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ASYMPTOTIC BEHAVIOR IN NEUTRAL
DIFFERENCE EQUATIONS WITH SEVERAL
RETARDED ARGUMENTS

G.E. CHATZARAKIS AND G.N. MILIARAS

ABSTRACT. In this paper, we study the asymptotic be-
havior of the solutions of a neutral type difference equation
of the form

A [x(n) + Z cja(Tj (n))] +p(n)z(c(n)) =0, n>0

=1

where 7;(n), j = 1,...,w, are general retarded arguments,
o(n) is a general deviated argument (retarded or advanced),
c¢; €ER, j=1,...,w, (p(n))n>0 is a sequence of positive real

numbers such that p(n) > p, p € R4, and A denotes the
forward difference operator Az(n) = z(n + 1) — z(n).

We also examine the convergence of the solutions when
these are continuous and differentiable with respect to c;,
j=1,...,w.

1. Introduction. A neutral difference equation (NDE) is a differ-
ence equation in which the higher order difference of the unknown se-
quence appears in the equation both with and without delays or ad-
vances. See, for example, [1, 4, 5, 13] and the references cited therein.
We should note that the theory of neutral difference equations presents
complexities, and results which are true for non-neutral difference equa-
tions may not be true for neutral equations [23].

1.1. Applications of NDEs. Apart from mathematical interest, the
study of those equations is motivated by their applications. Neutral
difference equations arise in several areas of applied mathematics, in-
cluding circuit theory [3], bifurcation analysis [2], population dynamics
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[11], dynamical behavior of delayed network systems [32], signal pro-
cessing [2] and so on. Neutral difference equations also come up in the
study of vibrating masses attached to an elastic bar as, for example,
the Euler equation is used in some variational problems and in the the-
ory of automatic control. See, also, Driver [9], Hale [14], Brayton and
Willoughby [5], and the references cited therein. For the general theory
of difference equations the reader is referred to the monographs [1, 4,
13, 17].

Below, we present two applications indicating the relevance of the
equation we study in this paper to real world problems. The two
examples are taken from the areas of signal processing and population
dynamics.

1.1.1. An application in signal processing. A filter is a system
that functions to extract the data from noise, in a signal. The simplest
filters are the FIR (finite impulse response) filters that discriminate
data from noise by computing the “running average” of the input signal.
The term running average simply means regularly sampling the input
signal at a fixed time interval At and computing the average of the
most recent values of the input signal.

Another class of filters is the IIR (infinite impulse response) filters.
In contrast to FIR filters that merely involve previous values of the
input signal, IIR filters involve previous values of the input signal, as
well as previous computed values of the output signal in the compu-
tation of the present output y(n). Since the output is fed back to be
combined with the input, these systems are examples of the general
class of feedback systems.

The defining equation for an IIR filter is the difference equation (see
20])

ni n

y(n) = Zaiy(n —i)+ Zbix(n — i),

where z(n) is the input signal, y(n) is the output signal, a;, 1 <i < mny
and b;, 0 <7 < ny are real constants. Thus,

ni n2
yn+1) = Zaiy(n—i— 1—14) +Zbix(n+ 1—14).
i=1 =0
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From the above equations, it follows that

ni n2
= Z a;Ay(n — i)+ Z biAx(n — 1)
i=1 =0

and
L

L ni
ZC[A:L] n—pg) ZQZMAZJ(”*P@*@

(=1 =1 =1
na

+ Zce ZbiAx(n — pe — 1),
(=1 =0

where ¢p, 1 < ¢ < L, are real constants and py, 1 < ¢ < L are positive
integers.

Combining the last two equations we obtain

L ni L
A {y(n) + Z coy(n — pg)] = Z a; {Ay(n —i)+ Z ceAy(n — pg — z)]
=1

i=1 (=1
L

+ Zb [A:L’ n—1 +ZC@ASE n— pgl):|
=1

or

Ay + et p0)] + p(i)y(n — )

ne+maxi<e<r Pe

o

<.

where p(j), 0 < j < my + maxi<i<r pe and ¢(j), 0 < j < ng +
maxi<¢<r, p¢ are real constants.

That means that the functional characteristics/properties of the
class of IR filters are described by a neutral difference equation having
the above form, which is the non-homogeneous form of the equation we
study in this paper.

1.1.2. An application in population dynamics. Neutral differ-
ence equations have been and are used to describe/model the dynamics
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of a population or species that increases from the reproduction of its
members and decrease from competition, both within the population
and competition from another population or species. The neutral dif-
ference equation we study in the paper is a more general form of the
neutral difference equation that has been (commonly) used to model
the change—growth or depletion—of species or populations.

If we denote x(n) to be the size of a population at the time unit
n, then according to the Malthus model of population dynamics, the
size/growth of the population at n + 1 is described by an equation of
the form

2(n+1) = 2(n) = gm)z(n—m), n=>0,

where ¢(n) is a time dependent growth rate. The delay m indicates
that it takes m periods of time for a newborn in the population to
mature and start reproducing.

However, a population’s growth is checked by various environmental
agents and factors, primarily the limited resources that lead to intra
and extra population competition. Except from competition, various
other causes, like disease, act to check the growth of a population.
We can describe the affect on a population, namely, the decrease in
a population, due to disease and intra population competition by the
difference equation

cle(n—k+1)—a(n—k)]=pn)x(n—r), n>0,

where ¢ is a real constant, p(n) is a time dependent depletion rate and
k, r are nonnegative integers such that » > k. The value of delay r
is chosen so that » > m 4 1, thus indicating that, on the average, the
relatively more aged members of the population are more susceptible
to competition and disease than the younger ones.

Combining the above equations, the net change in the size of the
population can be described by the neutral difference equation

Afz(n) —cx(n — k)] — ¢n)x(n —m) + p(n)z(n —r) =0, n>0.

If the rate ¢(n) of the population’s reproduction is slow relative to the
rate p(n) at which the population is depleted due to, say, an epidemic
disease and —1 < ¢ < 1, then in the short term, the change in the
population can be described by the neutral difference equation

Alfz(n) —cx(n — k)] +p(n)z(n—7r)=0, n>0,
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which is a special case of the neutral difference equation we study in
this paper (see Section 3, Theorem 3.1, Part III).

1.2. NDE with several retarded arguments. Consider the neu-
tral difference equation in which the difference of the unknown sequence
appears in the equation both with and without more than one delay

E) A {’E(n) +> ¢l (n))] +p(n)z(o(n)) =0, n=0,
j=1

where (p(n)),>0 is a sequence of positive real numbers such that
p(n) Z D, P S R+, Cj S R? ] = 17"'7wa (T](n))n207 .7 = 1,...,U)
is an increasing sequence of integers that satisfies
Tin)<n—-1,j5j=1,...,w Vn>0, lim, . 7j(n) =400
(1.1) and
Ti(n) < T(n+1), Ve&me[l,w]NN

and (o(n)),>o0 is an increasing sequence of integers such that

g'(n) <n-— 1 Vn > 0, hmn—>oo O'(TL) = +00,
(1.2) or
on)>n+1 ¥Yn>0.

The keen interest in equation (E) is motivated by the fact that it
represents a general form of first order neutral difference equations (see

[6])
(E1) Alz(n) + cx(r(n))] + p(n)z(a(n)) =0, n =0,
where (p(n))n>0 is a sequence of positive real numbers such that

p(n) > p, p € Ry, ¢ € R, (1(n))n>0 is an increasing sequence of
integers which satisfies

(1.1) 7(n)<m—1 foralln>0and lim 7(n)=+oc0

n—oo

and (o(n))n>0 is an increasing sequence of integers such that (1.2)
holds.

Define

k=-— m>i101 {rj(n),o(n)} if o(n) is a retarded argument.
1<550
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(Clearly, k is a positive integer.)

By a solution of the neutral difference equation (E), we mean a
sequence of real numbers (z(n)),>_j which satisfies (E) for all n > 0.

It is clear that, for each choice of real numbers c_, c_gy1,..., c—1,
¢o, there exists a unique solution (z(n)),>_x of (E) which satisfies the
initial conditions z(—k) = c_g, z(—k+1) = c_g41,...,2(—1) = c_1,
z(0) = co.

A solution (z(n)),>— of the neutral difference equation (E) is called
oscillatory if, for every positive integer no there exist ni,ns > ng
such that xz(ni)z(nz) < 0. In other words, a solution (z(n)),>_g is
oscillatory if it is neither eventually positive nor eventually negative.
Otherwise, the solution is said to be nonoscillatory.

If o(n) is an advanced argument, then:

By a solution of the neutral difference equation (E), we mean a
sequence of real numbers (z(n)),>o which satisfies (E) for all n > 0.

A solution (x(n)),>0 of the neutral difference equation (E) is called
oscillatory if, for every positive integer ng, there exist ni,ny > ng such
that z(n1)xz(n2) < 0. In other words, a solution (z(n)),>o is oscillatory
if it is neither eventually positive nor eventually negative. Otherwise,
the solution is said to be nonoscillatory.

In the special case where 7;(n) =n—aj, o(n) =n=£b, a;,b € Nand
7(n) =n —a, a € N, equations (E) and (E;) take the forms:

(E) A [a:(n) + cha:(n - aj)} +pn)x(n+td)=0, n>0

(EY) Alz(n) 4+ cx(n —a)] +p(n)x(n £b) =0, n >0,

respectively.

In the last few decades the asymptotic behavior of neutral difference
equations has been extensively researched and developed. Hence, a
large number of related papers have been published. See [2, 3, 5-8,
10, 12, 15, 16, 18, 19, 22, 24-31], and the references cited therein.
Most of these papers concern the special case of the neutral delay
difference equation (E}) where the algebraic characteristic equation
provides useful information about oscillation and stability, while only a
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small number of papers have dealt with the general case of the neutral
difference equation (Eq).

Regarding equation (E;), recently, Chatzarakis and Miliaras [8]
established the following theorem:

Theorem 1.1 [8]. For equation (E1), the following statements hold

true:
(I) Every nonoscillatory solution is unbounded if ¢ < —1.
(IT) Ewvery solution oscillates if c = —1.
(III) Ewvery nonoscillatory solution tends to zero if —1 < ¢ < 1.
(IV) Ewvery nonoscillatory solution is bounded if ¢ > 1.

Furthermore, if any solution of (Ei) is continuous with
respect to c, then the following statements hold:
(V) Every solution is eventually zero, if ¢ < —1.
(VI) Ewvery solution tends to zero, if —1 < ¢ < 1.
(VL) If additionally, any solution of (E1) has continuous derivatives
of any order and convergent Taylor series for every c € R, then
the solution is zero.

In the same article [8], Chatzarakis and Miliaras established the
following corollary for equation (Ef):

Corollary 1.1 [8]. For equation (E}), the following statements hold
true:

(i) Ewvery nonoscillatory solution tends to +oo if ¢ < —1.
(ii) Ewery solution oscillates if c = —1.
(iii) Every nonoscillatory solution tends to zero if ¢ > —1.
Furthermore, if any solution of (E}) is continuous with
respect to c, then the following statements hold:
(iv) Ewvery solution is eventually zero, if ¢ < —1.
(v) If additionally, any solution of (E}) has continuous derivatives
of any order and convergent Taylor series for every ¢ € R, then
the solution is zero.

The objective in this paper is to investigate the convergence and
divergence of solutions of equation (E) in the case of general delay
arguments 7;(n), j = 1,2,...,w, and a general deviated (retarded or
advanced) argument o(n), depending on real constants ¢;, j = 1,...,w.
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2. Some preliminaries. Assume that (z(n)),>_k is a nonoscilla-
tory solution of (E). Then it is either eventually positive or eventually
negative. As (—z(n)),>—_x is also a solution of (E), we can restrict
ourselves only to the case where z(n) > 0 for all large n. Let ny > —k
be an integer such that x(n) > 0, for all n > ny. Then, there exists
ng > nyp such that

z(a(n)) >0, z(r;(n)) >0, j=1,2,...,w forall n>ng.
Set

(2.1) 2(n) = a(n) + ) eja(r(n)).
j=1

In view of (2.1), equation (E) becomes
(2.2) Az(n) + p(n)z(o(n)) = 0.
Taking into account that p(n) > p > 0, we have
Az(n) = —p(n)z(o(n)) < —pz(c(n)) <0, for all n > ng,

which means that the sequence (z(n)) is eventually strictly decreasing,

regardless of the values of the real constants c;.
Let the domain of 7; be the set D(7;) = Nyr = {n},nj+1,nj+2,...},
where n} is the smallest natural number that 7; is defined. Set

Ny = max nk.
1<j<w

Then 75, j = 1,2,...,w, is defined in the set N,,, = {n,,n. +1,n, +
2,...}

Let the subsequences

2(Tp(m) () = max {z(11(n)), 2(12(n)), ..., 2(7w(n)) }

(2.3) and
2(Ty(ny(n)) = min {z(11(n)), 2(12(n)), ..., 2(1w(n))},
where p(n), p(n) are sequences that take values in the set {1,2,...,w}.

Clearly, condition (1.1) guarantees that (z(7,(,)(n))) and (2(7,(,)(n)))
are subsequences of (z(n)).

Notice that

(2.4) 7, (75, (- 75, (n))) = 75, (ns)  where ng = 75, (- - 75,(n)).
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The following lemma provides some tools which are useful for the main
results:

Lemma 2.1. Assume that (£(n))n>_ s a positive solution of (E).
Then the following statements hold:

Q) 1f .
> plialo(i) = So < +oc,
then
(2.5) lim z(n) = A= lim chx(Tj(a(n))), A€eR.
(i) )
Z p(i)z(o(i)) = +o0,
then
(2.6) z(n) <0 eventually.

(i) If the constants c; are all nonpositive or nonnegative and
c> —1, then

oo

(2.7) Z p(1)x(o(i)) = So < +0o0.

Proof. Summing up (2.2) from ng to n, n > ny ,we obtain

2n+1) = z(no) + Y pli)a(o(i)) = 0,

i:no

or

(2.8) z(n+1) = z(no) — Z p(i)z(o(i)).
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For the above relation, there are only two possible cases:

(2.8.a) ‘Z p()z(a(i)) = Sp < 400,
or )
(2.8.b) Z p()z(o(i)) = +oo.

Assume that (2.8.a) holds. Since p(n) > p > 0, we have

+oo >S5y = Z p()z(a(i)) >p Z x(o(4)).

The last inequality guarantees that

> a(o(i)) < +oo
i:no

and, consequently,

(2.9) lim z(o(n)) = 0.
n—oo

Also, (2.8.a) guarantees that lim,,_, . z(n) exists as a real number. Set
lim z(n) =AeR.
n— oo

Since (z(o(n))) is a subsequence of (z(n)), we have lim,,_, z(c(n)) =

A, or

n—roo

lim {x(a(n)) + Z le‘(Tj(O'(n)))] = A.
Using (2.9), we obtain
nlgn;ozcjx(Tj(a(n))) = A.

Thus,
lim z(n) = A:T}ergchjx(Tj(a(n))).

n—00
Jj=1

The proof of part (i) of the lemma is complete.
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Assume that (2.8.b) holds. Then, by taking limits on both sides of
(2.8) we obtain lim, . 2(n) = —oo which, in conjunction with that
fact that the sequence (z(n)) is eventually strictly decreasing, means
that

z(n) <0 eventually.
The proof of part (ii) of the lemma is complete.

Assume that —1 < ¢ < 0 and suppose, for the sake of contradiction,
that Y27 p(i)z(o(i)) = 4oo. Then, in view of part (i), we have
z(n) < 0 eventually. Thus, if

w
(2.10) c=) ¢
j=1

and, taking into account definition (2.3), we have

o00) < =3 esrtr) = (= 3 es ot )

= —CJ;(le(n)(n)) :
< (-0 ( - i ¢ 2(7(Tpy(n) (n)))>
< (=0 ( - ji_u:l cj) 2(Tpy(n) (Tpr (n) (1))

= (_0)2 m(sz(n) (Tm (n) (n)))
< < (=)™ ™ 2 (T Ty Ty (1)))).

Based on (2.4), the last inequality becomes
(2.11) 2(n) < (=)™ (7, (n)).

If -1 < ¢ <0, clearly (—¢)"™™ — 0 since m(n) — oo as n — oo. Since
x(n) > 0 for all large n, (2.11) guarantees that lim,_, . z(n) = 0. This
implies that lim,, o 2(n) = 0, and consequently, > 7° p(i)z(0(i)) <
oo, which contradicts our assumption.

If ¢ = —1, from (2.11) we obtain z(n) < z(7,,,,(n«)), which
means that (z(n)) is bounded, and therefore, (z(n)) is bounded. Thus,
Yot pi)x(a(i)) < oo, which contradicts our assumption.
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Assume that ¢ > 0 and >2° p(i)z(o(i)) = oo. In view of
part (ii), (2.6) holds, i.e., z(n) < 0 eventually. This contradicts z(n) =
x(n)—l—zy;l cjz(rj(n)) > 0. Therefore, Y272 p(i)x(o(i)) = So < +oc.
The proof of part (iii) of the lemma is complete.

The proof of Lemma 2.1 is complete. (I

3. Main results. The asymptotic behavior of the solutions of the
neutral type difference equation (E) is described by the theorem be-
low. It is clear that the behavior of z(n) depends on the con-
stants c¢1,¢a,...,¢y. So, we may consider x(n) to be a function of
(c1,¢2,...,cy). We examine the behavior of z(cq, ca, . . ., ¢y, n) in terms
of continuity and differentiability and, as we will see, the results we will
obtain are essentially different, especially in the case where the delays
are constant.

Theorem 3.1. For equation (E), the following statements hold:

(I) Ewvery nonoscillatory solution does not converge in R if the

constants c; are all nonpositive and ¢ < —1.

(IT) Ewery solution oscillates if the constants c; are all nonpositive
and c = —1.

(IIT) Ewvery nonoscillatory solution tends to zero if either ¢;s are all
nonpositive or the c;s are all nonnegative, and —1 < ¢ < 1.

(IV) Ewvery nonoscillatory solution is bounded if the cjs are all
nonnegative and ¢ > 1.

If any solution of (E) is continuous with respect to (¢y,¢2, . . .,
cw) where the cjs are either nonpositive or nonnegative, then
the following statements hold:

(V) Every solution is eventually zero, if c = —1.
(VI) Every solution tends to zero, if =1 < ¢ < 1.

Proof. Assume that (z(n)),>_k is a nonoscillatory solution of
(E). Then it is either eventually positive or eventually negative. As
(—x(n))n>—r is also a solution of (E), we can restrict ourselves only to
the case where z(n) > 0 for all large n. Let ny > —Fk be an integer such
that x(n) > 0, for all n > ny. Then, there exists ng > ny such that

z(o(n)) > 0, z(rj(n)) >0, j=12,...,w, Vn>n
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Set,
(2.1) 2(n) = z(n) + chx(fj(n)).

In view of (2.1), equation (E) becomes
(2.2) Az(n) + p(n)z(o(n)) = 0.
Taking into account the fact that p(n) > p > 0, we have
Az(n) = —p(n)z(o(n)) < —px(c(n)) <0 for all n > ng,
which means that the sequence (z(n)) is strictly decreasing eventually,

regardless of the values of the real constants c;’s.

Assume that the ¢;’s are all nonpositive and ¢ < —1. If (2.8.a) holds,
then, in view of part (i) of Lemma 2.1, we have

n—oo

lim z(n) = A= nler;oZ:lcjx(Tj(U(n))), A€R,
iz

which guarantees that A < 0.

If A =0, then

nhﬁrr;o z(n) = 0.

Taking into account that the sequence (z(n)) is eventually strictly
decreasing, it follows that, eventually, z(n) > 0. Thus, from (2.3),
(2.4) and (2.10), we have

z(n) > —ilcjx(%‘(n)) > (— icj)x(%l(n)(n))

j=1
= —ct(Tpy (ny(n) > - > (=)™ M a(r,, . (12).

Consequently,

nh_{rgo x(n) > nh_{rgo {(—c)m(") (T im) (n*))} = +o0,
which contradicts (2.9). Therefore, A < 0. Now, since lim,,_, o z(c(n))
=0, (z(n)) has more than one accumulation point. Thus, (x(n)) does
not converge in R.
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Assume that (2.8.b) holds. Then, by taking limits on both sides of
(2.8) we obtain

A3h, 40 = oo,

or w

i [a(0) + 3 cjaryn)| = .

n—oo

j=1
or
nlgl;o xz(n) + ch z(Tpmy(n)) | = —o0,
j=1

or

lim [z(n) + cx(ym(n))] = —oc.

n—oo

Since ¢ < —1, the last relation guarantees that

lim (7, (n)) = +oo0,

n—oo

which means that (z(n)) is unbounded. Therefore, (x(n)) does not
converge in R. The proof of part (I) of the theorem is complete.

Assume that the constants ¢; are all nonpositive and ¢ = —1. Then,
from parts (iii) and (i) of Lemma 2.1, we have

Tim 2(n) = lim {x(n) + iqx(q(n))] = A

= nl;rrgo Z cjx(ti(o(n)))

j=1
which guarantees that A < 0.

Assume that A < 0. Then there exists a natural number n) such
that z(n) < 0, for all n > ny. Thus, from (2.3), (2.4) and (2.10), we
have

)< — ZCJZET] <( Z%) Tpr(n) (1))
j=1

Jj=1

(Tpl (n) Z CJ T] Tpl (n) )))
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< (— : Cj)x(Tm(n)(Tpl(n)(”)))

J
= x(sz(n) (Tpl(n) (n))) << x(Tpm(nZ) (ns))
which means that (z(n)) is bounded.

Let
(3.1) M = limsup z(n).

n—oo

Then there exists a subsequence (z(6(n))) of (x(n)) such that
lim x(f6(n)) = M.

n—oo

Thus,

n—oo

i [2(6(0) + i cia(ry O(m)| = 4,

n— oo

~ lim {icjx(rj(e(n)))} =M — A.

Therefore, for every € with 0 < € < —A, there exists n3 € N such that

=Y (i (0(n) + e = M~ A, foralln>ny
j=1
or w
( - Z%)x(Tp(e(n))(G‘(n))) +e> M- A,
j=1
or
2(Tpo(n)) (0(n))) + > M — A,
or
M + e > limsup [2(7y(0(n))(0(n)))] +e>M — A
n— 00
or

e > —A.

This result contradicts that ¢ < —A, and therefore A = 0, i.e.,
lim, o 2(n) = 0. Furthermore, taking into account the fact that
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the sequence (z(n)) is eventually strictly decreasing, we conclude that
z(n) > 0, or equivalently,

or

Since (x(n)) has a lower bound greater than zero, it cannot have any
subsequence that tends to zero. Thus, lim,_,. z(c(n)) = 0 is not valid,
and therefore 3°7° p(i)z(o(i)) = oo, which comes to contradiction
with our previous assumptions. Thus, if ¢ = —1, (z(n)) oscillates. The
proof of part (II) of the theorem is complete.

Assume that the constants c¢; are all nonpositive and —1 < ¢ < 0.
In view of parts (i) and (iii) of Lemma 2.1, by a similar procedure as
in part (II), we conclude that A < 0.

Assume that A < 0. Then there exists a natural number n, such
that z(n) < 0, for all n > ny, and therefore

—écﬂ(ﬁ' _( Xw: ) 2(7py(m) (1))

= (_C)x<7—p1(n) (n)) <. < (_C)m(ne)l.(Tpm(w)(ns))7

which means that (z(n)) tends to zero as n — co. Thus, (2(n)) tends

to zero as n — o0, i.e., A = 0, which contradicts the assumption that
A < 0. Hence, A =0.

Taking into account the fact that the sequence (z(n)) is strictly
decreasing, it is obvious that z(n) > 0. Hence, for every ¢ > 0, there
exists a natural number n4 such that

+Zc] z(t5(n)) <e, foralln>ny
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or

< c[( -3 cj)x(rm(n)(rpl(n) (n))) + s] +e

J=1
=-¢ [_Cx(sz(n) (Tpr(my(n))) + 5} +e€
= u(Tpy(n) (Tpy () (0))) — ce+ €
m(ne) :L'(Tpm(n[) (’I’LS)) +e€

et (o)™ g,

<'-~<(—C)

As n — oo, clearly m(ng) — oo, and therefore,

£
14¢

lim z(n) < lim [5 —ce+ -4 (o)™ 5} =
n—roo n—r oo
Since € is an arbitrary positive real number and (z(n)) > 0, it becomes
evident that
lim z(n) =0.

n—oo

Let ¢ = 0. In view of part (iii) of Lemma 2.1, we have

oo

> pli)a(o(i) < +oo.

i:’n(]

This guarantees that (z(n)) is bounded. Therefore, (z(n)) is bounded,
since z(n) = z(n). Also, since (z(n)) is strictly decreasing, we can infer
that lim,,_,~ z(n) exists, and consequently, lim,,_, . z(n) exists. Using
(2.9), we conclude that

lim x(n) = 0.

n—r oo

Assume that 0 < ¢ < 1. Then, using parts (i) and (iii) of Lemma 2.1,
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we have

Therefore, for every ¢ with 0 < € < (1 — ¢)A, there exists ns € N such
that, for all n > ns,

Zc] z(j(o(n))) +e > A,
or "
(e )etrmotan(oton) +2 > 4
j=1
or
cx(Tpo(n))(0(n))) + > A,
or A
—&
x(Tp(U(n))(a(n))) > c
and therefore
A—c¢
2(Tp(omy) (0(n)) > > A,

which contradicts that 0 < e < (1 — ¢)A. Hence, A =0, i.e.,

lim z(n) =0,

n—oo

and since

z(n) > z(n) > 0,

we have

nhﬁn;o z(n) = 0.

The proof of part (IIT) of the theorem is complete.

Assume that ¢ > 1. By part (iii) of Lemma 2.1, Y772 p(i)z(0 (i) <
+oo which, in conjunction with (2.8), implies that (z(n)) is bounded.
Therefore, (z(n)) is bounded. The proof of part (IV) of the theorem is
complete.

For the rest of the proof, we assume that z(n) is a continuous
function with respect to (1, co, . . ., ¢y ), where the constants c; are either
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nonpositive or nonnegative. Therefore, instead of x(n), we shall write
$(017C27 s 7Cwan)'

Let
d17d27-~-,dw§0 with d1—|—d2—|—+dw:_1

Then, in view of part (IT), (z(dy,ds, . .., dw,n)) oscillates. On the other
hand, since z(c1, ca, ..., Cy,n) is continuous, we have

lim x(c1, e,y Cpyn) = x(dy,day .. dyyn).
(c1,¢2,50eescw) = (d1,d2,+,dw)

But z(c1,c¢2,...,¢w,n) > 0 for all large n, and therefore its limit is
always nonnegative. Thus,

x(dy,day ..., dy,n) >0 for all large n,

which contradicts that (x(dy,ds,...,dy,n)) oscillates. Thus, x(d;, da,
..oy dy,m) = 0, eventually. Thus, for every w-tuple (d1,ds, ..., d,) with
dy +do+ -+ dy = —1, we have z(dy,da, . ..,dy,n) = 0, eventually.
The proof of part (V) of the theorem is complete.

Let a point
(c1,62y...y¢y) Wwith —1<ep+ea+-+ey=c<1,
and a point
(di,day...,dy) withdy +do+---+dy =1

Taking into account part (III), it suffices to show part (VI), only for
¢ = 1. From parts (i) and (iii) of Lemma 2.1, we have

w
nh_)ngo Z cjz(cr,co,. .., cy,Ti(0(n))) = A
j=1
Thus, for every € > 0, there exists ng € N such that

chm(cl,CQ,- - Cw, Tj(o(n))) > A+e, forall n>mng
j=1

or

< cj>x(cl,02,...,cw,Tp(n)(n)) > A+e,
i=1

j=
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or
A+e

z(c1, €2, .., Cus Tomy (0) > o

Assume, for the sake of contradiction, that A > 0. Taking into account
the fact that

lim z(ci,¢0,...,Cp,n) =0

n—oo
when

O0<eci+ca+-+cy <1,

there exists ny € N such that

z(c1, ¢,y Cu, B(Tpm)(n))) < =,  for all n > ny,

2|

since limy, 00 Z(C1,C2, -+, Cuws T(Tp(n)(n))) = 0. But (A +¢)/c> Afc>
A/2, since ¢ < 1. Therefore, A =0, i.e.,

lim z(dy,ds,...,dw,n) =0,
n— oo
which means that

lim z(dy,da,...,dy,n) =0.

n—oo

The proof of part (VI) of the theorem is complete.
The proof of Theorem 3.1 is complete. (]

As a consequence of Theorem 3.1, we postulate the following corol-
lary:

Corollary 3.2. For equation (E'), the following hold:

(i) Ewvery nonoscillatory solution is unbounded if ¢ < —1.
(ii) Every solution oscillates if c = —1.
(iii) Every nonoscillatory solution tends to zero if ¢ > —1.
If any solution of (E1) is continuous with respect to ¢, then
the following statements are true:
(iv) Ewery solution is eventually zero, if ¢ < —1.
(v) If additionally, any solution of (E1) has continuous derivatives
of any order and convergent Taylor series for every c; € R,
then the solution is zero.
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Proof. Assume that the constants c¢; are all nonpositive and ¢ < —1.
If Y22, pi)x(n £ b) = Sy < +oo, then, in view of part (i), (2.4) is
satisfied, i.e.,

n— oo

lim z(n) = A= nh%rrgo Zlcjx(n —a;£b),
j:

which guarantees that A < 0.

Let A < 0. Since lim, ,o xz(n £b) = 0, it is obvious that
lim,, o0 2(n) = 0, and consequently lim, . z(n — a;) = 0. Thus,
lim,, o 2(n) = 0, which contradicts A < 0. Hence, A = 0.

Taking into account that the sequence (z(n)) is eventually strictly
decreasing, it is obvious that z(n) > 0 eventually, or

z(n) > — '

cia(n —aj) > < — ch>x(n —a, )

=1

w w

1

J:
> > (—c)m(n) z(ne —a

= —cx(n — am(n)) iy )

Thus,

n—oo n—oo

lim z(n) > lim {(fc)m(") r(ne —a, . ))} = 400,

which contradicts (2.9). Therefore, 332 p(i)z(o(i)) = +oc. Now,
summing up (2.2) from ng to n, we obtain

n

(2.8) z(n+1) = z(ng) — Z p(i)z(n £ b).

i:no

Taking limits on both sides of (2.8) we obtain

nh_)rr;o z(n) = —o0,
or y
nh—>120 [a:(n) + Zl cjx(n — aj)} = —00,
§=
or

i [+ +

n—oo

W) .

Jj=1
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or
nh_)ngo [#(n) + cx(n — apm))] = —oc.

Since ¢ < —1, the last relation guarantees that

nh_}rréo z(n — ay(y)) = +00,
which means that (x(n)) is unbounded. The proof of part (i) of the
corollary is complete.

Part (ii) follows directly from part (I) of Theorem 3.1.

As we have proved in parts (III) and (IV) of the Theorem 3.1, if
¢ > —1, then
HILII;O z(o(n)) =0,
and consequently,
lim z(n£b) =0,
n— oo
which means that
lim x(n) = 0.
n—oo

The proof of part (iii) of the corollary is complete.

In view of part (V) of Theorem 3.1, it suffices to consider the case
c< —1

Let M > 0. Then there exists an index nj such that z(c1, ¢, ..., cy,
N — Gy(ny) > M, for all n > ns. Since the function z(ci,co, ..., cw,n)
is continuous, so is z(c1,Ca, . . ., Cuw, M — Gy(ny). Therefore,
lim x(C1, €2, 00y Cuy W — Gp(n))

(c1,2,00scw) = (d1,d2,.yduw)

= x(dldea---adwan*ap(n)) =0

for all n > n5. Hence, there exists h > 0 so that, if ¢ +co+ -+ ¢y, >

—1—h, then z(c1,c2,. .., Cuw; N — Gy(n)) < M, for all n > ns. But that
is a contradiction to z(c1,ca, ..., Cuy M — Ap(ny) > M.
This implies that there exists an open ball B((a1,as,...,ay),r) such
that
x(c1,62y ..y Cpym) =0

for all (¢1,ca,...,¢w) € B((dy,da,...,dy),r) eventually. Let



ASYMPTOTIC BEHAVIOR 153

R =sup{r|z(ci,ca,...,cp,n) =0
for all (¢1,co,...,¢w) € B((d1,da,...,dy),7)}.

Let
(bl,bg,...,bw) with by + b + - -+ b, < —1

be the intersection of the line connecting the origin of R* and
(d1,da,...,dy) with the surface of B((di,ds,...,dy),R). Then, for
all (¢1,¢a,...,¢w) € B((d1,d2,...,dy), R), we have

z(er,cay ..oy Cwyn) = x(b1,bay ... by, n)
(€1,¢2,..y¢p )= (b1,b2,...,by)

by continuity. But, z(c1, ¢, ..., cw,n) = 0. Thus,
x(b1,ba,...,by,n) =0, eventually.

Thus, by a similar procedure, we obtain an open ball B((b1,bs, ..., by),
R') such that

x(claCQa s 7Cw;n) =0
for every (ci1,ca,...,cp) € B((b1,b2,...,by), R’) eventually.

Repeating the above procedure infinitely many times, we conclude that,
for every point (¢1, ca, . .., ¢y) With ¢1 +ca+- - -+¢,, < —1 which belongs
to the line connecting the origin of R* and (dy,ds,...,d,), we have

x(c1,62y...,Cp,m) =0, eventually.

Therefore, every point (c1,ca,...,¢y) With ¢1 + a3+ -+ + ¢ < —1,
on any line passing through the origin, satisfies x(cy, ¢o, ..., ¢y, n) =0,
eventually. Thus,

x(c1,¢2,. .., 00,n) =0  eventually

for every (c1,c¢a,...,¢y) With ¢4 +co + -+ 4+ ¢, < —1. The proof of
part (iv) of the corollary is complete.

Finally, since z(c1,ca,. .., cy,n) has a convergent Taylor series, we
have
z(0,...,a4,...,0,n)
am
0 z(0,...,=1,...,0,n)

m
80].

(aj +1)™ =0, for every d; € R.
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Assume that d; < 0 and pick d; < 0 too. Then we have

7 =0,

After w — 2 steps, we obtain that x(di,ds,...,dy,n) = 0 when
dy,ds,...,d, <0. By a similar procedure, we have x(dy,ds, .. .,dy,n)
= 0 when dy,ds,...,dy, > 0. Therefore, z(c1,ca,...,cp,n) = 0. The
proof of part (v) of the corollary is complete.

The proof of Corollary 3.2 is complete.
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