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SOLUTIONS AND MULTIPLE SOLUTIONS FOR
SECOND ORDER PERIODIC SYSTEMS WITH
A NONSMOOTH POTENTIAL

GIUSEPPINA BARLETTA AND NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. A nonautonomous second order system with a
nonsmooth potential is studied. Using the nonsmooth critical
point theory, first an existence theorem is proved. Then, by
strengthening the hypotheses on the nonsmooth potential, a
multiplicity theorem is proved using the nonsmooth second
deformation. The hypotheses on the nonsmooth potential
make the Euler functional of the problem bounded below but
do not make it coercive. Moreover, the analytical framework
of the paper incorporates strongly resonant periodic systems.

1. Introduction. In this paper, we consider the following second
order periodic system with a nonsmooth potential:
1) —2"(t) — A(t)x(t) € 0j(t,z(t)) a.e. on T=[0,b],
2(0) = z(b), 2'(0) = 2/(b).

Here t — A(t) is a continuous map from T = [0, b] with b > 0 into the
space of N x N-symmetric matrices and j(¢, z) is a measurable function
defined on T x R”, which is locally Lipschitz and in general nonsmooth
in the 2 € R variable. By 97j(t, z) we denote the generalized (Clarke)
subdifferential of © — j(¢,x) (see Section 2).

Rabinowitz [17] examined problem (1) under the assumptions that,
for every t € T, A(t) is strictly negative definite, j € C*(T x R™) and
j(t,-) exhibits a strictly superquadratic growth. He proved an existence
result using the saddle point theorem. Note that the hypothesis that
A(t) is strictly negative definite implies that the spectral decomposition
of the nonlinear differential operator has trivial negative and zero parts.
Mawhin [12] (see also Mawhin and Willem [13]) assumed that, for all
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teT, A(t) = A (i.e., the matrix is time-invariant), but did not impose
any sign condition on A. He also assumed that the potential j(¢,x) is
measurable, continuously differentiable in the 2 € RN variable, and

l7(t, )| < h(t), |[Vj(t,x)|| < h(t)for almost all t € T and all z € RV,

where h € LY(T);. His approach is variational, and he used the
saddle point theorem. In Mawhin-Willem [13, page 63], the same
problem was studied with A(t) = m2w?[ for all t € T, with m > 1
an integer, w = 27/b and I is the N x N-unit matrix. In this case,
the potential function j(¢,z) is measurable, and it is C' and convex
in the z € R variable. More recently, Tang and Wu [20] examined
problem (1) with a potential function j(¢,x) which is measurable and
j(t,-) is C' and strictly subquadratic. All the aforementioned works
deal with the existence problem and do not address the multiplicity
of solutions. Multiplicity results for problem (1) can be found in
Barletta and Livrea [1], Bonanno and Livrea [3], Cordaro [6], Faraci [8]
(problems with a smooth potential) and in Barletta and Papageorgiou
[2] and Motreanu, Motreanu and Papageorgiou [14, 15] (problems
with a nonsmooth potential). In [1, 3, 6, 8], the authors assume
(A)z,z)gy < —Blz|? for all t € T, all z € RN, with 8 > 0
(hence, in the spectral decomposition, the negative and zero parts are
trivial) and the method of the proof is similar, based on an abstract
multiplicity result of Ricceri [18] or variants of it. In [14], in the
spectral decomposition, the negative part is trivial, the nonsmooth
potential j(t,-) is quadratic, and the approach is variational based
on the nonsmooth critical point theory. In [15], the authors allow
all components in the spectral decomposition to be nontrivial, the
potential j(¢,-) is subquadratic and the method of proof relies on a
nonsmooth version of the reduction technique. Finally, the very recent
work of the authors [2] assumes an unbounded from below potential,
and the approach is based on the nonsmooth local linking theorem
of Kandilakis, Kourogenis and Papageorgiou [11]. Their hypotheses
exclude from consideration strongly resonant systems. In contrast,
our setting here incorporates them. Moreover, our approach here is
different and exploits the nonsmooth second deformation theorem due
to Corvellec [7]. We prove an existence theorem and a multiplicity
theorem (existence of two nontrivial solutions) under hypotheses that
make the Euler functional bounded from below, but not coercive. This
is in sharp contrast with [2], where the Euler functional is coercive.
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The structure of the paper is the following. In Section 2, we present
the mathematical tools that we will use in the sequel. In Section 3, for
a more general version of problem (1), we prove an existence theorem,
guaranteeing a nontrivial solution. Finally, in Section 4, we state and
prove the multiplicity theorem for problem (1).

2. Mathematical background. We make the following assump-
tion on the matrix-valued map t — A(¢).

H(A) : A: T — RM¥ is a continuous map and, for every t € T,
A(t) is symmetric.

We will use the Sobolev space:

W22((0,0),RY) = {z € WH2((0,0), RY) : 2(0) = x(b)}.
Since W12((0,b), RY) is (compactly) embedded into C(T, RY), we see
that the evaluations at ¢ = 0 and t = b make sense. In what follows, by
|| |l, we denote both the Sobolev norm and the Euclidean norm on R .
It will always be clear from the context which one we use. Also || - ||,
is the usual norm on LP(T,R) or LP(T,RY), 1 < p < oo and || - ||eo
stands for the norm on C(T,RY). Let A € £(C(T,RY),C(T,R")) be
the Nemytskii operator corresponding to A(+), i.e.,

(Az)(t) = A(t)z(t) for all z € C(T,R™) and all t € T.

From Mawhin-Willem [13, page 89] and Showalter [19, page 78], using
the spectral theorem for compact, self-adjoint operators on a Hilbert
space, for the differential operator x — —z” — Az, we know that there
is a sequence of eigenfunctions which form an orthonormal basis for
L2(T,RY) and an orthogonal basis for WL2((0,b), RY). Hence, we
have the following orthogonal direct sum decomposition:

Wper((0,0),RY) = H- ® Ho ® H,

per

where
H_ =span{x € W1%((0,b),RY) : —2” — A(2)

per

= Az for some A < 0},
Hy = ker(—2" — Az)
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and

-~

H, =span {zx € WL2((0,0),RY) : —z” — A(x)

per

= Az for some A > 0}.

Note that H_ and Hj are both finite dimensional. In this paper, we
assume that dim H_ = 0. We know that there exists a £, > 0 such that

b
@ I3~ / (AW (), o(t) o dt > Eolla]? for all @ € H,y

(see [14]). Let {\,}n>1 be the eigenvalues of © — —z' — Az repeated
according to the multiplicity. Using (2), we can see that there is a
smallest positive eigenvalue A, > 0.

Now, let X be a Banach space and X* its topological dual. By (-, -)
we denote the duality brackets for the pair (X*, X). Let ¢ : X - R
be a locally Lipschitz function. The generalized directional derivative
@Y (x;h) of p at x € X, in the direction h € X, is defined by

p(a’ + Ah) — p(')
X :

©%(x; h) = limsup
z' =z

L0

It is easy to see that h — °(x;h) is sublinear continuous. Therefore,
it is the support function of a nonempty, w*-compact, convex set
Op(x) C X* defined by

Op(x) = {x* € X*: (z*,h) < @°(x;h) forall h € X}.

The multifunction z — J¢(x) is the generalized (Clarke) subdifferential
of ¢. We say that x € X is a critical point of ¢, if 0 € Op(z).
The locally Lipschitz function ¢ : X — R satisfies the Palais-Smale
condition at level ¢ € R (the PS.-condition for short), if every sequence
{Zn}n>1 € X such that

o(xn) = ¢ and m(x,) = inf[||z*||« : 2* € dp(x,)] — 0 as n — oo,

has a strongly convergent subsequence. If the PS.-condition holds at
every level ¢ € R, then we say that ¢ satisfies the PS-condition.
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For a given locally Lipschitz function ¢ : X — R, we introduce the
following sets:

¢ ={x € X : p(x) < ¢} (the strict sublevel set of ¢ at ¢ € R),
K={zxeX:0e0p(x)} (the critical set of ),
K.={z € K : p(x) = c} (the critical set of ¢ at the level ¢ € R).

The next theorem is a nonsmooth version of the so-called “second
deformation theorem” (see [4, page 23] and [10, page 628]), and it
is due to Corvellec [7]. In fact, the result of Corvellec is formulated in
the more general context of metric spaces for continuous functions and
using the so-called weak slope. However, for our purposes the following
particular version suffices.

Theorem 2.1. If X is a Banach space, ¢ : X — R is locally
Lipschitz —co < a < b < 400 and ¢ satisfies the PS.-condition for
every ¢ € (a, b), ¢ has no critical points in ¢~ '(a,b) and K, is a
finite set consisting of local minima, then there exists a continuous
deformation h : [0,1] x ¢* — ¢ such that

(a) h(t,") |k, = idk, for all t € [0,1];
(b) A(1,¢") C ¢* U Ky
(c) o(h(t,z)) < p(x) for allt € [0,1], and all z € H°.

Remark 2.1. In particular, the set ¢* U K, is a weak deformation
retract of ¢»*. In the smooth second deformation theorem (see 4, page
23] and [10, page 628]), the conclusion is that ¢® is a strong deformation
retract of ¢° \ Kj, where ¢® = {z € X : ¢(z) < b} (the sublevel set of
@ at b).

For more details on the subdifferential theory of locally Lipschitz
functions and on the nonsmooth critical point theory, we refer to the
books of Clarke [5], Gasinski and Papageorgiou [9] and Motreanu and
Radulescu [16].

3. Existence theorem. Recall that, throughout this work, we
assume that dim H_ = 0. So, we have

WL2((0,0),RY) = Hy® H,.

per
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Then every x € W,:2((0,b), RY) has a unique decomposition z = T+,

with T € Hp and =z € Hy.
Let h € L'(T,R") be such that

b
(3) /0 (h(t),u(t))gy dt =0 for all u € Hp.

We consider the following second order system

(4)
{ —2"(t) — A(t)x(t) € 9j(t,z(t) + h(t)) almost everywhere on T,

2(0) = z(b), #'(0) = z'(b).

Of course, (1) is a particular case of (4), when A = 0. In this section
we prove an existence theorem for problem (4). To do this, we impose
the following hypotheses on the nonsmooth potential j(¢, x).

H(j) : j: T x RN = R is a function such that j(¢,0) = 0 almost
everywhere on T and

(i) for all z € RN, t — j(t,x) is measurable;
(ii) for almost all t € T, x — j(t, x) is locally Lipschitz;

(iii) there exist functions a € L'(T)y and ¢ € C(R. ), such that, for
almost all t € T, all z € RN and all u € 9j(t,x), we have

Jull < a@)e((l2]);

(iv) there exists a function & € L'(T) such that j(t,z) < £(t) almost
everywhere on T, for all z € RY;

(v) 8 = ﬁ? lim Sup)|; |00 J(t, ¥)dt < 400 and there exists a dgp > 0
such that

j(t,x) >0 for almost all t € T and all 0 < ||z|| < 4.

Example 3.1. The following function satisfies hypothesis H(j). For
the sake of simplicity, we drop the t—dependence.

c|lz|® if ||z
j(x):{ [2)°/3 if flzf] <1

. c>0
/3=l if [z > 1,
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The Euler functional ¢, : WL2((0,0), RY) — R for problem (4) is
defined by

b
e1(@) = 53— 5 [ (A®te). 0 it

b b
_ / it a(t) di— / (h(t), 2(8)) v .
0 0

From Clarke [5, page 83|, we know that 1 is Lipschitz continuous on
bounded sets; hence, it is locally Lipschitz.

Consider also the following auxiliary system:

—2"(t) — A(t)x(t) = h(t)  almost everywhere on T = [0, b],
O {2 201 20 = 210

Using (2) and (3), we deduce the following existence result for problem

(5):

Proposition 3.1. Problem (5) admits a unique solution Ty € Hy,
which is a global minimizer of the functional ¥ : Hy — R defined by

b
W) = g5 -5 | (A2 i

b
- / (h(t), 2(t) g dt.

Observe that
b
(6)  ¢i(z) =¥ () —/0 j(t(t)dt for all x € Wye2((0,b), RY)

where Z = projp, (x) is the projection of x on H.

As we already mentioned in the introduction, our analytical frame-
work incorporates strongly resonant systems. Therefore, we do not
expect that ¢; satisfies the global PS-condition. This is reflected in
the next proposition.
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Proposition 3.2. If hypotheses H(A) and H(j) hold and ¢ <
U (Zy) — B, then w1 satisfies the PS.-condition.

Proof. Consider a sequence {z,, },>1 € WL2((0,b), RY) such that

per
(7) v1(xn) — ¢ and my(x,) — 0 as n — oo,
where my(z,) = inf[||z*||« : 2* € O¢1(x,)]. Since dpi(z,) C

W2((0,6), RY) is weakly compact and the norm functional in a Ba-
nach space is weakly lower semicontinuous, by the Weierstrass theorem,
we can find z € dp1(x,) such that my(x,) = ||xk]], for all n > 1. We

have
(8) 2t =V(zy) — A(xn) — un —h  with u, € N(z,),

where V € LW L2((0,b), RY), WL2((0,b), RY)*) is defined by

per per

b
(V(z),y) = /0 (@' (t),y (t))gndt forall z,y € Wz}éz((O,b),RN)

and N : WL2((0,b),RY) — 2L (T.R™) ig the multifunction defined by

per
N(z) = {u e L"(T,RY) : u(t) € j(t,z(t)) almost everywhere on T'}.

Note that, since (¢,2) — 9j(¢,x) is a graph measurable multifunction
(see [9]), for every z € Wp2((0,b), RN, t — 0j(t,x) is a graph mea-
surable multifunction and so, by the Yankov-von Neumann-Aumann
selection theorem (see [9, page 23]), it admits a measurable selector
u: T — RY. By virtue of hypothesis H(j)(iii), v € LY(T,RY). So,

the multifunction IV has nonempty values.

Exploiting the orthogonality of component spaces Hy and H; and
using (3) and (7), we see that, for some M; > 0 and all n > 1, we have

1

1, b A A
My > o1(an) = 51708 = 5 [ (AW (1), ()

b b
- / () n(t)) dt — / (h(t), % (1)) .
0 0
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(vecall that z,, = T, + Z,, with T,, € Hy, T,, € H;). Hence, using
hypothesis H(j)(iv) and (2), we obtain

b
My > U(E,) - / J((1), (1)) dt

> U(Zn) = €]
> &oll@nll® — crllZnll — lI€]

for some ¢; > 0, alln > 1;
hence,

(9) {Zn}n>1 € WE2((0,0), RY)  is bounded.

per

Suppose that the sequence {zy, }n>1 € W;2((0,b), RY) is not bounded.
Then we may assume that ||z, | — +o0o; hence, ||Z,|| = +oo (see (9)).
Set Y, = Tn/||Tn|l, n > 1. Then y, € Hy and ||y,|| = 1. Because Hy
is finite dimensional, by passing to a subsequence, if necessary, we may
assume that y, — y in W;:2((0,b), RY); from this, we deduce that

llyll =1 and y € Hy. So y(t) # 0 for almost all t € T (see [20]); hence,

(10) lim ||Z,(t)|]] = +oo for almost all ¢ € T

n—-+4oo

On the other hand, since WL2((0,b), RY) is compactly embedded in

per

C(T,RY), by (9) we can find an My > 0 such that
(11) |Zn(®)|| < My forallt €T and all n > 1.
Then

lzn ()] 2 [[Zn ()] = [1Z ()] = |70 (t)]] — M
forallt € T and all n > 1,

so, from (10) we deduce that

(12) Erf |xn(t)]] — 400 for almost all ¢ € T.

Because of (6) and Proposition 3.2, we have

b b
o1(xn) = ¥(Z,) —/0 gtz (b)) dt > () _/o J(t,zn(t)) dt.
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Passing to the limit as n — o0, using (7), Fatou’s lemma and (12),
we have

b
c>U(xy) — 1imsup/ J(t, zn(t)) dt
0

n——+00
b
> W) - [ limsup (e, () di
0

n—-+4oo
= \I’(./x\o) - ﬁv

which contradicts the choice of ¢. This proves that the sequence
{p}n>1 € WL2((0,0),RY) is bounded. So, we may assume that

= per

Tn — x in Wp2((0,b),RY) and 2, = x in C(T,R") (by — we denote
the weak convergence of the sequence in the relevant space). From (7)

and (8), we have
(13)
b b
‘(V(xn),xn —x) — / (Azy, xp — T)gn dt — / (up, + h, z, — x)grdt
0 0
<epllzn — 2| with &, | 0.

Note that hypotheses H(A) and H (j)(ii¢) guarantee that

b b

nErJIrloo ; (Azp, xp — T)gn dt = ngrfoo ; (Uny Ty, — )N dt

b
= lim (h,xn —z)gpndt =0,

n—-+4oo 0
so, from (13), it follows that

(14) lim (V(x,), 2, —x) =0.

n—-4o0o

We have V(z,) — V(z) in WL2((0,b),RY)*, so, from (14), we obtain

per

. ! _ !
i [l = ).

Since z!, — 2’ in L*(T,R"), from the Kadec-Klee property of Hilbert
spaces, we have z/, — 2’ in L*(T,R”), and so we conclude that
r, — x in WL2((0,b), RY). Therefore, ¢; satisfies the nonsmooth

per

PS.-condition for all ¢ < ¥U(Zy) — 5. O
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With this proposition, we can now state and prove an existence
theorem for problem (4).

Theorem 3.1. If dim Hy # 0, hypotheses H(A) and H(j) hold

and B < fo (t,20(t)) dt, then problem (4) admits a nontrivial solution
Yo € Cper(T, RY) = {y € C'(T,R™) : y(0) = y(b).y'(0) = ¥ (b)}.

Proof. Taking into account the definition of ¢; and using Proposi-
tion 3.1 and hypothesis H(j)(iv), we see that

b
o1(2) = U(@) — / J(te(t) dt > () — €]l

hence, o1 is bounded below. Therefore, —oco < infp; = my. Also

b
(15) =00 < i < @1(F0) = W(Fo) — / J(t,To(t)) dt < U (To) — B,

so Proposition 3.2 ensures that ¢; satisfies the nonsmooth PS;M—
condition.

From Gasinski and Papageorgiou [9, page 144], we infer that there
exists a yo € WL2((0,b), RY) such that

(16) ¢1(yo) =

Since yo is a critical point, one has ¢}(yo) = 0, so we can find
uo € N(yo) such that

V(yo) — A(yo) = uo +
exploiting the previous inequality, we infer

—yo(t) — A(t)yo(t) = uo(t) + h(t) almost everywhere on T,
¥0(0) = yo(b),  y6(0) = o (D).

Namely, yo is a solution of (4) and yo € C},,.(T,RY) (see for example
(2]).
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Let 6 > 0 be as in hypothesis H(j)(v), and let v € Hy, v # 0, be such
that ||v]|eo < ¢. Then we have v(t) # 0 almost everywhere on T and

b
o(v) = —/0 it (1)) dt < 0.

Therefore, m1 < 0 = ¢1(0) and so, from (16), we conclude that yq is
nontrivial. O

4. Multiplicity theorem. In this section, by strengthening
hypotheses H(j) and assuming that h = 0, we prove a multiplicity
theorem for problem (1). Since h = 0, we have Ty = 0 and ¥(Zy) =
fob Jj(t,2o(t))dt = 0. We will need two new sets of hypotheses for
the nonsmooth potential j(¢,x), depending on whether dim Hy # 0
or dim Hy = 0.

If dim Hy # 0, then we will need the following stronger version of
hypotheses H(j).

H(j) :j: T xRN — R is a function such that j(¢,0) = 0 almost
everywhere on T, hypotheses H(j) (i) — (v) are the same as the
corresponding hypotheses H (j)(i) — (v), and

(Vi) B = [y Hmsupy 400 4(t ) dt < 0 and liminf,_o(j(t, z))/||z||?
> > 0 uniformly for almost all ¢t € T.

(vii) ji(t,z) < (Mn/2)|z||? for almost all ¢ € T and all x € RM.

If dim Hy = 0, then \,, = A1 > 0, and we will need the following set of
hypotheses on j(t,x).

H(j)" :j:T xRN — R is a function such that j(¢,0) = 0 almost
everywhere on T, hypotheses H(j)”(i), (ii), (iii), (v) are the same as
the corresponding hypotheses H () (¢), (ii), (iii), (v), and

(iv) limsup||w”%+oo(2j(t,ac))/||ac||2 < 6(t) uniformly for almost all
teT, with 6 € LY(T)4, 6(t) < A1 almost everywhere on T', 6 # ;.

(vi) there exist § > 0 and n € L'(T)4 such that n(t) > A1 almost
everywere on T, 7 # A\ and (\2/2)||z[|? > j(t,z) > (n(t)/2)|z||? for
almost all ¢t € T and all ||z|| < ¢.

Example 4.1. The following potential function satisfies hypotheses
H(j)':
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() = { (Am/2)]z]? if flz] < 1
Am) /2|l i ]| > 1.
If0, n € L*(T) are such that 8(t) < A1 < n(t) < A2 almost everywhere
on T, 6 # A\, n # A1 then the function

(G2l i 2] < 1
72{b:) {<9<t>/2>||x|2+<n<t>—9<t>>/2 i o] > 1,

satisfies hypotheses H(j)”. Note that both ji(x) and ja(¢,z) fail to
satisfy hypotheses H(j)s in the multiplicity result of [2].

The Euler functional ¢ : WL2((0,0),RY) — R for problem (1) is
defined by

b b
o) = 5101 =5 [ (400 o) de = [ sta(o)at

0

From Clarke [5, page 83], we know that ¢ is locally Lipschitz.

Theorem 4.1. If dim Hy # 0 and hypotheses H(A), H(j) hold, or
dim Hy = 0 and hypotheses H(A), H(j)" hold, then problem (1) has at

least two nontrivial solutions yo, vo € Cpe, (T, RY).

Proof. First suppose that dim Hy # 0 and hypotheses H(j) are in
effect. Then, from Theorem 3.1, we already have one nontrivial solution
yo € Ch.,.(T,RN). Hypothesis H(j)'(v) implies that, given e € (0, ),
we can find 6 = d(¢) > 0 such that

(17)  j(t,z) > (p—¢)|z||*> for almost all ¢ € T and all ||z|| < .
Since Hy € C(T,R”), we can find » > 0 such that, if + € Hy and
|lz|| <7, then ||z| s < 0. Hence, for such an z, we have
b
o) == [ dta(e) de < = el
SO

1 p—
(18) m=, max o <0,
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where 0B, = {x € WL2((0,b),R”) : ||z|| = r}. On the other hand, if

per

we take x € Hy and use hypothesis H(j)'(vii), then

1 1

b
o) = 5101 = 5 [ (AO2(0). () it

b
—/"ﬂuxa»m
0

1 I
> 5B =5 [ (A®t),a(e)g
0
Am
- 2l 2 0,
SO
(19) glf ¢ =0.

Let B, = {z € WL2((0,b),RY) : ||z|| < r}, and consider the set

per

I'={y€C(B.NHy,Wy2((0,6),R")) : yon,nm, = idjon,nm,}-

We define
¢ =inf sup p(y(z)).
Ve UEErﬂHo
We know that the pair {0B, N Hy, B, N Hy} is linking with H, in
WL2((0,b), RY) (see [10, page 642]). Therefore, for all v € I', we have

per

v(B, N Hy) N Hy # @ and so, from (19), we infer

(20) & >0.

Suppose that {0, yo} were the only critical points of ¢. Let
a=m=1info =p(yo) and b=0=p(0).

We know (see (18)) that a < 0 = b. By virtue of Proposition 3.2,
¢ satisfies the PS-condition for every ¢ € (a,b) (recall that now
©(Zp) = 0). Also, K, = {yo}, so we can apply Theorem 2.1 and
obtain a continuous deformation h : [0, 1] x ¢* — ¢? such that

h(t, ')IKa — id\Ka for all t € [0,1]

- h(1¢") € ¢ U Ky = {50}
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and
(22) o(h(t,x)) < @(x) forallte[0,1] andall z € .

We introduce the map 7o : B, N Ho — W2((0,), RY), defined by
(23)

[ el <2
o) = {h[@(r /) (e fllzl)] it ] > rje, © € B Ho

If ||z|| = r/2, then ¢(2z) < 0 (see (18)); from (21) we deduce
Rl(2(r — ||x||)/7), (ra/||z]|)] = h(1,22) = yo, so 7y is continuous. If
lz|| = 7, then vyo(x) = h(0,2) = x (since h is a deformation). Hence,
Yo €T

Moreover, from (22), (23) and since ¢(yo) < 7, we have p(yo()) <
1 < 0 for all x € B, N Hy, so

(24) ¢ < 0.

Comparing (20) and (24), we reach a contradiction. This means that
there is one more critical point vg ¢ {0, yo} of ¢. Then vy solves (1)
and vy € Cp,.(T,RN) (see [2]).

Now assume that dim Hy = 0 and hypotheses H(j)" are in effect.
Hypotheses H(j)"(iii) and (iv) imply that, given £ > 0, we can find
& € LY(Ty) such that
0(t)+¢
T ol + et
for almost all t € T' and all z € RY.

(25) J(t,x) <

Then, using (25) and Lemma 2 of [15], for every x € W.2((0,b),RY),
we have

b
o) > 51018 — 5 [ (AO(0). () it
b
(26) -3 | 6O le1d = S1el = el
=

> ][> = [|¢]ls  for some € > 0.

2
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Choose € € (0,&). Then, from (26), we see that ¢ is coercive. Therefore,
it satisfies the nonsmooth PS-condition and it is bounded below.

Let E(\1) be the eigenspace corresponding to the eigenvalue \; > 0.
If z € E(\) C C(T,RY), 2 # 0 and ||2]|oc < §, then hypothesis
H(j)"(vi) implies

b
p(z) < %/0 (M — () ||z *dt.

But ||z(t)]| # 0 almost everywhere on T'. So, from the hypothesis on 1,
we see that

(27) p(x) <0 forallze E(A), 2 #0, ||z]o <.

On the other hand, if y € E(\)* € C(T,R") and ||y|l < 6, then
again by virtue of hypothesis H(j)"”(vi), we have

A2 A2
(28)  oly) =2 7||y||§ - 7”9”3 =0, y€ BEQW)™ [yl <6
Since W:2((0,b), RY) is embedded compactly in C(T,R"), we can
always find r > 0 small such that v € W):2((0,b), RY) with [jo] < r,

implies ||v]lo < 0. Hence, (27) and (28) permit the use of the nons-
mooth local linking theorem for the decomposition of WL2((0,5), RY)

per
(see [2, Theorem 2.2]). So, we obtain two nontrivial critical points
Yo, vo € Wpi2((0,b),RN) of . Then yo, vo € Ch,.(T,RY) and (1) is
solved. O
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