
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 3, Number 4, Fall 1973 

A HOMOMORPHISM OF A PSEUDO PLANE 
ONTO A PROJECTIVE PLANE 

E. H. DAVIS 

1. The purpose of this paper is to give an example of a homomor-
phism of a proper pseudo plane onto a projective plane. The pseudo 
plane used is coordinatized by Zemmer's nonplanar nearfield [5], 
and the image plane is a field plane. With the exception of the con­
cept of place of a homomorphism the notation and terminology will 
follow that found in [4]. In §2 we give a characterization of place 
found in [ 1], and in §3 we give the example referred to above. 

2. We let TT and TT ' be pseudo planes and a : IT —> TT ' be a homo­
morphism. We may choose a coordinatizing quadrangle for TT such 
that its image is a coordinatizing quadrangle for TT'. Call the quad­
rangle for TT, (oo ), (0), (0, 0), (1,1). Let T and T ' be the pseudo ternaries 
associated with these quadrangles for TT and TT ' respectively. Pseudo 
ternaries are discussed in [3]. Then there is a mapping ä : T —» 
T' U {oo} defined by 

- b = fb' i f o ( 0 , b ) = ( 0 ' , b ' ) , 
loo ifa(0, b) = a(oo). 

ä is called a place of a. Generally no confusion results from denoting 
ä b y a. 

If we assume that (T, + , • ) is a nearfield, then the proof of Theorem 
4.3 found in [ 1] suffices to show that a is a place of a homomorphism 
if and only if the following hold: 

51. o0 = 0, and a l = 1. 
52. aa and ab ^ oo implies a(a + b) — aa + ab, and a(ab) = 

aaab. 
53. aa 7̂  oo and ab = oo implies a(a + b) = a(b + a) = oo, 
54. aa 7̂  0 and ab = oo implies a(afo) = a(ba) = oo . 
55. a( —ax + a*x) ^ oo and ax = oo implies aa = aa*. 
56. a(ax — ax*) ^ oo and aa = oo implies ax = ax*. 
57. a*x + ax* = ax and aa = ax = a(a*x) = a(ax*) = oo implies 

aö* = oo or ax* = oo . 

Received by the editors October 22, 1971 and, in revised form, December 13, 
1971. 

AMS (MOS) subject classifications (1970). Primary 50D35, 12K05. 
Copyright © 1973 Rocky Mountain Mathematics Consortium 

515 



516 E. H . DAVIS 

We will use SI—S7 in the next section to show that a mapping is a 
place. 

3. The pseudo plane under consideration in this section is the 
pseudo plane coordinatized by Zemmer's nonplanar nearfield [5]. 

DEFINITION. Let N = F(k) be the set of rational functions over F, 
a field of characteristic 0. For a(k) G F(k) let n(a) = degree of numer­
ator of a, and d(a) = degree of denominator of a. Let 8(a) = n(a) — 
d(a). Define a(k) + b(k) to be the sum in F(A). For a(k) / 0, let 
a(k) o b(k) = a(k)b(k + 8(a)), and also let 0 ° b(k) = 0. 

It is known, [5], that (N, + , ° ) is a near field in which the equa­
tion x = k ° x + A has no solution. Hence (N, + , ° ) cannot coor­
dinatize a projective plane. We will construct a place from (N, + , ° ) 
to (F, + , • ), and the latter does coordinatize a projective plane as it is 
a field. (N, + , ° ) coordinatizes a pseudo plane [2]. 

The following facts will be used, often without mention. 

(1) 

(2) 

Let a = (ank
n + 

8(a) if n(a) + d(fo) > n(b) + d(a), 

8(a +&)=<{ 6(b) if n(a) + d(6) < n(b) + d(a), 

[ fc ^ 0(a) if n(fl) + d(b) = n(fo) + d(a). 

8(a o fe) = 8(a) + ô(fo). 

+ ^o)l{cmkm + • • • + c0), and define 

r an/cm if 0(a) = 0, 

o(fl) = { 0 if 8(a) < 0, 

[ oo if 8(a) > 0. 

We will prove that a is a place of a homomorphism from the pseudo 
plane coordinatized by (N, + , ° ) onto the plane coordinatized by 
(F, -h, • ) by showing that SI—S7 are satisfied. 

SI is immediate. 
To verify S2, let a be given as above, and let 

b = (Kku + • • • + b0)l(evk
v + • • • + e0). 

If we write only the terms of largest degree in each product, we obtain 

anevk
n+v + bucmkm+u + • • • 

a+ b = H' + 
Take aaj^ <*> ^ ab. Then n^m and u^v. S o n + ü ^ r a + i; 
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and m + u^ m 4- v. If n + v > m + u, then v > u, and thus 
ab = 0. But a(a 4- fo) = (anev)l(cmev) = ajcm= oca — oca + ab. Simi­
larly, the desired result holds if n 4- v < m 4- w. 

Let n + Ü = m 4- u. If n < m, then t> > M, and aw 4- ab = 0. But 
then 8(a + fo) = k ^ 8(a) < 0. So a(a 4- fo) = 0 as required. If n = m, 
then w = v and aa = ajcm and affo = &„/#„. Thus oca + ab = 
(anev + bucm)l(cmev). lfanev + foucm 7̂  0, then 

a(a + fo) = ( a n ^ 4- bucm) l(cmev), 

as required. Suppose that a n ^ 4- foucm = 0, then k < 0, and in this 
case a(a 4- b) = 0, and aa 4- ab = 0l(cmev) = 0. 

That a(a ° b) = aaab is immediate. 
Now consider S3. Use a and fo as above with aa = 00, and ab jé &>. 

Then n> m, and u^ v. So as before, 

a 4- fo = — 
c»AAm+ü + 

We have n 4- i) > m 4- 11, and n + v > m + v, so n(a 4- fo) = n 4- Ü 
and a(a 4- fo) = 00 . 

For S4 we take a and fo as before with aa ^ 0, and afo = 00. Then 
ra =i n, and w > t>. Considering only leading terms we have 

a a b = « » " + " + • • • 
cme„Am+ü + 

Thus, a(a ° b) = °° as n + u > m + u. Similarly, a(b ° a) = °° . 
For S5 let a and b be as above, and let 

x _ *rAr + • • • + *o jifc = y<*' + • • • + !/o 
IÜ,X* + • • • + w0 ' zpK» + • • • + zo 

x* - fa" + • • • + fo 
gh*h + • • • + go' 

We take a( — a ° x + a* ° x) ^ °°, and ax = °°. Then 

V ZpX̂  4- • • • 4- «0 / \wsk
s + • • • 4- w0/ 

/ank
n+ • • • + a 0 \ o / *Ar + • • ' + *o \ 

\cmXm 4- • • • 4- cj ° \ u;As 4- • • • 4- wj 
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= (t/A* + • ' • + j/0)(*r(A +t-p)>+ V - + XQ) 
(zJJ> + . . . + z0)(ws(k + t - pY+ • • • + w0) 

(ank
n + ' • • ! a0)(xr(k + n- m)r+ • • • 4- x0) 

(cmAm 4- • • • 4- c0)(ws(k + n- m)s + • • • 4- u>0) 

_ */,xrA'+r 4- • • • anxf A
n+r 4- • • • 

~" zpwsk^s + • • • cmwjim+8 + • • • 

__ y fx rcmu;^ f+ r+m+s - gnJCrzpu;,Xn+r+P+5 4- • • • 
zpw;,cmu;>P+w+*+a + • • • 

considering only leading terms. Since ax = °° we have r > s. 
Case 1. £ + r + r a + s > n + r + p + s. Then £ + r + r a + $ S 

p + rn + 2s, since a ( - f l ° x + a * ° x ) / » . Thus, t + m> n + p, 
and £ + r ^ p + 5. Thus, t < p,som> n. Hence aa = aa* = 0. 

Case 2. £ + r + r a + s < n + r + p + s yields as in Case 1, aa = 
aa = 0. 

Case 3. i + r + m + « = n + r + p + s. If ytxrcmws — anxrzpws ^ 
0, then £ + r + m + s = p + rn + 2s. Thus £ + r < p + s. Hence 
t < p. But t + m = n 4- p, so m > n. Again aa* = aa* = 0. Finally, 
take ytxrcmws — anxrzpws = 0. Then ytcm = anzp, and thus ajcm = 
ytlzp. Hence aa = aa*, as m — n = 0 if and only if p — £ §^ 0. 

Next, we consider S6. By the definition of a, a( — g) = — ag. Let 
a(a ° x — a ° x*) ^ °° and aa = <*>, where oc* is given above. Now, 
(N, + , ° ) is a nearfield, so we have 

a(a ° x — a ° x*) = a(a ° (x — x*)), 

So by S4, a(x — x*) = 0. We show that ax = ax*. If at least one of 
ax or ox* is o°, then by S3, they both must be «>. So suppose that 
neither is oo . Then by S2, ax = ax*. 

Lastly we consider S7. We suppose that the hypotheses for S7 are 
satisfied, and as for S5 we consider only leading terms in a* ° x 4-
a ° x* = a ° x. The result is 

ytXrCmghkt+r+m+h + anfqzPwsk
n+q+p+s + • • - = an*An+r + • • ' 

Zpl»sCmghkP+S+m+h + ' • ' CmWsk
m+s 4- • • • 

which yields, 

ytXrcmghCmtosk^r+m+h+m+s 4- anfqzpwscmwsk
n^^+s+m+s 

= anxrzpwscmghk
n+r+r>+s+™+h + • • •. 
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The assumptions yield n> m, r> s, t + r > p + s, and n + q > 
m + h. 

Case 1. £ + r + m + / i + ra + s > n + g f + p + s + r a + s . Then 
we have that £ + r + r a + / i + r a + s = n + r + p + s + ra+/i. 
Hence, t + m = n + p,sot> p. Hence, aa* = <*>. 

Case 2. t+r+m + h + m + s<n + q + p + s+m+s. Then 
we have that n + g + p + s + r a + s = n + r + p + s + r a + f e , so 
<7 4- s = r + /i. Hence q > h, which implies that ax* = <*>. 

Case 3. i + r + m + li + m + s = n + ( j + p + s + m + s 1 Now, 
i f n + g + p + s + ra + s = n + r + p + s + ra + /i, then as in Case 
2, q > h, and ax* = a>. I f n + 9 + p + 5 + m - f 5 < n - l - r - l - p - f 5 
+ m + /i, we may apply Case 1. Suppose that n + g + p + s + m - f s 
> n - + - r + p + s + r a + f o , then again g + s > r + /i, so q > h. 
Hence ax* = <*>. 

Thus by the discussion in §2, there is a homomorphism from the 
pseudo plane coordinatized by the nearfield to the projective plane 
coordinatized by (F, + , • ). The fact that this homomorphism is onto 
is immediate. 
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