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NORMALITY CONCERNING EXCEPTIONAL
FUNCTIONS

CHUNNUAN CHENG AND YAN XU

ABSTRACT. Let ¢(z)(Z 0) be a function holomorphic in
a domain D, k € N, and let F be a family of meromorphic
functions defined in D, all of whose zeros have multiplicity at
least k + 2 such that, for every f € F, f(¥)(z) # ¢(z). The
non-normal sequences in F are characterized.

1. Introduction and main results. Let D be a domain in C,
and let F be a family of meromorphic functions defined on D. F is
said to be normal on D, in the sense of Montel, if for any sequence
{fn} € F there exists a subsequence {fy,}, such that {f,,} converges
spherically locally uniformly on D, to a meromorphic function or oo
(see [4, 10, 13]).

The following well-known normality criterion was conjectured by
Hayman [5] and proved by Gu [3].

Theorem A. Let F be a family of meromorphic functions defined in a
domain D, and let k be a positive integer. If, for every function f € F,
f#0,and f%*) %1 in D, then F is normal in D.

This result has undergone various extensions and improvements. In

[12] (cf., [7, 9]) Xu obtained:

Theorem B. Let ¢(2)(# 0) be a function holomorphic in a domain
D C C, k € N. Let F be a family of meromorphic functions defined in
D, all of whose poles are multiple and whose zeros all have multiplicity
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at least k + 2. If, for every function f € F, f*)(z) # ¢(z), then F is
normal in D.

Theorem C. Let ¢(z) (# 0) be a function holomorphic in a domain
D C C, k€ N. Let F be a family of meromorphic functions defined in
D, all of whose zeros all have multiplicity at least k + 3. If, for every
function f € F, f¥)(2) # (), then F is normal in D.

Theorem D. Let ¢(z)(# 0) be a function holomorphic in a domain
D C C, k € N. Let F be a family of meromorphic functions defined
in D, all of whose zeros have multiplicity at least k + 2. If, for every
function f € F, f*)(2) # ¢(2), and ¢(z) has no simple zeros in D,
then F is normal in D.

We remark that:

(1) the condition ‘all of whose poles are multiple’ in Theorem B is
necessary;

(2) the number k + 3 in Theorem C is best possible;

(3) the hypothesis ‘©(z) has no simple zeros’ in Theorem D cannot
be omitted.

These can be shown by the following example.

Example 1.1. Let k € N, D = {z:|z| < 1}, p(z) = z and

1 (z—l/n)k”}
(k+D)z—(k+2)/n]

F= {fn(Z) -

Since
1 kil a
v P _ -
(k+1)!(z o 1(Z)+z(k+2)/n)’
where Pj,_1(z) is a polynomial of degree k — 1 and a € C\{0}, we have

ék)(z) # ¢(z). Clearly, all zeros of f,, have multiplicity k + 2, and all
poles of f, are simple. But F is not normal at z = 0.

fn(z) =

In this paper, inspired by the idea in [1, 6], we prove the following
result, which shows that the counterexample above is unique in some
sense.
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Theorem 1.2. Let p(z) (£ 0) be a function holomorphic in a domain
D, ke N, and let F be a family of meromorphic functions defined in
D, all of whose zeros have multiplicity at least k+2 such that, for every
function f € F, f*¥)(2) # p(2). If F is not normal at zo € D, then z
must be the simple zero of p(z), and there exist 6 > 0 and {f,} C F

such that ( iz
Z— gn N
fn(z) = an(z)

on As(z0) = {2z : |z=20| < 6}, where (§n—20)/pn = —¢, (Ih—20)/pn =
—(k 4+ 2)c for some sequence of positive numbers p, — 0 and some
constant ¢ # 0. Moreover, f,(z) is holomorphic and non-vanishing on
As(20) such that fr(z) — f(2) locally uniformly on As(zo), where f(2)
satisfies [(z — 7)1 f(2)]®) = g ().

In this paper, we denote Ap = {2z : |2| < R} and A, = {z: 0 <
|z] < R} and drop the subscript when R = 1.

2. Lemmas. To prove our results, we need the following lemmas.

Lemma 2.1. ([8]). Let k be a positive integer, and let F be a family of
meromorphic functions in a domain D such that each function f € F
has only zeros with multiplicities at least k, and suppose that there exists
A > 1 such that |f®)(2)| < A whenever f(z) =0, f € F. If F is not
normal at zg € D, then for each o, 0 < o < k, there exist a sequence
of complex numbers z, € D, z, — 2y, a sequence of positive numbers
pn — 0, and a sequence of functions f, € F such that

_ Jn(Zn + pné)
J2s

locally uniformly with respect to the spherical metric, where g is a non-

constant meromorphic function on C, all of whose zeros have multiplic-

ity at least k, such that g% (&) < g#(0) = kA + 1. Moreover, g(¢) has
order at most 2.

gn(§) — 9(¢)

Here, as usual, g# (&) = |¢(£)|/(1 + |g(£)|?) is the spherical deriva-
tive.
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Lemma 2.2. ([11]). Let f be a meromorphic function of finite order
in the plane C, k a positive integer. If all zeros of f are of multiplicity
at least k + 2 and f*)(2) # 1, then f(2) is a constant.

Lemma 2.3. ([2]). Let f be a transcendental meromorphic function
of finite order, and let b(z) be a polynomial which does not vanish
identically. If f has only multiple zeros, then f'(z) —b(z) has infinitely
many zeros.

Lemma 2.4. ([12]). Let f be a transcendental meromorphic function,
k > 2,1 positive integers. If all zeros of f are of multiplicity at least 3,
then f*)(z) — 2% has infinitely many zeros.

Lemma 2.5. ([11]). Let f be a non-polynomial rational function and
k a positive integer. If f*)(2) # 1, then

_ 1y k—1 a
f(Z)—EZ +ag—12 +"'+ao+m,
where ag—_1,...,a9,a(# 0),b are constants and n is a positive integer.

Lemma 2.6. Let Q) be a non-constant rational function and k, 1 positive
integers. If all zeros of Q are of multiplicity at least k + 2 and
QW) (2) # 2L, then 1l =1 and

1 (2 4 c)k+2
(k+ 1! (24 (k+2)¢)’

where ¢ is a nonzero constant.

Qz) =

Proof. If Q is a polynomial, then Q*)(z) — 2! is also a polynomial.
Noting that Q¥ (z) # 2!, then Q™) (z) — 2! is a zero-free polynomial,
and hence deg(Q™®)(2) — 2!) = 0 and Q*)(z) — 2! is a nonzero constant.
So, we may assume that Q(*) (2) = 2!+, where « is a nonzero constant.
Since all zeros of @ have multiplicity at least k42, then Q¥+ (z) = 0
whenever Q(z) = 0. But Q1 (2) = I2/~! vanishes only for z = 0.
Then Q(0) = 0, so that o = Q*)(0) = 0, a contradiction. Thus Q is a
non-polynomial rational function.

Set ! )
C_ R ok

1) = Q@) = g Kl
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Then f(z) is a non-polynomial rational function and f*)(z) # 1. By
Lemma 2.5,

_ L k—1 a
f(z)—yz +ag-12 +"'+ao+m,
where ag_1,...,a9,a(z# 0),b are constants and n is a positive integer.
Thus,
1) Q)= e a2 e
(k+ D) a (z+b)»

There exists a point zy such that Q(zg) = 0. Since all zeros of @ have
multiplicity at least k + 2, we get

cn(n+1)--(n+k—1)

@ QWGe0) =2+ ()T =0,
and
3) Q@+U(%>:ldr1+(_1ﬁ+ﬂﬂn%-n-”<n%—m _o.

(ZO + b)n+k+1

We see that zg # 0 since a # 0. Solving for zg from (2) and (3), we

obtain
bl

Tn+k+0
and b # 0. By (1), this is the only zero of Q(z) of multiplicity k+ 1 +n.
From (1), we have Q¥+ 1) (2) #£ 0. It follows that n = 1 and

I (z+0bl/(k+1+ 1))kttt
(k+)! (z+b) '

zZ0 —

Q(z) =

Again, by (1), we get
bl
(

(k4 D'ag—1 54
YRS :

l!
(z+0b) +

)k+l+1 = Zk+l(2: + b) +

(k+Dlag (k+1)la
AT T

Comparing the coefficients of z**! gives bl = b, so that | = 1 since
b # 0. Then

(2 4b)+-

1 (z4+b/(k+2)kt?

QE) = G (z+b)
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Letting ¢ = b/(k + 2), we get

1 (2 4 c)k+2
(k+ 1! (24 (k+2)c)

Lemma 2.6 is thus proved. O

Q(z) =

Lemma 2.7. Let k be a positive integer, F = {fn} a family of
meromorphic functions defined in a domain D, all of whose zeros have
multiplicity at least k+2, and let {¢on(2)} be a sequence of holomorphic
functions such that ¢n(z) — @(2)(# 0) locally uniformly on D. If

7Sk)(z) %+ n(2) for z € D, then F is normal in D.

Proof. Suppose F is not normal at zg € D. By Lemma 2.1, there
exist a subsequence which we still denote by {f,} for convenience,
complex points z, — 2y, and positive numbers p, — 0 such that

9 (Q) = pr ¥ fulzn + pul) — 9(0),

locally uniformly on C with respect to the spherical metric, where
g(¢) is a nonconstant meromorphic function, all of whose zeros have
multiplicity at least k + 2, and ¢({) has order at most 2.

Moreover, on every compact subset of C which contains no poles of
9(¢), we have

fr(Lk)(Zn + PnC) - Sﬁn(zn + PnC)
= g(C) = pnlzn + pnC) — 9M(C) — @(20).

Since f,(,k) (zn+ pnC) # ©n(zn+pn), Hurwitz’s theorem implies that

cither g*)(¢) = ¢(20) or g*¥)(¢) # ¢(20) for any ¢ € C\{g~'(c0)}.
Clearly, these also hold for all ¢ € C.

If g™ (¢) = p(2), then g(¢) must be a polynomial of degree Fk,
which contradicts the fact that all zeros of g(¢) have multiplicity at

least k + 2. So g™ (¢) # ©(2). Lemma 2.2 implies that g(¢) is a
constant, a contradiction. Lemma 2.7 is proved. (|

3. Proof of Theorem 1. Since F is not normal at zy, by Lemma 2.7,
2o must be a zero of ¢(z). Without loss of generality, we assume
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D=A={z:]z] <1}, and

p(z) = 2"9(2),
where m > 1,¢(0) = 1,¢(z) # 0 for all z € A. F is normal on A’ but
not normal at the origin.

Consider the family

o fot- 12 s}

Since f*)(0) # ¢(0) = 0, and all zeros of f have multiplicity at least
k + 2, we get that f(0) # 0. Thus, for each g € G, ¢g(0) = oo with
multiplicity at least m. Furthermore, for each g € G, g(z) has zeros of
multiplicity at least k + 2.

Clearly, G is normal on A’. We claim that G is not normal at z = 0.
Indeed, if G is normal at z = 0, then G is normal on the whole disk A
and hence equicontinuous on A with respect to the spherical distance.
On the other hand, g(0) = oo for each g € G, so there exists € > 0
such that, for every g € G and every z € A, |g(z)| > 1. Then f(z) is
non-vanishing, and thus 1/f is holomorphic on A, for all f € F. Since
F is normal on A’ but not normal on A, the family 7; = {1/f, f € F}
is holomorphic on A, and normal on A/, but it is not normal at z = 0.
Therefore, there exists a sequence {1/ f,} C F1 which converges locally
uniformly on AL, but not in A.. Hence, by the maximum modulus
principle, 1/ f, — oo on AL. Thus, f, — 0 converges locally uniformly
on AL, and so does {g,} C G, where g, = fn/¢. But |gn(2)] > 1 for
z € A, a contradiction.

Then, by Lemma 2.1, there exist functions {g,} C G, complex points
zn — 0 and a sequence of positive numbers p, — 0, such that

(2 + pnC)

Gn(C) = o ok — G(Q)

converges spherically uniformly on compact subsets of C, where G(() is
a nonconstant meromorphic function with finite order, and all of whose
zeros have multiplicity at least k + 2.

By [12, pages 410-411], we can assume that z,/p, — «, a finite
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complex number. Then

gn(pnC) _ gn(zn + Pn(C - zn/pn))

Pk ok
= Gn(C = 2n/pn) — G(¢ — ) = G(Q).

spherically uniformly on compact subsets of C. Clearly, all zeros of
G(¢) have multiplicity at least k + 2, and G(0) = oo with multiplicity
at least m.

Set
(1) HA(C) = f;;ﬁ';f)
Then

PR P
spherically uniformly on compact subsets of C. Obviously, all zeros of

H(¢) have multiplicity at least k + 2 and H(0) # 0 since G(0) = oo
with multiplicity at least m.

Now, we claim that H*)(¢) # ¢™. Indeed, by (4), we have

7 (pn) = 0(pn)
o

= HP(Q) ~ A2 oo g) - ¢

JZs

0+

uniformly on compact subsets of C.

If there exists (o € C such that H®)((y) = ¢, then H is holomor-
phic at ¢y, and Hurwitz’s theorem implies that H®*)(¢) = ¢™. Hence,
H(() is a polynomial with degree of k +m. H®(¢) = 0 whenever
H({) =0, since all zeros of H({) have multiplicity at least k + 2. But
H®)(¢) = ¢™ vanishes only for ¢ = 0. Then we get H(0) = 0, a
contradiction.

Thus, H®)(() # ¢™. Lemma 2.3 (for k = 1) and Lemma 2.4
(for k > 2) imply that H(¢) must be a rational function. Then by
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Lemma 2.6, we have m = 1, and

(C+o)+

H(¢) = T D(Ct kT2 c € C\{0}.
This together with (4) and (5) gives that
fn(pnC) (C+ C)k+2
(6) P N | ([N )

Noting that all zeros of f,, have multiplicity at least k + 2, there exists
¢n — —c and ¢, = —(k + 2)c such that &, = pn(, is the zero of f,
with exact multiplicity k& 4+ 2 and 7, = p, (), is the simple pole of f,.

Now write
@ o) = E22 0 ),
Then by (6) and (7), we get
~ 1
(®) Inlon®) = i

on ¢ € C.

Claim 3.1. There exists § > 0 such that f,(z) # 0 on Ag.

Suppose not, taking a sequence and renumbering if necessary. fn has
zeros tending to 0. Assume Zz, — 0 is the zero of f,, with the smallest
modulus. Then by (8), we see that 2z, /p, — co.

Set
(9) [2(2) = fu(znz).
Then f;(z) is well-defined on C and non-vanishing on A. Moreover,

fa(1) =0.
Now, let

(2 — fn/gn)k+2 "

(10) My (2) = 2T )
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By (7), (9) and (10), we have
Z/Z\n - gn)k+2 ﬁ’b(/z\nz) _ fn(/z\nz)
(220 —mn)  (Z)MHE — (En)EFY

Obviously, all zeros of M, (z) have multiplicity at least k + 2. Since
7(zk)(z) # (z), we obtain

(11) Mrgk)(z) — 28(Zn2) = (/Z\n)_l(fr(zk)(%\nz) — ¢(zn2)) # 0.
Hence, by applying Lemma 2.7, {M,,(2)} is normal on C* = C\{0}.
Noting that

M, (z) = ¢

éi:i”ﬁl—m
Zn Pn Zn

and
Mo _pn g

Zn Pn Zn

we deduce from (10) that {f } is also normal on C*. Thus, by taking
a subsequence, we assume that fn — f * spherically locally uniformly
on C*. Clearly, f* (2) has a zero at 1 with multiplicity at least k + 2
since f(1) = 0.

Set
(12) Ku(2) = M{P(2) = 26(2,2).
Then, from (11), K,, # 0.

Now we prove that f*(z) % 0. Otherwise, f;(z) — 0; thus,
K,(z) - —z and K/ (z) — —1 locally uniformly on C*. By the
argument principle, we have

1
/ —dz
lz]=1 %

(13)

n(17Kn)—n<1 )'
where n(r, f) denotes the number of poles of f in A,, counting mul-
tiplicity. It follows that n(1,K,) = 1, which means that K,(z) =
MT(Lk)(z) — 2¢(2,2) has one simple pole, a contradiction.

1

”dz% =1,

j21=1 &
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Then 1/ f* - 1/ f* # oo spherically locally unlformly on C*.
Recalling that f* is non-vanishing on A, then 1 / f* is holomorphm
on A. The maximum modulus principle yields 1 / f =1/ f*, and then
f* — f* on A. Hence, f* %f* on C.

By (10) and (12), we see that
Kn(z) — K(2) = ("7 (2)®) - 2

on C. Since K, (z) # 0, Hurwitz’s theorem implies that either K(z) =0
or K(z) # 0. Since f*(z) has a zero at 1 with multiplicity at least
k + 2, we know that K(1) = —1. On the other hand, f;’;(O) =
fn(O) = 1/(k+ 1)! = f*(O), it follows that K(0) = 0. We arrive
at a contradiction, and thus prove our claim.

We now proceed with our proof. Since {f,}, and hence {; fu}is
normal on A’ taking a subsequence and renumbering, we have fn — f
spherically locally uniformly on A’.

The proof follows our previous argument rather closely. We prove
that f(z) # 0 on A’. Otherwise, we have f,(I (z2) - 0 and f(kJrl (z2) =
0 locally uniformly on A’. Then the argument principle yields that:

1w > (1 1>

1 r(LkH) _

z|=3 flk) -

’

gdz

=1

\:i

Since fT(Lk)(z) # ¢(z), we have n(3, ,(Lk)) =n(3, A ) = 1, which is
impossible.

Hence, 1/ fn -1/ f # oo spherically locally uniformly on A’. Recall
that fn( ) # 0 on Ag, 1/fn is holomorphlc on A5 By the maximum
modulus principle, 1/ fn -1/ f , and hence fn — f bpherlcally locally
uniformly on A. Since f,,(0) = 1/(k + 1)!, we have f(0) = 1/(k + 1),
SO fis holomorphic at 0. Moreover, there exists ¢’ > 0 such that each
fn is holomorphic on Ay .

By (7), we obtain f,(z) — 2"+ f(z) on A. Thus,
(14) 1) = 0(2) = )Y — p(2),
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on A\(f~*(c0)).

If [z’““f(z)](k) — ¢(z) # 0, by the maximum modulus principle
(14) still holds on A since f,sk)(z) # p(z). Hurwitz’s theorem implies
that [25+1F(2)]® — ¢(2) # 0, violating the fact that [(z5+!f(z))®) —
©(2)]|—0 = 0. Hence, [zF+1 f(2)]®) = ©(z). The proof of Theorem 1 is
completed. 0
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