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ABSTRACT. In this work we establish some new esti-
mates for layer potentials of the acoustic wave equation in the
time domain, and for their associated retarded integral opera-
tors. These estimates are proven using time-domain estimates
based on the theory of evolution equations and improve known
estimates that use the Laplace transform.

1. Introduction. In this paper we prove some new bounds for the
(two- and three-dimensional) time domain acoustic wave equation layer
potentials and their related boundary integral operators.

In 1986, Alain Bamberger and Tuong Ha-Duong published two arti-
cles ([2, 3]) on retarded integral equations for wave propagation. These
seminal papers established much of what is known today about re-
tarded layer potentials, proving continuity of layer potentials and their
associated integral operators as well as invertibility properties of some
relevant integral operators. The analysis of both papers has two key
ingredients: (a) the time variable is dealt with by using a Laplace
transform; (b) estimates in the Laplace domain are proved using vari-
ational techniques in free space, very much in the spirit of [16] (see
also [15]). Even if the results in [2, 3] are given only for the three-
dimensional case (retarded operators with no memory), because of the
way the analysis is given, all results can easily be generalized to any
space dimension. An additional aspect that is relevant in [2, 3] is
the justification of time-and-space Galerkin discretization of some as-
sociated retarded boundary integral equations, a result that sparked
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intense activity in the French numerical analysis community on inte-
gral methods for acoustic, electromagnetic and elastic waves in the time
domain. Not surprisingly, when Lubich’s convolution quadrature tech-
niques started to be applied to retarded boundary integral equations
(this happened in [14]), the key results of Bamberger and Ha-Duong
were instrumental in proving convergence estimates for a method that
relies heavily on the Laplace transform of the symbol of the opera-
tor, even though it is a marching-on-in-time scheme. The relevance
of having precise bounds in the Laplace domain for numerical analysis
purposes has also been expanded in more recent work at the abstract
level (with the recent analysis of RK-CQ schemes in [5, 6]) and with
applications to the wave equation at different stages of discretization
([4, 8, 13]).

In this paper we advance in the project of developing the theory of re-
tarded layer potentials with a view on creating a systematic approach to
the analysis of CQ-BEM (Convolution Quadrature in time and Bound-
ary Element Methods in space) for scattering problems. As opposed to
most existing analytical approaches, while partially following the ap-
proach of [18], we will use purely time-domain techniques, inherently
based on groups of isometries associated to unbounded operators and
on how they can be used to treat initial value problems for differential
equations of the second order in Hilbert spaces. We will show how to
identify both surface layer potentials with solutions of wave equations
with homogeneous initial conditions, homogeneous Dirichlet conditions
on a distant boundary and non-homogeneous transmission conditions
on the surface where the potentials are defined. This identification will
hold true for a limited time-interval, and a different dynamic equation
(with a new cut-off boundary placed farther away from the original
surface) has to be dealt with for larger time intervals. In its turn, this
will make us be very careful with dependence of constants in all bounds
with respect to the (size of the) domain. Bounds for the solution of
the associated evolution equations will depend upon quite general re-
sults for non-homogeneous initial value problems. A delicate point will
be proving that the strong solutions of these truncated (in time and
space) problems coincides with the weak distributional definitions of
the layer potentials. Since the type of results we will be using are not
common knowledge for persons who might be interested in this work,
and due to the fact that the kind of bounds we need are not standard
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in the theory of Cy-semigroups (and, as such, cannot be located in the
best known references on the subject), we will give a self-contained
exposition of the theory as we need it, based upon the simple idea of
separation of variables, the Duhamel principle, and very careful han-
dling of orthogonal-series-valued functions.

From the point of view of what we obtain, let us emphasize that
all bounds improve results that can be proved by estimates that use
the Laplace transform. Improvement happens in reduced regularity
requirements and in slower growth of constants as a function of time.
This goes in addition to our overall aim of widening the toolbox for
analysis of time-domain boundary integral equations, which we hope
will be highly beneficial for analysis of novel discretization techniques
for them.

Although results will be stated and proved for the acoustic wave
equation (in any dimension larger than one), all results hold verbatim
for linear elastic waves, as can easily be seen from how the analysis
uses a very limited set of tools that are valid for both families of
wave propagation problems. Extension to Maxwell equations is likely,
however, to be more involved.

The paper is structured as follows. Retarded layer potentials and
their associated integral operators are introduced in Section 2, first
formally in their strong integral forms and as solutions of transmission
problems, and then rigorously through their Laplace transforms. Sec-
tion 3 contains the statements of the two mains results of this paper,
one concerning the single layer potential and the other concerning the
double layer potential. Sections 4 and 5 contain the proofs of The-
orems 3.1 and 3.2, respectively. In Section 6 we use the same kind
of techniques to produce two more results, much in the same spirit,
concerning the exterior Steklov-Poincaré (Dirichlet-to-Neumann and
Neumann-to-Dirichlet) operators. In Section 7 we compare the kind
of results that can be obtained with bounds in the Laplace domain
with the results of Sections 3 and 6. In Section 8 we state some basic
results including bounds on non-homogeneous problems associated to
the wave equation with different kinds of boundary conditions; these
results have been used in the previous sections. Finally, Appendix A
includes the already mentioned treatment of some problems related to
the wave equation by means of rigorous separation of variables.
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Notation, terminology and background. Given a function of a
real variable with values in a Banach space X, ¢ : R — X, we will
say that it is causal when p(t) = 0 for all t < 0. If ¢ is a distribution
with values in X, we will say that it is causal when the support of ¢
is contained in [0, 00). The space of k-times continuously differentiable
functions I — X (where I is an interval) will be denoted C*(I; X). The
space of bounded linear operators between two Hilbert spaces X and
Y is denoted £(X,Y) and endowed with the natural operator norm.
Standard results on Sobolev spaces will be used throughout. For easy
reference, see [1, 15]. Some very basic knowledge on vector-valued
distributions on the real line will be used: it is essentially limited to
concepts like differentiation, support, Laplace transform, identification
of functions with distributions, etc. All of this can be consulted in [10].

On time differentiation. There will be two kinds of time deriva-
tives involved in this work: for classical strong derivatives with respect
to time of functions defined in [0, 00) with values on a Banach space
X (understanding the derivative as the right derivative at ¢ = 0), we
will use the notation ; for derivatives of distributions on the real line
with values in a Banach space X, we will use the notation u’. Partial
derivatives with respect to ¢ will only make a brief appearance in a
formal argument.

Remark 1.1. If u : [0,00) — X is a continuous function and we define

_ Ju) t>0,
) o= {10
then Fu defines a causal X-valued distribution. If u € C*(]0, 00); X)
and u(0) = 0, then (Eu) = E4. Also, if u is an X-valued distribution
and X C Y with continuous injection, then u is a Y-valued distribution
and their distributional derivatives are the same, that is, when we
consider the X-valued distribution u’ as a Y-valued distribution, we
obtain the distributional derivative of the Y-valued distribution . This
fact is actually a particular case of the following fact: if u is an X-valued
distribution and A € £(X,Y’), then Au is a Y-valued distribution and
(Au) = Au'.
2. Retarded layer potentials. Let {2_ be a bounded open set in
R? with Lipschitz boundary I', and let 2, := R%\ Q_. We assume
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that the set 24 is connected. No further hypothesis concerning the
geometric setup will be made in this article. The normal vector field
on I'; point from Q_ to 24 will be denoted v.

Classical integral form of the layer potentials. For densities
A I'x R — R that are causal as functions of their real variable
(time), we can define the retarded single layer potential by

(S # \)(x,8) ;:/wdr(y),

r drlx —y|

and the retarded double layer potential by

(D * 9)(x,1) ::/Fvy(w)

Arlx —y|

:/ (x—y)-v(y)
r

dr|x —y|3

z:y'/(y} dl'(y)
x (p(y,t =[x —y|) + [x — ylo(y, t — |x —y|)) dT(y).

These are valid formulas for x € R3 \ I' as long as the densities are
smooth enough. The two-dimensional layer potentials are defined by

t—|x—y| -
(8% A)(x,t) = %/F/O T A(y’_) dr(y) dr

7)? = x —yl?
and
(Dx¢)(x,1)
] T i )

L el (x—y) - v(y)
2 /F/O (t—7) = |x=y|* /t-7)2 - |x—y]? dl'(y) dr.

Convolutional notation for potentials and operators will be used
throughout. As we will shortly see, the convolution symbol makes
reference to the time-convolution.
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Layer potentials via transmission problems. In a first step,
layer potentials can be understood as solutions of transmission prob-
lems. Let v~ (respectively y1) denote the operator that restricts func-
tions on Q_ (respectively 1) to T, i.e., the interior (respectively exte-
rior) trace operator. Similarly, let 9F denote the interior and exterior
normal derivative operators. Jumps across I' will be denoted

[vu] == v u—~"u, [O,u] := 0, u — O} u,
while averages will be denoted
{rult = 507u+9"w), {0l =30 u+ O ).

Given a causal density A, the single layer potential u := & * A can be
formally defined as the solution to the transmission problem:

(2a) uy = Au in R4\ T x (0, 00),

(2b) [vu] =0  on T x (0, 00),

(2¢) [Opu] =X  onT x (0,00),

(2d) u(-,0)=0  in RY\T,

(2e) uy(-,0) =0  in RI\T.

Similarly, for a causal density ¢, u := D * ¢ is the solution of the

transmission problem:

uy = Au  in R\ T x (0, 00),
[vu] = —¢ on T x (0, 00),

[Oou] =0  onT x (0,00),
u(-,00=0  in RI\T,
u(-,0)=0  in R¥\T.

With this definition, it follows that

(3)



PROPERTIES OF LAYER POTENTIALS 259

The definition of the layer potentials through transmission problems
allows us to define the following four retarded boundary integral oper-
ators:

@) VEA={y(SH NP =97 (Sx ) =T (S* ),

(5)  K'sd={ou(S* N}

6)  Kxp:={1(Dxo)}},

(1) Were=—{a(Dxo)l} = -0, (D*p) =-0,(D*y).

These definitions and the jump relations (3) then prove that

OE(S*N) = FINH K x), YED x ) = 2o+ K.

Layer potentials via their Laplace transforms. Although the
definition of the layer potentials through the transmission problems
they are due to satisfy leads to an easy formal introduction of potentials,
integral operators and most of the associated Calderén calculus with
integral operators, properties of these operators are usually obtained
by studying their Laplace transforms. This is the usual rigorous way of
introducing these potentials (see [2, 3]). In order to do this, consider
the fundamental solution of the operator A — s? for s € C; = {s €
C:Res>0}:

AH (islx —y|)  (d=2),

=2
Ey(x,y;8) =
a(X,y;8) { e—s|x7y\/4,ﬂ.|x —y| (d=3)

The theory of layer potentials for elliptic problems (see [9] or the more
general introduction in the monograph [15]) can then be invoked in
order to define the single and double layer potentials, which are weak
forms of the integral expressions

HY2(1) 5 X —s S(s)A = / Eu(y:9) A(y) dI(y),
and

HY(T) 5 g — D(s)p == / VyEa(y:5) - v(y) oly) d0(y),
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respectively. For an arbitrary open set O, we let
HA(O) :={uec H'(O) : Au € L*(0)},
endowed with its natural norm. Then S(s) : H='/2(T') — HA(R*\T)

and D(s) : HY/2(I') - HA(R?\T') are bounded for all s € C;. The
jump relations

(8)

justify the definition of the four associated boundary integral operators
using averages of the traces

V(s)A = {{7S(s)A}} = 7S(s),
K'(s)A := {{8,S(s)A}}

K(s)g := {{7D(s)p}},

W(s)p := —{0,D(s)e}} = =97 D(s)e.

Bounds of the operator norms of the two potentials and four operators
above, made explicit in terms of s, have been obtained in [2, 3, 13].
Using them, it is then possible to use Payley-Wiener’s theorem (see a
sketch of the theory in [10] or a full introduction in [19]) and show
that all six of them (S,D,V,K,K! and W) are Laplace transforms of
operator-valued causal distributions. For instance, it follows that there
exists an £(H~Y/2(T"), H (R?\T))-valued causal distribution S whose
Laplace transform is well defined in C; and is equal to S(s). The
theory of vector-valued distributions proves then that, for any causal
H~1/2(T")-valued distribution A, the convolution product S\ is a well-
defined causal HX (R®\I')-valued distribution. Moreover, if u := S* ),
then

9) ' = Au.

(Recall notation for distributional derivatives given at the end of the
introductory section.) The Laplace operator in (9) is the Laplacian
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N -

FIGURE 1. Sketch of the geometry of the problem. The exterior domain is
Qi =R\ Q_.

A: HY(R\T) —» L2(R4\T) = L?(RY) and (9) is to be understood
as the equality of two L?(R%)-valued causal distributions. The fact
that u is causal and that differentiation is understood for distributions
defined on the real line (as opposed to distributions defined in (0, c0)),
encodes the vanishing initial conditions (2d) and (2e). The jump
properties of S(s) in (8) then prove the transmission conditions in
(3). This gives full justification for understanding v = S % A as
a solution of the transmission problem (2) with time differentiation
(and initial conditions) re-understood as differentiation of vector-valued
distributions. If V and K! are the causal operator-valued distributions
whose Laplace transforms are V(s) and K!(s), respectively, then their
time convolutions with a given causal density A satisfy the identities
(4) and (5), thus identifying the two possible definitions of the time
domain integral operators associated to the single layer potential.

The same considerations can be applied for a rigorous definition of
the double layer potential in the sense of convolutions of vector-valued
distributions. Note that both layer potentials had been introduced
directly (without using the Laplace transform) in the three-dimensional
case in [12], with a theory that cannot easily be extended to the two-
dimensional case.
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Propagation, uniqueness and integral representation. Finite
speed of propagation of the waves generated by layer potentials will be
a key ingredient in our theoretical setting. For our purposes, only the
following aspect will be used. Henceforth, we take a fixed R > 0 such
that

(10) Q_ C By := B(0;R) := {x e R? : |x| < R}.
We also consider the distance between I and 0By:
(11) d:=min{jlx —y|:x €I,y € 0By}.

For T' > 0, we denote Br := B(0; R + T'), and we let 77 be the trace
operator from H'(Br \ Q_) to H/?(dBr). See Figure 1 for a sketch
of the different geometric objects.

Proposition 2.1. Let A\ be an H~'/?(T)-valued causal distribution,
¢ an H'Y*(D)-valued causal distribution, and u = S * X + D * .

(a) The temporal support of the HY?(OBr)-valued distribution yru
is contained in [T + 6, 00).

(b) Letting O := R\ Br_s/2, the temporal support of the HY(Or)-
valued distribution u|o, s contained in [T + §/2,00).

Proof. This result is a consequence of some simple techniques related
to the Laplace transform. Firstly, if the Laplace transform F(s) of a
distribution f can be bounded as

(12) IF(s)]] < Cexp(—cRes)|s|* for all s € C with Res > 0,

where ¢ > 0 and p € R, then the support of f is contained in [c, 00).
Using estimates of the fundamental solution F; as a function of s, it is
possible to prove a bound like (12) for S(s) (respectively, D(s)) as an
operator from H~/2(T) (respectively, H'/?(T")) to H'/?(dB7r) and to
Hl (OT) O

Proposition 2.2. Let A be an H="/?(')-valued causal distribution
and ¢ an H'Y?(T)-valued causal distribution, and assume that both are
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Laplace transformable. Then u := S * A — D x ¢ is the only causal
HY(R\ I')-valued distributional solution of the transmission problem

' = Au, [yu] = ¢, [0,u] = A

that admits a Laplace transform.

Proof. For definitions and basic properties of the Laplace transform
of casual vector-valued distributions, we refer to [10]. We sketch
a proof for the case when data (A and ) are causal distributions
whose Laplace transform is defined in C;. The case when these
Laplace transforms are defined in any other half plane is identical.
If A(s) := L{\} and ®(s) := L{p} are well defined for s € C,, then
U(s) := L{u} = S(s)A(s) — D(s)®(s) solves

s°U(s) = AU(s) in RI\T
[VU(s)] = @(s),
[0,U(s)] = A(s) for all s € C,.

This is equivalent to the transmission problem for the causal wave
equation given in the statement of the theorem. To show uniqueness,
we only need to remark that any solution of

s*U(s) = AU(s) in R*\T
[VU(s)] = 0,
ﬂauU(S)]] =0,

is a solution of s?U(s) = AU(s) in R Therefore, multiplying this
equation by sU(s) and integrating by parts, it follows that

/ (s s2|U(s) + 3|VU(s)[2) = 0.
Rd

Taking the real part it follows that U(s) = 0 for all s, and hence u = 0.
(Note that this kind of arguments appears already in [2], albeit in a
slightly different language.) ]

3. Main results. Before stating the two main results of this paper,
we need to make precise statements on some constants related to the
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geometric setting and the Sobolev norms. The reference radius R > 0
will be chosen so that (10) holds.

Given an open set O, we will denote

Jullo = ( /. |u<x>|2dx)1/2,

lal o o= (Jull? + [vull?)
1o = (llullo + IVullo

The first set of constants we need are the Poincaré-Friedrichs constants
on the balls By := B(O; R+ T) for T > 0:

(13) vl B, < Cr||Vu||g, forallve H&(BT).

A simple scaling argument shows that Cr = Co(1 4+ T/R). The second
relevant constant is a continuity constant for the interior and exterior
trace operators. It will be jointly expressed for functions that are H*
on each side of I":

(14) IvEull1 /2 < Crllulli,por, for allu € H'(By \T).

Here || - [|1/o,r is a fixed determination of the H'/?(I')-norm (several
equivalent choices are available in the literature; see [1, 15]). The
third constant is related to a lifting of the trace operator. Since v~ :
H'(Q_) — H'2(I) is bounded and surjective, there exists a bounded
linear operator L~ : HY/2(I') — H'(Q_) such that v~ L~ ¢ = ¢ for all
@ € H'/?(I'), i.e., L™ is a bounded right-inverse of the interior trace.
We then denote C, := ||L7||. The use we will make of this operator
and its norm will be through L : HY/?(T') — H*(R4\ I") given by

L7y inQ_,
Ly = .
0 in Q4,

noting that

Lol rar = [ Lello < Crlelyzr,

(15) -
Y Lo=¢, v Le=0.
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The final constant is related to the definition of the normal derivative.
Given u € HX(By \T), we can define 9;fu € H~'/2(I") with Green’s
formula. Then, there is a constant C, such that

(16)

1/2
0% ull 120 < Co(IVulmr, +H|AulByng, ) for all ue HA(B\T).

The main theorems of this paper are given next. Given a Banach
space X and a positive integer k, we introduce

WER; X) == {p € C* 1 (R; X) : o™ € L (R; X), suppy C [0,00)}

where L1

e (R; X)) is the space of locally integrable functions with values
in X.

Theorem 3.1. Let A € W2(R; H-Y/2(T")) and let

t
By '\ t) = /0 (H)‘(T)”fl/z,F + H)‘(T)Hfl/”) dr.

Then, for allt > 0,

(17)

1S+ (Bl re < Cr(IAG I -1/20 + 1+ C2 By 2(01),
(18)

10V NOjor < CEIMOI -1/ + /14 CF By (1),
(19)

JCE O/ < VEC,Cr(IAD-1jr + By V201 ).

Theorem 3.2. Let
1/2 i
B0t = [ (lelhar +180lhar) o

t
B0 = [ (#eljar + 5160 ar + 1690 lar) dr.
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Then, for all t > 0 and p € W3(R; HY/?(T)),
(20)

1@+ )(O)ll more < Cr(leWlliyar +14/1+C2 By *(0,1)),
(21)

10C ) (Bl 20 < CrCr (@)l jo.r + 1+ CF BY*(0,1)).

Furthermore, for any ¢ € Wi (R; HY/?(T)),

(22 [V *)Ol-1/20
< VEC,CL(4le®lh o +2EW |z + B (0.1)).

4. The single layer potential. Since the convolution operator
A — S % )\ preserves causality, in order to obtain bounds at a given
value of the time variable ¢ = T', the value of A in (T, 00) is not relevant.
Therefore, we can assume without loss of generality that the growth of
A allows it to have a Laplace transform. We can actually assume that
A is compactly supported for the sake of the arguments that follow.

Introduction of a cut-off boundary. Let u := § * A. By
Proposition 2.2, u is a causal distribution with values in X := H*(R%)N
HA(R?\ T). Moreover, it is the only (X-valued causal distributional
Laplace transformable) solution of

(23) v =Au and [Ju] = A,

with the differential equation taking place in the sense of distributions
with values in L2(R%\ T') = L?(R%), while the transmission condition
is to be understood in the sense of H~/2(I")-valued distributions. Now
let T' > 0 be fixed, and let By and § be as in Section 2. We look for a
causal distribution with values in

Xr = Hy(Br)NHA(Br\T)
such that

(24) wp = Aur and  [Oyur] = A
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This differential equation is understandable in the sense of L?(Br)-
valued distributions. We will show that, for smooth data A, this
problem has strong solutions, with the time derivatives understood in
the classical sense.

Proposition 4.1. As HA\(Br \ I')-valued distributions, w = ur in
(=00, T +9).

Proof. Consider the H (Br \ T')-valued distribution w := u — ur =
u|p, — up. Then

w” =Aw, [0,w]=0, and ~yrw = yru.

Since the support of y7u is contained in [T'+6, 00) (by Proposition 2.1),
so is the support of w, which proves the result. a

Proposition 4.2. For A € WZ(R; H=Y/%(T")), the unique solution of
(24) satisfies

(25) ur € C*([0,00); L*(Br)) N €' ([0, 00); Hy (Br)) N C([0,00); X7),

the strong initial conditions ur(0) = ur(0) = 0 and the bounds for all
t>0

(26)

lur @)l < Cr(IMOll-1/20 +/1+ C3 By 201,
(27)

IVur@®)lls, < Cr (IO I-1/r + By (01),
(28)

|Aur @)l < Cr (MO -1/ + By 2 (01).

Proof. Consider first the function ug : [0,00) — HJ(Br) defined by
solving the steady-state problems

—Aug(t) +up(t) =0 in By \ T, [d,uo(t)] = A(t), yruo(t) =0,
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for t > 0. The variational formulation of this family of boundary value
problems is

uo(t) € Hy(Br),
(Vuo(t), Vo) gy + (uo(t),v) 5y = (A(t),yv)r for all v € HE(Br),

where (-, -)r is the H=Y/2(T") x H'/?(T") duality product. Therefore, a
simple argument yields

luwo®)ll1,52 < CrlIA@®I-1/2,r

29
(29) 186 s < CoIAD] 1 or-

Note that wuo(t) is the result of applying a bounded linear (time-

independent) map H~'/2(I') = X7 to A(t). Therefore, since \ is twice

continuously differentiable in [0, c0), it follows that

(30) . .
[io()|l1,Br < CrlIA@)]-1/2,0s 1 Adio(t)[[pr < CrllAE)|-1/2,r-

We next consider the function vg : [0,00) — H?(Br) N H}(Br) that
solves the evolution problem

(31)  @o(t) = Awo(t) +uo(t) —io(t) t=0,  v9(0)=1o(0) =0,

i.e., the hypotheses of Proposition 8.1 hold with f = ug—1tig. Therefore,
using (29)—(30), it follows that

t
[[Avo(8)| B S/ Vuo(r) = Viio(7)|| 5, d7
0

(32)
S CFB2_1/2()‘5 t)v
as well as
33) leo(®)ll, < CrCrBy *(\,1),

Voo (6)|l By < CrBy 2 (A 0).

If we now define ur := ug + vg, then the regularity requirement (25) is
satisfied and the three bounds in the statement of the proposition are
direct consequences of (29), (32) and (33). Moreover,

tr(t) = Aur(t), [Oyur(t)] = A(t), yrur(t) =0 Vt>0.
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Note also that ur(0) = uo(0) = 0 and @7 (0) = (0) = 0, since A(0) =
0 and A(0) =0 (A : R — H~Y2(I) is assumed to be C? and causal).
Therefore, considering the extension operator (1), it follows that Fuy is
an Xp-valued causal distribution, (Eur)”’ = Eir = EAur = AEBur
and [0, Eur] = E[0,ur] = EX@,) = A. Therefore, Fur satisfies
(24), and the proof is finished. O

Proof of Theorem 3.1. By Proposition 2.1, the distribution u|Rd\T5/2
vanishes in the time interval (—oo,T + 0/2). Therefore, by Propo-
sition 4.1, ur(t) = 0 in the annular domain Br \ Bp_;5/; for all
t < T+ 6/2. This makes the extension by zero of ur(t) to R?\ Br
an element of HX (R \T) for all t < T + §/2. (Note that the overlap-
ping annular region is needed to ensure that the Laplace operator does
not generate a singular distribution on dBy.) Then, the argument of
Proposition 4.1 can be used to show that the distribution u can be iden-
tified with this extension in the time interval (—oco, T+ §/2). Therefore,
identifying u(T") = up(T"), the inequalities of Proposition 4.2 yield

(34)
1S * V(@) e < Cr(IMD) -1/ +/1+C3 B2 D)),
(35)
IV(S ¥ N(T)llrs < Co(IATD) -1/ + By V2O T)),
(36)
1A « D)l < Ce(IND] 1o + By 2AT)).

We can now substitute all occurrences of T' by ¢, since T was arbitrary.
The result is now almost straightforward. First of all, (34) is just (17).
Also, by the trace inequality (14) and the fact that V * A = 4(S * \),
(18) is a direct consequence of (17). Finally, the bound for the normal
derivative (16), the fact that '« A\ = {{9,(S x \)}} and inequalities
(35)—(36) prove (19).

5. The double layer potential. We start by introducing a cut-off
boundary OBt as in Section 4 (for arbitrary T > 0). We are going to
compare u = D * ¢ with the causal distribution up with values in

Yy :={v € HA(Br\T) : ypv = 0},
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such that
(37) w) = Aur, [yur] =—-¢ and [d,ur]=0.

The same argument as the one of Proposition 4.1 shows that, as
H)(By \ I')-valued distributions v = ug in (—00,7T + §), where § is
defined in (11). Smoothness of the solution of (37) and bounds for it in
different norms will be proved in two steps. Note that, from the point
of view of regularity, Proposition 5.2 improves the initial estimate of
Proposition 5.1, but that more regularity of ¢ is used in the process.

Proposition 5.1. For ¢ € W2(R; HY/%(T")), the unique solution of
(37) satisfies

(38) ur € C'([0,00); L*(Br)) N C([0,00); H'(Br \T)),

the strong initial conditions ur(0) = ur(0) = 0 and the bounds for all
t>0

(39)

lur@®)lh zer < Co(le@llyr +1/1+C3 By (0.1)),
(40)

IVur @l < Co(le@lyar + B (2.).

Proof. First let ug : [0,00) — H(Br \ T') be given by solving the
steady-state problems

(41a)  —Aug(t) +uo(t) =0 in Br\T, [yuo(®)] = —p(t),
(41b) ’yTU()(t) = O, [[&,uo(t)]] = 0,

for each ¢ > 0. The variational formulation of (41) is

’U,Q(t) (S Hl(BT \ F),
(42) | [yuo(®)] = —(t),  ~ruo(t) =0,
(Vuo(t), Vo) gpr + (uo(t),v)p, =0 for all v € Hj(Br).
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Using the lifting operator (15), we can choose the test v = uo(t) +
Lp(t) € H}(Br) in (42) and prove the estimate

(43) [[uo(t)]

1,B\r < Lol BoAr < Crllp()]|1/2,r-

Since ug(t) is the result of applying a linear bounded (time-independent)
map H'/2(I") = Y7 to o(t), it follows that

(44) [do()ll1, B0 < CLll@)]1/2,r-

We then consider v : [0,00) — H{(Br) to be a solution of

(45)  Bo(t) = Avo(t) + uo(t) —iio(t) t =0, vo(0) = 0(0) = 0,
with the equation taking place in H'(Br) (that is, vy is a weak
solution in the terminology of Section 8). By Proposition 8.2 (the

right-hand side f := ug — iip : [0,00) — L?(Br) is continuous) we can
bound

t
(46) Voo (8)] B S/ luo(7) = iio(7) | 8, d7 < CLBy*(p,1),
0

where we have applied (43)—(44).

Let us then define ur := ug + vg. Since ¢ € C?([0,00); H/?(T)), it
follows that ug € C2([0,00); H(Br \T')) and vy € C*(]0, 00); L2(Br)) N
C([0,00); HY(Br)) by Proposition 8.2. Therefore, ur satisfies (38).
Since ¢(0) = ¢(0) = 0, it follows that u7(0) = wr(0) = 0. Considering
(41) and (45) (recall that vy takes values in H}(Br)), it follows that

ir(t) = Aur(t),  [ur@®)]=-¢),  [Our®)] =0,
yrur =0, forallt>0.

Noting that ||vo(¢)||z, < Cr||Vvo(t)| By, and using (43), (44) and (46),
it follows that ur satisfies bounds (39) and (40).

The delicate point of this proof lies in showing that wp can be
identified with the Yp-valued distributional solution of (37), since vg is
not a continuous Yp-valued function. However, wy(t) := fot vo(T)drisa
continuous function with values in H2(Br) N Hg(Br) (see Proposition
8.2) and therefore in Yr. We can then define up := Fug + (Ewp)’,
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which is a causal Yp-valued distribution for which we can easily prove
that
[vir] = Elvuol + (E[ywo])’ = —E¢l(0,00) = —>

and similarly [8,4r] = 0. Since wg € C3([0, 00); L?(Br))NC([0, 00); Yr)
and wo(0) = we(0) = 0, it follows that (Fwg)”’ = Ewy = EAwy =
AFuwy and therefore 4] = (Eug)” + (EAwg) = AEug + A(Bwy)" =
Atr. Thus, ur satisfies (37). Finally, since wy € C([0,00); H}(Br))
and wp(0) = 0, it is clear that, as an H}(Br)-valued distribution
(Ewo)' = FEi = Evg and thus, as an H'(Br \ I')-valued distribution
ur = Eur and the bounds (39) and (40) are satisfied by the solution
of (37). o

Proposition 5.2. For ¢ € WE(R; HY/*(T')), the unique solution of
(37) satisfies

(47)  ur € C*([0,00); L*(Br))
NC'([0,00); H'(Br \ T)) N C([0, 00); Y1),

and the bounds for all t > 0,

(48) [|Aur(t)|lzr < CL (4||<P(t)||1/2,r +2[|3E) 12,0 + Bi/z(% t))

Proof. Now consider the solution of the problems
(49a) —Auy(t)+ui(t) = L(G(t) = (1)) in Bp\T' [yui(t)] = —=(b),
(49Db) Yrua(t) =0, [Oui(t)] =0,

for each t > 0, where L is the lifting operator of (15). Using the
variational formulation of (49) and the fact that wi(t) + Le(t) €
H}(Br), it follows that

lur(t) + Lo@ 1,50 < I1Le(B)ll1 50 + I1L(E(E) = ()| 57
< CLlle@llyzr + €@ /2,r),

and therefore

(50) lur @l B0 < CLEBlle@ 12,0 + [[EE)1/2,0)-
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Using (49) and (50), it also follows that

[Aui @) Br < llur(®)llBr + IL(E(#) = (1)l B

(51) < Cr(lle®)1/zr + 2181 2r)-

Differentiating (50) twice with respect to ¢, it follows that
(52) lir ()l poar < CLBIGD 12,0 + ™ @)l 2,0)-

Consider next the evolution equation that looks for vy : [0,00) — Y7
such that

(53) U1 = Ay (t) + f(t) for all t > 0, V1 (O) =0 (O) =0,
where

f@) = (t) — i (t) + L(p(t) — ¢(1)) = Aun (t) — i ().

Note that [yf(t)] = 0 for all ¢, and that f : [0,00) — HJ(Br) is
continuous. Moreover, by (50) and (52), we can bound

IVl < 1fFOll1,Br

(54) .

< Co(4le®lyar + 51O I /2r + 1P Ollsar)-
By Proposition 8.1, problem (53) has a unique (strong) solution, and
we can bound

(55) [Avi(t)]| B, < /0 IVf(T)lBr dT < CLBa(,t).

If we finally define uy := u; +v1, the smoothness of u; : [0,00) — Y7
(directly inherited from that of ¢) and the regularity of vy that is
derived from Proposition 8.1 prove that (47) holds. The bound (48) is
a direct consequence of (51) and (53). The fact that the extension Eur
is the Yp-valued causal distributional solution of (37) can be proved
with the same kind of arguments that were used at the end of the
proof of Proposition 4.2. O
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Proof of Theorem 3.2. With exactly the same arguments that allowed
us to prove (34), (35) and (36) as a consequence of Proposition 4.2, we
can prove that, for all ¢ > 0,

(56)
I@ @)l rar < Cr (le®lliyar +1/1+CF By *(0.1))),
(57)
IV @) (O rarr < Cr(le@lor + By *(2,1)),
(58)
IAD * @) (t)|lrevr < CL (4||<P(t)||1/2,r +2[[¢@)l1 /2,0 + Bi/z(% t))v

as a consequence of Propositions 5.1 and 5.2. The bounds of Theo-
rem 3.2 are now straightforward. Inequality (20) is just (56), while
the fact that ICx ¢ = {{7(D * ¢)}} and the trace inequality (14) prove
(20). Finally, the bound for the normal derivative (16), the definition
of Wx o = —0F(D * ¢) and inequalities (57), (58) prove (22). O

6. Exterior Steklov-Poincaré operators. In this section we
include bounds on the exterior Dirichlet-to-Neumann and Neumann-
to-Dirichlet operators that can be obtained with the same techniques
as in the previous sections. We give some details for the easier case
(the Neumann-to-Dirichlet operator, whose treatment runs in parallel
to that of the single layer retarded potential) in order to emphasize the
need of dealing with some slightly different evolution problems as part
of the analysis process.

Let us consider the bounded open set B := By N, and the spaces
(59)
Vr:={ue Hl(B;) syru = 0},
(60)
Dr:={u€ Vy:Aue L*(B}), 0fu=0}
={ueVrNHA(B}): (Vu,Vv)a, + (u,v)q, =0
for all v € Vp}.

We can then consider the associated Poincaré-Friedrichs inequality

(61) HUHB; < ETHVUHB;r for all u € V.
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Recalling that Br is a ball with radius R + T, it is possible to take
Er < 2(R+T) (see [7, Chapter 1I, Section 1]). Since the exterior
trace operator yT : Vo — H'/2(T") is surjective, it has a bounded right-
inverse. By extending this right-inverse by zero to Q4 \ B(')|r , wWe can

construct Lt : HY/?(T') — H'(Q, ) satisfying
IL*ela, = IL7¢ll, g+ < CLlIelhy2r,

(62)
FTLYe = forall p € HY3(I).

Note that, in particular, y7LT¢ = 0 for all T > 0 and all ¢.

Theorem 6.1. For A € W2(R; H 'V/2(I')), the unique causal
HX (Q4)-valued Laplace transformable distribution such that

(63) v’ = Au, Ofu=M,

v

satisfies the bounds
(64)

lu@l.e. < Cr(IAO I -1jar + 1+ B2 By 2(00) for atlt>0.

Finally, the associated Neumann-to-Dirichlet operator NtD (\) := vTu
(where u is the solution of (63)) satisfies the bounds

(65) [INtD (A)(@)][1/2.r
< CH(IADI -1/ + /1 + B2 By 20 1) - for all ¢ > 0.

Proof. The proof is very similar to the one of Theorem 3.1. By
solving steady state problems, we first construct ug : [0,00) — H'(BJ})
satisfying

—AUQ(t) + ’U,Q(t) =0 in B;—f,

(66) 8ju0(t) = t), ’yTU()(t) =0.

A simple argument allows us to bound
(67) .
luo@®)lly, g5 < CrlA@®)l-1j2r and lio(®)ll, g5 < CrlAE)]l-1/2.r
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This function feeds the evolution equation looking for vg : [0, 00) — Dy
that satisfies

(68) Vo (t) = Ay (t) + 'LLQ(t) — ﬁ()(t), t>0, () (t) = ’l)o(t) =0.

We now apply the general result on the wave equation with mixed
boundary conditions (Proposition 8.3) that guarantees the existence of
a strong solution of (68) satisfying the bounds
(69)
—1/2 —-1/2
ool gy < ErCrBy "“(A 1), [Voo(@)ll gy < CrBy (A1)

Adding the solutions of (66) and (68), we obtain a function up :=
up+vp : [0,00) — HA (B} )NV satisfying ii(t) = Au(t), d,ur(t) = A(t)
and vanishing initial conditions at ¢ = 0. The extension Fur is then
an (HA(BF) N Vr)-valued causal distributional solution of (63) (with
the Laplace operator acting only in the bounded domain B;E ). The
arguments of Proposition 4.1 and at the beginning of the proof of
Theorem 3.1 can be applied verbatim in order to identify the function
that extends ur(t) by zero to the exterior of By with the HA (24)-
valued distributional solution of (63) for ¢ < T 4 /2. Finally, the
bound (64) for t = T is a straightforward consequence of (67), (69) and
the identification of w(T) = ur(T), while (65) follows from (64) and
the trace inequality (14). O

Theorem 6.2. For ¢ € Wi(R;HY?(T)), the unique causal
H) (94)-valued Laplace transformable distribution such that
(70) v’ = Au, yru = o,

satisfies the bounds
(71)

le@le, < € (el nr + 1+ B2 B (9,0)  for alit> 0.

Finally the associated Dirichlet-to-Neumann operator DtN (p) := 9, u
(where u is the solution of (70)) satisfies the bounds

(72) DN ()(8)| 1/2r
< V2C,CF (o)l o + 208@) | or + By (0,1)).
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Proof. This result can be proved like Theorem 3.2 by resorting to a
double decomposition of a localized version of problem (70) (obtained
by adding a boundary condition yru = 0) as a sum of an adequate
steady-state lifting of the Dirichlet data plus the solution of an evolution
problem. The proof is almost identical to that of Theorem 3.2: the
main difference is in the evolution problem, that now contains Dirichlet
boundary conditions on I' as well as on 0By (see Remark 8.1). O

7. Comparison with Laplace domain bounds. The original
analysis for the layer operators and associated integral equations, given
in [2, 3], was entirely developed in the resolvent set (that is, by taking
the Laplace transform). Those results can be used to derive uniform
bounds similar to those of Theorems 3.1 and 3.2. We next show how to
obtain these estimates and show that our technique produces stronger
estimates, in terms of requiring less regularity of the densities and
having constants that increase less fast with respect to t.

Estimates in the Laplace domain can be obtained using the following
all purpose theorem, which is a refinement of Lemma 2.2 in [14].

Theorem 7.1. Let f be an L(X,Y)-valued causal distribution whose
Laplace transform F(s) exists for all s € C4 := {s € C: Res > 0} and
satisfies

(73) IF(s)|lzx,vy < Cr(Res)|s|*  for all s € Cy,

where p > 0 and Cr : (0,00) — (0,00) is a non-increasing function.
Let k := |pu+2|. Then, for all g € W§(R; X), the Y -valued distribution
f * g is a causal continuous function such that

I(f*+9) @)y < Cu,k(t)CF(l/t)/O [(Prg)(T)l[xdr  for all t >0,

where
tk)—lt—l

Clhk(t) S Ak (1 + t)kfufl

and

(Prg)(t) = ¢ (e'9) P ¢ fj( ) ot
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Proof. Using the formula for the inversion of the Laplace transform
on the contour Re s = ¢ and condition (73), we can bound

ot oo
1) Olly < 5= [ IFo+w)Glo+w)|ydw
ot

< —Cr(0) max [|(1+ )" G(s)x

/DQ |o + ww|”
X — dw.
o |1+0+wlk

=:C(o)

Noticing that (1 + s)*G(s) = L{Pkg}, and taking o = 1/t in (74), it
follows that

(75)  I(F*g)@ly <

e [ 1P @l

Note that we can bound

0o 1
(o) ::/ lo + wl
0

1+ 0 +wlk
7 (20)" /Oo (2w)"
< ———d d
*/o Ator ), o
on
= (20)*(1 1—k 1—k+up
o) 4

§2#(1+ p )(1+0)1_k+“.

—nu—1

Finally, we need to use a causality argument to reduce the integral in
the right hand side of (75) to the interval (0,¢). To do this, we fix ¢
and define

g9(7) 0<7<t,
p(7) = k1 ‘ N
e T o (T=8) [l (eg)V(t) t<T<oo.
It is clear that p € W§(R; X), that supp (p—g) C [t,00) (and therefore

(f*xg)(t) = (fxp)(t) by causality of the convolution) and that Prp = 0
in (¢,00). This finishes the proof. O
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TABLE 1. Bounds obtained using Theorem 7.1 and known estimates in the Laplace
domain. The first line acts as a prototype and must be read as [[F(s)|lz(x,v) <
C x Cp(o)|s|* and ||(f xn)(t)|ly < C x E(t) x fot [(Pxn)(T)||x dr. Here o := Res
and o := min{1,0}. The last two columns contain information given by Theorems
3.1, 3.2, 6.1 and 6.2, indicating the highest order n of differentiation of n involved

in the bounds for f xn and the growth of the bound as a function of ¢ for large ¢.

F XY Cr(o)|s|*  E(t) kln o)
s H D) - H'®RY | L] tmax{1, 2} 302 0@
vV HV2(r) - HYAD) | L tmax{1, 2} 302 o)
Kt  H-Y2(T) > H-Y2(T) % V1 tmax{1,£3/2} 3|2 0O(1)

HY2(I') - HY R\ T) % Vg tmax{1,£3/2} 312 O(@)
K HY2(T) - H2(T) LI‘”;Z Vo tmax{1,£3/2} 3|2 O()

Y1) - H2r) | LR ¢ max{1, £} 44 on)
NtD  H-YA(T) - HY(D) | 45 tmax{1, 2} 302 o)
DtN  HY2(I') — H-1/2(I) ‘ij t max{1, t} 414 o)

In Table 1 we compare regularity and growth of the bounds between
what Theorems 3.1 and 3.2 prove and what can be obtained by a
systematic analysis in the Laplace domain. The bounds in the Laplace
domain are explicitly or implicitly given in [2, 3]. They are also
collected in [13, Appendix 2]. We also include the comparison of what
Theorems 6.1 and 6.2 assert about Steklov-Poincaré operators with
similar results obtained through the Laplace domain analysis.

8. Basic results on some evolution equations.

8.1. Homogeneous Dirichlet conditions. In this section we
gather some results concerning solutions of the non-homogeneous wave
equation with homogeneous initial conditions and homogeneous Dirich-
let boundary conditions on the ball By introduced in Section 2. We
recall that Cr is the Poincaré-Friedrichs constant in Bp (see (13)). The
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problem under consideration is:

(76a) ii(t) = Au(t) + f(t) >0,
(76b) yru(t) =0 t>0,
(76¢) u(0) = @(0) = 0

where, for all ¢, f(t) is a function defined in Bp. We will deal with
two different types of solutions of this problem. A strong solution is a
function such that

u € C*([0, 00); L*(Br)) N € ([0, 00); Hy (Br))

7
o Ne(0.50) H(B)).

with the wave equation satisfied in L?(Br) for all t. We will refer to a
weak solution as a function such that

asy EC0.00) HN(Br) 1€ ([0,00): L2 (By))
N C([0, 00); Hy (Br))

and such that the wave equation is satisfied in H ~!(Br) (the dual space
of Hi(Br)) for all t. Note that the concept of weak solution relaxes
both time and space regularity requirements and does not exactly
coincide with the concept of mild solution given in [17], for example.

Proposition 8.1. Let f : [0,00) — H(Br) be continuous. Then,
problem (76) has a unique strong solution satisfying the bounds for all
t>0

(79) lu(®)ll5, < Cr / 1£() [, dr,
0

(80) IVu()| 5, < / 17 ()5 dr,

(81) |Au(t) |5, < / IV 7). dr.

Proposition 8.2. Let f : [0,00) — L?(Br) be continuous. Then
problem (76) has a unique weak solution, and the bound (80) is still
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valid.  Finally, the function w(t) := f(f u(r)dr is continuous from
[0,00) to H?(Br).

Remark 8.1. Propositions 8.1 and 8.2 still hold for the Dirichlet
problem in the domain Bit := BprN§4 with the following modifications:
the space H2(Br) has to be substituted by HX (B7), and the constant
Cr in (79) has to be substituted by the constant Er of the Poincaré-
Friedrichs inequality (61).

8.2. Mixed conditions. Let us now consider the set B}' = BrNQ,
and the evolution problem

(82a) i(t) = Au(t) + f(t) t>0,
(82b) Yru(t) =0 0,
(82¢) ofu(t) =0 >0,
(82d) u(0) = a(0) = 0

We thus consider the spaces Vp and Dy given in (59) and (60).

Proposition 8.3. For f € C(]0,0); Vr), the initial value problem
(82) has a unique solution u € C2([0,00); L%(Q)) N C*(]0, 00); V) N
C([0,00); D), satisfying

(83) [u®llp < Cr [ 1)
0

(s4) IVu)l; < [ 15y 0.

(85) 18Ol < [ 1950l ar

If f € C([0,00); L2(Q)), there exists a unique weak solution of (82) (that
is, with the equation satisfied in Vi)

u € C%([0,00); Vi) NC([0, 00); L(2)) N ([0, 00); V),

satisfying (84) and such that w(t) := fot u(r)dr is in C(]0,00); D).
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APPENDIX

A. Wave equations by separation of variables. In this section
we are going to give a direct proof of a generalization Propositions
8.1 and 8.2. This proof will be based upon direct arguments with
generalized Fourier series and will allow us to obtain the needed uniform
estimates of non-homogeneous evolution equations of the second order
in terms of L' norms of the data. The Hilbert structure of the
functional spaces is going to be used in depth, allowing us to obtain
strong results that cannot be easily derived with a direct application of
the best known results on the theory of semigroups of operators. This
is not to say that these results do no exist, but we think it may be of
interest (especially within the boundary integral community) to see a
direct proof of these theorems based on functional analysis tools that
are common for researchers in integral equations.

A.1. Three lemmas about series. In all the following results, X
is a separable Hilbert space and I := [a, b] is a compact interval.
Lemma A.1. Assume that ¢, : I — X are continuous,
(86) (cn(t),em(t))x =0 foralln #m, foralltel,

and

len(®)||% < M, for allt € I, for all n with Z M,, < oco.

n=1

Then the series

(87) c(t) =Y cn(t)

converges uniformly in t to a continuous function.

Proof. Let sy := ET]Ll cn € C(I; X). For all M > N,

M

lsar(t) =sn@®% = D lleal®)lk < Z My,

n=N+1 n=N+1
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which proves that sy (t) converges uniformly. Continuity of the limit
is a direct consequence of the uniform convergence of the series. ]

Lemma A.2. Assume that ¢, : I — X are continuously differen-
tiable,

(88) (en(t),em(T))x =0 for alln#m, forallt,7 €1,

and
len®% + len(®)x < My for all t € 1,

for all n with Z M, < oo.
n=1

Then the uniformly convergent series (87) defines a C*(I; X) function,
and it can be differentiated term by term.

Proof. Hypothesis (88) implies (86) as well as
(en(t),em(t))x =0 foralln#£m, foralltel.

If sy := Zﬁ;l cn € CHI; X), then

lsar(®)=sn Ol + 18a () = sn D% = D llea®lk
m=N+1

M
len®lixe < S M,

n=N+1

and therefore sy is Cauchy in C!(I; X) and thus convergent. The fact
that the derivatives of the series converge to the series of the derivatives
is part of what convergence in C!(I; X)) means. O

Lemma A.3. Let f: I — X be a continuous function, and let {¢n}
be a Hilbert basis of X. Then

) = S (F(), én)x

n=1

uniformly int € I.
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Proof. Note first that, for fixed ¢, f(t) € X can be expanded in
the Hilbert basis, so convergence of the series is easy to prove. Next,
consider the square of the norms of the Nth partial sums

N 2 N
(bn X(bn = Z|(f(t)v¢n)x|2’
n=1 X n=1

which are continuous functions of ¢. The pointwise limit is || f(¢)]|%,
which is also a continuous function of ¢. Since the sequence ay is
increasing, by Dini’s theorem, convergence ay — || f(-)||% is uniform.
Finally

N 2 00
Hf DB I SR U,
n=1 n=N+1
= |f®I% —an(?),
which proves the uniform convergence of the series. ]

A.2. The Dirichlet spectral series of the Laplace operator.
Let © be a bounded Lipschitz domain, and consider the sequence of
Dirichlet eigenvalues and eigenfunctions of the Laplace operator:

(bn € H(%(Q)a _A¢n = >\n¢n

The sequence is taken with non-decreasing values of A, and, assuming
(hn, dm)a = Onm for all m,n, ie., L%(2)-orthonormality of eigenfunc-
tions. Thus, see for instance, [15, Theorem 2.37], {¢,} is a Hilbert
basis of L2(2) and, consequently, for all u € L?(Q)

(89) lully, =D 1(w, én)al?
n=1

and

(90) => (U, ¢n)2tn,
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with convergence in L?(Q2). Using the orthogonality (Véy,, Vém)a =
OnmAn, we can prove that

Hy(Q) = {u€L2 Z (u, Pn)a <oo}
and
(91) IVulld =" Anl(u, ¢n)al?  for all u e H(Q).

n=1

This expression gives a direct estimate of the corresponding Poincaré-
Friedrichs inequality as

lullo < : O || Vullg  for all u € Hy ().

\/—IIVUHQ =

Moreover, if u € H}(Q), the series representation (90) converges in
Hy ().
The associated Green operator is the operator G : L?(Q) — D(A)
given by
u := G f solution of u € H} (%), —Au=f in Q.

Here D(A) := {u € H}(Q) : Au € L*(Q)}. Note that, for the case of a
smooth domain, D(A) = H}(Q)N H?(Q), although this fact will not be
used in the sequel. The space D(A) is endowed with the norm ||A - ||q.
The series representation of G is given by the expression

Gf = ZA (f, én)atn

(with convergence in L?(f2)). Picard’s criterion (see for instance [11,
Theorem 15.18]) can then be used to show that G is surjective and

D(A) = {u € LA(Q) 0 Y A2 (u dn)al? < oo}.
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Two more series representations are then directly available, one for the
Laplacian

n=1

(with convergence in L?(Q2)) and another one for its norm

(92) [Auld =" A2|(u,¢n)al* for all u € D(A).

n=1

A.3. Strong solutions of the wave equation. We start the
section with a reminder of one of the possible versions of Duhamel’s
principle that will be useful in the sequel. Its proof is straightforward.

Lemma A.4. Let g :[0,00) = R be a continuous function, w > 0,
and define

a(t) = /0 w™sin(w(t — 7))g(7) dT.
Then a € C2([0,00)), a(0) = &(0) =0,
a(t) = /0 cos(w(t — 7))g(r)dr
and G(t) + w?a(t) = g(t) for all t > 0.

For notational convenience, we will write &, := v/\,,.

Proposition A.5. Let f : [0,00) — H}(Q) be a continuous function,
and consider the sequence

un(t) = ( /0 t & sin (Eu(t — 7)) (F(7): b dT) Gn, m> 1.

Then, the function

(93) u(t) =Y un(t)
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satisfies
(94)  we C2([0,00); L*(€2)) N C([0, 00); Hy (€2)) N C([0,00); D(A)).

Moreover, u is the unique strong solution of the following evolution
equation:

(95) i(t) = Au(t) + f(t) for allt >0, u(0) = 4(0) = 0.

Proof. As a direct consequence of Lemma A.4, it follows that
un € C?([0,00); X), where X is any of L*(Q), Hi(2) or D(A). Also,
for all t > 0,

in(t) = (/O cos (&n(t — 7)) (F(7), bn)a dT> b,
i (t) = (f(t), dn)adn — Antn(t) = (f(), dn)adn + Aun(t),

(un(t), um(7))a = (Vtn(t), Vim(1))o = 0

(96)
for all n #m, for all t,7 > 0.

By (92), it follows that, for ¢t € [0, 7],

2

nAunun@:=Ait/ €1 sin (6t — 7)) (F(7), du) dr
0

< Antjg (F(), n)al*dr
T

< zvj/ Al (£(7), bn)al2dr

0
=: Mél).

By the Monotone convergence theorem and (91), we easily show that

T
=TAIWﬂﬂ%w-
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Thanks to these bounds and (96) (recall that Au,(t) = —Apun(t)),
Lemma A.1 can be now applied in the space X = D(A) and in-
terval I = [0,7T] for arbitrary T > 0, and we thus prove that
u € C([0,00); D(A)) C C([0,00); HE(R2)) € C(]0, 00); L2(€)). Note that
the series (93) converges for all ¢, and therefore, using the fact that
un(0) = 0, it follows that u(0) = 0. Note also that, in particular,

(97) Au(t) =Y Auy(t)

uniformly in ¢ € [0, 7] for arbitrary T.
In a second step, we use (91) to bound

2
IVun )8 + [ Van ()G = X

/0 € sin (En(t — 7)) (F(7), dn)er dr

2

o / 08 (En(t — 7)) (F(7), 6n ) dT

T

<7 / (1 4+ A (f(7), du)a2dr
0

=: M7§L2).

By the Monotone convergence theorem and the series representations
of norms (89) and (91), we obtain

[eS) T
S =1 [ (I9I@E + ) dr

Using (96), we can apply Lemma A.2 in the space X = HJ(Q)
and the intervals I = [0,7] to prove that u € C!([0,00); H}(Q)) C
C([0,00); L*(9)). From this, it follows that (0) = 0.

In a third step, we notice that, by (97) and Lemma A.3,
>~ (Aun(®) + (£(8), dn)adn) = Au(t) + £(2),
n=1

with convergence in L2(2) uniformly in ¢t € [0,7] for any 7. Since
in (t) = Aun(t) + (f(t), Pn)adn, it follows that the series of the second
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derivatives L?(Q)-converges, uniformly in ¢, to a continuous function.
Since the series of the first derivatives is t-uniformly L?({2)-convergent
(it is actually H}(Q)-convergent, as we have seen before), it follows
that ii(t) = Au(t) + f(t) for all ¢t > 0, and that ii € C([0, 00); L*(Q2)).

Finally, if u satisfies (94) and the homogeneous wave equation
(98) i(t) = Au(t) for allt >0, u(0) = u(0) =0,

then, a well-known energy argument shows that v = 0, which proves
uniqueness of strong solution to (95). o

Proposition A.6. Let u be the function of Proposition A.5. Then,
for allt >0,

(99) nAuam953AHvande

and

|WMMMSAHﬂﬂmM

Proof. For arbitrary ¢ > 0, consider the functions g,(-;t) : [0,t] —
D(A) given by

gn(T; t) = 5;1 Sin(&n(t - T))(f(T)v ¢n)ﬂ¢n

These functions are mutually orthogonal in D(A) and H{(£2). Note
that 1, := )\;1/2¢n is a complete orthonormal set in Hg (£2), and that

(Vu, Viin)a = A (v,)a  for all n, for all v € Hy ().

It is then easy to prove the bounds

(100)

1Agn (T; )13 < [(VF(7), Vibn)al*>  for all 7 € [0,¢], for all n,
(101)

||Vgn(r;t)||&2—2 < |(f(T),q25n)Q|2 for all 7 € [0,¢], for all n.
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Note that, by Lemma A.3, the series

(1020) 3 (V50 Val? = [V FR,
and
(102b) >l = 7)1

converge uniformly in 7 € [0,¢]. Using (100) and (102), it is clear that
(103) 0,8] 57— g(r3t) : Z

is well defined as a D(A)-convergent series. Since the series (102) are
uniformly convergent, it also follows that series (103) is 7-uniformly
convergent in D(A) and therefore in Hg(£2) as well. Uniform conver-
gence then allows one to interchange summation and integral signs in
the following equalities

t):;un(t)znz_:l/o gn(T;t)dr
:/0 nz_:lgn(r;t)drz/o g(T;t)dr.

Now applying (100), (102) and Bochner’s theorem in the space D(A),
it follows that

t t
|Au(t) o < / 1Ag(r; t)le dr < / IV 5(r)]la dr.
0 0
Similarly, (101), (102) and Bochner’s theorem in Hg (£2) prove that

IVu(t)a < / IVg(r: Hlla dr < / 1£() o dr,

which finishes the proof. o
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A.4. Weak solutions of the wave equation. In this section we
deal with solutions of the evolution problem (95) when f : [0,00) —
L?(Q) is continuous. In this case, we will understand the wave equa-
tion as taking place in H~1(Q) for all ¢+ > 0. We first make some
clarifications about dual spaces and operators.

As customary in the literature, we let H~1(Q) be the representation
of the dual space of Hg(£2) that is obtained when L?(Q) is identified
with its own dual space. If we denote by (-,-)q the corresponding
representation of the H~1(Q) x H}(Q) duality product as an extension
of the L?(2) inner product, then

(104)  fol-1:=  sup
0£u€ H(Q) ||VUHQ

1/2
(Zm onal)

The Laplace operator admits a unique extension A : HE(Q) — H~1()
given by the duality product

—(Au,v)q = (Vu, Vv)q for all u,v € Hy(9),

and admitting the series representation

—Au = Z M (U, dp)agn  for all uw € H(Q),

n=1

with convergence in H~1(£2). Here A is just the distributional Laplace
operator.

Proposition A.7. Let f:[0,00) — L?(Q) be continuous. Then the
initial value problem (95) has a unique solution with regularity

(105) u € C*([0, 00); H~1(2)) N C*([0, 00); L*(€2)) N C([0, 00); Hy (2))-

This solution satisfies the bound
t
IVu(t)||a < / lf(Dllodr  for allt > 0.
0

Finally the function w(t) := fo T)dT is continuous from [0,00) to
D(A).
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Proof. Consider first the operator

G2 = S A (F, bu)adn:

n=1

Because of the series representation of the norms (see (89), (91), (92)
and (104)) it is simple to see that G'/? defines an isometric isomorphism
from H=1(Q) to L*(Q), from L?(Q) to H(Q) and from H} () to D(A).
It is also clear that AG~'/2 = G~1/2A as a bounded operator from
D(A) to H1(9Q).

As a simple consequence of the above, GY/2f € C(]0,00); Hg(Q2)), and
the problem

b(t) = Av(t) + GY2f(t) forallt >0,  v(0)=10(0)=0

has a unique strong solution by Proposition A.5. We next define
u = G~'/2y. By the relations between the norms given by G+!/2
and by the regularity of v given by Proposition A.5, it follows that u
satisfies (105). It is also clear that «(0) = u(0) = 0. Additionally,

i(t) = G~Y2%(t)
=G V2(Av(t) + GY2f(t))
= AG™Y2u(t) + f(t)
= Au(t) + f(t) forallt >0,

which makes u a weak solution of (95). Also, by Proposition A.6,
t t
IVu(®)la = |Av(®)]la < / VG2 f(r) o dr = / 1£(7) o dr.

To prove uniqueness of weak solution, we note that if u satisfies
(105) and the initial value problem (98) (with the equations satisfied
in H=1(Q)), then G'/2 is a strong solution of (98) and it is therefore
identically zero.

Finally, if w is the weak solution of (95) and w = [ !

o U, then
w € C2([0,00); L3()), and it satisfies

Aw(t) = w(t) — /0 f(r)dr for all ¢.
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(This is an equality as elements of H~(2) for all t.) However, the
right hand side of the latter expression is a continuous function with
values in L?(Q), and therefore w € C([0,00); D(A)). O

A.5. A simple generalization. Consider now a closed subspace V'
such that H}(Q) C V € HY(Q) and that V does not contain non-zero
constant functions, so that there exists Cs such that ||ullq < Co||Vul|
for all w € V. We then consider the set

D:={uecV:Auc L*Q),(Vu, Vv)q + (Au,v)q =0
for all v € H'(Q)},

endowed with the norm [|A - ||o. We can thus obtain a complete
orthonormal set of eigenfunctions

(b” €D, _A(bn = )\n¢n~

The entire theory can be repeated for these more general boundary
conditions, substituting H}(Q) by V, D(A) by D and H~1(2) by the
representation of V' that arises from identifying L?(Q) with its dual. In
this case A : V — V' is not the distributional Laplacian since elements
of V' cannot be understood as distributions unless V = H}(Q). In any
case, the results of Propositions A.5, A.6 and A.7 can easily be adapted
to this new situation, namely, Proposition 8.3 is just a particular case.

Acknowledgments. We thank one of the referees for suggesting
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