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p,-HOMOGENEOUS BINOMIAL IDEALS
AND PATIL BASES

H. BRESINSKY, F. CURTIS AND J. STUCKRAD

ABSTRACT. The paper first generalizes the construction
of generating sets for binomial ideals as given in [6]. For this,
p-homogeneous binomial ideals are introduced. The resulting
generating sets are called Patil bases. It is shown that they
are reduced and normalized Grobner bases. An algorithm for
binomials is given to obtain a minimal generating set from
a Patil basis. This is applied to the particular case of Patil
bases of prime ideals p(n1,...,n4) generated by {z® — z |
Ol,ﬁ € N47 (Ol_ﬁ)(n17 7n4)T = 0} in K[Ih"' 7274}7 K a
field. We note that our ideals are toric ideals, see [7].

0. Introduction and notation. Assume K is a field and R :=
K|[x1,...,z,] the polynomial ring in r indeterminates over K, m :=
(x1,... 2 )R. Let T := {2 - ... 2@ =1 2% | a:= (a1, ..., ) EN"}
(N is the set of nonnegative integers) be the set of terms in R and < an
admissible term order on T'. (For undefined terminology for Grébner
bases we refer the reader to [2]).

Remark 1. If clear from the context, we will use interchangeably the
symbol < to denote an admissible term order as well on T" as on N”|
i.e. @ < 3 means the same as 2® < 28. 2% | 27 (or equivalently o | 3)
denotes monomial division, 2 || z® (or equivalently o || 8) proper
division.

Definition 0.1. Assume f € R, f = >, a; -t with a; € K and
a; = 0 for almost all t € T. Then supp (f) :={t |t € T, a; # 0}.

1. De-

Let mq,...,n, be positive integers with ged (n1,...,n;,)
i r. Let

fine the weighted degree for R by degz; = n;, 1
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p(n1,...,n,.) =: p be the ideal in R, generated by
{z% — 2P |, B €N", (= B)(n1,...,n.)T =0} CR.

Assume an admissible lexicographical term order on T (or equivalently
on N7). In this setting Patil bases were introduced by Patil in his thesis
[6].

In this paper in Section 1 we first introduce the p-degree, which
includes the usual polynomial degree and the above weighted degree.
In Section 2 we then define Patil bases for p-homogeneous binomial
(toric) ideals Iy, = ({2* — 2% | o, € N", a — 3 € L})R, where
L is a subgroup of Z" (Z the integers), for arbitrary admissible term
orders. It is then shown that such a Patil basis is a normalized and
reduced Grobner basis with respect to a term order related to the
initial term order. In Section 3 we present an algorithm how to obtain
a minimal generating set for a p-homogeneous binomial ideal from a
reduced and normalized Grébner basis. The algorithm is essential to
obtain a minimal generating set for p(nq,... ,n4) in Section 4.

1. p-degree. Assume p is a map such that:
(i) p: N" — N.

(ii) p(a) = 0 if and only if o = 0.

(iif) For all o, 8,7 in N, p(a) < p(8) implies p(a +v) < p(8 + )
and p(a) = p(B) implies p(a +7) = p(8 + 7).

Definition 1.1. For o € N” p(«) is called the p-degree of a.

Example 1.1. p-degrees, which are not standard.

(a) A map ¢ : N” — N is linear if p(v1 4+ 12) = p(v1) + p(v2) for all
vi,v2 € N”. The ordinary degree mapping 4 given by §([],_, ') :=
Soi_ini (n1,...,n, € N) is linear if []_, " is identified with
(n1,...,n,). Assume ¢ satisfies (i)—(iii) and ¢ : N — N is such that
¥(0) = 0 and ¥(n1) < ¥(ng) if n1 < ny. Then ¢y satisfies (1)—(iii), but
¥ need not be linear if v is not linear. For instance if 1)(n) := n? for
all n € N, then ¢ is not linear.

(b) Let c1, ... , ¢ be integers with ¢1,... ,¢. > 1. Define ¢ : N” - N
by

o((at,...,ap))i=ct ... cr =1, ai,...,ar €N
For ¢ (i)-(iii) are satisfied. (If the ¢; are pairwise distinct prime
numbers, then ¢ is injective.)
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Proposition 1.2. For a =: (a1,...,a,) € N", let |a| :== YI_, a;.
Then
la| < p(a)  for all o € N™.

Proof. We induct on |a|. The statement is true if |a] = 0 (since
la] =0 < a =0). Let @« € N” with || > 0. If & =: (a1,...,0ay),
there is some j, 1 < j < r with a;j > 1. Let & = a — e,

e; =(0,...,0,1,0...,0) with 1 in the jth coordinate. Then o/ € N” and
0 = p(0) < p(e;) implies (by (iii)), p(a’) = p(0+a’) < p(ej+a') = p(a).
By the induction hypothesis

o =la/| +1<p(@) +1<p(e). O

Definition 1.3. By #X we denote the cardinality of a set X.

Corollary 1.4. Let N be a fized nonnegative integer. Then

#{a € N"|p(a) < N}<oo, in particular #{a € N"|p(a) = N} < 0.

Proof. Let a € N7 with p(a) < N, and assume o =: (ag,...,a).
Then
0<a <|o|<ple) <N, 1<i<r,

from which the claim is derived. O

By Proposition 1.2 and its Corollary 1.4 it follows readily that
p defines a graded structure on R. Therefore if f1,..., fs are p-
homogeneous, then {fi,..., fs} contains a minimal generating set for
the ideal I = (f1,..., fs)R.

2. Patil bases.

Definition 2.1. Let L be a subgroup of Z" and p a p-degree
such that, for all o, € N", if  — 8 € L, then p(a) = p(B). Let
I, = {2z -2 | o, € N",a— 8 € L} R (ie, I is the ideal
generated by the indicated binomials which is p-homogeneous).

Lemma 2.2. Fora € N”, #((a+L)NN") < 00 and LNN" = {0}.

Proof. Let L(a) :={A | A€ L,a+ A€ N"}. Let ¢ : L(ar) = N” be
defined by ¢(A) = a+ A € N7 for all A € L(«). Clearly ¢ is injective
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and, for A € L(a), p(¢(X)) = p(a+A) = p(a) since (a+A)—a =\ € L.
Thus, if @ := {8 | B8 € N",p(8) = p(a)}, then p(\) € @. Since
#a@ < 0o, by Corollary 1.4, and ¢ is injective, #L(a) < oo.

Next assume o« = 0. Then L(0) = L N N" and, for A € L(0),
0+ A € N". By the previous p(A) = p(0 + A) = p(0) = 0, thus
A=0. O

Example 2.1. Assume f : Z" — Z is linear (i.e. f(z1 + 22) =
f(z1) + f(z2) for all z1,29 € Z") such that n; := f(e;) € NT for
all i,1 < i < r (e; € N” with the ith coordinate 1 and all other
coordinates 0). Let p := f|nr : N — N be the restriction of f to
N7, which is a p-degree and p is linear. If « := (a1,...,a,) € N, then
pla) = >0 _jam;. Forn; = 1,1 < i < r, this p-degree is the usual
degree. For n; < ng < -+ < n,, ged (ny,...,n,.) = 1, this p-degree is
a frequently used weighted degree. For this degree the defining ideal
of a curve in affine r-space with parametric representation x; = t™,
t=1,...,r,is p-homogeneous.

Since p is linear, condition (iv) is fulfilled with L = ker f.

Assume next that < is an admissible term order on N”, L as before.
Definition 2.3. For o € N” let (o) := max<[(aw+ L) N IN"]

We now define an admissible term order <’ on N7 as follows.

Definition 2.4. For o, 5 € N" let a <’ g if
(1) p(a) < p(B) or
(2) p(a) = p(B) and B < .

Lemma 2.5. <’ is an admissible term order.

Proof. Assume § € N", 8 # 0. Then p(8) > 0 = p(0), hence
0 <" B. Next let o, 8,7 be in N” with @ <’ 5. If p(a) < p(8), then
pla+7) < p(B+7); thus, a +v <" B+7. If p(a) = p(B), then S < q;
therefore, S+7v < a+7v. And p(a+7v) = p(6+7); thus, a+v <’ B+~. O
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Assume next that (u;);en+ is a sequence in N” such that:
(1) {pi [ i € N*} = N"\{0}.
(2) p; — pj ¢ N" for all 4, j in N with i < j.

We now inductively define subsets of N” as follows:

My =9
M; if o(pi41) = pit1 or if there exists
My = w € M; with piy; —p € N”.
M; U{pit1}, otherwise.
We have My C M; C ---. By Dickson’s lemma there exists an s € N

such that My = My; for all j > 0. Let

M:=|JM; CN".
i=0
Then M = M, and therefore #M < s < oc.

Definition 2.6. Pr, := {z* — 27" | € M} is called a Patil basis
of I, with respect to <.

Remark 2. Note that if p and v are in M, u # v, then z* { z¥ and
x tat. It pe M and z# || 2t for ' € N7\ {0}, then o(p') = p'.

Definition 2.7. Let b = m; — mqo be a binomial (m;,ms € T). We
define
' —b otherwise.
Moreover, if m; > mg then, as before, the leading term (1t<(b)) of b
is mq, the lower term, or not the leading term (nlt< (b)) of b, is mo. If
clear from the context, < will be deleted as subscript.

Proposition 2.8. P;, is a reduced and normalized Grébner basis of
11, with respect to <’.

Proof By Definition 2.3 P, C Ip. For z# — 2°W, u € M,
It < (2t — 27 = 2h.
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Let a,3 € N” with 0 # a — 8 € L. We first show that * — 2 has
a reduction modulo Pr,. Without loss of generality assume lto/(z® —
2%) = 2% Then a # o(a). Thus, by construction of M, there exists
ap € M with a — p € N7, ie., 2#|z®. Therefore, zotoW—r — g —
z® — 2P — g (gt — W) € I Since a4 o(p) —p <’ o and B <’ a,
we have It/ (z0T7W =1 — 28) </ 2% =1t (2 — 2P), ie., 2% — 27 has

27

Mo .
a reduction 2z — 28 ¥ =% gotow—r _ 28 modulo Py, as claimed.

Therefore Py, is a Grobner basis of I;, with respect to <’. Py, is clearly
normalized; thus, it remains to show that Pp, is reduced. Suppose this
is not the case. Then there exist u, u* € M, u # p*, such that either
" |zH or zM |7 The first case is impossible by Remark 2. Suppose
therefore z# |27, i.e., there exists v € N” such that pu* 4+~ = o(u).
Then since p* € M,o(p*) > p*, thus o(p*)+v > p*+~v = o(p). Since
o(p*)+v—o(p) =o(p*)—p* € L, this means o(p*)+v € (u+L)NN"
and o(p*) 4+~ > o(u), a contradiction to o(p) = max<[(u+L)NN"]. O

3. Binomial Grobner bases and minimal generating sets.
Assume I C R is a p-homogeneous binomial ideal (i.e., generated by
p-homogeneous binomials). Also always take < to be an admissible
term order on 7', which respects the p-degree. In the sequel we will
consider only p-homogeneous binomials.

For the formation of Grobner bases we specify the following rules:

1. Reduction to a reduced set always takes precedence over s-
polynomial formation.

2. For a polynomial p, reduction of ¢ € supp (p) by an irreducible set
F' (if possible) is done by selecting f € F' such that 1t (f)|¢t and 1t (f)
is maximal with respect to this property.

3. If a polynomial p has a term ¢ € supp (p) such that there exists an
f € F with 1t (f)]|¢, then ¢ is taken to be maximal within supp (p) with
this property.

We note that by our assumptions above each reduction step and each
formation of an s-polynomial leads automatically to a normalized
polynomial, provided this polynomial is # 0.

Also the production of a (normalized) polynomial b € R by a
Buchberger algorithm, starting from a non-empty set F' of non-zero
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(normalized) polynomials of R, can be described by a directed tree
with vertices consisting of (normalized) polynomials of R ending in b
such that the vertices of incoming degree zero correspond to elements of
F, the vertices of incoming degree one are obtained by reductions and
the vertices of incoming degree two indicate s-polynomial formation.

Definition 3.1. Assume b = mq — mo is as in Definition 2.7 with
my > my. If mis a term and goms = m with ¢ € T, then gamy is
a reduction up of m mod b. If m = gymy with ¢; € T, then g;ms is a
reduction down of m mod b (write m LN q1msa).

Let B be a set of nonzero binomials. A sequence of reductions (up,
down or both) of a term m by binomials of B, is said to be a reduction of
m modulo B (mod B). We also refer to them as a chain of reductions.
If b* = m] —m3 is a binomial, then a reduction of m} or mj (up
or down) is said to be a reduction of b* (up or down) to a binomial
bmod B. (In this setting b = 0 is considered to be a binomial.) For
such reductions down we write b* = by — by — --- — b, = b mod B.
(If required we also indicate the binomials in B by which reduction is
achieved.)

Example 3.1. Let b* = x% — x%, b:= 1 —x3, x1 > x2. Then
T122 — 73 is a reduction down of b* by b since 23 > z122 and 2% — 2172
is a reduction up of b* by b since 1y > 3.

Definition 3.2. A term m is lower reduced modB if nlt (b) { m for
all b € B. Similarly m is defined to be upper reduced mod B.

For completeness we define s-polynomials for binominals.

Definition 3.3. Let by = mi1 — mi2 and by = ma; — mas be
binomials, where my1, mi2, ma1, Moy are terms such that mi; > mao,
mo1 > Maog. Assume my = ¢d,miz = ¢d’, i = 1,2, with terms

41,42,4}, db,d,d" such that ged (q1,q2) = ged (¢f,¢5) = 1. Then the
s-polynomial s(by, bs) of by and by is defined to be:

s(b1,b2) == |q2b1 — q1b2]
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Remark 3. Let by, by be binomials as in Definition 3.3. If 0 # s(b1, b2),
then s(by, b2) has a two step reduction up to 0 mod {by, b2 }.

Let G be a reduced and normalized Grobner basis of I with respect
to < (consisting of p-homogenous binomials).

Definition 3.4. Let < be defined for the binomials of G as follows.
For b,b' in G, b < V' if and only if either p(b) > p(b') or p(b) = p(v')
and 1t (b) < 1t (V').

We now state and prove some lemmata using the previous notation.

Lemma 3.5. Let G’ be a proper subset of G such that G' - R = 1.
Then we have:

Each b € G\ G’ is obtained by a Buchberger algorithm applied to G,
i.e., there is a directed tree as described above ending in b having the
following additional properties.

(a) The wvertices of this tree consist of p-homogeneous normalized
binomials contained in I.

(b) Each vertez of incoming degree zero is immediately followed by a
vertex of incoming degree two.

Proof. Since G is a reduced and normalized Grébner basis of I, G is
uniquely determined by I and the given term order <. Moreover, G is
produced by a Buchberger algorithm applied to a generating set of I.
This proves the first part of the statement.

Now (a) is clear by our previously stated assumptions for a Grébner
algorithm. Property (b) follows since G’ is part of a reduced (and
normalized) Grobner basis. O

Lemma 3.6. Let f € I, f # 0. Assume that G' is a subset of G
such that b’ € G’ for all b’ € G with p(b") < p(f).

Then f can be reduced by an element of G'. Consequently, [ reduces
to 0 by elements of G'.

Proof. This is immediate from the definitions of G and G’. O
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Remark 4. A consequence of Lemma 3.6 is: If f A g with b € G and
g€ Rthenbe G

Lemma 3.7. Let G’ be a proper subset of G such that G' - R = 1.
Letb € G\ G, and assume that b’ € G’ for all b’ € G with p(b') < p(b).
Then

(a) The directed reduction tree of Lemma 3.5 to produce b by a
Buchberger algorithm applied to G' has the form

b1\
bo
where by, by € G, by # ba, t € N and bl = s(b1,b2).
(b) Let t > 0 and assume that the reduction steps b — b4,

0 < j <t, are performed by b; € G. Then bg,... ,bj_q,€ G’ and
b<b; forall j=0,....t—2.

b, b, =b,

Proof. By Lemma 3.5 (b) the Buchberger algorithm applied to G’
must start with an s-polynomial formation of binomials by,by € G,
by # bg giving by. Assume this s-polynomial formation would be
followed after a possibly empty chain by — --- — b, t € N, of
reductions by another s-polynomial formation resulting in a binomial
by. We then have p(b) = p(by) < p(bf) < p(b). Thus we have b’ € G’
for all ¥’ € G with p(b') < p(b;) by our assumption. Since b, € I and
by # 0 (otherwise the s-polynomial formation following the vertex b
would be impossible), b; is reducible by an element of G’ by Lemma 3.6.
But this contradicts our preference rule 1. Thus b, = b, which proves

(a).
(b) It is clear by the structure of the Buchberger algorithm and by our

preference rules that for the reductions following the first s-polynomial
formation we can only use elements of G’. Therefore, b,... ,bf_; € G'.

Let 0 < j <, set b* := b} and consider the reduction step b LN Vs
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Case 1. 1t (b)) > 1t (b). Then in some step It (b}) has to have a
reduction down. By our preference rule 3 this must happen immedi-
ately, i.e., 16 (b%) [ 16 (0%). If 1t (b*) || 16 (b)), then p(b*) < p(b}) = p(b).
If 1t (b*) = 1t (b)), then p(b*) = p(b}) = p(b) and also It (b*) =1t (b)) >
1t (b).

In any case b < b*.

Case 2. 1t (b)) <1t (b). Then It (b}) = 1t (b) since reduction lowers
terms. Since b is irreducible modulo G\ {b}, 1t (b}) is irreducible modulo
G, ie, 1t (0*) { 1t (b;). Therefore 1t (b*) | nlt (b}). As before we
conclude that 1t (b*) || nlt( ) implies p(b*) < p(b}) = p(b), i.e., b < b*.

So assume It (b*) = nlt (b’), i.e., b;, = b’ +b*. Since b* € G' C G,
nlt (b*) is reduced mod(, and this implies b}, = b; + b* = b and
therefore j =1t — 1. O

The following algorithm 2( defines a subset F' of G as follows:
begin
F:=G, H:=G
while H # @ do
take b € H minimal with respect to <, F}, := {b}, H := H\{b}
while Fy, # @ do
if 0 € Fy, then F := F\ {b}
else
choose c € Iy,
Fy = (B \ {c}) U{le — Shb'] [0 € Honlt (5)|nlt (c)}

nlt (

end

Remark 5. By Corollary 1.4, 2 terminates.

Theorem 3.8. The set F, produced by the algorithm 2 from the
giwen Grobner basis G, is a minimal p-homogeneous generating set of
binomials of I.

Proof. By Remark 5 all that is needed is correctness for A. F
is part of a homogeneous generating set, minimal in number, from
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which the uniquely determined reduced and normalized Grébner basis
is obtainable (this follows by Lemmata 3.5, 3.6, 3.7). Therefore F' is a
minimal generating set. O

In the next corollary we give a slight modification of the algorithm
2. This allows us to finish the inner “while”-loop probably earlier than
in the original version.

Corollary 3.9. Assume F' is obtained from F by also deleting
any binomial b, which becomes divisible by an indeterminate during
the “while” loop of A. Then F'R = FR.

Proof. F'R # FR contradicts the graded Nakayama lemma. O

Remark 6. We note that our binomial ideal I is of the form I = I,
with L a subgroup of Z" (see Definition 2.1); thus, I : z; = I for all
it =1,...,r. Therefore, if a binomial b € I is divisible by a variable x;,
then b € m1.

Remark 7. For completeness there are algorithms for minimal gener-
ating sets for some binomial ideals in [4, 5]. The results in Section 4
depend strictly upon algorithm .

4. An application. Assume throughout this section that n,... ,n,
are positive integers with ged (nq,... ,n,) = 1.

Let p: N” — N be a function as introduced in Section 1. Assume
throughout this part of Section 4 that p is linear, i.e., p = f|Nr, where
f 2" — Z is a linear map and we have p(e;) = n; (e; as before,
i=1,...,r).

Let < be an admissible term order on T (or equivalently, on N"),
set L := ker f. Then I, = p(ny,...,n,.) =: p as before. As already
mentioned in Section 2, Example 2, p is a p-homogeneous prime ideal
in R with dim R/p = 1. (More precisely, R/p = K[t™,...,t""] C K|[t],
t an indeterminate.)

Assume P := Py, is a Patil basis of p with respect to <. Since z; ¢ p
for all ¢ = 1,...,7 we can use the version of Corollary 3.9 if we want
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to apply our algorithm 2 of Section 3 to P. (Note that P is a reduced
and normalized Grobner basis of p with respect to the term order <’,
see Definition 2.4 and Proposition 2.8.)

If p € N7 we also will write o(z*) instead of z), ie., if m € T,
m = 2", then o(m) := 27" see Definition 2.3.

Definition 4.1. For i =1,...,7 we define

a; :=min{a € NT | 2% —m € p for some m € T\ {z%}}.

Remark 8. If n; = q;d;j, nj = qjdij, ni # nj, ged (ng, nj) = d;j, then

aj ai : .
x;” — ;' €p; thus, ¢; = o

Proposition 4.2. (1) For each i = 1,...,7 there exists at least one
m € T such that |z —m| € P. If, in addition, m = o(x") then
zit —o(x) is the unique binomial in P with a pure power of x; in its

support.

(2) Assume mi—mg € p and m—o(m) € P. If mmy < myo(m) and
malo(m), then m and my are relatively prime.

(3) Let < be the lexicographical term order on T given by x1 > x9 >
- > x, and assumeﬁz—m? € p, m—xf e P,1 <i<r, wih
2 =o(m) and v < B.

(2

If v < B or m < m, then m and m are relatively prime.

Proof. (1) is immediate since P is a reduced and normalized Grobner
basis of p with respect to the term order <’ (see Definition 2.4 and
Proposition 2.8).

To prove (2) assume z; | m and z; | m; for some j,1 < j < r.
Then we have with m’ := my 'o(m) € T and b := x;lm - x;lmlm’ =
x;l(m —o(m) —m/(mi —mg)) € p:z; =pandltb = x;l
Therefore, xj_lm possesses a reduction modP, i.e., there is a y € M
such that z# = 1t o (z# — z7W) | x;lm. But then z* || m, a

contradiction (see Remark 1).

m.

(3) Since xf =o(m) > m, we have i < j (< in N) for all j € N with
z; | m. Therefore, mz] < ma’ and (3) follows from (2). O

%
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Corollary 4.3. Let < be a term order with t < xz1, for all terms
t € Klza,...,z;]. Let p € {2,...,r}, and assume that there is an
m € T with x1 | m and z,” —m € p.

Then zp” < o(zp?), zp” — o(xp?) € P, and this binomial is the only
binomial in P with a pure power of x,, in its support. It is not contained
in K[zg,..., 2]

Proof. Since 1 | m we have x,” < m, and therefore z,” < m <
a(m) = o(xp?). Then 1 | o(zp”) by our assumption on <.

Let V' := xff —m (€ p). Since It =+ (b') = xp7, there is a b € P
with 1t «/b | zp", i.e., It «/b = ,” by Proposition 4.2 (3) and by the
minimality of a,. Then b = x,” — o(xp"), and this is the unique
binomial in P with a pure power of z, in its support by Proposition
4.2 (1). Tt is clear that b ¢ K[xa,...,2,] (since 21 | o(zp?)). O

Assume for the remainder of Section 4 that r=4, I, =p(n1, ne, n3, n4)
=:p and P is a Patil bases for p with respect to a given term order <
on T (or equivalently on N*4). In order to indicate the term order under
consideration we sometimes write P.. To obtain minimal generating
sets for p from P, we consider the following two cases where the
situation described in Case 2 is the more general one:

Case 1. There are 4,j,k,1 € N with {i,7,k,l} = {1 2,3,4} and
mJ,mk,ml € T such that z; | m;, z; | mg, z; | my and {x —my, xpt —
my, ;" —m} Cp.

Case 2. For some 3-element subset, say {7, k,} of {1,2,3,4} there
are my, my; € T with z; | my, z; | my such that {z}* —my, 27" —my} C p.

Using the notation introduced at the beginning of this section we
have:

Theorem 4.4. Let P. be a Patil basis of p with respect to a given
term order < on T (or equivalently on N*), and denote by F- the
minimal set of generators for p obtained from P~ by applying algorithm
2 of Section 3. Then we have:

(1) Assume we are in Case 1, and let < be any lexicographical term
order on T with x; > xj,xk, ;. Then F« = P<, i.e., the Patil bases of
p with respect to < is already a minimal generating set for p.



836 H. BRESINSKY, F. CURTIS AND J. STUCKRAD

(2) Assume we are in Case 2 but not in Case 1. Let < be a
lexicographical term order on T with x; > x; > xk,x;. Then

P = {b € P<’x?j J(nlt<(b)},

i.e., we have forb € Po,b=m —o(m) (m € T) : b ¢ F< if and only
if x?f | m.

(3) Assume we are not in Case 2. Then there are i,7,k,l € N with
{i,5,k, 1} = {1,2,3,4} and z" — x;‘j,xg’“ — o € p. Let < be the
lexicographical term order on T given by x; > x; > xp > 1. Then

there is a uniquely determined v € N with ) — o(z}) € P<, and we

have _
o { P\ ot} oo
<= .
P otherwise.

In order to prove this theorem we state and prove the following
lemmata.

Lemma 4.5. Assume we are in Case 2, and let < be a lexicographical
term order on T with x; > x; > Tk, x;.

If P< N K[xj, xx, 2] # @ then Po N K[, xp, 11] = {az] — 277} for

suitable ,6 € NT. Moreover, x]al — x?j is the only binomial in P.

with x?j in its support.

Proof. Assume without loss of generality that i = 1, j = 2, k = 3,
[ =4. For p = 3,4 let b, := x,” — o(zp?). By Corollary 4.3 we have:
b, € P =: P, b, is the only binomial in P with a pure power of z, in
its support and b, ¢ K|xo, x3,z4], p = 3,4.

Assume now that PN K[za, x3,24] # &, and let b € PN K |22, x5, 24].
Since b is irreducible, b contains a pure power in one of the indeter-
minates xa, x3 or x4 in its support. By our previous considerations b
cannot contain a pure power in x3 or x4 since otherwise b = bz or b = by,
and therefore b ¢ K[xg, 3, 4], a contradiction. Thus, b = zfz]) — z¢
for suitable a, 8,7 € NT. It is clear that o > g and 2§ = o(zhz])
(since b € P). Now let ¥ € PN K[xa,x3,x4] be another binomial.

Then again b’ = x'g x] — x‘Q"/ for suitable o/, 3,7 € NT, o’ > a3 and
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g = a(xglxz,). Now Proposition 4.2 (3) implies a = o’ and therefore

we have o(z52]) = (2 2] ). But then z52] = 2 2% by Proposition

42 (2),ie., b =b.

Now by Proposition 4.2 (1) there is an m € T' with |m — 252 |€ P.
If 21 | m, then 23? — m is the only binomial in P with a pure power
in x9 in its support by Proposition 4.2 (1) since then m > z5?, and
therefore m = o(x5?). But this is a contradiction, since b € P
also has a pure power in x5 in its support, but b € Klxo,xs,x4],
x5? —m ¢ Klxa, x3, x4, and therefore b # 252 — m.

Hence x1 { m, i.e., m—x5? € PNK[x2,x3, x4]. Therefore, m—x5? = b,
i.e., a = Qo. m]

Lemma 4.6. Suppose we are in Case 2 but not in Case 1.

(1) If m € T\ {«}’} with &7 —m € p, then x; t m and xy - x; | m.

(2) If m € T with " —m € p, then x?j tm.

(3) Assume b € p, b=m1 —ma (m1,me € T) with x?j | m1,x; | mo.
If mg € (xg, ;) - R, then bem - p.

Proof. Assume without loss of generality i =1, j =2, k=3, [ = 4.

(1) z1 1 m is immediate since we are not in Case 1. By the minimality

of ap we have x5 ¥ m, i.e., m € K[zs,x4]. If m = 2] with v € N,
then v > a3 and x;lf — a3 Pmy = x?j —m+z] *(x5° —mg3) € p.

But x; | ms, contradicting the fact proved just before.

Using the same argument we see that m cannot be a pure power of
x4, and therefore x3 - ¢4 | m.

(2) Suppose there is an m € T with 252 | m and " —m € p. Let
< be the lexicographical term order given by 1 > x3 > x3 > x4.
By Proposition 4.2 (1) there is an m’ € T with |32 — m/| € P< and
(1) shows |z5? — m/| € K|xo,x3,24], 1.€., P« N K[x2,x3,24] # &. By
Lemma 4.5 there are 3,7 € N* such that xgxz — 252 € P Cy.

If 24 | ms or 3 | ma, we are then in Case 1, since 25" —ma, “2zh 2] =
aq —az (B Y 2 — — — J—
2t —m—ma, P (a5r) —x3?) €p (takei =4 ori=3,j=1,m; =

may *2xha], k=2, my = x5a] and | = 3 or | = 4), a contradiction.

Therefore, mg, mq € K|x1, 2] since x3 + mg and x4 1 myg by the
minimality of a3 and as. Assume x3 { m3. Then myz = 2 with
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§ € N*. Clearly § > oy, and we get with mj := 25~ *'m : 25* — m} =
25% — 28 4+ 257 (28 —m) € p. Since x5 | mh, we can assume without
loss of generality that xo | m3 and, using the same argument, xs | my.
But then we are again in Case 1 withi =2, j =1, m; =m, k=3 and

I =4, a contradiction, and this proves (2).

(3) By (1) we have 52 || m1. Let m' := mqz;** € T. Then m’ € m.
Choose m € T\ {x5?} with 252 —m € p. Then x3x4 | m by (1). Now
b=m/(x5* —m) +m'm — may. Assume without loss of generality that
x3 | ma. Then m'm — my = x3b’ with a binomial ¥ € R, and we get
xzgb’ = b—m/(x5% —m) € p; therefore, b’ € p : 3 = p. But this implies
b=m/(z5% —m) + x3b’ € mp. o

Lemma 4.7. The following conditions are equivalent:
(i) Case 2 does not hold for p.
(ii) There are 4,j,k,1 € N with {i,5,k,1} = {1,2,3,4} such that

=2, ot — a2 € p, and both these binomials are the only ones in

1 J B
p containing one of the powers x7*, x5?, x3* or xy* in their support.

Proof. (i) = (ii). For p € {1,2,3,4}, let 4, = {ip | i, |
My, Tp” —my, € p}. Since we are not in Case 2, the sets A, are pairwise
distinct and p ¢ A,.

Let j := i;. Then j # 1 and my = xJ’B with 8 € N*, 8 > a;. Let
q :=1j. Then q # j and m; = x7 with v € NT, v > ay, and we get
it — x?_ajxg =zt — xJ’B + xf_aj ?j —x]) €p.

By the uniqueness of m1, we therefore have § = oj,¢ = 1 and v = a,
ie., ! —x?j € p. This is the only binomial in p with 2" in its support.
Repeating this argument for the remaining indeterminates we get (ii).

(x

(ii) = (i) is immediate. O

Lemma 4.8. Assume we are not in Case 2. Using the notation of
Lemma 4.7 (ii) we have:

(1) Let < be a lexicographical term order on T with x; > x; > xy, 2.
Then P< N K[xj, xp, 2] = {|z]" — %]}

(2) Let < be a lexicographical term order on T with x;,x; > x5 > ;.
Then P< N K[z, x5, 2] = {|}7 — x|}
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Proof. (1) Let b € P. N K|xj,xy, 2], and assume without loss of
generality that xx > x;. Let b = my1 — ma (m1,ma € T), m1 < ma.
Since x; { m1, z; ¥ ma, we therefore have x;  mq (otherwise mi > mo).
By Proposition 4.2 (1) xj” —xj" and x]" —x* are contained in P =: P,
and they are the only binomials in P with a pure power of x; and z,
respectively, in their support.

Let m; = xZw? with v,0 € N. For v,§ > 0 we have my = xf with
€ N*t. Then 3 > «j, a contradiction, since this would imply that b is
reducible modx?j — 2z € P. Therefore,y=0o0r 6 =0. If v > 0, i.e.,

my = ), we have v > ay, and my = xfxf with 8,e € N, and § < oy,
e < oy (otherwise b would be reducible modx?j — i or o)t — apk).
But then oz (z]” “*af" ™% — xf) =a"'b+ xfxf(x?” — %) € p, and
therefore o)~ “*af ™ ¢ — xJ’B € p, a contradiction, since § < «a;. Thus
7=0,6>0,ie,b=a" —a* since ;" — x* is the only binomial in

P with a pure power of z; in its support by Proposition 4.2 (1).

(2) Assume without loss of generality that z; > x;, and let b €
P. N Klzi,zj,2;), b = mi —mg (m1,me € T), my < ma. Then
i { mi. If z; ¥ mq, ie, m = x?, § € N*.b would be reducible
mod z;"' —zp* € P. =: P since then § > ay, a contradiction. Therefore,
zj | mi and my = xfx? with 8,6 € N, 8 > 0. Clearly, 5 < a; and
é < ay, since otherwise b would be reducible mod P. If § > 0 we have

my = x¢ with @« € NT and @ > ;. But then x]ﬁ(x? — xf‘_"”x?j_ﬁ) =

o a—aig o —h o p, a contradiction,

Qa—Qy; o ; .
b—ai % (7 — ") €p, Le, a) — 1]

o
J
since 0 < «y. Therefore, § = 0, i.e., m; = xf By Proposition 4.2 (1)

X

(e 7] ; . (e %] o . . .
we now get b = x;7 — a2 since ;7 — " is the only binomial in P
with a pure power of x; in its support. O

Proof of Theorem 4.4. (1) Assume without loss of generality that
1=1,5=2, k=3, =4 and that < is given by 1 > x5 > x3 > 4.
Suppose there is a b € P. =: P with (P \ {b}) - R = p. Let
b =m1 —ma, mi < mg (Mm1,me €T). Since b € (P\ {b}) - R there
must be ag S P\{b}, Z =my — TTLQ, my < Mo (T%l,ﬁlg € T) with
mo | m1. (Note that 1t <(b')  mq for all b’ € P\ {b}, since P is a
reduced Grobner basis for <’). Since b is irreducible and m; < meo,
we have x1 1 my and therefore x1 f my. Thus, be PN K(xg,x3,24],
and hence b = xgxi — 252 for suitable 8,7 € NT by Lemma 4.5.
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But this contradicts Corollary 4.3 which says that 25? — o(25?) is
the only binomial in P with a pure power of x5 in its support and
x5? — o(x5?) € K|xa,x3,x4]. This proves (1).

(2) Assume without loss of generality that i =1, j =2, k=3,1=4
and that x1 > xo > x3 > x4. Let b€ P- =: P, b =mq — Mo, m1 < Mo
(my,mg € T). Assume b ¢ F. By our algorithm 2 there is a sequence
of reductions up to b using elements of P\{b} ending in 0. Among these
reductions a reduction must occur of my, since otherwise mi(= 1t «+b)
would be a multiple of the leading term (with respect to <’) of some
b € P\ {b} contradicting the fact that P is a reduced Grobner basis.

Therefore, there is some b € P\ {b}, b = iy — g, my < g
(my,mg € T) with mso | my. Since b is irreducible and m; < ma, we
get x1 1 my; therefore, z1 t mao, i.e., be K|xo,2z3,24]. By Lemma 4.5
we obtain b = xg x] — x5? for suitable 3,7 € NT and this implies
25% = Mg | my = nlt<b. Therefore, {b € P|x3? {nltb} C F.

Next let b € P, b = m1 — ma, m1 < ma (m1, me € T), and suppose
x5%|my. Then xo ¥ mgy since b is irreducible. If mgy € (z3,24) - R
then b € mp by Lemma 4.6 (3) and therefore b ¢ F by Corollary 3.9.
Now assume that mo ¢ (x3,24) - R, i.e., 23 1 mg and x4 1 ma. Then
mg = z¥ for some o € N* and @ > 1. Lemma 4.6 (2) shows that
a > aj (since 52 | m1). By Proposition 4.2 (1) there is an m € T
with |z{* —m| € P. Since z1 t m, m < z{*, i.e., m — z{* € P. Since
a1 < a we have p(m — z{") < p(b), i.e., b < m — a7" where < is the
order on P derived form <’, see Definition 3.4.

Therefore, m — x7* can be used for a reduction up of b when b is
“tested” in the outer “while”-loop of the algorithm 24’ of Corollary 3.9.
The result of such a reduction up of b (via m; = z¢) is bV :=
mp —ay “m € p. If x5 | m or x4 | m, then ¥ € mp by Lemma
4.6 (3) and b ¢ F by Corollary 3.9. Suppose x3 1 m, x4 t m, ie.,
m = x5 with 8 € Nt. Then b’ = 250" with " € Rand b € p : 25 = p.
Again b’ € mp, and therefore b ¢ F by Corollary 3.9. This shows (2).

(3) Since z}" — ' € p, there must be a b € P- =: P such that
It < (DIt </ (2] — 2i*) = x}7, Le., It (b) = 2] with v € NT. It is
then clear that b = 2] — o(z}) and 2} < o(x]). Since P is a reduced
Grobner basis with respect to <’ there is only one binomial in P of this

form.
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Assume now without loss of generality that i = 1, j = 2, k = 3,
! = 4. By Lemma 4.8 and Proposition 4.2 (1) we have z5? — z7",
zy* — x5® € P. By the minimality of g we have v > a3, and since P
is a reduced Grobner basis of p with respect to </, v > 3. Assume

x4 | o(x]). Then z] — o(z]) = x4l — 2™ " (23* — 25°), where
Vo= 2]z — 2 to(x]). Since x4’ € p we have b € p : x4 = p,
ie., 7 — o(z]) € mp, and therefore x3 — o(z]) ¢ F<. =: F by

Corollary 3.9.

Assume now that there is a b € P with b ¢ F. We need to show that
b=zl —o(x]) and z4 | o(2]). Let b = my — my with my,mg € T,
my < mg. Then z1 t m;. By our algorithm 2 there is a chain of
reductions up of b (with respect to <’) ending in 0. Since P is a
reduced Grébner basis of p with respect to </, 1t </ (b) f my = 1t < (b)
for all b € P \ {b}, i.e., a reduction of m; must occur. Assume this
reduction step is performed using be P,g =mi—ma, withmy,ms € T,
my < mg. Then mso | mq, and therefore x1 f mo. Since my < Mo, this
implies 21 1 My, ic., b € PN K[zy, x3,24) = {25 — z5°} by Lemma
4.8 (1). Hence z5° | mq, and thus z3 f ma. Since P is a reduced
Grobner basis of p with respect to <’ and b, z§* — z5* are in P, we
have 232 || m1 =1t </ (b).

Suppose x4 1 ma. Then mg = x‘f‘xg with o, 8 € N and 8 < as
(since P is reduced and b, z5% — z{* € P). Hence a > 0 (by the
minimality of a2). Suppose z2|m1. Then 8 = 0 and 2§ = o(m4). Since
z5? — z{* € P, and therefore z{* = o(x5?), we get by Proposition
4.2 (3) that my and x5? are relatively prime, a contradiction. Thus
x2 ¥ mq, and we have m; = xgxi with §,e € N, ¢ > a3z and § < ay

(since P is reduced and b, z3* — x5° are in P). Now mg has a reduction

up by a binomial beP \ {b}. Let b =y — My with mi,my € T,
my < mg. Then ma | ma, and therefore x3 f mo = o(my). Since
me = o(my) and myma < myimg if My || me, my and m, are relatively
prime by Proposition 4.2 (2). Since x3 | m1, we therefore get x3 1 mq,
e, be PN Kz, agay) = {232 — 29"} by Lemma 4.8 (2). Hence,
b= 252 —2$". Performing p reductions up of ms using 252 —2$ (p > 1),
we obtain 28 P g5 TP </ m,;. But at some stage of the reduction
up chain of ms (contained in the reduction up chain of b ending in
0) we must obtain a term which is bigger then mq, i.e., after p > 1
reductions up of mgy using z5? — 27" there must occur a reduction up of
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28PN P02 ging a binomial b* € P\ {z$? — 2}, say, b* = m} —m}
with mj,m5 € T, mi < m3. Then x3 { mj but z3 | m} (otherwise

b* = x5% — a7') and x2 + m] (otherwise xzo 1 mj, and therefore
mi = z¢ ,a* € NT, a contradiction as we have seen above when
we proved that xs { mi). Therefore, m} = 23 x5 ,m} = af xg

with o*, 8*,7*,0* € N and where v* > 0, 0 < §* < a4 (since P is
reduced), 0 < a* < a—pa; < a — g (since b* ¢ Klxa,x3,x4], See
Lemma 4.8 (1), and mj | z3 P 257P%2) and 0 < f* < ay (since P
is reduced). If g* < S, ie., m} || ma, we would get that m; and
mj are relatively prime by Proposition 4.2 (2), a contradiction. Hence
B < B < ay. Let ¢c:=ays— "+ 5. Then 0 < ¢ < ag, and we

get* Wlth b/ = ,:)’n,lxgl — Qj?ia 7(111‘5771,1:%‘371: 1t </(b/) = mlxgl and
x’g Pasb = xg - 7T T g2t — afTY T mi (23 — xft) € p,

ie, v € p : a8 Pry = p. Therefore, there is a b” € P such
that 1t < (b") | It < (V) = myxg?, ie, 1t (b") | mi = lt (D), a
contradiction, since P is reduced.

Therefore x4 | my and, consequently, x4 1 m;.

Finally suppose xs | m;. Then b = 252§ — r¢af with a,d,p,0 € N,

o> a3 0<p<a0<d< as. Then xfl(xgxg_o‘sx;“‘_é—x‘f)
= zhaf *(x3*—25?)+b € p, and therefore afzf “Czi* % — 2 €
p : x) = p, ie, a > «a; by the minimality of a;. But then

my = zhxg and x3? are relatively prime by Proposition 4.2 (2), a

contradiction. Therefore x5 f mq, i.e., my is a pure power of z3, and
hence b =z — o(z]) and z4 | o(x3]). a]

Example 4.1. 1. ny =5, n0o =6, n3 =7, n4 = 9. Then oy = 3,
az = az3 = ag = 2 and {23 — 2123,73 — 1124, 27 — T17273} C p =
p(5,6,7,9).

Hence we are in Case 1 (¢ = 1,57 = 2,k = 3,1l = 4) and, with a
lexicographical term order on T with x1 > 2, x3, x4, We obtain

2 3 .2 2 2
{25 — 2123, Loy — X}, X5 — X124, T3Xy — T]T2, T3 — T1T2T3 }

as a Patil basis (see Remark 9 below) for p. By Theorem 4.4 (1) this
is already a minimal generating set for p.

2. n1 =6,np =7,n3 =8 ng = 9. Then again a1 = 3,0 = a3 =
ay = 2and {3 —z123, 25 —23} C p(6,7,8,9) =: p. Now it is easy to see
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that we are in Case 2 but not in Case 1 (take i =1,7 =3,k =2,l=4)
and, with a lexicographical term order on T with x1 > x3 > 2, x4, we
obtain

2 2 2 3.3 .4 .2 3
{25 — 2123, T2T3 — T1T4, TaTg — T3, TG — T], T3 — T, T34 — T T2}

as a Patil basis for p. By Theorem 4.4 (2),
F = {a3 — 2123, xak3 — 1T, ToTy — 73,75 — 23}

is a minimal generating set for p. According to Case 2 we can also
choose i = 4,5 = 2,k = 1,1l = 3. Now if < is a lexicographical term
order on T with x4 > 2o > x1, 23 then {z123 — Z‘%,xgl‘g — T2y, x% —
Toxy, T3 — a3, 23 — 23wy, 2373 — x32%} is the Patil basis of p with respect
to <, and we again obtain F' as a minimal generating set of p by
Theorem 4.4 (2).

We note that F' is already the Patil basis of p with respect to the
lexicographical term order on T given by x1 > z2 > x3 > x4.

3. (a) mpy = 10,n9 = 15,n3 = 16,n4 = 24. Then a3 = 3, as = 2,
as =3, ay = 2 and {23 — 23, 23 — 23} C p(10,15,16,24) =: p, and both
binomials are the only ones in p with x$, 23,23 or 22 in its support.

Hence we are not in Case 2 by Lemma 4.7.
2 3,2 3 4 4 4
{z3 — 2y, 2] — 5, 2374 — 77, T3 — T1 74}

is the Patil basis of p with respect to the lexicographical term order on
T given by x1 > x2 > x3 > x4. Using the notation of Theorem 4.4 (3)
we have v =4 and x4 | 0(23) = z{z4. Therefore

2_ .3 .2 3 4
{3 — 2y, — 45, 3wy — 27}

is a minimal generating set of p by Theorem 4.4 (3).

We note that the minimal number of generators of p(ni,na, ns,n4)
cannot be 4 when we are not in Case 2 (see, e.g., [3]). Another example
of a Patil basis not being a minimal generating set was given by Patil
in his thesis, see [6].

(b) ny =21, ng = 24, ng = 40, ny = 49. Then a1 = 7, ay = 5,
az = ayq = 3 and {z] — 23,23 — 23} C p(21,24,40,49) =: p, and these
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binomials are the only ones in p with z7, 23,23 or a3 in its support.

Hence, we are again not in Case 2 by Lemma 4.7.

(3 3 3 5 2 2.2 2 5
P = {x5x3 — xixa, T35 — X3, ToT] — TIT3, T3T4 — TT2,

2 _ 2.4 4 5 3_ .7 7 _ .8
T3Xy — TIT5, Taly — TIX3,T; — Ty, Ty — XTI}

is the Patil basis of p with respect to the lexicographical term order on
T given by x1 > x4 > x2 > z3. We have v = 7 and x3 { o(2]) = 2f.
Therefore, P is already a minimal generating set of p by Theorem

44 (3).

Remark 9. To obtain Patil bases from a generic zero see [7]. For
the particular examples above, Apery sequences [1] of the numerical

semigroup S := (ni,...,n,) can be used. We state without proof:
If A(nq1) = {wi,wa,... ,wp, } with 0 = w1 < wa < +++ < wy, is the
Apery sequence of S and A(n1,<) = {(w1,a1),..., (W, Qn, )} with
pley) = w; and o(a;) = ey, t = 1,... ,nq, then

C:= {(17]) | 1<4< n1a2 < .] <, (p(ai +€j);041' +ej) ¢ A(n1a<)a
o(a) = a for all & € N" such that « || a; +¢;}

is a Patil basis if a; < by implies a = (a1,...,a,) < = (b1,...,b;).
Here e, is as defined in Proposition 1.2 and Example 2.
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