ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 44, Number 1, 2014

THE WEIGHTED WEAK LOCAL HARDY SPACES

LIN TANG

ABSTRACT. In this paper, we establish weighted atomic
decomposition characterizations of weighted weak local Hardy
spaces WhY, with local weights. As an application, we show
that truncated Riesz transforms and pseudo-differential oper-
ators are bounded on weighted weak local Hardy spaces.

1. Introduction. The theory of local Hardy space plays an
important role in various fields of analysis and partial differential
equations, see [6, 9, 10, 11, 15]. Bui [1] studied the weighted
version h? of the local Hardy space h? considered by Goldberg [6],
where the weights w belong to the Muckenhoupt class. Recently,
Rychkov [9] studied some properties of the weighted Besov-Lipschitz
and Triebel-Lizorkin spaces with weights that are locally in A, but
may grow or decrease exponentially. In particular, Rychkov explicitly
identifies weighted local Hardy space h?, with F)),(w) (see [9, Theorem
2.25]). Very recently, the author [14] established weighted atomic
decomposition characterizations for weighted local Hardy space h?, with
local weights.

On the other hand, the weak H' space theory was first introduced
by Fefferman and Soria in [2]. Then the weak HP(0 < p < 1) space
theory was studied by Liu in [8]. About the local version, Li [7] gave
an incomplete weak hP space theory.

The main purpose of this paper is twofold. The first goal is to
establish weighted atomic decomposition characterizations for weighted
weak local Hardy space with local weights. The second goal is to show
that truncated Riesz transforms and pseudo-differential operators are
bounded on weighted weak local Hardy spaces.

The paper is organized as follows. In Section 2, we introduce some
notation and properties concerning local weights and grand maximal
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functions. In Section 3, we establish weighted atomic decomposi-
tion characterizations of weighted weak local Hardy space with local
weights. Finally, in Section 4, we show that truncated Riesz transforms
and pseudo-differential operators are bounded on weighted weak local
Hardy spaces.

Throughout this paper, C' denotes constants that are independent of
the main parameters involved but whose value may differ from line to
line. Let N denote the set {1,2,...} and Ny denote the set N U {0}.
By A ~ B, we mean that there exists a constant C' > 1 such that
1/C < A/B<C.

2. Preliminaries. We first introduce weight classes A°¢ from [9].

Let @ be any cube in R™ (here and below only cubes with sides
parallel to the coordinate axes are considered), and let |@| denote the
volume of ). We define the weight class ALOC(l < p < 00) to consist of
all nonnegative locally integrable functions w on R™ for which

1 y p/p'

oc _ —p /P

@.1) AP (w) = |csgl|1£)1 |Q|p/ (x)dx(/@w (x) de) < 00,
1/p+1/p =1

The function w is said to belong to the weight class of Al°¢ on R™ for
which

22) A = s o [ el e (suplot] ) < o

\Q\<1 yeEQ

Remark. For any C > 0 we could have replaced |Q| < 1 by |Q| < C
n (2.1) and (2.2).

In what follows, Q(x,t) denotes the cube centered at x and with
sidelength ¢. Similarly, given @ = Q(z,t) and A > 0, we will write AQ
for the A-dilate cube, which is the cube with the same center z and
with sidelength At. Given a Lebesgue measurable set F and a weight
w, let w(E) = [, wdz. For any weight w, L?, and LE;*> with p € (0, 00)
denote respectively the set of all measurable functions f such that

I fllee = (/Rn |f(2)|Pw(x) dx) v < 00
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and

1/p
Il = (smpvetle € R @) > D) <.
A>0
We define the local Hardy-Littlewood maximal operator by

loc _ L d
Mf@:@%qwémwy

Similarly to the classical A, Muckenhoupt weights, we give some
properties for weights w € A2¢ := U1<p<oo A;"C.

Lemma 2.1. Let 1 <p < o0, w € ALOC and @ be a unit cube, i.e.,
|Q| =1. Then there exists an @ € A, so that @ =w on Q and

(i) 4,(@) < CA%(w).
(i)
p>1.
(iii) If 1 < p1 < p2 < oo, then Ai,"lc C ALO;,
(iv)we ALOC if and only if w--1) ¢ A;}czc‘
(

v) Ifw e Ag’“ for 1 < p < oo, then

if w e A, then there exists an e > 0 such that w € AP (w) for

w(tQ) < erp(cut)w(@) (t>1,1Q] =1).

(vi) The local Hardy-Littlewood mazximal operator M'° is bounded on
L?, if w € Al° with p € (1,00).

(vii) M'°¢ is bounded from LY to LL> if w € Alc.

Proof. (i)—(vi) have been proved in [9]. (vii) can be proved by the
standard method. O

We remark that Lemma 2.1 is also true for || > 1 with ¢ depending
now on the size of ). In addition, it is easy to see that A, C Ai,oc for
p>1and el (14 |z[In*(2 + |z]))? € Al°° with a > 0, B € R and
ceR.
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As a consequence of Lemma 2.1,

Corollary 2.1. Ifw € A°¢, then there exists a constant C > 0 such
that

w(2Q) < Cw(Q), if[Q <1,
and
w(Q(zo, 7 + 1)) < Cw(Q(wo,7)), if |Q(zo,7)| > 1.

From Lemma 2.1, for any given w € Alqoc, define the critical index of
w by

(2.3) o =inf{g € [l,00):w € Ag’c}.

Obviously, g, € [1,00). If g, € (1,00), then w ¢ AP®, but w € Alqi°+5
for any € > 0.

The symbol D(R™) = C§°(R™). D'(R™) is the dual space of
D(R™). The multi-index notation is usual: for a = (a,...,an),
0% = (0/0y,)** -+ (0/0s, )*, and pi(x) =t~ "p(x/t) for t > 0.

Let N € Ny and
MO f(z) = sup{|ps * f(z)]: 0<t<1,0€DRY), /(p #0,
supp ¢ C B(0,1), [[D%|[oc <1 |a] < N}
and
My f(z) =supf{lpr x f(2)]: |z—2z| <t <1, € DR"), /cp #£0,
supp ¢ C B(0,2%19%) || D% < 1 |a| < N}.
For any N € Ny and z € R", obviously,
MY f(z) < My f(z).

For convenience, we write

DY = {¢ € D:suppyp C B(0,1), /90#0, [D%lloc <1 |af < N},
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and
Dy = {p € D:suppp C B(0,2°10+")),

/sa £0, [ Do < 1 Ja] < N}.

Proposition 2.1. Let N > 0. Then

(i) there exists a positive constant C such that for all f € (L (R™)
ND'(R")) and almost all z € R™, |f(x)] < M f(x) < M f(x).

(i) If w € Ale® with 1 < q < 0o, N > [n(qu/p—1)]+1, and p € (0,1],
then | MY fll Lz mny ~ IMNfll Lz @) -

Proof. The proof of (i) is obvious. For (ii), it is easy to see that

(2.4) MR fll e @ny < IMNFllzz@ny-

Hence, it suffices to prove that there exists a positive constant C' such
that

(2.5) [Mu fllze@mny < CIIM fllLe = @n)-
As in [9, page 176], we define the “tangential” maximal function by

) = e [(20)i % F@ )]
po.a,8f(x) = ysgg)n m;A,B(Y)

(j € N),

where ‘
mjap(y) = (1+2[y))*2" (4, B >0)

and
0 € D, suppp C B(0, 1), / o #0, (¢0);(z) = 2" pp(2x).

From [9, (2.57), page 177], we know that for any 0 < r < 1 and
A > n/r, there exists a positive constant C' such that

(26) @il pf(@) < CUM(oF ) (x) + KB (o5 f) (@)R),

where

o () = sup [(o); * f(2)], Kpf(x) = / P2 Bl dy.

jEN
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From [9, (2.58), page 177], we know that
(2.7) My f(z) < Cpg's pf(z).

Note that ¢ f(z) < MQ f(x), and by (2.6) and (2.7), to show (2.5)
holds, it suffices to prove that, for 0 < r < p < 1 and ¢ < p/r, there
exist constants A, B depending only on n,r, p,w such that

(2.8) 1M (g™ N (| Lz @y < Cllgllz=mn
and
(2.9) H(KBT(QT))l/THLfJ’OQ(R") < CHQ”L&"”(R")-

We first prove (2.8). Indeed, for any ¢ > 0, set g := ¢1 + g2
and gi(x) = g(z) if |g(z)] < t/2, otherwise is zero. Without loss
of generality, we can assume that ¢ > 1. By the weighted L9(w)
boundedness of M'°¢ (see Lemma 2.1 (vi)) and the fact that rq < p,
we see that

w({z € R™ : (M"(¢")(@)"/" > t})
=w({zr e R": (M(g3)(z)) > (t/2)"})

<cer | l9(@) " (z) da
{z€R™:|g(x)|>t/2}

< Ct*“?/ w({z € R« |g(x)] > A}) A\
t/2

t/2
+ thrq/o w{z e R" : |g(x)] > t/2}) dA"

< thrq/ NP APy ({z € R™ ¢ |g(w)] > A}) dA
/2
g gy < PG g
It remains to prove (2.9). From [9, Lemma 2.11], we know that

(2.10) | KBrgll e mny < CllgllLe mm

if Br is taken to be sufficiently large.
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Similarly to the proof of (2.8) and by (2.10), we can prove (2.9). The
proof is complete. u]

3. The decomposition theorem. Let 0 < p < 1, w € A}IOC
with 1 < ¢ < oo and N > [n(q./p — 1)] + 1 with g, defined
as in (2.3). The weighted local Hardy spaces hP are defined by
o= {f € D' : Myf € LB} and |[fl, = I[Mnflos, see [9,
14]. Similarly, the weighted weak local spaces Wh? are defined by
WhE, = {f € D' : Myf € L8} and |[fllwaz = [ Mu ]z~ In this
section, we shall establish a decomposition theorem of weighted weak
local spaces WhP,.

Theorem 3.1. Given f € WhP, 0 < p <1 and w € A}ZOC with
1 < g < oo, there ezists a sequence of bounded functions { fi}{ 2%, with
the following properties:

(1) f =055 fu is in the sense of distributions.

(2) Each h¥ can be further decomposed as fi, = Y., h¥, where h¥
satisfies

(a) Each h¥ is supported in a cube Q¥ with |Q¥| < 2, Y, w(QF) <
A27R and Y-, Xk (z) < C, where A is a constant depending on f and
Xqr denote the characteristic functions.

(b) [[hE|lpee < C2F and [, h¥(z)a%dx = 0 for o € (No)™ with
Conversely, if a distribution f satisfies (1) and (2), then f € WhP,.

Moreover, we have HfH:;Vhﬁ ~ A.

Proof. Suppose f € WhP. Set Qi = {x € R" : Mxf(x) > 2F}.
Let Qx = U; QF = U, Q(z¥,rF) be the Whitney decomposition and
b = (f — PF)nk if r¥ < 1 and bF := fnF if r¥ > 1 as in [14], where n?
is smooth function compacted in Q¥* = (1 +2~(10+7))Qk Then there
exist positive constants C7, Cs so that for i € N,

(lk)n+N

My (0))(x) < CLMu f(@)xge+C ¥ o — e Mle—ati<cap (@)

where N > [n(qu/p —1)] + 1.
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From this, it is easy to see that
|
i

Hence, Y, b¥ converges in the sense of distributions. So we have the
Calderén-Zygmund decomposition f = Z;;x,;, (g + >, b%), where k' €
Z such that 28 ~1 < inf,cra My f(z) < 28, If infyera My f(z) = 0,
write k' = —oo, and ||gk||L~ < C2F.

Let fx = gk+1 — gk Then ), nfb?'“ = XQ,CI);H'1 = b?“ for all 7,
gk+1 _gk‘ — (f_Zb.];-i-l) _ <f_zbf:)
J i
= bF =) vt
@ J

J
SICEDIRTES o

JEFE JEFY
_Z k
= hl’
i

where FF = {i € N : |Q¥| > 1} and F¥ = {i € N : |Q¥| < 1} and all
the series converges in D'(R™).

Set supp h¥ C QF. Tf |QF| < 1, it is easy to see that hY satisfies all
the conditions in (b). If |QF| > 1, then we can decompose QF into a
finite number of disjoint cubes {Qf k}jv:"i, each with sidelength lying
between 1 and 2. Then, {thQj }j\f:xcl also satisfy all the conditions in
(b). Obviously, f = 3>, fx in the sense of distributions.

For the converse, we fix & > 0. Next we choose kg so that 2k < o <
2kot+l  Write f = ZZ‘):k, fr+ Z;ﬁoﬂ fr := F1 + F>. Without loss of
generality, we always assume that k&’ = —oo. Then we have

< ¢2k(=p/po) n
hZO - n -+ N

< po <p.

MY Fy () < o
So we need only prove

w{zr e R": MY Fy(z) > a}) < CAaP.
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7

Let Qf = Q(x’C 7"2) and @f = Q(xf,l%), where
I = min{2(3/2)F—Folp/(am)pk 4p},

Set

“+o0
o% = |J T

k=ko+1 14

Note that w(@f) < C(3/2) k0P (QF) by the properties of A°°, so

+o0 (k—ko)p
w(Qk) <C Z Z <g) w(QF)

k=ko+1 i

+ 3\ (k=ko)p
<C Z 2—(k—ko)p<_> 9—kop 4
k=ko+1 2

< Ca™PA.
Hence, it suffices to prove
(3.1) / (M Py (2))Pe(z) dz < Ca~PA.
o5,
To prove (3.1), we need to estimate f(Qk)c(MR,hf(x))pw(x)dx. Let

T € (@f)c, it is not difficult to make the following estimate

where N > [n(qu/p—1)] +1

From this, and noting that w € A;*°_ for any ¢ > 0, we get

/ (MY @)Pw(a) da
(QF)e

i |p(n+N)/n
<C kp|Qk|i—Nw(x) dx
(3/2)(k=k0)p/(am) ph < |z — | <4n |z — xk|p(n+ )

9\ In(k—=ko)p/(nq) ‘
) (@),

<o2kr( 2
< (3
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where [y = p(n + N) —n(q, +¢) > 0 if € is small enough.

Therefore,

o oo . 9\ I~ (k—ko)p/(nq) .
| ogr@re@ase 3 25 (3) (@)

ko k=ko-+1 i
< Ca PA.

Thus (3.1) holds. Theorem 3.1 is proved. O

4. Applications. In this section, we shall show the boundedness
for truncated Riesz transforms and pseudo-differential operators on the
WhP, spaces.

Let ® be a non-negative, radial and C'*°-function on R™ with compact
support B(0,2) and ® = 1 on B(0,1). Define the truncated Riesz
transforms by

R;f(x) = - Kj(z —y)f(y) dy,
Kj(z) = |Z|ZTJ’+1<I>(,Z), j=1,...,n.

Theorem A. Let R; be as above. Then:
() 1R fllzzmey < Cpwllfllpe@ny for 1 < p < oo and w € Ap©.
(i) 1R fllproe (mny < CullfllLymny for w e Ale.

The proof is obvious; see also [9].

Furthermore, we have the following result.

Theorem 4.1. Let T be the truncated Riesz transforms operators,
oJEAL%C and 0 < p <1. Then

1T fllwne@ry < Coll fllwnz,mny-

Proof. Indeed, it is sufficient to show

(41)  w{reR": MY(Tf)() > a}) < Clfllhma.
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Let f € Wh?; by Theorem 3.1, we have
“+o0

F=> fu
k=K’

Without loss of generality, we always assume that &' = —oo. We fix
«a > 0, and choose kg so that oko < o < 2k0t1  Write

ko —+oo
fF=Y fht Y fr=F+h.
k=—o00 k=ko+1

For F}, since w € A% and thus w € AP for some 1 < ¢ < oo, we have

k}o k'O
IFills <C Y 2bw@)e <l f|pe, S 2k

k=—o0 k=—o0

< C|\fIp) 0t /.
Therefore, since T' is bounded on LY by Theorem A (i), we have

17170
<C—3

w{zr e R": MY (TF)(z)>a})<C

< CIIS I8 0.

IR,
q

So we need only prove that

w{z € R" . MY(TF)(z) > a}) < Ol /0"

Let QF = Q(zf,r}) and Q; = Q(a¥,14), where
lf = min{2(3/2)(k*k0)p/(q”)rf, 4n}.
Set

“+o0
Qko = U U@f

k=ko+1 14
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Note that w(@f) < C(3/2)k=Fo)ryy(QF) by the properties of A;‘“C, SO

+oo (k—ko)p
W) <C Y Z(g) w(QF)

k=ko+1 i

400 3 (k—ko)p
S D R R
k=ko+1

< CIfI%y s /0P

Hence, it suffices to prove

(42) M, (TF) @) w(x) dz < C|f |y, /0.

To prove (4.2), we need to estimate f(Qk)c M (ThE)P (2)w(x) dx.

Suppose h¥(z) is supported in a cube QF = Q(z¥,r¥) with 7k < 2.

275

Case 1. 2 > r¥ > 1. This is a trivial case. Let Qf; = (8n)QF. Now

M (ThE )P () (z) do = / MO(THY (2)w(z) da

(QF)¢ Q;,\QF

w [ MY @) do
R\Q;,
- / M (ThE)P (2)o(z) da.
Q. \@F)
Obviously,

/ M%(Thf)p(x)w(x) dx
Qr\ Q)

= C2k/ w(z)dx
(3/2)(k=ko)p/(am) pk < |z —zk|<8n

2) (k—=ko)p/(qn)

< C2tu(QF) < C2* (g (@),

since 0 < k — ko < nglogs,»(8n).
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Case 2. r¥ < 1. By the vanishing moment of k¥, we have

Crf
MR (Thy)(z) < mx{|r—rf\<8n}(x) /Qk |h¥(y)| dy
E\N+n /
k(D)

where N > [n(qu/p—1)] +1

From this, and the fact that w € Alqi°+5 for any € > 0, it is not difficult
to see that

/  MY(TRYP (2)w(e) da
(@)

< O2MP (k) (NP

w(x
(3/2)(—h0)p/ @)k < g — gk <dn [T — T [VFRIP

9\ I~ (k—ko)p/(qn)
<c(3) w(@)),

where Iy = (N +n)p —n(qe + €) > 0 if € is small enough. Hence,

In(k—=ko)p/(qn)
<c Z zkpz( ) w(QY)

k=ko+1
< Ca?||flys.

Thus, (4.2) holds. Theorem 4.1 is proved. O

Next we show that the pseudo-differential operators are bounded on
WhP (R™), where the weight w is in the weight class A, () which is
contained in AloC for 1 < p < co. Let us first introduce some definitions.

Let m be a real number. Following [14], a symbol in S7% is a smooth
function o(z,§) defined on R™ x R™ such that for all multl indices «
and [ the following estimate holds:

D2 DLo(,6)] < Cap(1+ gm0,
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where C g > 0 is independent of = and &.
The operator T given by

Tf(a) = [ olw )< fie) de

is called a pseudo-differential operator with symbol o(z,§) € S{’f(;,
where f is a Schwartz function and f denotes the Fourier transform
of f.

In the rest of this section, we let p(t) = (1 4 t)*° with ag > 0.

A weight will always mean a positive function which is locally in-
tegrable. We say that a weight w belongs to the class Ap,(p) for

1 < p < oo, if there is a constant C such that for all cubes Q = Q(z, )
with center x and sidelength r

(m /QW(y) dy) (m /le/(“) (v) dy>p_1 <c.

We also say that a nonnegative function w satisfies the A;(¢) condition
if there exists a constant C' for all cubes Q)

M,(w)(z) < Cw(z), almost everywhere z € R",

where )
M = sup ——————— dy.
o1 () =500 CianIa) /Q'f W)ldy
Since ¢(|Q|) > 1, so A,(R™) C Ap(p) for 1 < p < oo, where A,(R™)

denote the classical Muckenhoupt weights; see [5].

Remark. It is easy to see that if w € Ap(¢), then w(z)dr may not be
a doubling measure. In fact, let ap > 0 and 0 < v < ap; it is easy to
check that w(z) = (1+|z|log(1+|z]))~ "7 ¢ A (R") and w(z) dz is
not a doubling measure, but w(z) = (1+|z|log(1+|z[))~ ™) € A;(p)
provided that ¢(r) = (1 + /™),

Obviously, A,(p) C AP° for 1 < p < oco. Next we give some
properties for weights w € Axo () = U, 51 4p(9)-

Lemma 4.1. For any cube Q C R™, then
(i) If 1 < p1 < p2 < o0, then Ay, () C Ap, ().
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(i) w € A, () if and only if =Y~V € A, (¢), where 1/p+1/p' =
1.

(ill) If w € Ap(p) for 1 < p < oo, then for any measurable set E C Q,
E| C(w(E)) v
plRDQl — \w(@)/

Theorem B. Let T be the S?’O pseudo-differential operators. Then:
@) 1T fllz@®n) < Cowllfllzzmny for 1 <p < oo and w € Ay(yp).
(i) 1T e gy < CallFllza (roy for w € As ().

(i) 17l ey < Coll Flug ey for @ € Aso() and 0 < p< 1.

Lemma 7.3 and Theorem B can be found in [13, 14]. The following
lemma was proved in [6].

Lemma 4.2. Let T be the S?’O pseudo-differential operators. If ¢ €
D, then Tyf = p: * T f has a symbol oy which satisfies DfD?Jt(x,f) <
Cop(1+[€])71 and a kernel Ky(v,2) = FTeoi(x,€) which satisfies
|IDEDYK,(,2)] < Caplz| 77101, where Cop is independent of t if
0<t<l1.

Theorem 4.2. Let T be the S, pseudodifferential operators. Then

1T fllwre ey < Cpwll fllwne@n
forw e Ax(p) and 0 < p < 1.

Proof. As in the proof in Theorem 4.1, we fix & > 0 and choose
integer kg so that 2% < o < 2Fot+1 Write

ko +oo
F=Y fht Y fri=F+h.

k=—o0 k=ko+1

For Fy, Since w € A,00'°¢ and thus w € A,() for some 1 < g < co, we
have

k}o k'O
IFillzs <C Y 2fw@)e <Ol f|pe, S 2F

k=—o0 k=—o0

< C|\fIpn 0t .
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Therefore, since T' is bounded on LY by Theorem B (i), we have

q q
AL I

w{r e R": MY (TF)(z) >a})<C
< Ol Iy /.

ol

So we need only prove

w{z e R": MY(TF)(x) >a}) < C”f”WhP R’ a b,

Let Qf = Q(«f,7}) and @f = Q(a¥,11), where

Ik = 2(3/2)(k—ko)p/(qn(1+ao))rf.

Set

U Ue

k=ko+1 i

Note that w(Q ) < O(3/2)k—ko)p/(+e0) ,(QF) by Lemma 4.1 (iii), so

too 3 (k—ko)p/(1+ao)
w(Q,) < C Z Z <§> w(QF)

k=ko+1 i

+oo - 3 (k—=ko)p/(1+ao) )
<o ¥ () 2| £
k=ko+1

< Ca™?|[fIy e

(R™)”
Hence, it suffices to prove
(4.3) o MY (TE)(x))w(w) dz < Ca||fIIf,,p gy
ko

To prove (4.3), we need to estimate f@;_c)c(M]Q,hf(x))pw(x) dzx. Let

x € (@f )¢ by Lemma 4.2, it is not difficult to make the following
estimate:

(4.4)  M{hF(z) < C2K|QF| NI/ g — gf |~ HV) 1 if QK] < 1,
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where N = [n(q/p)(1+ ap)] + 1 and
(4.5) MY (z) < Ca281QF ||z — i ™™, i 1< [QF| <2

holds for any M > 0.

If |QF| < 1, let Iy, = (3/2)F—ko)p/(n(1+20)) " from (4.3) and by the
properties of Ay (¢), let Iy, x, = (3/2)k—Fo)p/(n(1+a0) e get

/ (MO (@)Pw(a) da
(QF)e

i |p(n+N)/n
<C gy QU0
> (8/2)(k=ko)p/ (n(1+a0) rk < |g—zk| |x — x}ﬂ|P(n+N)

w(x) dx

< Cgkp|Q§|p(N+1)/n

oo
< S g 2rty 70 [ w(z)da
j=1 |z —ak|<lp gy 29k

Jo
< 02w (QF) Y (U oy 27) PN T Fan
7=0
+ C2kPw(Qf) Z (lk,kggj)*p(NJrn) (lk,k02j,r.£€)qn(1+ao)
k=jo
< C2kp(2/3)hN(k—ko)P/(n(1+a0))w(Q§c);

here integer jo satisfies 270 < lk,korf < 200t and hy = p(N +n) —
gn(l+ ag) > 0.

If 1 < |QF| <2, from (4.4) and by the properties of A,(¢), we obtain

/ (MY (@))Pw(a) da
(QF)e

i|p
<C 2kp|627ki|Mw(x) dz
(3/2)k=ko)p/(n(+ao) k< |g—gh| [T — T [MP
9\ (Mp—agn(l+ao))(k=ko)p/(n(1+ao)) '
<c2o(3) (@1,

taking M > N + 1+ n.
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Hence,
MY (T Fy)P (z)w(z) da
g,
+ 9\ v (k=ko)p/(n(1+ao))
<C > 2Ty <§> w(QF)
k=ko+1 )
< Ca || f It

Thus (4.3) holds. The proof is finished. O
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