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A CHARACTERIZATION OF QUATERNION DIVISION ALGEBRAS

KIRBY C. SMITH

ABSTRACT. Let D be a division ring with center F of character-
istic not two. Let W^D) be the set of all a ED such that an E F
for some positive integer n. If n is minimal such that an E F then n
is called the rank of a. It is shown that if W^D] ¥= F and if W^D)
has the property that whenever a, b E WF(D) have the same rank
then a + b E W^D), then D is a quaternion division algebra over F.

Let D be a division ring with center F. A well-known theorem due
to Kaplansky says that if D has the property that for every a £= D there
exists a positive integer n, depending on a, such that an G F then
D — F. If Q is a (generalized) quaternion division algebra over F (of
characteristic not two) then every pure quaternion q — axf + a2/ 4- a3fc,
ai G F, has the property that q2 E F and so Q "almost" satisfies the
hypothesis of Kaplansky's theorem.

If A is an algebra over the field F let

WF(A) = [a G A: an e F for some n > 0}.

For a G Wp(A) let n be the least positive integer such that an E F and
call n the rank of a over F. We shall say that Wp(A) is nondegenerate
if WF(A) ¥= F, and WF(A) is weakly closed if it has the property that
whenever a, b E Wp(A) such that a and fe have the same rank over F,
then a + b e W^(A). It is easily verified that if Q is a quaternion al-
gebra over F then WF(Q) is nondegenerate and weakly closed. We shall
prove that quaternion division algebras are the only algebraic division
algebras of characteristic not two with this property.

The first lemma is similar to Kaplansky's lemma ([3], page 77) with
an analogous proof.

LEMMA 1. Let K be an extension field of F. Assume WF(K) is non-
degenerate and weakly closed. Let Ws be the subset of WF(K] con-
sisting of the separable elements over F. If Ws ¥= F then either

(i) a2 G F f o r alia e Ws, or
(ii) F has characteristic p ¥= 0 and it is algebraic over its prime sub-

field P.
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PROOF. Assume (i) is not true. Then there exists an a G W8 such that
a has rank n > 2. If n is not a power of 2 then a may be reselected so
that its rank is a prime different from 2. If n is a power of 2 then the
element a may be reselected so that a has rank 4. Hence we may as-
sume n is either 4 or a prime different from 2. We imbed F(a) in a
Galois extension L of F, so there is an F-automorphism O of L which
moves a. In fact, since an G F and n is either 4 or a prime different
from 2, then O(a) = \a ¥= a where X is a primitive nth root of unity.

There is an integer k, 1 < k < n, such that ak has rank n. For each
i G P the element a + iak belongs to both Ws and L. We have

= /^(a + iak)

where ^ is an m^ root of unity for some integer m^ Thus

^(a + iafc) = O(a + iak) — \a-\- i\kak.

We cannot have /^ = Xfc since otherwise A* = X or A*"1 = 1 con-
tradicting X being a primitive nth root of unity. This means
iak~l — (/ij — A)/(A* — jitj. Since /^ and X are algebraic over P, so are
ia*"1 and a.

Assume F has characteristic 0. Then {iak~l: i G P} is an infinite set
which means {JJL^. i G P} is infinite. Let L0 be a Galois extension of P
containing a and hence containing a + iak for all i G P. It is easy to
verify that /^ belongs to L0 for all i G P and thus L0 is a finite exten-
sion of F containing infinitely many distinct roots of 1. This is impos-
sible, so F must be a modular field.

The field P(d) is a finite field having, say pm elements. We have
as = 1 where s = pm — 1, and if a G F then F(aa) is finite, so
(ad)* — 1 for some t > 0. This means

1 = (aa)ts = a'Vs = ats

and F is algebraic over P.

LEMMA 2. Let D be a division ring with center F of characteristic not
two. If WF(D) is nondegenerate and weakly closed then WF(D) contains
an element not in F which is separable over F.

PROOF. Assume WF(D) contains only purely inseparable elements.
Then F has characteristic p ¥= 0 and WF(D) contains an element / $ F
such that f G F. From the proof of Theorem 3.2.1, page 78 of [3]
there exists a f G D such that
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If t is algebraic over F it cannot be purely inseparable over F, for oth-
erwise t = 1 + jtj~l whence tpk = I + (itj~l)pk = 1 + tpk for some in-
teger fc, which is impossible. If t is algebraic and inseparable over F
then there is an integer k such that s = tpk is separable over F with
s ^ F. From (1) we have sj = j(s + 1). The above implies that the ele-
ment t in (1) may be selected so that the field K = F(f) contains no in-
separable elements over F.

The field K = F(t) has an automorphism 3 defined by t9 = j~ltj
= t + 1. Since ; - t~ljt = t~lj belongs to W^D) then (t~lj)n G F
where n is the rank of t~lj. Since t~lj = j(t9)~l we have

(2) (r1/)* = jn(tV2 - - V-i

an element of F. The field F(/) is a purely inseparable extension of F so
the only elements common to both F(/) and K are the elements of F.
Equation (2) implies that both ;'n and W • • • f8" belong to F. This
means p divides n, say n = pk, and t*1? • • • £8" = (t*t*2 • • - ty)k be-
longs to F. If k > 1 then t*t* - - $* belongs to both K and WF(D), an
impossibility since W^D) contains only purely inseparable elements.
We now have k = 1 and

(3) th* • • • t*p = (t + i)(* + 2) • • - (t) e F.

This means K is a Galois extension of F of degree p with Galois group
<a>.

For s = 1, 2, • - -, p - 1 and all It G K we have fcf e W^D) with
rank p since (khs)p = kk*' • - - k9(P~1}'(js)p e F. Let Dl = (K, 8, f) be the
cyclic subalgebra of D generated by / and t. Then Dl satisfies the hy-
pothesis of the lemma and

WP(Da) D {fc + fk2 + ••• + f-Vi' *i e K}.

We show now that WF(Dl) is not weakly closed. From (3) the minimal
polynomial for t over F is

(4) m(x) = xp + (p - l)x + a

for some a =£ 0 e F. Since p > 2 we have ft + ft* e W^D^ and it is
purely inseparable of rank p. So F contains

(it + i2t»r - nt*-1 + jt)(t^ + /*»'-')...(« + /*").
The coefficient of / in the above product is (5jpt where ft is the sum of
the products of the roots of m(x) taken p — 1 at a time. By (4) we have
0 = p _ 1 ̂  o, hence (/f + /2f8) $ W^D), a contradiction. So
must contain separable elements not in F.
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LEMMA 3. Let D be a division ring which is algebraic over its center
F of characteristic not 2. // WF(D) is nondegenerate and weakly closed
then every element of WF(D) is separable over F.

PROOF. By Lemma 2 WF(D) contains a separable element, say a $ F.
The extension field F(a) of F satisfies the hypotheses of Lemma 1 so ei-
ther a2 E F or else F has characteristic p =/= 0 and it is algebraic over
its prime subfield P. The latter case is impossible since it implies D is
algebraic over P and hence commutative ([4], page 183, Theorem 2). So
we must have a2 E F for all separable a in WF(D).

Assume WF(D) contains purely inseparable elements. Then F has
characteristic p ¥= 0 and WF(D] contains an inseparable element / $ F
such that jp E F. As in the proof of Lemma 2 there is a t E D such
that tj = j(t + 1) where X = F(t) contains no inseparable elements over
F. The element /x = *V* • • • ta" belongs to both K and WF(D\ whence
/i has rank 1 or 2. If /x has rank 1 then Dl = (K, 3, ;>p) is a division sub-
algebra such that WF(D^) should, but doesn't, have the desired proper-
ties. Hence we may assume JJL has rank 2.

We have K = F(t) D F(/x) D F where (F(t) : F(/i)) = p and
(F(/x): F) = 2. The cyclic subalgebra D± — (K, 3, f) has degree p over
F(/i). As in the proof of Lemma 2 the elements \t and ft9 both belong
to WF(D) and have rank 2p. Hence jt + ft9 belongs to WF(D) and it
has rank p or 2p. But as before (jt -f ft9)p does not belong to F(/x),
hence (jt + ft*)2p cannot belong to F. So WF(D) can contain only sepa-
rable elements.

THEOREM. Let D be an algebraic division algebra with center F of
characteristic not two. If WF(D) is nondegenerate and weakly closed
then D is a quaternion algebra over F.

PROOF. By Lemma 3 and its proof every element of WF(D) is sepa-
rable over F and a2 E F for all a E WF(D). Since WF(D) is non-
degenerate it contains elements of rank 2. Let V2 be the subset of
WF(D) consisting of the rank 2 elements and let V = V2 U {0}. It is
easy to verify that V forms a vector space over F. Moreover V has the
property that ab -f ba E F for all a, b E V. The map (a, b)—»ab + ba
is a nondegenerate symmetric bilinear form on V. If V has dimension
greater than 3 over F then there exists linearly independent vectors al9

a2, a^ a4 E V such that (ai9 a,) = 0, i ¥= j. Let Dl be the subalgebra of
D generated by (a^ a2, a3, a4), a division algebra over F of dimension
^ 24. By [2], page 39, Dl is a homomorphic image of the Clifford al-
gebra A over F on four generators. But A ^ Ql ® Q2 where Q^ and Q2

are quaternion algebras over F and so A is simple, whence A ~ Dr But
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WF(A) does not have the desired properties since (i ® I)2 and (1 © ;)2

belong to F but (t ® 1 + 1 ® /)2 does not. This means A s D^ is im-
possible and we must have (V: F) ^ 3.

By the Cartan-Brauer-Hua theorem V generates D and so
(D : F) = 23. Since (D : F) is a perfect square we must have (D: F) = 4
and D is a quaternion algebra.

The following corollary is immediate.

COROLLARY. Let A be a finite dimensional central simple algebra over
F of characteristic not two. If WF(A) is nondegenerate and weakly
closed then A is a quaternion algebra over F.
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