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ESSENTIAL SPECTRAL RADIUS OF QUASICOMPACT
ENDOMORPHISMS OF LIPSCHITZ ALGEBRAS

A. GOLBAHARAN AND H. MAHYAR

ABSTRACT. We establish a formula for the essential
spectral radius of an endomorphism 7' of Lipschitz algebras
under a condition which is equivalent to the quasicompact-
ness of the endomorphism 7. We also conclude a necessary
and sufficient condition for an endomorphism of these alge-
bras to be Riesz. Finally, we get a relation for the spectrum
and the set of eigenvalues of a quasicompact and Riesz endo-
morphism of these algebras.

1. Introduction. Let (X, d) be a compact metric space with infin-
itely many points and 0 < o < 1. The Lipschitz algebra of order «,
Lip(X, «), is the algebra of all complex-valued functions f on X for
which

pa(f) = sup{lf(;iz(;’J;()y)| rxyy e X and oz ;éy} < 0.
The subalgebra of those functions f with
[f(z) — f(y)]

(1.1) =0,

im
d(z,y)—0 d® (33, y)
is denoted by lip(X, ). These Lipschitz algebras were first studied
by Sherbert [12, 13]. The algebras Lip(X,«) for 0 < a < 1 and
lip(X, @) for 0 < a < 1 are natural Banach function algebras on X
under the norm || f|lo = || fl|x +pa(f), where || f||x = sup |f(x)|. Recall

zeX

that a function algebra A on a compact Hausdorff space X is called
natural if every nonzero complex homomorphism on A is an evaluation
homomorphism at some point of X [3, Definition 4.1.3]. We note that
Lip(X,1) Clip(X, a) C Lip(X, ) (see [1, 7]).
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It is known that, if A is a natural Banach function algebra on a
compact Hausdorff space X and T is a unital endomorphism of A,
then there exists a self-map ¢ on X such that Tf = fop for all f € A.
The converse does not hold in general. That is, given a continuous
self-map ¢ : X — X, the mapping T defined on A by Tf = fo e
does not in general take A into A. However, if ¢ is a self-map on
X such that, for every f € A, fop € A, then T : f — fopisa
unital endomorphism of A. In each case, we say that T is induced
by ¢. Thus, any unital endomorphism T of A can be regarded as a
composition operator C,, and conversely any composition operator on
A is a unital endomorphism. Sherbert in [12, Theorem 5.1] showed
that a linear map 7" on Lip(X, «) is a unital endomorphism if and only
if there exists a self-map ¢ : X — X such that Tf = f o ¢ for all
f € Lip(X,a) and d(¢(z),¢(y)) < Cd(x,y) for some constant C' > 0
and for all z,y € X. In this case, the self-map ¢ is called Lipschitz
function, and we write

d(p(2), ()
p(p) = sup :
TH#y d(xay)
Kamowitz and Shenberg in [8] showed that an endomorphism 7" of

Lip(X, @) or of lip(X, «) induced by a self-map ¢ on X is compact if
and only if ¢ is a supercontraction, that is,

im 4e@), ()

=0.
d(z,y)—0 d(.’l?,y)

In this note, we consider endomorphisms of Lipschitz algebras which
are quasicompact or Riesz. For convenience, we give the definition of
these notions.

Definition 1.1. Let E be an infinite dimensional Banach space.
We denote by B(E) and K(E) the Banach algebra of all bounded
linear operators and compact linear operators on E, respectively. The
essential norm ||T||. of T € B(E) is the norm of T+ KC(E) in the Calkin
algebra B(E)/K(E), i.e.,

[T]le = IT = K(E)|| = dist (T, K(E)) = inf{||T — K| : K € K(E)}.
The essential spectral radius r.(T") of T € B(E) is given by the formula

re(T) = lim (IT"[}e)!/" = lim 7" = K(E)|["/".
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The operator T € B(E) is called Riesz if r.(T) = 0 and quasicompact
ifr(T) < 1.

Clearly, T is compact if and only if its essential norm is zero and T'
is quasicompact if and only if ||T"||. < 1 for some positive integer n.
Every Riesz operator is also quasicompact.

Recall that if T' is an endomorphism of a Banach function algebra A
on X induced by the self-map ¢ : X — X, then T" is an endomorphism
of A induced by the self-map ¢, : X — X for each n € N, where ¢, is
the nth iterate of . We also set g = id.

Some results have been obtained concerning quasicompact and
Riesz endomorphisms of certain Lipschitz subalgebras in [9, 10,
11]. Behrouzi [2] studied quasicompact and Riesz endomorphisms of
Lip(X, ) and gave an estimate for the essential spectral radius of an en-
domorphism of lip(X, &) under certain conditions. In this note, we as-
sume that T is an endomorphism of Lipschitz algebras either Lip(X, a)
or lip(X, «) induced by the self-map ¢ on X. We first show that the
essential spectral radius of T satisfies

re(T) = lim p(pp)®/™

n—oo
when 0 < o < 1 and

re(T) < lim p((pn)o‘/"
n—oo

when o = 1, provided p(p,,) < 1 for some ng € N. We conclude
that the condition p(yy,) < 1 for some ny € N is sufficient for the
endomorphism 7" to be quasicompact. Also, this condition is necessary
for the quasicompactness of T, when X is connected. In addition,
we show that T is Riesz if lim,,_ o p(cpn)l/n = 0, and this is also a
necessary condition provided X is connected and 0 < o < 1. We
then generalize these results by establishing a formula for the essential
spectral radius r.(T) under a condition which is equivalent to the
quasicompactness of T without connectedness assumption on X. As
an immediate consequence of the latter result we obtain a necessary
and sufficient condition for the endomorphism T to be Riesz when
0 < a < 1. Moreover, when o = 1, this condition is also sufficient.
At the end, using the definition of Riesz point [6, page 217], we get a
relation for the spectrum and the set of eigenvalues of a quasicompact
and Riesz endomorphism of these algebras.
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2. Results. Let X be a compact metric space with infinitely many
points, and let the self-map ¢ : X — X be continuous. Then we have a
nested sequence ¢, 11(X) C ¢,(X) of nonempty compact sets, whence
the intersection N2 ; ¢, (X) is also nonempty. Moreover, if p(¢,) — 0
as n — 0, then dlam(gon(X)) — 0; hence, NS, (X) is a singleton,
say {zo}. Using Banach’s contraction principle, one can see that x
is the unique fixed point of . Therefore, if one defines the constant
function 6 : X — X by 0(x) = x¢, then

d(pn(x),0(x)) = d(pn(x), 0) = d(n(2), Pn(20)) < P(Pn) diam(X),
for all x € X. Hence,

lim sup d(pn(z),0(z)) = lim sup d(pn (), 20) =0,

n— 00 reX n—oo reX

for some zg € X, if p(p,,) — 0. Note also that, forn € Nand z,y € X,

with @, () # pn(y), we have pp(x) # @r(y) for each k = 0,1,...,n
and therefore,

<p(p)",

d(@n( n - @k(y))
d(ffy 1;[ sokl)sok1())

from which one obtains p(¢,) < p(¢)™ for all n € N. It follows that
p(on) = 0 if p(¢) < 1. Conversely, if p(p,) — 0, then p(p,,) < 1 for
some positive integer nyg.

Remark 2.1. Let (X,d) be a compact pointed metric space, that is,
a compact metric space with a base point e € X. The Lipschitz space
Lipy(X, «) is the space of all Lipschitz functions f : X — C of order
a (0 < a < 1) which are zero at the base point e € X. The space
Lipy(X, a) is a Banach space under the Lipschitz norm p,(-). The
space lipy(X, ), 0 < a < 1, is the closed subspace consisting of those
functions f € Lipy(X, a) that satisfy (1.1) (see [15]). Vargas et al. in
[14, Theorem 3.1] showed that, if ¢ : X — X is a base point preserving
Lipschitz mapping, then the essential norm of the composition operator
C, : lipy(X, o) — lipy (X, o) satisfies the lower estimate

d «
lim  sup (sﬂ(fﬂ)m(g)) <1IColle.
t—=0 0<d(z,y)<t d(.]?, y)

Their proof is valid for the Banach algebras lip(X, «) and Lip(X, «)
with the norm || - || when 0 < o < 1. Using this fact, we obtain a
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formula for the essential spectral radius of a unital endomorphism of
Lipschitz algebras.

Considering p(p,) < p(p)™, and using the fact that p(omin) <
P(@m)p(¢n), limy, 00 p(sﬁn)l/" exists and

lim p(p )/" igllfp(gpn)l/"

n—oo

(see, for example [3, Proposition A.1.26(iii)]). Therefore, in the next
theorem we can replace lim,,_, p(n)Y" with inf,, p(p, )",

In the remainder of this paper, we regard £(«) as being either the
algebra Lip(X, a) for 0 < @ < 1 or the algebra lip(X, «) for 0 < o < 1.

Theorem 2.2. Let X be a compact metric space, 0 < a < 1 and
T an endomorphism of Lip(X,a) or of lip(X, ) induced by the self-
map ¢ on X. If p(pn,) < 1 for some positive integer ng, then
Te(T) = hmn—>oo p(@n)a/n

Proof. By Remark 2.1, we have

d(@n(z), on(¥)) \* "
Aol i) < .,

for every n € N. By the assumption that p(p,,) < 1 and by the

lim  sup (
t—0 0<d(z,y)<

definition of essential spectral radius r.(7) = lim,— oo ||T"||1/ " for
given € > 0, one can choose a positive integer j such that p(¢;) < 1 and

HTjHé/j < 1e(T) + ¢/2. Fix a positive integer j with such a property.
It follows that

d(p; : /i .
lm  sup ( (sog(x)wg(y))) < T < (1) 4 E
t—=0 0<d(z,y)<t d(l’,y)

and therefore,
_ _ alj
. (d«ouwy») <rlT) + 5,
0<d(z,y)<8 i
for some § > 0.

Furthermore, p(¢k;) < p(p;)* < 1 and then d(pw;(2), r;(y)) <
d(x,y) for each z,y € X and for each positive integer k. Let n € N,
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z,y € X with 0 < d(z,y) < 0 and @,;(x) # ¢n;(y). Then 0 <
d(prj(z), prj(y)) < d for each k, from which we obtain

d(pn; (1), 0 )\ " _ (77 Airs1) (@), P01 () ) P
< ) )

d(z,y) B d(prj (), o1 ()
( i(onj (@ w(gokj(y»)“/(””

d(prj (), pr;(y))

<H sup (d(cpj(u),cpj(v)))o‘/(”j)

k=0 0<d(u,v)<8 d(U,U)

= sup <d(%(l‘),¢j(y))> a/j

0<d(z,y)<3 d(z,y)
<re(T)+ .
2
Therefore,
o (dmj(x), gom(y)))“/ RPN
0<d(z.y)< d(z,y) - 9’

for each n € N.

Also, since

n—00 2 57

c (n—1)/n c
lim (re(T) + ) =r.(T)+

and lim, o p(¢n;) = 0, there exists N € N such that (r.(T)
(£/2))"=D/n < 1 (T)+e¢ for every n > N, and p(pn;) < §/(diam(X)).
It follows that

+

d(en;(z), eni(y)) < md(m,y) <§

for each z,y € X.
Let n > N and z,y € X with ¢,n;(2) # ©nn;(y). Then,

<d(§0an(m), onn; (1)) ) a/(nNy)
d(z,y)
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d(onn;i (@), onn;i(y)) dloni(z), on;(y)) ) a/(nNj)
d(en; (@), on;(v)) d(z,y)

(
(d(‘p(nl)Nj(S"Nj(m))v Pn-1)n; (PN (y))) ) o/ (NP
(

d(pn;i(x), oni(y))
su d(@(nfl)Nj(x)aW(nfl)Nj(y)) o/ln=1NJ]\ (n=1)/m
y d(z,y)

0<d(z,y)<é
€

(n—1)/n
< (re(T) + 2) <re(T) +e.

Therefore, p(@nn;)®/ N9 < 7. (T) + ¢, for each n > N. Hence,
limy, 00 p(‘Pn)a/" = infp(‘Pn)a/n < re(T).

For the converse inequality, using the well-known relations r.(T™) =
re(T)™ and p(p,) < p(p)™, one may assume that ng = 1 and p(yp) < 1.
Then p(¢n) — 0 and N2, 0, (X) = {x0}, where z( is the unique
fixed point of . Define rank one endomorphism S : £(a) — £(«a) by
Sf = fol= f(zo)l for f € £(a) where § : X — X is the constant
function 0(x) = zo. Let n € N and f € £(«) with || f]lo < 1. Then,

T f(x) = Sf(@)] = [f(n(2) = f20)| < palf) den(x), x0)"
< [ fllap(en)®d(z, 20)* < p(pn)® (diam(X)),

for each € X. Hence, ||[T"f — Sf|lx < p(¢n)*(diam(X))*. On the
other hand,

(T f = S) (@) = (T"f = S)(Y)

= [f(en(2)) = f(en(y))l

< pa(f)d(en (@), on(y))™ < plen)*d(z, y)*,

for every z,y € X. Thus, po(T"f — Sf) < p(¢n)®. Therefore,

[T f = Sflla =1T"f = Sfllx +pa(T"f = Sf)
< (1 + (diam(X))*)p(en)®,

(14 (diam(X))*)p(pn)® for each n € N. Therefore,

for all n € N and f € £(a) with |f|l« < 1. Hence, ||T™ — S| <

[T"]le = 177 = (L) < 1T = S| < (1 + (diam(X))*)p(en),
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and then,
re(T) = lim ||T"|Y™ < lim p(p,)*/". O
n—oo n—oo
Considering the last part of the proof of the previous theorem, we
note that the converse inequality is true even for o = 1. In fact, we
have the following proposition.

Proposition 2.3. Let X be a compact metric space, and let T be an en-
domorphism of Lip(X, 1) induced by the self-map ¢ on X. If p(pn,) <
1 for some positive integer ng, then re(T) < lim, o p(cpn)l/”.

It was shown in [2, Theorem 2.1] that an endomorphism T of
Lip(X, ) induced by a self-map ¢ on X is quasicompact if p(p,) — 0
and ¢, converges uniformly on X to the constant function 8(z) = =
for some o € X. Here, as a consequence of Theorem 2.2 and
Proposition 2.3, we obtain that p(y,,) < 1 for some ng € N is sufficient
for an endomorphism T of Lip(X,a) (0 < a < 1) or of lip(X,«)
(0 < a < 1) to be quasicompact (Corollary 2.4 (i)). Also, the function
defined in the proof of the converse part of [2, Theorem 2.1] does not
belong to lip(X, ). As Corollary 2.4 (ii), defining a suitable function, a
slightly modified argument establishes the converse part of [2, Theorem
2.1] for the Lipschitz algebras Lip(X,a) (0 < a < 1) and lip(X, @)
0<a<l).

Corollary 2.4. Let X be a compact metric space and T an endomor-
phism of Lip(X,a), 0 < a <1 or of lip(X, ), 0 < o < 1 induced by
the self-map ¢ on X.

(1) If p(pn,) < 1 for some ng € N, then T is quasicompact.
(ii) If X is connected and T is quasicompact, then p(pn,) < 1 for
some ng € N.

Proof.

(i) Let p(vn,) < 1 for some ny € N. Then by Theorem 2.2 and
Proposition 2.3, we have

TS(T) < lim p(son)a/n = lim p(@kno)a/(kno) < p(@no)a/no < ]-7
n—0o0 k—o00

which implies that T is quasicompact.
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(ii) Let X be connected and T be quasicompact. Using [4, Theorem
1.2], there exists zg € X such that the operators T™ converge, in
operator norm, to a rank-one endomorphism Sy of £(«) defined
by So(f) = f(z¢)1. The point z¢ is the unique fixed point of .

In the case a = 1, take 8 = 1; otherwise, choose any S € («, 1]. For
each y € Y and n € N, define

_ d(z, pn(y))”
fulw) = (diam(X))# + (diam(X))#—’
for x € X. Then f,, € £(), ||fnlle <1 and

17" — SOH > HTnfn - Soana > pa(T" frn — Sofn)

|fn 0 on () — fn o en(y)|
d(z,y)"

1 d(pn(2), on(y))”

(diam(X))# + (diam(X))5—2 d(z,y)> ’

for every x,y € X with z # y and any 8 € (o, 1] or 8 = a = 1. Taking
limit as 8 — «, we conclude that

:pa(fn O(Pn) >

n 1 d(pn (), Pn(y))”
177 = Soll 2 (diam(X ) +1  d(z,y)*

for every z,y € X with = # y. Hence

n 1 d(pn (), on(y))
5002 GamG 3 128 dteype
1

W p(‘Pn)a~

Therefore, lim,,_, o p(¢n) = 0 and p(pn,) < 1 for some ng € N. a

From the proof of Corollary 2.4, one can obtain the following
interesting relation for any endomorphism 7' of £(«) induced by the
self-map ¢ on X:

1 « «
maX{L(diam(X))a—l—l p(p) } <7 < max{1,p(p)“}.

In [2, Proposition 2.3], it was shown that an endomorphism T of

Lip(X, ) induced by a self-map ¢ on X is Riesz, if lim,, o p(,)"/" =
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0. As an immediate consequence of Theorem 2.2 and Proposition 2.3 one
can get this result for the Lipschitz algebras Lip(X, ) and lip(X, a).
Also, using Theorem 2.2 and Corollary 2.4 (ii), one can show that the
condition lim,,_, oo p(gpn)l/ "™ = 0 is necessary for the endomorphism T
of Lip(X, «) or of lip(X, a) to be Riesz whenever 0 < o < 1 and X is
connected.

Corollary 2.5. Let X be a compact metric space, and let T be an
endomorphism of Lip(X,a) (0 < o <1) or of lip(X,a) (0 < o < 1)
induced by the self-map ¢ on X.

(1) If limy, o0 p(n)Y/™ = 0, then T is Riesz.
(ii) If X is connected, 0 < o < 1 and T is Riesz, thenlim,, o p(pn)/"
=0.

In the sequel, we generalize the above obtained results to possibly
unconnected metric spaces.

Theorem 2.6. Let X be a compact metric space, 0 < a < 1, and T
an endomorphism of Lip(X,a) or of lip(X, «) induced by the self-map
@ on X. If there exists a decomposition of X into a finite number
of mutually disjoint clopen subsets, say Xi,Xs,..., Xm, such that,
for each i € {1,...,m}, there exists n; € N with ¢,,(X;) C X; and
P(pn;|x,;) <1, then ro(T) = maxi<j<m limy, 00 P(©nn; x, )/ (),

Proof. By Remark 2.1, we have

(deseh e}’ (Aenled- 2oty

lim  sup < sup
t—0 0<d(z,y)<t d(l‘, y) t—=0 0<d(z,y)<t d(l‘,y)
z,yeX; z,yeX

< T e,

for each i € {1,2,...,m} and every n € N. Similar to the proof of
Theorem 2.2, one can easily deduce that lim, e p(@nn, |x,)® ") =
infn p(‘Pnni Xi)a/(nn,i) S Te(T). Hence,

X, )a/(nnl) < Te(T)'

max lim )
lgigmn%oop(sonnl

We now show the converse inequality. By the hypotheses, we have
Vkn; (Xi) C X; and p(prn,|x,) < 1 for each positive integer k. There-
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fore, if we set ng = ning -« - Ny, then ¢, (X;) C X; and p( x;) <1
for each i € {1,2,...,m}. As in the proof of Theorem 2.2, we may as-
sume that ng = 1, and, in a similar way, we have lim, o p(pn|x,) =0
and Moy enl ,) = {:1: } for each i € {1,. m}, where z; € X, is the

by 0(z) = z;, (x € X;) and consider the finite rank endomorphism
S L(a) = L(a) by Sf = fol =", f(z;)xx,, where xx, is the
characteristic function of X;.

Let n € Nand f € £(a) with ||f|lo < 1. Then
17" f = Sflix < (diam(X))* max p(en

1<i<m

Xi,)a'
Set p = mini<;<j<m d(X;, X;). Then

(T f = SH) (@) = (T"f = SF) )]
d(z,y)e = 12iEm P(gnlx

)CE
when z,y belong to the same X;, and

(T"f = SH)(@) - (T"fF=SHWI _ 2 .. o
ERE < Mj(dlam(X ))* max plen|x

)%

when z,y are in the different X;. Hence,

1<i<m

pa(T"f — 5f) < (1 T ;<diam<x>)“) max p(onlx,)".

Therefore,

7 sl < (14 (24 1) @) ) ma )

1<i<m

for each n € N. Whence,

e < (14 (2 41 @inm0)* ) ma pleal)®

1<i<m

and then 7¢(T") < maxi<i<m iMoo P(@n]x,) /™. 0

Remark 2.7. Similar to Proposition 2.3, the inequality
)a/(nnz)

re(T) < max lim p(

1<i<mn—o0

holds for ae = 1.
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Now we would like to generalize Corollaries 2.4 and 2.5 for possibly
unconnected X. For this purpose, we shall need the following results
due to Feinstein and Kamowitz [5]. We recall that a complex algebra
A is semiprime if J = {0} is the only ideal in A such that the product
of every pair of elements in J is 0. Clearly, Banach function algebras,
in particular, Lipschitz algebras, are semiprime.

Lemma 2.8. [5, Lemma 3.1]. Let B be a unital commutative
semiprime Banach algebra, and let T be a bounded unital quasicom-
pact endomorphism of B. Suppose that

o(T) C{AeC: |\ <1}U{l},

and that the eigenvalue 1 of T has multiplicity 1. Then the operators
T™ converge in operator norm to a rank-one unital endomorphism S of
B.

Theorem 2.9. [5, Theorem 3.2]. Let B be a unital commutative
semiprime Banach algebra, and let T be a bounded unital quasicompact
endomorphism of B. Then there exists an n € N such that o(T™) C
{A € C: A\ < 1}U{1}. For such n, the unital quasicompact
endomorphism T™ of B has the following properties:

(i) The eigenspace of T™ corresponding to eigenvalue 1 is a finite
dimensional, unital subalgebra of B isomorphic to C™ for some
m € N, and hence spanned by m orthogonal idempotents, say
€1,€2,...,€Em.

(ii) Set B; = ¢;B (1 < i < m). Then (under an equivalent norm)
each B; is a commutative, unital semiprime Banach algebra, with
identity e;, and

(iii) For 1 < i < m, T"|p, is a unital quasicompact endomorphism
of B;, and T"|p, satisfies the conditions of Lemma 2.8. The
operators {T*"|p,}3°., converge in operator norm to a rank-1
unital endomorphism of B;, say S;.

(iv) The operators {T*k"}22 | converge in operator norm to the rank-m
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endomorphism S of B given by

m

S(b) = Si(be:) (b€ B).

i=1

We are now in a position to prove the generalization of Corollaries
2.4 and 2.5.

Theorem 2.10. Let X be a compact metric space and T be an en-
domorphism of Lip(X,a), 0 < a < 1, or of lip(X,a), 0 < a < 1
induced by the self-map ¢ on X. Then T is quasicompact if and
only if there exists a decomposition of X into a finite number of
mutually disjoint clopen subsets, say X1, Xo,..., X, such that, for
each i € {1,2,...,m}, there exists n; € N with ¢,,(X;) C X; and
p(<pni Xi) <L

Proof. If there exists a decomposition of X with such properties
in the statement, then by Theorem 2.6 and Remark 2.7, r.(T) <
Maxi <i<m UMy, 00 P(Onn; x,)*/ (") < 1. Hence, T is quasicompact.

Conversely, suppose that T is quasicompact. By Theorem 2.9 (i),
there exists ng € N such that {f : T™f = f} ={f: fopn, = f}isa
finite dimensional, unital subalgebra of £(«) spanned by m orthogonal
idempotents, say e, ez ..., e,. Therefore, there exists a finite number
of mutually disjoint clopen subsets of X, say X1, X5 ..., X, with union
X and

{f:T”Of:f}:{f:fogo,m:f}:{Z)\ixxi :)\17/\27...,)\,,16((2}.

i=1
Then ¢,,(X;) C X, for each i € {1,2,...,m}.

Set £i(a) = xy, L(a). In fact, either £;(a) ~ Lip(Xj,a) for
0 < a <1or £a) ~ lip(X;,a) for 0 < a < 1. Also, by
Theorem 2.9 (iii), 7™°|g,(a) is a quasicompact endomorphism of £;(c)
induced by the self-map ¢,,|x,, for each i € {1,2,...,m}, and the
operators {T""°|g, (a)}ny converge, in operator norm, to a rank-1
unital endomorphism of £;(«), say S;. Since S; is a rank-1 unital
endomorphism of £;(«a), there exists x; € X; such that S;(f|x,) =
f(z;)1 for f € £(a), similar to the proof of Corollary 2.4, one can show
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that
777 — Sil| =

1 @
@ (X)) 1 1 PPl

Therefore, lim, oo P(¥nnylx;) = 0 and p(en,|x;) < 1 for some n; €
N. O

Corollary 2.11. Let X be a compact metric space and T be an
endomorphism of Lip(X,a), 0 < a <1 or of lip(X,a), 0 < a < 1
induced by the self-map p on X. Then, for 0 < o < 1, T is Riesz
if and only if there exists a decomposition of X into a finite number
of mutually disjoint clopen subsets, say X1, Xo,..., Xy, such that, for
each i € {1,2,...,m}, there exists n; € N with ¢,,(X;) C X; and
lim,, 00 p(gpnni\xi)l/” = 0. Moreover, when o = 1, these conditions
also tmply that T is Riesz.

Proof. If there exists a decomposition of X with such properties,
then one can say, lim, oo p(¥nn;|x,) = 0, whence p(ppnn,|x,) < 1 for
some n € N. Then using Theorem 2.6, Remark 2.7 and the hypothesis,
we have 7.(T) < maxi<i<m liMp—so0 P(Prn, Xi)o‘/" = 0 which implies
that T is Riesz.

Conversely, suppose that T is a Riesz endomorphism. Then it is also
quasicompact and r.(7T") = 0. Therefore, using Theorems 2.6 and 2.10,
the result is concluded. O

We conclude this paper by establishing some results about o(T") the
spectrum of T' and ¢, (T) the set of eigenvalues of T

Theorem 2.12. Let X be a compact metric space, 0 < a < 1 and T
be a quasicompact endomorphism of Lip(X, a) or of lip(X, «) induced
by the self-map ¢ on X. Then

(2.1) op(T) T{N: A < re(T)} U A A" =11,

(2.2) o(T) C A A < re(T)U{N: A" =11,

for some positive integer n. In particular, 1 is an isolated point of the
spectrum of T'.
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Proof. According to the proof of Theorem 2.10 there exist positive
integer n and a finite number of mutually disjoint clopen subsets
of X, say X1,Xs...,X,,, with union X such that ¢,(X;) C X;
and limg_, o p(apknm) = 0, and so there is the unique fixed point
of ¢y, say zi, for each i € {1,2,...,m}. Take any A € C with
A" #£ 1. For each f € ker(AI — T), we have f o p_\f, and then
flxy) = foen(z;) = A"f(x;), which implies f(z;) = 0 for each
1 € {1,2,...,m}. If f is non-zero then there exists a point x € X,
for some i € {1,2,...,m} such that f(z) # 0 and, for each positive
integer k,

N F (@) = | o prn(@) = f o prn(@i)] < d(x,2:)*pa(£)p(Prn
and then

L@ < (diam (X)) pa (54 ((prnl ).

Taking the limit as k — oo,

Xi)av

Al < khm p(‘Pkn|X1‘))a/(’m) <re(T).
— 00

Hence, for each A € C with A™ # 1, if |A| > r(T), then ker(\ —T') =
{0}, which implies (2.1).

Moreover, if |A| > r.(T), then also ker(A\] — T') = {0}. Using [6,
Propositions 51.8 and 52.1], if |A| > r.(T"), then A is a Riesz point of
T, and, by the definition of the Riesz point [6, page 217], the operator
A — T is invertible, that is, A ¢ o(7T). Therefore, the relation (2.2)
follows. O

As an immediate consequence, we have

Corollary 2.13. Let X be a compact metric space, 0 < a <1, and T
an endomorphism of Lip(X, a) or of lip(X, «) induced by the self-map
pon X.

(i) If T is Riesz, then o(T) C {0} U{A : X" = 1} for some positive
integer n.

(ii) If T is quasicompact and o(T) C {0} U{A : |\| = 1}, then T is
Riesz.
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We remark that, in Theorem 2.12 and Corollary 2.13, if we assume
the connectedness of X, we get n = 1. Therefore, by Corollary 2.13,
if X is a connected compact metric space and the endomorphism T is
Riesz, then o(T) = {0, 1}.
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