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PRODUCT COMPLEX SUBMANIFOLD
OF INDEFINITE COMPLEX SPACE FORMS

TOSHIHIKO IKAWA, HISAO NAKAGAWA AND ALFONSO ROMERO

ABSTRACT. We study product complex submanifolds of
indefinite complex space forms and characterize a submani-
fold which corresponds to the Segre imbedding in a definite
complex space form.

0. Introduction. It is well-known that for complex hyperbolic
spaces an analogue to the Segre imbedding cannot be given. The key to
this is that if there is a holomorphic isometric immersion of a product of
two Kaehler manifolds into a complex space form, then the holomorphic
sectional curvature of the ambient space has to be non-negative (see
[8]). A careful observation to the proof of this fact tells us that the
positivity of the metric in each normal space to the submanifold also
must be taken into account. Thus the following problems arise in a
natural way:

1. Does a product of two complex hyperbolic spaces admit a holomor-
phic isometric imbedding in an “indefinite” complex hyperbolic space?

2. If the answer is yes, find the smallest possible dimension and index
of such an indefinite complex hyperbolic space.

3. Characterize this holomorphic isometric imbedding when dimen-
sion and index are as small as possible.

In this paper these problems will be solved in a more general context.
In §1, an indefinite analogue to the Segre imbedding for indefinite com-
plex projective (and hyperbolic) spaces is given. Using the relationship
between indefinite complex hyperbolic spaces and indefinite complex
projective spaces, we obtain a holomorphic isometric imbedding of a
product of definite complex hyperbolic spaces into an “indefinite” com-
plex hyperbolic space. In §2, some basic formulas are recalled for later
use. In §3, an answer to the second problem is given (Corollary 3.2)

AMS 1980 Subject Classz'{ication: Primary 53C40, 53C50,53C55
Key words and phrases: Indefinite Kaehler manifold, Segre imbedding.
Received by the editors on February 18, 1986.

Copyright ©1988 Rocky Mountain Mathematics Consortium

601



602 INDEFINITE COMPLEX SPACE FORMS

as a consequence of a more general result (Theorem 3.1), which is ob-
tained under the assumption that manifolds are complete. As one can
see from the proofs, the corresponding local versions are also true, pro-
vided that this hypothesis is dropped. In §4 parallelism of the second
fundamental form provides us a characterization of the indefinite Segre
imbedding. Finally, the Segre imbedding of a product of two definite
complex hyperbolic spaces into an indefinite complex hyperbolic space
is characterized in §5 by using the length of its second fundamental
form.

1. The indefinite Segre imbedding. Let CP?(c) be the indefinite
complex projective space of complex dimension n, index 2s and con-
stant holomorphic sectional curvature ¢ > 0. We recall that CP?*(C) =
52n+1(¢/4)S! where Sor+'(c/4) is the (2n + 1)-dimensional indefinite
sphere with index 2s and of sectional curvature ¢/4. Thus a point
of CP!(c) can be represented by [(z,w)] where z = (21,...25) € C?,
w = (Wi,..., Wn—gy1) € C" 1 (2,w) € S C CIH! and [(2,w)]
denotes the class (z,w) - S.

We consider a mapping

¢:CP(c) x CP"(c) = CP, 1]:((:,;:3,”(0)
with

N(n,m) =n+m+ nm and R(n,m,s,t) =s(m—t)+t(n—s8)+s+1

given by

¢({(z’w)]a [(I, y)]) = [(ziya,wkxa,zij,wlyﬂ)]a
where

,j=12,...,8, k,£=12,...,.n—s+1
and

a,b=1,2,...,t; a,f=12,...,n—t+1.

Then ¢ is a well-defined holomorphic mapping and, from the results in
[1], it is easy to see that ¢ is also an isometric imbedding. It is called the

“indefinite Segre imbedding” of CP}(c) x CP{"(c) into CPgwmt)  (c).

R(n,m,s,t
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Note that if s = t = 0, then R(n,m,s,t) = 0 for all n,m and ¢
becomes the classical Segre imbedding (see [3] or [4]).

In the definite case CP(c) x CP(c) is the complex quadric CQ? in
CP3(c). However CP}(c) x CP}(c) and CP}(c) x CP(c) are mutually
different complex quadric in CP§(c); in fact, they are respectively
denoted CQ% and CQf in [7).

By using the fact that the indefinite complex hyperbolic space
CH?(—c) of complex dimension 7, index 2s and holomorphic sectional
curvature —c, ¢ > 0 is obtained from CP?_ (c) by changing the Kaehler
metric of CP?__(c) to its negative. Another indefinite Segre imbedding

¢ : CH™(—c) x CHM(—c) —» CHY™™) (—¢)

s(n,m,s,t)
is given, where
S(n,m,s,t) =(n—3s)(m—1t)+st+s+t.

In particular, for s = t = 0 we have a holomorphic isometric imbed-
ding ¢ of a product of definite complex hyperbolic spaces CH™(—c) x

CH™(—c) into an indefinite complex hyperbolic space CHan™™ (—c).

2. Some basic formulas. In this section some basic results will be
outlined for later use.

Let M be an indefinite Kaehler manifold isometrically and holomor-
phically immersed in an indefinite complex projective space CPY (c).
Let g and J be the Kaehler metric and the complex structure of
CP} (c), also its induced ones on M. Let ¥ and V denote the metric
connections of CPY (c) and M. The pull back of the tangent bundle of
the ambient space is expressed as an orthogonal sum 7'M & N M, where
TM and NM denote the tangent bundle and the normal bundle of M,
respectively. Let D be the normal connection on N M induced from V.
Then the Gauss and Weingarten formulas are given respectively by

(2.1) VxY =VxY + B(X,Y),

(2.2) —V—Xg = -—AgX + Dxé,
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for any X,Y,TM and £ € NM. The tensors B and A, are called the
second fundamental form and the Weingarten endomorphism associ-
ated with &, respectively. B(X,Y) is symmetric with respect to X and
Y and related to A by

(23) 9(A¢X,Y) = g(B(X,Y),%).

Moreover, for a Kaehler submanifold of an indefinite Kaehler manifold
the following formulas are given:

(2.4) © B(JX,Y)=B(X,JY)=JB(X,Y),
(2.5) AgJ = —JAg = —Aye,
(2.6) DxJé = JDxE.

The usual connection V induced from ¥ and D is defined by
(VxB)(Y,Z) = Dx(B(Y, 2)) -~ B(VxY, Z) - B(Y,VxZ)

for vector fields X,Y and Z tangent to M.

By using the fact that CPJ (c) has constant holomorphic sectional
curvature ¢, the Gauss equation for the curvature tensor R of M and

the Codazzi equation are given respectively by
(2.7)

9(R(X,Y)Z,W) = $(9(Y, Z)g(X, W) = (X, Z)g(Y, W)
+9(JY, D)g(JX, W) ~ g(JX, Z)g(JY, W)
+29(X, JY)g(JZ,W)) + 9(B(Y, 2), o(X, W)
- 9(B(X, 2), B(Y, W),

(2.8) (vxB)(Y, 2) = (VyB)(X, 2),
and we have

(VaxB)(Y, Z) = (VxB)(JY, Z) = (VxB)(Y,J Z)

(2.9) X
= J(VxB)(Y, 2).
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The curvature tensor Rt of the normal connection D, since C P} (c)
has constant holomorphic sectional curvature ¢, is given by the Ricci
equation

(210)  g(R*(X,Y)&n) = 9(X, JY)g(JE,n) + 9([Ae, 4,)X,Y)

for any vector fields X, Y tangent to M and any vector fields £, 7 normal
to M in CP} (c).

Let M? and M;™ be indefinite Kaehler manifolds of complex dimen-
sions n, m and index 2s, 2t, respectively. Assume that the Riemannian
product M7? x M{™ admits a holomorphic isometric immersion into
CPN(c). Tangent vector fields to M or to M/™ can be regarded as
one to M x M{™ in a natural way. Then we have

(2.11) g(R(X,Y)Z,W) =0

if X, W are tangent to M™ and Y, Z tangent to M;™ or if X,Y,Z are
tangent to M (resp. M{™) and W tangent to M{™ (resp. M!).

3. Product submanifolds. This section will be concerned with the
following theorem:

THEOREM 3.1. Let M} and M{™ be complete indefinite Kaehler
manifolds with complex dimensions n,m and index 2s, 2t, respectively.

Assume that there exists a holomorphic isometric immersion ¢ of
M x M;™ into CP¥ (c), ¢ > 0. Then

(1) N > N(n,m) and R > R(n,m,s,t). .

(2) If N = N(n,m), then R = R(n,m,s,t), M is holomorphically
isometric to CP(c), M{™ is holomorphically isometric to CP™(c) and,
by identifying M} x M{™ with CP!(c)x CP™(c), the immersion ¢ is an
imbedding obtained by the composition of the indefinite Segre imbedding

¢ : CP*(c) x CP,(c) » CPY™™  (c)

(n,m,s,t)

and a rigid motion of CP}:((,:;Z:ZJ) (c).
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PROOF. We choose a local orthonormal frame of vector fields
{X1,..., Xn,JX1,...,J X} and {X},...,X],JX],...,J X} respec-
tively in M and M{™, that is, they are mutually orthogonal vector
fields and satisfy
g(X;,X;)=—-1or1laccordingtol1<i<sors+1<i<n
g(X.,X!)=—1or1laccordingtol<a<tort+1l<a<m.

From (2.11) it follows that

(3.1)

(32) 9(R(Xi, Xo)(Xp, X;)) = g(R(Xs, JX;)J X, X;) = 0.
In this section the following convention on the range of indices is used
unless otherwise stated: 7,7 =1,...,nand a,b=1,...m.

The Gauss equation (2.7) and (3.2) imply
9(B(Xi, Xl;)a B(X]" X{z)) - 9(B(X;, X;), B(X:za X{)))

(33) - %Q(X,;,Xj)g(Xf,,X{;)
and
gy (BT, B, IX0) — g(B(Xe Xy), UKL, IXL)

= 290X X;)g(X(, X7).

So from (2.4), both (3.3) and (3.4) give us

(35)  9(B(X: Xp), B(X;, X,)) = 79(Xs, X;)9(X0, X3).
A similar reasoning from

(3.6) 9(R(X;, X3)J Xy, X;) = g(R(Xi, JX) X3, X;) =0
provides us with

(3.7) 9(B(Xi, X5), JB(X;, X)) = 0.

Thus if a vector field &;, is defined by %B(Xi,X"l), then it follows

that {£4, J€ia} are orthogonal vector fields normal to M7 x M{™ which
satisfy

9(&ia, &ia) = —1
(3.8a) ifl<i<sandt+1<a<m
ors+1<i<nl<a<t, and
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g(&ia;fz’a)=l
(3.8b) ifl<i<sandl1<a<tor
s+1<i<nandt+1<a<m.

Hence the normal space at each point has complex dimension > nm
and index > 2s(m —t) + 2t(n — s), and the dimension N and the index
2R satisfy N > N(n,m) and R > R(n,m, s,t).

Now suppose that N = N(n,m). In this case {4, J&ia} is a basis of
the normal space at each point and hence it follows from (3.8) that the
index is given by 2R = 2R(n,m, s,t). In order to prove that M* and
M{™ are holomorphically isometric to complex projective spaces, it is
first shown that M™ and M;™ are totally geodesic in CPIIiV(S'Z;::l,t) (c).
In fact, again, (2.11) implies

(39) g(R(XhXj)X(;an) = g(R(JXi’Xj)X{u ']Xk) =0

(310) g(R(X'H X))J-X(’u Xk) = g(R(JXh X])X¢Iz,’ JXk) =0
But from the Gauss equation (2.7), both (3.9) and (3.10) give
(3.11) g(B(Xi, Xk), B(X;, X)) = g(B(Xi, Xx), JB(X;, JX,)) = 0.

This equation means that B(X;, X)) is orthogonal to each vector field
of the basis {€ia, J€ia} and hence B(X;, Xx) =0foralli,k=1,...,n,
that is, M7 is totally geodesic. By means of a similar reasoning,
M{™ is totally-geodesic. By means of a result in [1], both M and
M{™ have constant holomorphic sectional curvature ¢. Therefore M}
(respectively M{™) is an open set of CP(c) (respectively CP(c)),
but the assumption that M™ is complete (respectively M;™ is complete)
implies M? = CP?(c) (respectively M{™ = CP™(c)).

Finally, for each holomorphic isometric imbedding ¢ of CP;*(c) x
CP™(c) into CPY™™ _ (c) it is verified that there exists a rigid

R(nm,m,s,t)
motion of F' of CP;;I(::;:‘%’ s,t)(c) such that ¢ = Fo¢. In fact we choose
a local orthonormal frame of vector fields {X1,..., X, JX1,...,J X}
and {X1,..., X}, JX1,...,JX},} in CP}(c) and CP™(c) respectively
satisfying (3.1). We denote by B and B the second fundamental
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forms of ¢ and ¢ respectively and define £ia = %B(Xi,X{,),fia =
VZ-EB(X,-,X(’,). Then {£iq, J€ia} and {&ia, J€iq} are orthonormal bases
of the normal spaces of ¢ and ¢, because both ¢ and ¢ induce totally

geodesic immersions of CP™(c) and CP(c) into CP}I:(S:':EI ple). In

this case it is claimed that the Weingarten endomorphisms Ag,, and
AE, corresponding to &; and £ia according to ¢ and ¢ coincide. In
fact, from the Gauss equation (2.7), we have

for all X,Y,Z tangent to CP?(c) x CP{™*(c). Changing X and Z in
(3.12) into JX and JZ and taking into account (2.4) and (2.5) we have

(3.13) Apy,2)X + Apx,2)Y = Apy 1y X + Apx 1Y
(3.12) and (3.13) imply

Apyy,z)X = AB(Y,Z)X
for all X tangent to CP"(c) x CP™(c), and so

Ap(y,z) = Ap(y,z)
which yields

(3.14) A, = Aém‘

Now, for any point p of CP;*(c) x CP{"(c), let U be an open neighbour-
hood of p on which £ia and £ia are defined as above. A holomorphic
linear isometry

,m) N(
L:Typ)C R(nnm s t)(c) - w(p)CPR(:;nZ t)(c)

is given by

) L(&ia(p)) = éia(p)v L(Jéia(p)) = Jgia(p)

(315 L(dp(X)) = dpp(X) for all X in T,(CP"(c) x CP™(c)),
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where TqC P} (c) denotes the tangent space of CPY (c) at the point g.
As in [6] there exists a unique holomorphic motion F' of CPI]:(EZ;: Zyt)(c)
such that F(¢(p)) = ¢(p) and that the differential of F' at ¢(p) coincides

with L, which means

F(¢(p)) = ¢(p). dFy)-dop = dpp
and

dF ) (ia(P)) = &ia(p)-

Moreover, by (3.14), an analogous result to the local rigidity theorem
of Calabi [2 | shows that the imbedding is determined up to within the
group of motions in the ambient space, which implies that FF o ¢ = ¢
on U. From considerations of analyticity it follows that the extension
theorem for local mappings in [6] guarantees that the relation Fo¢ = ¢
remains true on CP"(c) x CP™(c).00

By using the fact that an indefinite complex hyperbolic space can be
obtained from an indefinite complex projective space we have

COROLLARY 3.2. Let M™ and M'™ be complex Kaehler mani-
folds with complex dimensions n and m, respectively. Assume that
there ezists a holomorphic isometric immersion @ of M™ x M'™ into

CHY(—c),c > 0. Then

(1) N > N(n,m) and S > nm,

(2) If N = N(n,m), then S = nm, M" is holomorphically iso-
metric to CH™(—c), M'™ is holomorphically isometric to CH™(—c)
and ¢ is given by the Segre imbedding of CH™(—c) x CH™(—c) into
CHY{™™ (~c) and a rigid motion of CHN™™ (=c).

REMARK. The corresponding local versions of Theorem 3.1 and Corol-
lary 3.2 are also true.

4. Parallel second fundamental form. From the Codazzi
equation (2.8) it is easy to see that the indefinite Segre imbedding

¢: CPMc) x CP™(c) —» CPY™™  (c)

(n,m,s,t)
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has parallel second fundamental form. In the definite case this prop-
erty gives a well-known characterization of the Segre imbedding (see
[4] and [8] for instance). Then it seems natural to study an analogous
indefinite case. In this case we have

THEOREM 4.1. Let M and M{™ be complete indefnite Kaehler
manifolds with complex dimensions n,m, and indices 2s,2t, respec-
tively. Assume that there exists a holomorphic isometric immersion
@ of M x M{™ into C'P}iv(n,m,s,t)(c),c > 0, with parallel second funda-
mental form. Then M? (respectively M;™ ) is holomorphically isometric
to CP(c) (respectively CP[*(c)) and ¢ is given by the indefinite Segre
imbedding ¢ of CP(c) x CP™(c) into CP}:(EZ;";M (c) and a rigid mo-
tion of CP}IZV(EZQZ’Q(C). The corresponding local version is also true.

PROOF Let v = Span{B(X;, X.), JB(X;,X.)}. From (3.8) and the

a
assumption on the index it follows that the orthogonal complement v+

of v is a positive definite subspace of the normal space at each point.

By using (3.11), a linear subspace u defined by
p = Span{B(X;, X;), JB(X;, X;)}
satisfies
(4.1) pC vt

and hence p is a positive definite subspace.
On the other hand, (2.5) and the Ricci equation (2.10) imply

9(R*(JX,, X3)B(X;, X;), JB(X;, X;))
C
= §||X,||2”B(Xi, X)|12 + 29(A%(xi,xj)X;,Xé)~

Now the assumption that the second fundamental form is parallel yields
the relation

(4.3) DXAB(X,',X]') = B(VXAX,',XJ‘) + B(Xi,VX‘;Xj) =0,
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because Vx:X; = 0. Therefore (4.3) says that the left hand side of
(4.2) vanishes identically, and so from (2.3) it reduces to

c
(4.4) S IXIPIBX, XH)I1*

= —ZQ(B(AB(X.‘,X,')X:MX<,1,)7B(Xz{vX‘;‘))'

But according to (3.3) and (3.4) we have

(45)  9(AB(x,,x;)Xp: Xe) = 9(B(Xi, X;), B(Xp, X7)) =0

and also

(4.6) 9(Ap(x,,x;) X, I Xe) = 9(B(Xi, X;), JB(Xy, X;)) = 0.
Both (45) and (46) 1mply that AB(X,‘,XJ')Xlg lies in Span{Xi,JXi},
i.e., in the tangent space of M at each point. Hence, from (3.11), the
right hand side of (4.4) vanishes. So

(4.5) IB(X;, X;)II” = 0.

From (4.1) and (4.5) we conclude that M} is totally geodesic. By
means of a similar discussion, M;™ is also totally geodesic.

Now the normal space at every point is equal to v+ @ v, where
(4.6) v = Span{¢|4, = 0}.
If £ € vt, then it follows from (2.6) that

(4.7) 9(Dx, B(X;, X3),¢) = 9(Dx; B(X;, X;),€) = 0,

(48) g(DXC’lB(X]»Xl;)’é) =g(DXjB(Xl/l7X{))’€) =Oa
and, by using (2.9), the following equations are obtained:

(49) g(DJX5B(vaXI,;)7€) = _g(DXILB(Xian)’Jé‘) = 07

(4.10) 9(Dsx; B(Xj,X,),€) = —g(Dx,; B(X,, X}), JE) = 0



612 INDEFINITE COMPLEX SPACE FORMS

(4.7) ~ (4.10) imply that v is parallel with respect to the normal con-

nection. From [5], there exists a totally geodesic CPII:(?;Z‘Z y(c) in

CPY (c) such that o(C P (c) x CP*(c)) lies into CPpm , (c). From

Theorem 3.1, ¢ is given by the indefinite Segre imbedding and a rigid

motion of CPIQJ((:;TZ p(c)D

COROLLARY 4.2. Let M™ and M'™ be complete positive definite
Kaehler manifolds with complex dimension n and m. Assume that
there ezists a holomorphic isometric immersion ¢ of M™ x M'™ into
CHN (—c),c > 0. If the second fundamental form of ¢ is parallel,
then M™ is holomorphically isometric to CH™(—c), M'™ is holomor-
phically isometric to CH™(—c) and, by identifying M® x m,* with
CP(c) x CP{(c), the immersion ¢ is obtained from the Segre imbed-
ding ¢ of CH"(—c) x CH™(—c) into CH™* "™ (—c) C CHN .(—c)
and a rigid motion of CHXI™+"™(—c). The corresponding local ver-
sion is also true.

5. Length of the second fundamental form. Finally, this section
is devoted to giving a characterization of the Segre imbedding

¢: CH™(—c) x CH™(—c) — CHI:Fm+mm ()

in terms of the square of the length of its second fundamental form.
We know that CH™(—c) and CH™(—c) are totally geodesic, so

IBI? =4 > IIB(Xi, X, || = —cnm

i=1a=1

according to (3.5). Conversely this equality can characterize the Segre
imbedding ¢. So we have

THEOREM 5.1. Let M™ and M'™ be complete positive definite Kaehler
manifolds with complex dimensions n and m, respectively. Assume that
there exists a holomorphic isometric immersion ¢ of M™ x M'™ into
CHY (—c),c > 0. Let ||B||?> denote the square of the length of the
second fundamental form of ¢. Then

(5.1) ||B||?> < —cnm



T. IKAWA, H. NAKAGAWA AND A. ROMERO 613

and the equality holds if and only if M™ is holomorphically isometric
to CH™(—c), M'™ is holomorphically isometric to CH™(—c) and the
immersion @ is an tmbedding obtained by composition of the Segre
itmbedding

¢ : CH™(—c) x CH™(—c) — CH™™™™(—¢c) c CHYN (-¢)

and a rigid motion of CHEF™n™(—c).

PROOF. We choose a local orthonormal frame of vector fields {Xj,.. .,
Xp, JX1,...,JXn} and {X},..., X!, JX},...JX" } in M™ and M'™,
respectively. Then

n m

IBIZ =2 [IB(X:, X;)II7+2 Y [IB(X, X3)I1?
3,j=1 a,b=1

+4 ) |IB(X:, X%

1<ikn
1<alm

(5.2)

But an analogue to (3.5) gives

c
(5.3) 1B(X:, X)II* = -7

By substituting (5.3) into (5.2), the square of the length of B can be
reduced to

IB||I?> = —enm + 2 Y ||B(X;, X;)|I?

ij=1

m
+2| Y IIB(XL, X%
a,b=1

(5.4)

Now note that » = Span{B(X;, X}), JB(X;,X/)} is a complex nm-
dimensional subspace of the normal space at each point and that v is
negative definite according to (5.3). On the other hand, it follows from
(3.11) that B(X;, X;) and B(X], X;) are both orthogonal to v, hence
[|B(X;, X;)||? > 0 and ||B(X.,X;)||* > 0, from which, together with
(5.4), (5.1) holds true.
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If the equality of (5.1) holds, (5.4) means
(5.5) IB(X:, X;)I1> = ||B(Xq, Xp)||* = 0.
Since the orthogonal complment v+ of v is a positive definite subspace
of the normal space at each point, (5.5) implies
(5.6) B(X;, X;) = B(X,,X;) =0,
which shows that M™ and M'™ are totally geodesic in CHY, (—c).
Again, a property in [1] implies that M™ and M'™ are definite complete

space forms with constant holomorphic sectional curvature —c. Hence
M"™ = CH™(—c) and M'™ = CH™(—c).

Now the normal space at each point can be decomposed as v+ @ v.
From (5.6) we have that v is the first normal space at each point, and
then

(5.7) v = Span{¢|4¢ = 0}.
If £ € vt, then, from (2.6), it follows that
9(Dx,B(X;, X;).) = 9((Vx, B)(X;, X}), €)
(5.8) = 9((Ix;, B)(Xi, X;),6)
= g(Dx,B(X;, X;),€) = 0.
In a similar way
(5.9) 9(Dx; B(X;, Xy),€) = 9(Dx, B(X;, X3),€) = 0,
and by using (2.9) one obtains
(5.10) 9(Dyx,B(X;, X}),€) = —9(Dx; B(Xi, X;), J§) = 0,

(5.11) 9(Dsx, B(X;, Xy),€) = —9(Dx, B(X;, X3), J€) = 0.

(5.8) ~ (5.11) imply that v is parallel with respect to the normal connec-
tion D. By means of [5], there exists a totally geodesic C H%}™ 7™ (—¢)
in CHY (—c) such that o(CH™(—c) x CH™(—c)) C CHIFm+nm(—c).
From Theorem 3.1, ¢ is the composition of the Segre imbedding and a
rigid motion of CHF™ "™ (—c).0

REMARK. Since the scalar curvature p of M™ x M'™ is p =
(=c)(n + m)(n + m + 1) — || B||?, condition (5.1) can be replaced by
p > (—c)(n? + m? + mn + m + n) and one obtains the same results as
in Theorem 5.1.



T. IKAWA, H. NAKAGAWA AND A. ROMERO 615

REFERENCES

1. M. Barros and A. Romero, Indefinite Kihler manifolds, Math. Ann. 261
(1982), 55-62.

2. E. Calabi, Isometric imbedding of complex manifolds, Ann. of Math. 58
(1953), 1-23.

3. B.Y. Chen, CR-submanifolds of a Kaehler manifold 1, J. Diff. Geometry 16
(1981), 305-322.
and W.E. Kuan, Sous-variétés produits et plogement de Segre, C.R.
Acad Sc. Paris 296 (1983).

5. T. lkawa, Reduction of the codimension of indefinite Kaehler immersions,
Tensor N.S. 42 (1985), 93-95.

6. S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, I, II,
Interscience 1963, 1969.

7. S. Montiel and A. Romero, Complex FEinstein hypersurfaces of indefinite
complex space form, Math. Proc. Camb. Phil. Soc. 94 (1983), 405-508.

8. H. Nakagawa and R. Takagi, On locally symmetric Kaehler submanifolds in a
complex projective space, J. Math. Soc. Japan 28 (1976), 638-667.

NIHON UNIVERSITY, TOKYO, JAPAN
TsUKUBA UNIVERSITY, IBARAKI, JAPAN
UNIVERSITY OF GRANADA, GRANADA, SPAIN






