 0p)u=f in D\ ((0,T) x U).
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Theorem 0.2 is applicable to a variety of situations, among which
is the heat equation u; — A,U = f in the ultradistribution space
D;:(f)((O,T) x U), for f € D,L(f)((O,T) x U), and U is a bounded
domain that has a smooth boundary. In fact, one only needs to put
A(z,0,) = —A, in Theorem 0.1, and observe that —A, is a strongly
elliptic operator of order 2 on U (for the definition of the strongly
elliptic operator see Definition 5.1).

Let us point out that the quoted theorem can be treated by the
classical theory of Cjy analytic semigroups but our goal was to use our
results with the Hile-Yosida condition and the results within the theory
of ultradistributions. In this sense, the denseness of the infinitesimal
generator (which holds) was not important in the presentation of

our existence result in D/L(f )((O,T) x U). Moreover, jointly with the
previous, our goal was to present the solvability of an important class
of equations which was not treated up until now within distribution
and ultradistribution spaces over a bounded domain.

For the background material, we mention [18, 20, 22, 23, 25]. The
abstract Cauchy problem in the distribution case was vastly studied.
It can be threaded by using local integrated semigroups. In fact, in
[19], by Theorems 2.1.3-2.1.5 and Propositions 1.2.3 and 1.2.4, the
operator A, which has a dense domain, is a generator of a local n-times
integrated semigroup, which is a solution to the Cauchy problem. In the
non dense case, Proposition 4.6 of [15] states the existence of a local
n-times integrated semigroup V(¢) generated by A, which gives the
solution to the Cauchy problem. Moreover, we give references for other
approaches to the abstract Cauchy problem with non-densely defined
A through the convoluted, distribution or ultradistribution semigroups,
[1]-[5, 7, 13]-[17, 19, 21].

The paper is organized as follows.

The Banach space D(LS,{ ,(U) and its dual DIL(S ?h(U) are explained in
Section 1.

Section 2 is devoted to the Beurling type test spaces Dfp)(U ) and
their corresponding duals.

In Section 3, we consider the vector-valued ultradistribution spaces
D/L(f,)(U;E) and DlL(i?h(U;E), where U is a bounded open subset of
R?. The boundedness of U is important since it implies nuclearity
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of D(Lsp) (U) and DIL(S)(U ), which in turn will imply a very important

kernel theorem when E is equal to D'L(S)(U ). In the end of this section

we are particularly interested in the spaces D/L(?(U;E) when F is
a Banach space. All the spaces that are defined and considered in
the first three sections are for the needs of the second part of the
paper where we investigate the existence of various type of solutions
of the Cauchy problem in spaces of Banach-valued Beurling weighted
ultradistributions.

We start Section 4 by defining the Banach space 5’Lsp7h(0,T; E)
consisting of the sequences of Bochner LP functions with certain growth
conditions. In this abstract setting, we define the Cauchy problem (0.1)
and recall from [6] two types of solutions of (0.1). Then, using the
proof in [6], we prove the existence of such solutions in 5’Lsp7h(0, T;FE)
and use this to prove existence of the solution of (0.1) in the space of
Banach-valued ultradistributions D/L(ﬁ) (0, T; E).

We apply in Section 5 results of Section 4 for several important
instances of A and E considered by Da Prato and Sinestrari in [6], but
in our ultradistributional setting. The main part is the proof of the
theorem that we announced above by using the theory developed in
Sections 1-3.

0.1. Preliminaries. The sets of natural, integer, positive integer,
real and complex numbers are denoted by N, Z, Z,, R, C. We use
the symbols for z € R%: () = (1 + |z[2)Y/2, D® = D' ... DS,

D?j =i719% /02%, a = (a1, Q,. .., aq) € NZ

Let s > 1 and U C R? be an open set. Following Komatsu [9], for
a compact set K C U, define £"(K) as the Banach space (from now
on, abbreviated as (B)-space) of all ¢ € C*°(U) which satisfy

Da

sup sup 2@ _

aeNd z€K hlalals
and D;}h as the (B)-space of all ¢ € C*°(R?) with support in K, which
satisfy

D(X
sup sup (2P
aeNd zeK hoals
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Define the spaces

EDU) = lim lim&MK),  EVHU) = lim lim £9M(K),

KCCU h—0 KCCU h—oo
D&?) _ h<£n D;éh7 D(s)((]) — ]i_I}Il DS),
h—0 KccU
D} = lim DY, PN U) = lim DY
h—o0 KccUu

The spaces of ultradistributions and ultradistributions with compact
support of Beurling and Roumieu type are defined as the strong duals
of D&)(U) and £®)(U), respectively, DI} (U) and £1}(U). For the
properties of these spaces we refer to [9, 10, 11].

It is said that
P(g) = Z cal”, €€ Rda

aeN?

is an ultrapolynomial of the class (s), respectively {s}, whenever the
coefficients ¢, satisfy the estimate |c,| < CLI®l/a!®, o € N? for some
L > 0 and C > 0, respectively, for every L > 0 and some Cp > 0.
The corresponding operator P(D) = > ¢, D is an ultradifferential
operator of the class (s), respectively {s}, and they act continuously
on £6)(U) and D) (U), respectively £{s1(U) and DI*}(U), and the
corresponding spaces of ultradistributions.

1. Banach spaces of weighted ultradistributions.

1.1. Basic Banach spaces. Let U be an open subset of R? and
1 <p < oo. Let Dy, ,(U) be the space of all ¢ € C>°(U) such that the

norm
( Z pplal |D0‘<p|]zp(U))1/p

= alps
ac

is finite (with the obvious meaning when p = oo). One can simply
prove:

Lemma 1.1. D7, ,(U) is a (B)-space, when 1 < p < c0.



1942 S. PILIPOVIC, B. PRANGOSKI AND D. VELINOV

Letl <p <o and 1 < g < oo be such that

11
4 -=1
p g

Let ’D(Ls,,)yh(U) denote the closure of D*)(U) in Di, ,(U). Denote by
D/L(f,?h(U) the strong dual of D(qu)’h(U). Then, D/L(f,?h(U) is continuously
injected in D')(U), for 1 < p < co. We will denote by Co(U) the space
of all continuous functions f on U such that, for every ¢ > 0, there

exists K CC U such that |f(z)] < ¢ when z € U\K. We leave the
proof of the next lemma to the reader.

Lemma 1.2. Let ¢ € D(Lso)o’h(U). Then, for every € > 0, there exist
K ccU and k € Z4+ such that

hlel | D
sup sup M<s and

plel | Dewll, o
< b 1D%el|, () <

a€Nd zeU\K al® la|>k als

1.2. Duals of Banach spaces. The main goal in this subsection is
to give a representation of the elements of D/L(j?h(U), 1<p< oo In
order to do that, first we will construct a (B)-space which will contain
D(Lsp)’ »(U) as a closed subspace. It is worth to note that the main idea
of this construction is due to Komatsu [9].

For 1 < p < oo, define

Yiir = {(@a)acrs | Yo € LP(U), | (Waally, ,,

WP a1 oy \ M7
_ allLe(U)
= ( Z s ) < oo}.

a€eNd

Then one easily verifies that Y}, r» is a (B)-space, with the norm
Il llv;,. 0> for 1 < p < oco. Let p = occ. Define

P e | o
Yh oo = {Wa)aeNd | Yo € Co(U), lim L) o 0},

|ar| =00 als

with the norm

pled
[(Wa)ally, po = jég)d @H%HLW(U)'
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One easily verifies that it is a (B)-space.

Let U be the disjoint union of countable number of copies of U, one
for each o € N?, i.e
U= || Ua,

a€Nd

where U, = U. Equip U with the disjoint union topology. Then (z is
a Hausdorff locally compact space. Moreover, every open set in U is
o-compact. For each 1 < p < oo, one can define a Borel measure p,, on

ﬁby
hle
i(E) = 3 B,

for E a Borel subset of U, where |E N U,| is the Lebesgue measure of
ENUg. It is obviously locally finite, o-finite and p(K) < oo for every
compact subset K of U. By the properties of U described above, i, is
regular (both inner and outer regular). We obtained that p, is a Radon

measure. It follows that Y}, » is exactly Lp(ﬂ',up), for 1 <p<oo. In
particular, Y}, r» is a reflexive (B)-space for 1 < p < co.

For p = o0, we will prove that Y} e is isomorphic to Co(ﬁ ). For

P € CO( ) denote by 1), the restriction of 1 to U,. By the definition

of U K is a compact subset of U if and only if K NU, # 0 for only
finitely many o« € N% and for those a, K N U, is a compact subset of
U,. Now, one easily verifies that ¢, € Co(U) and

im ||¢q o) = 0.
|| =00

Moreover, if 1, € Co(U), a € N%, are such that

lim ||wa||L°°(U) =0.
|| =00

Then the function ¢ on U, defined by ¢(z) = ¢4 (z), when z € U, is
an element of Co(U). We obtain that

Co(ﬁ) = {(¢a)a€Nd | wa S CIO(UV)7 Vo € Nd7 lim ||’(/Ja||Loo(U) = 0}

|a] =00
Observe that the mapping

(Ya)aend — (Ja)aeNd;
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where
~ hlel

« ay

als

is an isometry from Y} pe onto Co(ﬁ ). For the purpose of the next
proposition we will denote by ¢ the inverse mapping of this isometry,

i.e., L CO(U) — Yh,Loo.

Note that Désp) 5 (U) can be identified with a closed subspace of Y}, 1.»
by the mapping ¢ — ((—D)%¢)qene. This is obvious for 1 < p < oo
and, for p = oo, it follows from Lemma 1.2. Since Y}, r» is reflexive for

1<p<oo,sois D(Lsp) »(U) as a closed subspace of a reflexive (B)-space.

Observe that spaces LP(U), for 1 < p < oo, respectively, (Co(U)),

are continuously injected into ’D/L(,f?h(U ), respectively, D/L(f)h(U ). For

a € N? and F € LP(U), respectively, F € (Co(U))’, we define

D°F € D), (U), respectively, D*F € D}\?, (U), by

(D°F, ¢) = /U F(2)(-D)*p(a)dz, € DL, (U),

respectively

(D°F,g) = /U (~D)*p(x)dF, o eDLL, (V).

It is easy to verify that D®F is a well-defined element of DIL(,S)?h(U ),
respectively, D/L(f )h(U ), and in fact it is equal to its ultradistributional

derivative when we regard F as an element of D'(*)(U).

Proposition 1.3. Let 1 < p < oo. For every T € D/L(;f?h(U), there
ezist C >0 and F,, € LP(U), o € N¢, such that

alPs 1/p o0 N
(1.1) (Z W||Fa||§w)> <C and T= Y D°F,.

aeNd la|=0

When p = 1, for every T € D/L(f?h(U), there exist C > 0 and Radon
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measures F,, € (Co(U)), a € N4, such that

al® =
a€Nd |a|=0

Moreover, if B is a bounded subset ofDlL(i?h(U), then there exists C' > 0
independent of T € B and, for each T € B there exist F, € LP(U),
a € N?, for 1 < p < oo, respectively, F,, € (Co(U)), a € N4, forp =1,
such that (1.1), respectively, (1.2), holds.

IfF, € LP(U), a € N¢, for 1 < p < oo, respectively, F,, € (Co(U))’,
a €N, forp=1, are such that

alPs 1/p
(X mmlfalog) <o
aeN
Jor 1 < p < oo, respectively,
Zd ;TZHFaH(CU(U))/ < 00,
aeN
for p=1, then the series

i D°F,

|a|=0
converges absolutely in D/L(i?h(U), respectively, D/L(f)h(U).
Proof. Let Yj ra be as in the above discussion. Extend T' by the

Hahn-Banach theorem to a continuous functional on Y}, ¢, and denote
it again by T, for 1 < q < 0.

For ¢ = oo, T = Touis a functional on Co(ﬁ). Then, for 1 < p < oo,
there exists g € LP(U, pq) such that

T (o) aene) = /ﬁwa)aewgduq,

(Ya)aene € Yn,La-
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For p = 1, there exists g € (Co(U))’ such that
7(w) = [ v
U
for ¢ € Co(ﬁ). Hence, for (Yo )aend € Yh, Lo, we have

T (Vo) = T (Fdacrr) = [ (Bedaersdo,

where ol
~ hle
-1 I
(T = (o) = (e )
Put
hlela
Fa: e gan7 fOI‘lSq<OO
For ¢ = oo, put
hlel
F, = C“sgﬂ@‘

Then F, € LP(U), for 1 < ¢ < oo, respectively, F, € (Co(U))" for
q = c0. Moreover, for 1 < g < oo,

alps plola
P _ p _ P
Z h|a\p”F0¢”LP(U) - Z alas Hg\UaHLP(U) B ”gHLP(U,/Lq) <0
aEeNd aeNd

Also, it is easy to verify that, for ¢ = 1,
al® 7 B -
sup, et lEallze@) = ll9ll Lo (@4, < 00

For g = oo, we have

al®
> rarlFalcowy = D llowellicowy =191y < oo
aeNd aeNd

where in the second equality we used that ||gu, [l ¢,y = l9jv.|(Ua) =
lg/(Uy) (we denote by |g| the total variation of the measure g and
similarly for g|i7, ). Moreover,

T (Waens) = 3 [ vola)Fale)do.

aecNd
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for 1 < g < co. For ¢ = oo, we have

U

> /Uzpa dF,.

a€eNd

T((wa)aeNd) :/(Ja)aeNd dg = Z ;f\/{]iang

a€eNd

So, for 1 < g <oo,if p € qu),h(U)a we obtain

Too)= Y /U (—D) () Fa(z) dz = 3 (D Fa, ).

a€eNd aeNd

Similarly, (T,¢) = > (D*Fu,¢) when ¢ = co. Moreover, by these
calculations, it follows that, for 1 < ¢ < oo,

Y (D Fa )]

aeNd
alP? P 1/p hlela ||Da80||%q(U) 1a
< ( Z Hlalz a|p||Fa||LP(U)> Z las :

aeNd acNd

Hence, the partial sums of ) |  D*F, converge absolutely in DlL(ﬁ?h(U ),
when 1 < p < co. When p = 1, the proof that the partial sums of
Yo D*F,, converge absolutely in D/L(f)h(U ) is similar and we omit it.

If B is a bounded subset of DlL(j?h(U), by the Hahn-Banach theorem,
it can be extended to a bounded set By in Y,{’Lq, for 1 < g < o0,

respectively to a bounded set By in Co(U) for ¢ = oo (¢ is an isometry).
Hence, there exists C' > 0 independent of ' € By and, for each T' € By,
there exists g € LP(U, p1q), for 1 < p < oo, respectively g € (Co(U))’,
for p = 1, such that ||g||Lp(ﬁ) < C, respectively, ”9”(00(6))' <C. If
we define F,, as above, one obtains (1.1), respectively (1.2), with the
desired uniform estimate independent of T' € B.

The last part of the proposition is easy, and we omit it. (|
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2. Ultradistribution spaces.

2.1. Beurling type test spaces. For 1 < p < oo, we define locally
convex spaces (from now on abbreviated as lcs)

B(U) = lim Dj, ,,(U).
h— o0
Then BY2) (U) is an (F)-space. Denote by D{*) () the closure of D) (V)
in B(;,,)(U) for 1 < p < co and B®)(U) the closure of D) (U) in Bf,,)o (0).
Hence, when U = R?, these spaces coincide with the spaces

D(Lsp) (RY), for 1< p < oo,

respectively, B(®) defined in [24]. All of these spaces are (F)-spaces as
well as
Xpo = lim DY), (U), 1<p<oco.

h—o0

Lemma 2.1. Let X» be as above and 1 < p < oo.

(i) DEN(U) is dense in Xp».

(ii) Xp» is a closed subspace ofB(Lsp)(U), and the topology of X is the
same as the induced one from B(LSP)(U). Hence, X1» and D(LS,,)(U),
for 1 < p < oo, respectively, Xp~ and B (U) when p = co, are
isomorphic lcs.

Proof. Since D*)(U) is dense in each D(LS,,)wh(U), it follows that
D) (U) C X, and it is dense in Xz». The proof of (i) is complete.

To prove (ii), note that Xr» C B(LZ)(U) Let ¢;, j € N, be a
sequence in Xy, which converges to ¢ € B(Lsp) (U) in the topology
of BES,,)(U). Then ¢; converges to ¢ in Dj, ,(U) for each h. But
pj € D(Lsp)’h(U), j € N and D(LS,))JL(U) is a closed subspace of Dy, ,(U)
with the same topology. It follows that ¢ € D(L‘;) 1(U), and ¢; converges

to ¢ in D(Lsp)ﬁ(U) for each h. Hence, ¢ € X». Moreover, since the

inclusion Xr» — B(LSP)(U) is obviously continuous and Xp», B(LS,E(U)
are (F)-spaces and the image of Xy» under the inclusion is a closed
subspace of B(L‘Z)(U ), by the open mapping theorem, it follows that
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Xpr is isomorphic with its image under this inclusion (isomorphic as
lcs). O

By the above lemma, we obtain that D(LSP)(U) =lim, < D(Lsg7h(U),

for 1 < p < oo and

BE(U) = lim DL, (U), for p=cx,
h— 00

and the projective limits are reduced. For 1 < p < oo, denote by
D) (U) the strong dual of DI (U). Denote by D/L(f)(U) the strong
dual of B®)(U). Since D) (U) is continuously and densely injected into
D(LSQ)(U), for 1 < ¢ < oo and into B(S)(U)7 Dgi)(U) are continuously
injected into D'*)(U), for 1 < p < oo. One easily verifies that
ultradifferential operators of class (s) act continuously on D(Lsp) (U), for
1 < p < oo and on B®)(U). Hence, they act continuously on Dgﬁ)(U),
for 1 < p < oo. For 1 < p < oo, since all DS;AU) are reflexive (B)-
spaces, the inclusion D(Lsp)m U) — D(;)7h1(U), for hy > hy, is a weakly
compact mapping; hence, ’D(Lsp) (U) is an (F'S*)-space. In particular it
is reflexive.

From now on, we suppose that U is a bounded open set in R?.

Proposition 2.2. Let1 < p < oo and hy > h. We have the continuous
inclusions D(Lsgoyhl(U) — D(Lsp{h(U) and D(Lsip)gsh(U) — D(Lso)o7h(U). In

particular, the spaces Dfp (U), 1< p< oo and B (U) are isomorphic

among each other.

Proof. Let 1 < p < oo and ¢ € D(Lsp)h(U). It is obvious that, for

each a € N?, D € W"P(U), for any m € Z, . Hence, by the Sobolev
imbedding theorem, it follows that, for each o € N¢, D%y extends to
a uniformly continuous function on U. Now, let ¢ € D} ;, (U). Then

( Z pplel ||Da50||ZL)p(U)>1/P

= alps
agc

hpla\hlf\al ”Da@H[ioo(U) ) 1/p

hf‘a|alps

< |U|1/P< >

aeN?
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hla‘ Do‘(p -
< o sup WP i)
aeNd als

We obtain that the inclusion Dj. ;, (U) — Di, ;,(U) is continuous.
Moreover, if ¢ € DLOO 1, (U), then there exist ¢; € D), j € Zy,
such that p; — ¢, as j — oo, in Dy, (U). But, then, p; — ¢, as
J — 00, in D, 1, (U). Hence, Dfo)o,hl(U) is continuously injected into
Dfp{h(U). It follows that, for each ¢ € D(LS(,L,,“ (U), a € N4, D% can be
extended to a uniformly continuous function on U. Let ¢ € D(Lsp) s W(U).

Fix m € Z4, such that mp > d. Denote by C; = max‘a|§7,La!s/h|a‘.
By the Sobolev imbedding theorem we have:

WA DB ol Lo h‘ | /p
( ) ( Z ||Da+'8S0||LP U)>

|s Bls
B. ﬁ |a|<m
+ 1/p
> p(lal+18)p o ps -
5|psa|p8h\a|p PllLe )
lo|<m

(2:h)(lel+18Dp 1/p
< 0/01( Z WH <P||Lp )

lal<m

(251l 1/p
< CICI( Z WH SDHLP(U .
~yENd
We obtain that D(Lsp)gsh(U) is continuously injected in D7 ,(U). More-
over, if ¢; € D(S)(U), j € Z4, are such that ¢; — ¢, when j — oo,
in D(LS,,),QS,L(U) then ¢; — ¢, when j — oo, in Dj. ,(U). Hence,
., (U) is continuously injected into D(é) w(U). O

Proposition 2.2 implies that we no longer need to distinguish the
spaces D( )(U) since they are all isomorphic to B¢*)(U). Hence, their
duals are all isomorphic to D (s)(U).

Proposition 2.3. Let U be bounded, open subset of R%.

(i) Let h > 0 be fized. Every element ¢ of D(Lsp))h(U) for1<p<oo

can be extended to a C>® function on R? with support in U.
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Moreover, D(Lso)g,h(U) can be identified with a closed subspace of

Ds,h_
.ﬁ '
(ii) B&)(U) can be identified with a closed subspace of ’Dg);
(iii) BO(U) is a nuclear (FS)-space. Moreover, in the representation
BOW) = tim DI, (U),
h—o00

the linking inclusions in the projective limit
DL 5, (U) = DEL (V)

are compact for hq > h.

Proof. To prove the first part of (i), note that, by Proposition 2.2,

D(Lsp)’h(U) is continuously injected into Dfo)c,h/%(U). Hence, it is

enough to prove it for D(Lso)o’h(U). Let ¢ € Dfo)o,h(U). Then there
exist p; € D) (U), j € Zy, such that ¢; — ¢, as j — oo in Dé‘?o n(U).
So, for € > 0, there exists jo € Z4 such that, for 5,k > jo and j, k € Z,
we have ol
WD ox = D@jl oo
sup JIL= () <e.

a€eNd als

Since all ¢;, j € Z,, have compact support in U and D) (U) C D%h,
we obtain that

h‘o‘l ||Da(pk — DangHLoo(Rd) <

sup

aeNd als ’

for all j,k > jo, 7,k € Z4. Hence, ¢; is a Cauchy sequence in the
(B)-space D%h so it must converge to an element ¢ € ’D%h. Hence,
Y(x) = ¢(x), when z € U and obviously ¥ (x) = 0 when z € RN\U
(since all ¢;, j € Z4, have compact support in U). This proves the
first part of (i).

To prove the second part, consider the mapping ¢ — @, D(Lsczo,h(U) -
D%h, where ¢(z) = ¢(z), when z € U and $(z) = 0, when z € RN\U.

By the above discussion, this is a well-defined mapping. Moreover,
one easily sees that it is an isometry, which completes the proof of (i).
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Observe that (ii) follows from (i) since

BO(U) = lim DL, (U) and DS = lim D",

h—o0 h—o0

The first part of (iii) follows from (i) since B%*)(U) is a closed subspace
of the nuclear (F'S)-space Dg) (Komatsu in [9] proves the nuclearity

of Dg) when U is regular compact set, but the proof is valid for general
U; the regularity of U is used by Komatsu [9] for the definition and
nuclearity of £()(U)). For the second part, by [9, Proposition 2.2],
the inclusion D%hl — D%h is compact. Since D(LSO)O_’h (U), respectively

D(Li)c h(U ), is a closed subspace of D%hl, respectively D%h, we obtain
the compactness of the inclusion under consideration. O

2.2. Weighted Beurling spaces of ultradistributions.

Proposition 2.4. LetT € D/(S)(U). For every 1 < p < 0o, there exist
h,C >0 and F, € C(U), a € N, such that

alPs 1/p o
(2.1) (Z WIIFallim(U)> <C and T= Y D°F,,

a€END aENd

where the last series converges absolutely in D (S)(U). Moreover, if B is

a bounded subset of D (9)( U) and 1 < p < 0, then there exist h,C >0
independent of T € B and, for each T € B, there exist F,, € C(U),
a € N, such that (2.1) holds.

Conversely, for 1 <p < oo, if F, € LP(U), a € N%, are such that

1/p
( Z h|a\p ||F ||L,,) < oo for some h > 0,
aeNd
then the series Z\O;I=0 D®*F,, converges absolutely in D’L(j?h(U)} and
hence also in D/L(f)(U)_

Proof. We will prove first the second part of the proposition. If
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F,eLl?(U),ac N?, are as above, the absolute convergence of

> DoF, D, U)

|a] =0
follows by Proposition 1.3 for 1 < p < oo and can be easily verified for
p = 1. By Proposition 2.2, B() (U) is continuously and densely injected
into D(qu)yh(U), where ¢ is the conjugate of p, i.e., p~! +¢~1 =1 (the
part about the denseness follows from the fact that D) (U) € B®)(U)
is dense in qu) n(U)). Hence, D'L(;j)h(U) is continuously injected into
D/L(f)(U), and we obtain that

> b,
|a|=0
converges absolutely in D'(S)(U ).
To prove the first part, we fix 1 < p < oo and let ¢ to be the
conjugate of p. Since B&)(U) = lim, « D(LSQQ »(U) and the projective
limit is reduced with compact linking mappings (cf., Proposition 2.3),

D/L(f)(U) lim ’D/L(f)h(U) as lcs,

h—>oo

where the inductive limit is injective with compact linking mappings.
If B is a bounded subset of D'L(f)(U ), there exists hy > 0 such that
B C ’D'L(f)h(U) and is bounded there. By Proposition 2.2, if we
take h = 2°hq, DSJJL(U) is continuously injected into ngo,hl(U)'
Obviously, D(qu)h(U) is dense in D(Li)oyhl(U) (since DO)(U) is). We
obtain that D/L(f?hl(U) is continuously injected into D/L(i?h(U ). Hence,
B is a bounded subset of D/L(,f?h(U). Now, by Proposition 1.3, for each
T € B, there exist F, € LP(U), o € N%, such that

1/p R
(Z hp\oq ||F |LP(U) <C" and T = Z D°F,,

aeNd aeNd

and the constant C’ is the same for all T € B. Let L(z) € C(R?) be a
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fundamental solution of AL = § (A is the Laplacian). Define
Golw) = [ Llz = p)Falw)dy, ac .
U

Obviously, G, € C(U), @ € N¥ and [|Gq || (1) < C1Hﬁa||LP(U)7 for all
a € N?. Hence,

S

Oé!p » 1/17
> allGalliewy ) <G

aeNd
and Cy is independent of T' € B. Let A? = pIP csDP, and define
F, = Z CﬁGa_g, o€ N¢,
B

Then obviously F, € C(U) for all « € N¢. Note that cs # 0 only for
finitely many 8 € N¢. Put

p!®
Cs = Z L les] -
B
Then

alPs 1/p
° P
(Z aripya el °°<U)>

a€eNd

1 (a— BBl P\ 1/p
= ( 2 2'@(/; ACEERE |Cﬁ|||Gaﬁ|L°°<U))

aeNd

1 1/17
SCQC?,( Z 2a|p> ;

aeN?

and the last is independent of T' € B. Now one easily obtains that
T =", D*F,, which completes the first part of the proposition when
1 < p < oco. Note that the case p = 1 follows from this for any
h> h. O

3. Vector-valued spaces of ultradistributions. Let now FE be a
complete lcs. As we saw above, D/L(f)(U) and D'L(;f?h(U), 1 <p< oo,
are continuously injected into D'(*)(U). Following Komatsu [11], (see
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also [16]) we define the spaces D( )(U E) and DlL(i)h(U E), 1 <

p < oo, of E-valued ultradistributions of type D'( )( U) and DLi)h(U),
respectively, as

A
(3.1) D’L(f)(U;E)D’L(f)(U)sEL€<<D’L(f>(U)> E>
respectively
32 DB =D, WeE = £ (D) . F).

The subindex c¢ stands for the topology of compact convex circled
convergence on the dual of D'L(f)(U), respectively ’Z)L(i)h(U)7 from the
duality

/
<Dgf)(U), (D'L(f)(U)) >, respectively <D/L(Z)h(U) ( /L(Z)h(U)) >

If we denote by ¢, respectively ¢,, the inclusion Dgf)(U) — D'N(U),
respectively DL(,f)h(U) — D'G)(U), then D’L(f)(U' E), respectively

;:(p)h(U E), is continuously injected into D'*)(U; E) = D'*)(U)eE =
Ly(DE)(U), E) by the mapping ¢ € Id, respectively ¢, ¢ Id (cf., [11]). In
[29], it is proved that when both spaces are complete, the same holds
for their e tensor product. Hence, Dgf)(U; E) and DlL(i?h(U;E) are
complete. Since D (S)(U ) and Dgi?h(U ) are barrelled (the former is a
(DFS)-space as the strong dual of a (F'S)-space, hence barrelled), every
bounded subset of (D/L(f)(U))’C or (D/L(;f)h(U))'c is equicontinuous (and
vice versa). Hence, the e topology on the right hand sides of (3.1) and
(3.2) is the same as the topology of bounded convergence. Moreover,

since B®)(U) is an (F'S)-space and D/L(f)(U) is a (DFS)-space, they
are both Montel spaces. Hence, Dgf)(U; E) = Ly(B®)(U),E). For 1 <
p < oo, DY WU E) = Eb(D(qu{h(U)c,E), since D(qu),h(U) are reflexive,
where ’D(Lq) n(U)c is the space D(qu)7 1 (U) equipped with topology of com-

pact convex circled convergence from the duality (D (qu) W), D/L(;f)h(U ).

Since B#)(U) is a nuclear (FS)-space (by Proposition 2.3) D /(S)(U)
is a nuclear (DF'S)-space, and hence it satisfies the weak approximation
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property by [27, Corollary 2, page 110] (for the definition of the
weak approximation property see [29]). Hence, [11, Proposition 1.4]
implies D/L(f)(U; E)= D/L(f)(U)eE = DIL(f)(U)®E where the 7 and the
e topologies coincide on D/L(f)(U)QA@E since Dgf)(U) is nuclear. We
stress that here the nuclearity of the space DlL(f )(U ) is crucial for the
isomorphism D (S)(U)SE = D,L(f)(U)@E,(cf., [11, Theorem 2.2, page
669]), a fact which is extensively used in the rest of the paper. The
following kernel theorem, which plays an essential role in the proof of
Theorem 5.4, also relies on the nuclearity of D (g)(U).

Theorem 3.1. Let Uy and Us be bounded open sets in Rdl and Rd2
respectively. Then we have the following canonical zsomorphzsms of lcs

(i) BO(U)RBE (Us) = BO (U, x Us).
(i) DS (U)@D(U,) = DI (U x Uy) = DS (U1)eD!S) (Uy) =
Ly(BE(U), D (Un) = DS (U DI (Us) = DY (Us; DI (U1)).

Proof. First we prove (i). Since B®)(U;) and B®)(Us) are nuclear
(Proposition 2.3) the 7 and the e topologies coincide on B®™)(U;) ®
B®)(Uy). Moreover, one easily verifies that B®)(U;) @ B®)(Us) can
be regarded as a subspace of B()(U; x Us) by identifying ¢ ® 1) with
o(x)(y). Since D) (U; x Us) is continuously and densely injected in
BE) (U x Uy) and D) (U;) @ D) (Uy) is a dense subspace of D) (U} x
Us) (see [10, Theorem 2.1]) we obtain that D)(U;) @ DE)(Usy),
and hence B®) (U;) @ B®)(Uy) is a dense subspace of B (U; x Us).
Observe that the bilinear mapping (p,v) — @(z)¥(y), B®(Uy) x
BO)(Uy) — B®)(Uy x Us) is continuous (it is separately continuous,
and hence continuous, since all spaces under consideration are (F')-
spaces). We obtain that the 7 topology on B®)(U;) @ B®)(Us) is
stronger than the induced one by B(S)(Ul x Us). Hence, to obtain
B(S)(U1)®B(s)(U2) = B(s)(Ul x Us), it is enough to prove that the e
topology on B®)(Uy) @ B®)(Us) is weaker than the induced one by
BE)(Uy x Uy). Let A’ and B’ be equicontinuous subsets of D/L(f)(Ul)
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and D'L(f)(Ug), respectively. Hence, there exist h,C' > 0 such that

hlel | Do p()|

als

sup (T, )| < C'sup
TeA’ T,

and

RIBL | DBy (y
sup (S, )| < C'sup M
sep’ v.5 p!

Then, for x € B®)(U;) @ B (Uy), T € A’ and S € B', we have

(7(0)© S0, x{o )] = KT(@),(50), ()
< Oy M 1(5). D2x (1)

s oz!S
hlel+1B Do DBy (x,
<C? sup Dt
z,y,a,ﬁ . .
9sp\lel+18l | pe pB
S02 sup ( ) ’ x yX(x’y)|
2,y.0,8 (a+p)r
Hence, we obtain that the e topology is weaker than the topology
induced by B®)(U; x Us).
(i) Since B®)(U;) and B®)(Us) are nuclear (FS)-spaces (by Propo-
sition 2.3), ’D/(S)(Ul) and D/L(f)(Ug) are nuclear (DFS)-spaces. Hence,
the 7 and the € topologies on the tensor product D/(f)(Ul) ® D/L(f)(Ug)

coincide and, by (i) (using the fact that D (Ul) and Dgf)(Ug) are
nuclear (DF'S)-spaces), we have

(O x U) = (BO 0)@BY(Us)) = D (U1)EDY ().

Other isomorphisms in the assertion on U follow by the discussion
before the theorem. O

3.1. Banach-valued ultradistributions. Now let E be a (B)-space
and denote by LP(U;E), 1 < p < oo, the Bochner L? space. If
¢ € Cr=(U) (the space of bounded continuous functions on U) and
F € LY(U; E), then one easily verifies that oF € L'(U; E). We will
need the following lemma.
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Lemma 3.2. (variant of du Bois-Reymond lemma for Bochner integra-
ble functions). Let F € L*(U; E) be such that

/ F(z)p(x)dr =0
U

for all o € D) (U). Then F(x) =0 almost everywhere.

Proof. Observe first that, for each ¢’ € E’ and ¢ € D) (U), we have

/Ue’ oF(z)p(z)dx = e’(/UF(x)@(x) dm) =0.

Since D)(U) is dense in D(U), by the du Bois-Reymond lemma, it
follows that ¢’ o F = 0 almost everywhere for each ¢’ € E’. Since F is
strongly measurable, F(U) is a separable subset of E.

Let D be a countable dense subset of F(U). Denote by L the set
of all finite linear combinations of the elements of D with scalars from
Q+1iQ. Then L is countable. Denote by E the closure of L in E. Then
E is a separable (B)-space and F(U) C E. Thus, E/, is separable (by
[27, Theorem 1.7, Chapter 4]; o stands for the weak® topology). Let
V = {&,,&,,e,...} be a countable dense subset of E/,. Extend cach
€5, j € Z, by the Hahn-Banach theorem to a continuous functional of
E, and denote this extension by e;, j € Zy. Arguments given above
imply that e} o F = 0 almost everywhere for each j € Z and, in fact,
€7 oF = 0 almost everywhere, j € Z,, since € is extension of ¢ and
F(U) C E. Hence, Pj={z € U|€; oF(x)# 0} is a set of measure 0
for each j € Z; and so is P =, P;.

We will prove that F(z) = 0 for every x € U\P. Assume that there
exists 29 € U\ P such that F(z¢) # 0. Then there exists ¢ € E’ such
that & o F(zg) # 0, i.e., |& o F(zo)| = ¢ > 0. Then there exists &, € V
such that €’ o F(zg) — €}, o F(zo)| < ¢/2. Since €}, o F(zg) = 0, by the
definition of P, we have

c=1& oF(x0)| < [€' o F(x0) — €, o F(xo)| + [€}, o F(z0)| < ¢/2,

which is a contradiction. Hence, F(x) = 0 for all x € U\P, and the
proof is complete. |



ON A SOLUTION OF THE CAUCHY PROBLEM 1959

Denote by d, the delta ultradistribution concentrated at x. For
a € N and 2 € U one easily verifies that D6, € D'L(f)h(U) for any
h > 0 and, hence, by Proposition 2.2, D%6, € D/L(;f?h(U) for any h > 0
and 1 < p < co. For the next proposition, we need the following result.

Lemma 3.3. Let h > 0, a € N and 1 < p < oo. The set
Gy ={D%, |z €U} C D/L(ﬁ)h(U) s precompact in DIL(f;)h(U).

Proof. Let 0 < h; < h/2°. By Proposition 2.2, we have the
continuous inclusion D(qu)’ W(U) — D)

Lo h/2s
that the inclusion D(Lso)c h /QS(U) — D(LSC,)Q7h1(U ) is compact. Hence,

(U). Proposition 2.3 implies

we have the compact dense inclusion qu)’h(U) — D(Lso)o,hl(U) (the
denseness follows from the fact that D) (U) C DESQ)JL(U ) is dense in
D(LSO)CJL1 (U)). So, the dual mapping D/L(f?hl U) — ’D/L(,f?h(U) is a compact
inclusion. Observe that, for ¢ € DS,)OJH (0),

« a!s (03
(D%, 0)| < w I1D (p”D(Lsa)C)hl(U),

for all x € U. Hence, G, is bounded in the (B)-space D/L(f)hl(U), thus

precompact in D'L(,s,) W(O). O

Proposition 3.4. Each F € LP(U; E) can be regarded as an E-valued
ultradistribution by

In this way, LP(U;E) is continuously injected into D/L(f)(U;E) for
1<p<ooandin D/L(,f?h(U;E) forl<p< .

Proof. Let F € LP(U;E). First, we will prove that LP(U; E) is
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continuously injected into D;:(f)(U; E). If ¢ € B®)(U), then

(3.3) ‘/UF(x)cp(x) dx

< / IF (@) | l¢ ()] de
E U
< NFllzrw;mllell Loy

Since U is bounded, ||| rq) < |U|1/q||<p||Loo(U). Hence,
Fery (B’(S)(U), E) = DY (U;E)

and the mapping F + F is continuous from L?(U; E) into Dgf) (U; E).
To prove that it is injective let F = 0, i.e.,

/ F(z)p(x)de =0
U

for all ¢ € B®)(U). Since U is bounded, LP(U; E) C L' (U; E). Now,
Lemma 3.2 implies that F = 0.

Next, we prove that LP(U; E) is continuously injected into D/L(f,?h(U; E)

for 1 < p < co. Consider the set G = {d, |z € U} C Dg;)h(U) It is
precompact in DlL(i?h(U) by Lemma 3.3. Fix F € LP(U; E), and note
that (3.3) still holds when ¢ € D(qu),h(U). Let V.={ec E||e|llg <&}

be a neighborhood of zero in E and

- Fll7pr o UL/
& = WlerwelU!"

Since G is precompact, so is G. But then, for ¢ € éo,

IF | Loy ol Lary < UM F| Lo i) Slelg [(0z, )| < €.

Hence, F(p) € V for all ¢ € G°. We obtain that F € LC(DSEI)JI(U)C7 E)

since the topology of precompact convergence on D(qu) »(U) coincides

with the topology of compact convex circled convergence (D/L(f,?h(U ) is
a (B)-space). The continuity of the mapping F + F follows from (3.3)
since the bounded sets of D(qu)’ ,(U) are the same for the initial topology
and the topology of compact convex circled convergence. The proof of
the injectivity is the same as above. ]
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By Proposition 3.4, from now on we will use the same notation for
F € LP(U; E) and its image in DL(f)(U E), respectively DL(ﬁ)h(U;E)
for 1 < p < o0.

For « € N and F € LP(U;E), 1 < p < oo, define D*F ¢

;:(zsv)h(U E) by

DOF(p) = /U F()(~D)*p(z) dz, ¢ € D), (U).

As in Proposition 3.4, one can prove that this is a well-defined element
of DlL(i?h(U;E). One only has to use the set G, from Lemma 3.3
instead of G = {0, | x € U}. Observe that D*F coincides with the
ultradistributional derivative of F when we regard F as an element of

D (U; E) or D')(U; E).

Theorem 3.5. Let 1 < p < oo and F, € LP(U; E), a € N, be such
that, for some fized h > 0,

1/p
(Zmam”F i3 ) < o0.

Then the partial sums Zra\:o DF,, converge absolutely in D/L(IS,)(U; E)
and DY), (U3 B).

The partial sums converge absolutely in D'L(f)(U; E) also in the cases
p=1 and p = co.

Proof. Let 1 < p < oco. To prove that the partial sums converge
absolutely in D}, (U; E) = Ly(DY),(U)e, E), let B be a bounded

subset of D(L'S(,)’h(U )e. Since the bounded sets of D(LS(,)’,L(U ) are the same
for the initial topology and the topology of compact convex cu‘cled
convergence we may assume that B is the closed unit ball in D' Ia h(U ).
We obtain:

sup
pEB

/ Fo(2)(~D)*p(z) da
U

E

< sp > / IFo(@)l|5| D% ()| de

P lal=0

|a|=0
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<sup > [ Falliew:m D¢l Law)

SOEB|(1\:O

& alps 1/p

< (X Pl
|a|=0
0o 1/q
hlalg

sup (0 TNl )
peB <|az_20 alas La(U)

for any n € Zy. Since D/L(z?h(U;E) is complete, it follows that

the partial sums converge absolutely in D/L(i?h(U ; E) to an element of
DlL(i?h(U; E). The proof for D'L(f)(U; E) is similar. O

Observe that each F € C(U; E) is in LP(U; E) for any 1 < p < co. To
see this, note that F is separately valued since it is continuous and U is
a subset of R%. Moreover, it is easy to see that it is weakly measurable.
Hence, Pettis’s theorem implies that F is strongly measurable. Now
the claim follows since U is bounded |F(-)||g is in LP(U), for any
1<p< oo

Theorem 3.6. Let f € D/L(f)(U; E) and 1 < p < oco. Then there exists
h>0 and F, € C(U; E), a € N, such that

alPs v 1/p
(3-4) (Z W”FO‘”LP(U;E)> < 00
and -
f= Z D°F,,
|a]=0

where the series converges absolutely in D/L(f)(U; E).

Conversely, let F, € LP(U;E), a € N%, be such that (3.4) holds.
Then there exists £ € ’D'L(f)(U;E) such that f = Zr(j\zo D*F,, and the

series converges absolutely in D/L(f)(U; E).

Proof. First, note that the second part of the theorem follows by
Theorem 3.5.
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To prove the first part, let f € D;:(f)(U; E) = L,(B®)(U), E). Since
BE)(U) is nuclear (by Proposition 2.3) and E is a (B)-space, f is
nuclear. Hence, there exists a sequence e;, j € N, in the closed unit ball

of F, an equicontinuous sequence f;, j € N, of D/L(f)(U ) and a complex

sequence Aj, j € N, such that Zj |Aj] < oo, such that
£(0) =D Ai(fi e
§=0

Since {f;|j € N} is an equicontinuous subset of D/L(f) (U), it is bounded
and, by Proposition 2.4, there exist h,C > 0 and F} , € C(U) such that

fi=> D°Fja

|a]=0

and 1

alps » P

(X BB alle) <O
aeN?

Define Fo(z) = >, A\jFja(z)e;. To prove tha‘LFa € C(U;E), ob-
serve that, for each j € N, \;F;,(z)e; € C(U;E) and the series
>-j AiFja(r)e; converges absolutely in the (B)-space C(U; E). Hence,
F, € C(U; E). Moreover,

al? = al®
prarIFa(@)lE < ZO Al orar M all e )
=

< CZ|)\j|, forallz € U.
§=0

We obtain sup, a!s/h‘o‘|||Fa||c(g;E) < oo. Since U is bounded,
(3.4) holds for any hy > h. One easily verifies that the series
Y ia N{DYFja,p)e; converges absolutely in E for each fixed ¢ €
BE)N(U). Hence, f(p) = Zm:o DF, (), for each fixed ¢ € BO)(U).
By Theorem 3.5, Zm:o D*F,, converges absolutely in D'L(f)(U;E);
hence, f =377, D*F. O
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4. On the Cauchy problem in ’DLp h(O,T; E). In this section, E
is the (B)-space with the norm || ||, and D(A) is the domain of a closed
linear operator A, endowed with the graph norm ||ul| p(ay = ||ul[+]| Aul|.
We use standard notation for the symbols R(A : A), p(A). The
results obtained in previous sections will often be applied in the one-
dimensional case (i.e., d = 1) when a bounded open set U is equal
to the interval (0,7). In this case, we will use the more descriptive
notations L?(0,T; E), Dy, ,,(0,T), D(Li) 2(0,7), B(0,T), D}, (0,T),
D/L(f)(O,T) L(ﬁ)h(() T; E) and D/L(f (0,T; E) for the spaces LP(U; E),
D3, (V). DEL,(0), BOW), D2, (), DY (0), D) (U3 B) and

/(S)(U E), respectively. Note that, by Sobolev imbedding theorem,
every derivative of ¢ € Dj, ,(0,7) can be extended to uniformly

continuous function on [0, T7. Asin [6], we define the E-valued Sobolev
space W1P(0,T; E) as the space of all F : [0,7] — E, such that

F(t) = Fy + /Ot F'(s)ds, te€]0,T],

for some Fy € £ and F'(t) € LP(0,T; E), with the norm ||F||y1.0(0,7:5) =
IFlro1e) + |1F |Leo,mE), 1 < p < oo. Observe that, if F €
W1P(0,T; E), then F is a continuous function with values in E which is
almost everywhere differentiable and its derivative is equal to F’ almost
everywhere.

Let 1 < p < oo. Define 25/Lsp7h(O,T; E) as a space of all sequences
f=(F.)a, Fo € LP(0,T; E), € N, such that

alPs » 1/p
(4.1) IEl57, , 0.7m) = <Z W”Famw,T;E)) <o

a€eN

One easily verifies that it is a (B)-space with the norm (4.1). Each
fe D'Lsp’h(O,T; E) generates an element of £L(D3, (0,7, E) by

T
(£.0) =1f(p) = Z(—l)“/ Fo () (t)dt € E.
aeN 0

Moreover, one easily verifies that the mapping £ — (£, -), ﬁ/LSpyh(O, T;FE) —
Ly(Di4,,(0,T), E) is continuous.
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Remark 4.1. Tt is worth noting that this mapping is not injective.
To see this, let ¢ € D)(0,T), 1 # 0. Take a nonzero element e of E
and define F(z) = ¢'(x)e and G(x) = ¢(z)e, x € (0,T). Obviously,
F,G € L?(0,T; E), for any 1 < p < co. Define f,g € D, ,(0,T; E)
by f = (F,0,0,...) and g = (0,G,0,...). Observe that, for ¢ €

Di‘l,h (07 T)’
T
o) =e / ' (2)p(a) da

:fe/ Y(z)¢'(z) do = (g, ¢)-

Hence, (f,) and (g, -) are the same element of Ly,(Dj, ;,(0,7), E).

Note that LP(0, T; E) can be continuously imbedded in D’ o0 (0,15 E)
by F s (F,0,0,...).

Let 1 < p < oco. We define 5';,1@ ,(0,T; E) as the space of all
sequences f = (F,),, where F, € W1P(0,T; E) and

1/p
”fHﬁ;al,p,h(o,T;E) - (Z hpo (H allzoo,rm) + |F;||[£P<07T:,E>)>

aeN
< 00.
Equipped with the norm || - ||5/S LoTiE) it becomes a (B)-space.
va,lp W0, T E) is contmuously injected into DLP »(0,T;E). For

f = (Fo)a € Dy, ,(0.T5E), £ = £ = (Fo)a € Df,,(0,T; E),
where F, = = F/, is the classical derivative almost everywhere in (0,7).
Moreover, the mapping f > f’ DW1 » h(O,T; E) — Dme(O,T; E), is

continuous.

Our main assumption is that the Hille-Yosida condition holds for
the resolvent of the operator A:

(4.2) [N =w)*R: AF| <C, for \>w, k€Zy.

From now on, we will always denote these constants by w and C.
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4.1. Various types of solutions. We need the following technical
lemma.

Lemma 4.2. Let 1 < p < 00 and g = (Ga)a € DL,) »(0,T; D(A)).
Then, for every ¢ € D5,(0,T), (g,¢) € D(A) and

/ G (£)p®) )dt:i(—l)a/TAGa(t)gp(“)(t)dt.

Proof. First observe that, for each a € N, G,¢(® € L'(0,T; D(A))
and AG,p® € L'(0,T;E) since G,(t) € LP(0,T; D(A)) and ¢ €
D3.,(0,T). Then

(4.3) A /O (0 (1) di — /O " AGL (1o (1) dt.

Moreover, observe that

)(t) dt

< ~/ s
DAY = H(Ga)a|‘pﬁp1’L(Q7T;D(A)) H‘»DHDM(O,T)’

—1)” /OT Ga(t)!®(t) dt

converges absolutely in D(A), i.e., (g, ©) € D(A). Hence,

/G )(t) dt = /G () dt,

which, together with (4.3), completes the proof of the lemma. |

We obtain that

Let up,o € E, a € N, be such that

1/p

=L alPs
(@) (X S hunalz) <o
a=0

Then the constant functions ﬁa(t) = Ug,q, t € [0,T], are such that
U, € LP(0,T;E) and (4.1) holds. Hence, (Uy)s € DLph(O,T; E).
In the sequel, if up, @ € N, are such elements, we will denote
the corresponding constant functions simply by ug, and the element
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(wo,0)a Of 5’Lsp7h(07T; E) that they generate by ug. We also use the

notation |lug Hﬁfp (0,T:E) for the norm of this element of YSj—J'L”,DJL(O7 T;E).

We recall from [6] the definition of two types of solutions of the
Cauchy problem (0.1) (here they are restated to fit in our setting). We
also define a weak version of them. Let A: D(A) C E — E be a closed
linear operator in the (B)-space E, f € ZEILSPJL(QT; E) and ugp € E,
acN.

1. We say that u = (U,), is a strict solution, respectively, strict
weak solution, in Df, ,(0,T;E) of (0.1) if u € D, , (0,75 E) N
D ,(0,T; D(A)) and

U/ (t) = AU, (t) + Fo(t), t€[0,T] almost everywhere
and
U,(0) =upq, forallaeN,
respectively, for each ¢ € Diq?h(o, T) satisfy
(4.5) ('(£), (1)) = Afu(t), (1)) + (£(t), o (t))
and

U,(0) =ug,q, forallaeN.

We know by Lemma 4.2 that (u(t),p(t)) € D(A) for each ¢ €
D1, 5,(0,T). Also, note that in both cases (of strict or of strict weak
solution of (0.1)) we have

[uo.allty < 2PT M Uallro,1:) + 2P T 9| UL | Logo,13) -
Hence, up = (40,a)q satisfies (4.4).

2. We say that u € 5}fp’h(0,T;E) is an F-solution, respectively,
F-weak solution in Dfp’h(O,T; E) of (0.1) if, for every k € N, there is
W = (Uka)a € Dy, (0,73 E) N D, , (0, T; D(A)) such that from

kol(t) = AU o(t) + Fro(t), te€[0,T] almost everywhere

and
Uk,a(o) = U0k,
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we have

L

+ ok — uO”ﬁ’i‘p)h(O,T;E)) =0,
respectively, from

(i (1), 0(1)) = A(ug(t),0(t)) + (£i(t), (1)), for all ¢ € D, ,(0,T)

and
Uk.a(0) =ug ko, foralk,aeN

we have that, for every ¢ € Diqﬁh(o, T),

(4.6) (Hur = w, o) le + ([ — £, 9) | 2 + [(uo.k — uo, )| £) = 0.

lim
k—oc0
From the above definitions, it is clear that a strict, respectively a strict
weak solution, in Dfp’h(o, T; E) is an F-solution, respectively F-weak

solution, in D, ,(0,T; E).

Remark 4.3. If a strict weak solution of (0.1) in 5;5,,’;1(0, T; E) exists,
then it is not unique. To see this, let v € D) (0,T) and e € D(A)
be such that ¢» # 0 and e # 0. Define v = (V)4 € 5fp7h(0,T; E)
by Vo(t) = ¢'(t)e, Vi(t) = —p(t)e and V,(t) =0, for @ > 2, a € N.
Obviously v € 5;},1,?‘h(0,T; E)N 5/Lsp’h(0,T;D(A)) and V,(0) = 0,
for all @ € N. Moreover, it is easy to verify that the operators
(v,),(v',-) € L(D14,,(0,T), E) are, in fact, the zero operator. Hence,
if u is a strict weak solution of (0.1) in 135,%(0, T;E), then sois u+v.

One can use the same construction to prove that the F-weak solution
in Dfpyh(o, T; E) of (0.1) is also not unique.

4.2. The existence of solutions. Now we consider the existence of
such solutions of the Cauchy problem (0.1).

Proposition 4.4. If u is a strict, respectively an F-solution, of the
Cauchy problem (0.1), then it is also strict weak, respectively F-weak
solution, of (0.1).
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Proof. The proof follows from Lemma 4.2 and the fact that the
mapping g — (g, ), 5fp7h(0,T;E) — Ly (Diq7h(0,T),E) is contin-

uous.

The proof of the next theorem relies heavily on the results obtained
in [6]. The parts in brackets are consequences of Proposition 4.4.

Theorem 4.5.

(i) The Cauchy problem (0.1) has an F-solution (respectively an
F-weak solution) in 75/L5p’h(0,T;E) for every £ = (Fu)a €
YS/LSp’h(O,T;E) and ug = (Uo,a)a Such that (up,o)a satisfies (4.4)
and ug,o € D(A), for all a € N. In the case of F-solution, it is
unique.

(ii) The Cauchy problem (0.1) has a strict solution (respectively a
strict weak solution) in 5fp)h(0,T;E) for every £ = (Fo)a €
5;?,1,p7h(0,T; E) and up = (up,a)a such that upo € D(A) and
Aug o +Fo(0) € D(A), for all @ € N and (ug.0)a, and (Aug o )a
satisfies (4.4). In the case of a strict solution, it is unique.

Proof. First, we will prove (i). By [6, Theorem 7.2] (see also [6,
Appendix]) for each fixed @ € N, the problem U/, = AU, + F,,
U,(0) = wup,o has an F-solution in LP(0,T;FE). In other words,
there exist Uy o, € WIP(0,T; E) N LP(0,T; D(A)), Fi.o € LP(0,T; E),
Uo ko € E and k € Z4, such that U;%a = AU + Fio, Upo(0) =
Ug ko and

(A7) Jim (|Upa — Uallzeorim) + [Fra = Fallzor:)

) =0,

Moreover, by [6, Theorem 5.1] (see also [6, Theorem A.1, Appendix]),

each U, is in fact in C(0,T; E), U,(t) € D(A), for all t € [0,7],
U,(0) = ug o and

+ ||uo, k0 — Uo,a

(4.8) [[Ua(®)] < Ce“’t<lan(0)ll+/0 6“’S||Fa(5)||d8)’ t < [0,T].
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Using this estimate, one easily verifies that u = (Ug), € ﬁfp,h(O, T, E).
We will prove that this is an (F')-solution of (0.1).

Let k € Z,. Take ny, € Z4 such that

> alps 1
p
Z WHFO‘”LP(QT;E) = (2k)P’
a=ng
= alps » 1
Z hpo ||Ua||Lp(07T;E) < (2k)p
a=ng
and
= albs 1
[[uo,allf < :
2z, ool < s

For each 0 < a < ny —1, by (4.7) we can take Fy_ o, U, o and uo g, o
such that

ni—1 1ps
> e (I0kua = Yalbao i) + [Froa = Falloo i)
a=0
» 1
ok~ w0allh) < G
and

U;m,a = AUka,a + kaa, Ukma(O) = UQ ko,
For 0 < a < ng — 1, define
Via = Uk, as V0, k00 = U0, ke,
and
Gio=Fi, o
For a > ny, put

Vk a = O, V0,k,a = 0 and Gk,a =0.

s

Then
Vi = (Via)a € Dijs (0,75 B) N Df, , (0, T; D(A)),
8k = (Gk,a)a S 5,[15137},,(071_'; E)
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and vo i = (Vo,k,a)a is such that

o~ ()P

> O g el < oo

a=0
Also, vi(0) = vg . By definition, we have V;wl = AV} o + Gy o for
all « € N. We will prove that vy — u, g — f and vo — o in
D/Lsp7h(O,T; E); hence, u is an F-solution of (0.1).

Let € > 0. Take kg € Z4 such that 1/ky < e. For k > ko, k € Z,

we have

_ P
||Vk u”ﬁ/L/Sp,h(OVT;E)
neg—1

alPs = alrs
= E — Ul iorm + E
hpo (0,T;E) hpo
a=0 a=nyg

eP 2eP
< 3 a0k~ Vallare + 55 < -

nkl

Hence, [|vi — u||§/L5p (0.T:E) < e. Similarly,

— ~/, <
”gk f”Dpr,h(O,T;E) S €

and
0 alps 1/p
(Z WHUO’k,a - uo’a”’zp(o’T;E)) <e, for k> k.
a=0

It remains to prove the uniqueness. If 1 = (Uqa)a € 5/&,,,1(0, T;E)
is another F-solution of (0.1), then Uy, is an F-solution to the problem
UL(t) = AUL(t) + Fo(t), Ua(0) = ug,q, for each @ € N. But, [6,
Theorem 5.1] (see also [6, Theorem A.1, Appendix]) implies that the

F-solution to this problem must be unique; hence, U, = U, which
proves the desired uniqueness.

To prove (ii), observe that [6, Theorem 8.1] (see also [6, Theorem
A.2, Appendix]) implies that, for each a € N, there exists U, €
CH0,T; E)NC(0,T; D(A)) such that
(4.9)

U/ (t) = AU, (t) + Fo(t), forallt € [0,T] and Uy (0) = ug.a,
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and it satisfies (4.8) and

(4.10) UL < Ce*! ([ Aug,a + Fa(0)]|
¢
+ [ e Imelds), e,
0
Moreover, by (4.9) and (4.10), we have

|AUG(0)] < Ce“IT (|| Auall + [FalO)] + TV oo 1))
+[Fa(t)l, te0,T)

Since f € 5;?,1,p7h(0,T; E), (wp,a)e and (Aug,q)q satisfy (4.4), by the
above estimate, (4.8) and (4.10), we can conclude

u= (Ua)a € Dy (0,75 E) N D, 1, (0,7 D(A)).

Hence, u is a strict solution. The uniqueness follows from [6, Theorem
8.1] (see also [6, Theorem A.2, Appendix]) by similar arguments as in
(i) 0

By following the proof of [8, Theorem 2.5], one can prove Theorem
4.5 by using locally Lipschitz continuous integrated semigroups.

4.3. Solutions in D/(0,T; E). Let g € D}S)(0,T; E). By Theo-
rem 3.6 for 1 < p < oo, there exist hy > 0 and G, € LP(0,T; E),
a € N, such that

oo a!ps oo N
(4.11) > WHGQH’;;,(O’T;E) <oo and g=)Y G,

a=0 a=0
For the moment, for g € D'L(f)(O,T; E) = Ly(B¥)(0,T), E), denote
by g(y) the action of g on ¢ € B#)(0,T). On the other hand, put
g = (Ga)a € D/LSp’h(O,T;E). By the way we define the operator
(8,) € Eb(Désq)’h(O,T),E), one easily verifies that g(¢) = (g, ¢) for
all p € B®)(0,T) C DY), (0,T). Hence, if g € D}3(0,T; E) has the
representation (4.11), we will denote by (g, -) the action g(-).
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Let g € D'(s) (0, T; E) have the representation (4.11). Define Go=0
and .
t) :/ Ga-1(8)ds, tel0,T)
0

for a € Zy. Then, obviously, G, € WLP(0,T; E), G4(0) = 0 and
G/, = G,_1 almost everywhere for all a € Z,, and if we put h > hq,
we have

21 alps ~
(4.12) > s (1Gal oy + GG 0101y ) < o0
a=0

By Theorem 3.6,
Z G e DY (0,T; E).

Also, for ¢ € B®)(0,T),

(oo}

T~
> / G (1)@ (1) dit
= Z / Ga+l *)(t) dt
:i / G, (a) (t) dt

Q

/\

ie, g = Yo, égl) In other words, for g € D/L(‘f)(O,T; E) and
1 < p < o0, we can always find A > 0 such that

g= i G,
a=0

where B _
G, c W'P(0,T; E), G,(0)=0, acN,
such that (4.12) holds. Moreover, in this notation, if we put

f=(GL)a € DS ,(0,T; E),
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then (f,-) and the E-valued ultradistribution g’ € D'(s) (0,T; E) (where
g’ is the ultradistributional derivative of g) generate the same element

in D'L(f)(O,T; E) = £,(B®)(0,T), E). To see this, for o € B#)(0,T), we
calculate as follows

F ) = /G’ S (t) dt

:—Z / SR () dt,

which is exactly the value at ¢ of the ultradistributional derivative of
g e DY(0,T; E).

We consider the equation
u=Au+f in D'L(f)(O,T; E).

In other words, f € D'(é (0,T; E) is given, and we search for u €

D/(S)(O T; E) such that, for every ¢ € B®)(0,T), (u,¢) € D(A) and
(0, 9) = A(u,p) + (£, <p). By the above discussion, for 1 < p < oo,
there exists h > 0 and F, € WLP(0,T;E), F,(0) = 0, a € N,
such that (4.12) holds (with F, and F, in place of G, and G/,) and
f= EZO:O F&a)~

If we put f = (Fo)a, then f € ’lep w(0,T;E). For uge = 0 €
D(A), put up = (uo,a)a- Then the conditions of Theorem 4.5 (i)
are satisfied; hence, there exists U = (Uay)a € 5;;;1,p7h(0,T;E) N
75/Lsp’h(0,T;D(A)) which is a strict weak solution of @ = Ad + f in
75/L3p’h(O,T;E). If we put u = > oo, Ul ¢ Dgf)(O,T;E), by the
above discussion, (u,¢) € D(A), for all ¢ € B®)(0,T) (since this
holds for u) and u is a solution of w' = Au+ f in D/L(f)(O7T; E).
Moreover, by Theorem 3.5, this u as well as f are in fact elements
of D/L(,f?h(O,T; E). Thus, we have proved the following strengthened
version of Theorem 0.1 (announced in the introduction). Observe that
D/(S)(O T;F) = D/L(ZS,)(O,T; E), for 1 < p < o0, by the results obtained
in the previous sections.
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Theorem 4.6. Let A : D(A) C E — E be a closed operator which
satisfies the Hille-Yosida condition and f € D/(S) (0,T;E). Then the

!

equation v’ = Au + f always has a solution u € DIL(f)(O,T; E).
Moreover, u € DL(i)h(QT; E) where 1 < p < 0o and h > 0 are such

that

o0

alPs
Z o (HF ||LP 018 T IEGI7, OTE)) < 0,
a=0

with f =73, F\"), where F,, € Wtr(0,T;E), Fo(0) =0, a € N.

5. Applications. Theorem 4.6 is applicable in a variety of different
situations. We collect some of them in the next proposition. First we
need the following definition given in [22].

Definition 5.1. Let € be a bounded open domain with smooth

boundary in R? and m € Z, . We say that A(z,d,) = Z|a\§2m aq(2)0%

where a,, € C>™(Q) is strongly elliptic if there exists ¢ > 0 such that
Re (-1)™ Z Ao (x)EY > c¢]*™, for all z € U, for all £ € R%

|a|=2m

Proposition 5.2. The operator A : D(A) C E — E is a closed oper-
ator which satisfies the Hille-Yosida condition in each of the following
situations:

(i) E=C([0,1]), Av= —v', D(A 3 {vect((o, 1))]v (0):8)} ([6]).

(i) For x € (0.1), B = C5(0.1)) = {v € C*(0,1)) | v(0) = 0},
Av= ', D(4) = v € C1H+([0,1)) | v(0) = v/(0) = 0} ([6]).
(iif) 56]:) C([0,1]), Av =", D(A) = {v € C*([0,1]) | v(0) = v(1) = 0}

(iv) For Q a bounded open set with regular boundary in R¢, E = C (%),
Av = Av, D(A) = {v € C(Q) | vjgn = 0, Av € C(Q)} (here A is
the Laplacian in the sense of distributions in Q) ([6]).

(v) Let Q be a bounded open domain with smooth boundary in R? and
m € Zy. Let A(x,0;) be strongly elliptic. Define E = LP(Q),
Av = —A(z,0,)v, D(A) = W2mP(Q) N WP (Q), for 1 < p < oo
and for p =1 define E = L'(Q), Av = —A(x,0,)v, D(A) = {v €
W2m=LHQ) N W™ () | Az, 0,)v € LHQ)} (122]).
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In particular, for f € D/(S) (0,T; E), the equation u; = Au+ f always
has a solution in D/L(f) (0,T; E).

Note that the operator A in (v) has a dense domain.

Proof. The fact that A: D(A) C E — FE is a closed operator which
satisfies the Hille-Yosida condition when A and E are defined as in
(i)-(iv) is proven in [6, Section 14]. When A and FE are defined
as in [22, Theorem 7.3.5 v), page 214] for the case 1 < p < oo,
respectively [22, Theorem 7.3.10, page 218] for the case p = 1, implies
that A is a closed operator which satisfies the Hille-Yosida condition
(in fact these theorems state that A is the infinitesimal generator of
an analytic semigroup on LP(Q2), 1 < p < o0). Now, the fact that
the equation u} = Au + f has a solution in D/L(f)(O7 T; E) follows from
Theorem 4.6. (]

5.1. Parabolic equation in D'L(f)(U). In this subsection, U is a
bounded domain irll R? with smooth boEpdary. For the brevity
of mnotation, let Dp, ,(U), respectively va,l,pvh(U), be the space
5/& 1(0,T; E), respectively 75;;,1,p7h(0,T; E), when E = C. Also, for
k € Zy, by Dwk » h(U), we denote the space of all sequences (Fy)a,
F, € WkP(U), for all a € N?, for which

1/p
H(Fa)all’f);;kyp,h(U) = ( Z hpa ||F ||Wkp U)) < 00.

a€eNd

It is easy to verify that it becomes a (B)-space with the norm

Let m € Z_;,_,

Al2,0:)= ) aa(2)05,

|al<2m

where a, € 8(3)(‘/) for some open set V.C R? and U cC V. We
assume that A(x,d,) is a strongly elliptic operator. Obviously, A(z, d,,)
is a continuous operator on B®*)(U) and on D/( )(U). Denote by
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A: D(A) C L2(U) — L2(U) the following unbounded operator

D(A) = WX (U)W (U),  A(p) = Al2,0:)p, ¢ € D(A).

For such A(z,d,) the following a priori estimate holds (see [22, Theo-
rem 7.3.1, page 212]).

Proposition 5.3. [22]. Let A(x,0,) be a strongly elliptic operator of
order 2m on a bounded domain U with smooth boundary oU inR?, and
let 1 < p < oo. Then, there exists a constant C' > 0 such that

H<PHW2mm(U) < c (||A(9373x)<ﬂ\|m(u) + ||<P||LP(U)) )
for all p € W?™2(U) N WP (U).

Moreover, [22, Theorem 7.3.5, page 214], yields that —A is the
infinitesimal generator of an analytic semigroup of operators on L?(U).

In particular, —Ais closed, and it satisfies the Hille-Yosida condition
(4.2) for some w,C > 0.

Now we can prove the theorem announced in the introduction.
Note that we need to prove the theorem for ’D'L(f)((O,T) x U) since

D/L(Z)((O,T) x U) and D'L(f)((O,T) x U) are isomorphic lcs.

Theorem 5.4. Let U be a bounded domain in R with smooth bound-
ary, (i.e., C*® boundary) and A(z,0.) a strongly elliptic operator of

order 2m on U. Then, for each f € ’D'L(f)((O,T) x U) there exists
we DS((0,T) x U) such that u, + A(z, 8, )u = f in D3 ((0,T) x U).

Proof. Denote by A the following unbounded operator:

Af = (~A(w,0.)Fa)a (= (~AFu)a)
D(A) = {f: (Fa)a € Dyjama p(U) | Fo € W2(U), for all a € Nd} .
Then, obviously, A : D(A4) C 552,11((]) — 5/52’,1(U) is a linear

operator. Since Ais closed, by Proposition 5.3, it is easy to verify
that A is closed. For A > w, define B} : D/LSQ W(U) — sz w(U), by
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Ba(f) = (R(\ : —A)F,)a. For f = (F,)s € DL2 L(0),

~ = al?s ~ 1/2
1Bl 00 = (2 warllRON _A)Fa||2L2(U>>

Ia\*O

< Wl

Hence, B) is a well-defined continuous operator. For (Fy ), € 75/;2 W(U),

by the Hille-Yosida condition for fA Proposition 5.3 and the fact that
AR(X: —A) =1d — AR()\ : —A), we obtain

|aox: ~AE, 0(1 + Ci“”)np I

W2m.2(U)
This implies that

BA(Fa)a = (R(\ : —A)Fa)a € Dyjpams 1, (U).
Obviously,

R(\: —A)F, e W(U), for each a € N

Hence, the image of B} is contained in D(A). Conversely, for (Fy ), €
D(A), let G, = (A + A)F,, for each a € N%. Then

(Ga)a € ﬁILSQ,h(U)
and
B)\(Ga)a = (Fa)a;

hence, the image of By is D(A). Also, (A—A)B) =1Id and By(A—A) =
Id. We obtain that A > w is in the resolvent of A, R(\: A) = B, and
similarly as above, one can prove that

IO =@ RO A, ) <€

i.e., A satisfies the Hille-Yosida condition.

We want to solve the equation u;(t,z) + A(x, 0 )u(t,x) = f(t, )
in D/L(f)((O,T) x U). For simplicity of notation, put U; = (0, )
By Proposition 2.4, there exist h > 0 and F, s(t,z) € C(Uy), «
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B € N¢ such that

N 'ﬁ' 2s
(5.1)  f=) 0f0iF.p and ZhQ(aﬁﬁl)nF 813 e @y < 0.
a,B

Let E = DL2 2U). Let O = 1+ supgeya hfl/B15 and put C; =
(14T + |U|)C;. Let Ly be the mapping ¢ — L¢(p), B#(0,T) — E
defined by Ly(p) = (F, g)a, where

T
Fop(e) = (1) / Fo (b, )0 @) () dt.

(e

We prove that it is a well defined and continuous mapping. First, we
prove that F, g is a continuous function on U for each 8 € N¢ and
0 € B®)(0,T). For € > 0, by (5.1), we can find kg € Z, such that

(a8 ) €2
| Fag| o < .
a%;ko e Pl < oy

For each a € N, 8 € N¢ F, 5 is uniformly continuous (since Uj is
compact in Rd“) hence, there exists a § > 0 such that, for every
t,t' €10,T), z,2’ € U such that [t —#'| < and |z — 2'| < 5,

ko—1 '5' 2s ) &2
. oo
§ : h2(a+\5\ Fa,g(t,x) Faﬁ(t )T < (201)2'
a+|B|=0

Hence,
’13%5(3:) - ﬁw,ﬁ(ff/)

00 2s T ) 1/2
< lollpgy OT(Z / Fup(t,) — Faglt,a)] dt)

S E||()0H'D(L32) h(O’T),
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and the continuity of Fv% g follows. Also, one easily verifies that
Bl2s 1/2
(s

» (1B 1/2
<1 ||<P|D<;2>7h(U)(ZW| il )

Since B N
1Fp 5l 2wy < U2 Fp sl Lo ),

we obtain that Ly is well defined and Ly € £(B*)(0,T),E). Now,
as Ly(B#)(0,T),E) = D/(S)(O T; E) denote by f € D (5)(0 T; E) the
mapping Ly.

Now, Theorem 4.6 implies that there exists u € D (S)(O T; E) such
that /' = Au+f in D/L(l)(O,T, E). Each element g = (Go)a €
E = ﬁfpﬁ(U) generates an element of £,(B*) (U),C) = ’D/L(f)(U) (see
Section 4) by

(S(g), ) = S (-1)? /U Gy (2)05)(x) da

B

and one easily verifies that the mapping S : £ — D/( )(U) g— S(g),
is continuous. Hence, we have the continuous mapping ¢ — S((u, ¢)),
given by

B9 0,1) % g 5 pO )

) %! .

Since ¢ = S((u,9)) € Ly(BE(0,T), D) (U)) = DY (U1) (where
the isomorphism follows from Theorem 3.1) denote by u € D/( )(U1)
this ultradistribution. Then, for ¢ € B®)(0,7), v € B (),
(ult,2), p(t)(@)) = (S((w,¢)),¥). Since (W) = —(u,¢), for al
¢ € B®)(0,T), we have

(ui(t, ), o()p(x)) = —(ult, z), o' (H)b(x)) = (S((W', 9), ¥),

for all ¢ € B®)(0,T), v € B®(U). Also, for ¢ € B (0,T), since
(u,p) € D(A),
(u,0) = (Gyp)s € D(A).
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Then, by the definition of A, A{u,¢) = (—AG@,g)g € E. Now, for
W € BEI(U),
)

<S ((_ZG%B)ﬁ)
07 [ 3G, p(w)otta) de
1) /

Gpoo(2)! A, 0,) 000 () da

-~ Y
B
-~ Y
B
—(S((u, ), Az, 0)¥)
—(u(t,z), ()" A(z, 0z )¥(x))
= —(A(z, 0p)ult, ), p(t)(2)),

ie.,

(5 (Aw, ), ) = —(A(x, p)u(t, x), p(t)(2))

for all ¢ € B®)(0,T) and ¢ € B®)(U). Moreover, observe that, for
¢ € B®)(0,T) and ¢ € B (U), we have

(SUE @), 9) = 3 (—1) /U 5(2)05)(x) du

B

_ 1)o+el 0@ (0185 dit das
Z /U 5t 2) @ (D02 () di d
_ {62, o0,

where, in the second equality, we used the definition of }7}75 and
Fubini’s theorem since

5 ) 1Fnste o) |6 e <o

by (5.1). Now, since u' = Au+ f in D/(s)(O,T;E), for every ¢ €
BE)(0,T), (W' (t),¢(t)) = A{u(t), o(t)) + (£(t), (1)) in E. Then,

S((u',0)) = S (Alu, 9)) + S (£, 9))
in D/L(f)(U). Hence, for ¢ € B#)(0,T) and ¢ € B®)(U), we have
(up(t,2), p(t)ih(x)) = (S((0', ©)), ¥)
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(5 (A(w, 9)) ) + (S ((£,0)) ,¥)
= —(A(2, 0z )ult, ), o) (2)) + (f (L, 2), p(t)¢(2)).

Since B(®)(0, T)®B®)(U) = BS)(U;) by Theorem 3.1, we obtain the
claim in the theorem. ]

Example 5.5. An interesting application of this theorem is obtained
by taking A(z,d,) to be —A, (A, is the Laplacian 02 + - + 02)
and U to be the arbitrary bounded domain with smooth boundary
in R?. Then —A, is a strongly elliptic operator of order 2 on U. The

above theorem then asserts that, for f € D} (s )((O, T) x U), the equation
— Ayu = f always has a solution in D (g)(( 0,7) x U).

Example 5.6. If U = (0,71) C R and A is the differentiation in z,
arguing as above, one can prove the following assertion:

Let f € D'(S)((O,T) x (0,T1)). The equation u} +u), = f always has
a solution in D/(S)((O,T) x (0,T1)).
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