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STABILIZABILITY OF INTEGRODIFFERENTIAL
PARABOLIC EQUATIONS

GIUSEPPE DA PRATO AND ALESSANDRA LUNARDI

ABSTRACT. We consider the stabilizability problem for
an abstract parabolic integrodifferential equation. Under suit-
able assumptions, we give a necessary and sufficient condition
for stabilizability, generalizing the well known Hautus condi-
tion. Then we apply the abstract result to parabolic integro-
differential equations in bounded domains.

Introduction. We consider a parabolic integrodifferential equation
in general Banach space X:

(0.1) u'(t) = Au(t) + /Ot K(t — s)u(s)ds + ®f(s), t > 0,u(0) = uop.

Here A : D(A) — X generates an analytic semigroup, and K :
[0, +00[ — L(D(A),X) is a Laplace transformable function. ® €
L(Y, X), where Y is a Banach space. Other assumptions are made
in order that a spectrum determining condition holds and that the
theory developed in [2] is applicable.

Roughly speaking, the “resolvent set” in integrodifferential equations
of this kind is the set of all A\y € C such that the function A —
(A— A— K(\))™! either is well defined or has an analytic extension at
Xo (K is the Laplace transform of the function K). Its complementary
set o is the “spectrum” for problem (0.1).

If sup{ReX : A € o6} < 0, then the free system (with f = 0)
is exponentially stable: all the solutions decay exponentially to 0 as
t — +oo. If sup{ReA: A € 6} > 0, we consider the following problem:
find conditions on ® ensuring that, for each initial value ug, there exists
f such that the solution u of (0.1) converges asymptotically to zero
(preferably exponentially, and in the graph norm of A) as t — +oo0.
If this happens, system (0.1) is said to be stabilizable. We are also
interested in the exponential decay of Cu, where the “observation
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operator” C' is a bounded linear operator from D(A) to another Banach
space Z.

In [2] we studied asymptotic behavior of the solutions of (0.1). Using
some results from that paper, we give here a necessary and sufficient
condition for system (0.1) to be stabilizable. Our condition reduces to
the well known Hautus condition [4] in the case where K = 0 and X
is finite dimensional.

The result is applicable to a large class of parabolic integro-
differential equations and systems. In §3 we study in detail a parabolic
integrodifferential equation with a completely monotone kernel, and
the heat equation in the so called materials of fading memory type.

Although there is a wide literature concerning stabilizability in or-
dinary and parabolic differential equations (see, e.g., [10, 7] and the
references quoted there), not much is known in the integrodifferential
case, even if X is finite dimensional.

Feedback stabilizability may be recovered (at least, in the case where
X is a Hilbert space) by arguments from general control theory, pro-
vided one is able to solve suitable integrodifferential Riccati equations.
We refer to [3] for the relation between feedback stabilizability and
solvability of the Riccati equation relevant to hereditary ordinary dif-
ferential systems.

1. Notation and preliminaries. Let X be a complex Banach
space, with norm || - ||, and let A : D(A) — X generate an analytic
semigroup in X. D(A) is endowed with the graph norm. Let K :
[0,400[ — L(D(A), X) be a measurable function such that

(i) there is a wo € R such that ¢ — e"“°*'K(¢) €
L'([0, +oo[ ; L(D(4), X));
_(ii) for each z € D(A), the Laplace transform
K(-)z is analytically extendible to a sector S = {\ €
C: ) # wlarg(A —w)| < 0}, where w € R, €
Im/2, 7[5

(iii) there are 8 €]0,1],¢ > 0, such that || A2 K (-)z|| <

c|lz||pca) for each A € S and = € D(A).

(1.1)
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Under assumption (1.1) it is possible to construct an analytic re-
solvent operator R(t) € L(X, D(A)),t > 0, for problem (0.1). In [1,
6] we showed that, for every locally a-Holder continuous function ¢ :
[0, +00[ — X and every ug € D(A), problem (0.1) has a unique classical
solution u € C([0,+o0[ ; X) N C(]0, +oo[ ; X) N C(]0, +o0[ ; D(A)),
given by the representation formula

(1.2) u(t) = R(t)uo + /Ot R(t — s)p(s)ds, t>0.

If ¢ is merely continuous, then u belongs to C([0,4+o00[ ; X) and is the
unique strong solution of problem (0.1).

To treat asymptotic behavior as t — 400, we introduce a class of
exponentially decaying (or bounded) functions: for w > 0,0 < & < 1,
and any Banach space B, set
(1.3)

C. ([0, +00[ ; B) = {u € C([0, +o0[ ; B) : sup |[u(t)e*|| < oo},
>

llullc.(o.+00l,B) = sup ||u(t)e || 5;
>0

(1.4)
C2([0,400[ ; B) = {u € Cu([0, +00[ ; B) :

sup ||u(t)e*t — u(s)e“®||g(t — s) ™™ < +o0},
t>s>0

lullcg (fo,+00f,B) = sup||u(t)e**||
t>0

+ sup [fu(t)e”! — u(s)e”"||n(t — )

We give now some results generalizing the known ones [4] concerning
asymptotic behavior of the solutions of differential equations in Banach
spaces. We fix, once and for all, a maximal analytic extension of K )
(still denoted by K(-)) and denote by Q its domain of definition. Set

po={reQ:3IA-A—KN) "}

(1.5) - o
(A)=O—A—KN)™ for € py;

(1.6)
p=poU{X € C:\ is an isolated removable singularity of F(-)},
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F(X) = lim F(2); X € p\po-

The generalized spectrum o is defined by

(L.7) o= C\p.

In [2] we studied the behavior of F(-) near simple poles. Now we
consider poles of any order. We recall that, in the case K = 0, the
poles of F(X) = R(\, A) are the eigenvalues of A having finite ascent.

If )y is a pole of F(-) of order mg, we set, for A close to Ao,

mo—1

(1.8) FO) =Y SaA=20)"+ > Qu(A— o)™
n=0 n=0

where
1
Qn = 7— FO)(A — Ag)"dA,
210 JC(rore)
(1.9) X
Sp = — FA)(A = Xo) " 1aA.
218 Jo(ro,e)

Here C()g, ) is the circle centered at Ao with sufficiently small radius
e>0.

It is convenient to introduce the operators

1 At Mot ghotyn
1.10) Ry (t) = — F(\)dX = , teR
(110) Ry (t) = 5— /C o (A)dA nz:% ——Qn, t€

We assume that there is w > 0 such that
(1.11) oN{A€C:Red=—-w}=0

and set
(1.12)
oi(w)=cnN{AeC:Red> -who_(w)=0cN{A€C:ReA < —w}

The resolvent operator R(t) may be splitted into the sum R(t) =
R4(t) + R (t), where
(1.13)

RY(t) = % / MPO)A, teR; RY() = R(t) - RE(t), t>0
Y

R“(0) =1— R%(0)
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and + is any Jordan curve, oriented counterclockwise, contained in the
right half plane {A € C : ReA > —w} surrounding o4 (w). It is not
difficult to show (see [2]) that, for each sufficiently small £ > 0, there
is a c(g) > 0 such that

(i) IR (W)|lLx) + AR (t)]| L (x) < c(e)e )4t > 0;
(ii) ||AR“ (t)— AR (s)||r(x) < c(e)e~(*+9) (1/s — 1/t),

(1.14) t>s>0;
(iii) ||RY ()|L(x,p(ay) < c(e)e@*e)t; ¢ <0.

From now on we assume

(1.15) o4(w) ={A1, - ,An}, where, for each j=1,---,N,
. A; is a pole of F(-) of order m;

In this case we have

N
(1.16) RY(t)=) Ry (t), teR.
j=1

PROPOSITION 1.1. Let (1.1) and (1.15) hold, and let ¢ €C,,(|0,+00] ;
X),uo € D(A). Then the function u given by (1.2) belongs to
C.([0;+00[ ; X) if and only if

+o00
(117)  R%(tyuo = — /0 RY(t - s)g(s)ds, > 0.

If (1.17) holds, and, in addition, ¢ belongs to C2([0,+o0[ ; X) for some
a €]0,1], then u belongs to C%([a,+oo[ ; D(A)) for every a > 0; in
particular,

(1.18) sup ||u(t)e*t||p(ay < +oo for each a > 0.
t>a

PROOF. The proposition was shown in [2, Theorem 2.10] in the case
K € L([0, +oo[ ; L(D(A), X)) and w = 0. We now show the statement
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in the general case. We set u(t) = v(t) + z(t), with

+o0o

v(t) = R¥ (t)uo + /O;I‘ﬁ(t — 8)p(s)ds — / R (t — s)¢(s)ds, t>0,
2(t) = RY (t)uo + /+°° R%(t — s)p(s)ds, t>0.
0

Using estimates (1.14)(i),(iii), it is not difficult to see that v belongs to
C.([0,+0o0[ ; X) so that u belongs to C, (][0, +oo[ ; X) if and only if 2
does. Thanks to (1.10), (1.16) we have

N
2(t) = Z

where y;» € D(A). Since ReA; > —w for each j and the func-
tions ¢ — e*i*t" are linearly independent, then z does not belong to
C.([0,400[ ; X) unless it vanishes, i.e., unless (1.17) holds.

If (1.17) holds, and, in addition, ¢ belongs to C*([0,+o0[ ; X) for
some a € ]0,1[ , then, using estimates (1.14)(ii),(iii), one can show
that u = v belongs to C2([a, +oo[ ; D(A)) for every a > 0: the proof is
similar to the corresponding one in {2, Theorem 2.10] and it is omitted.
O

mj~1
e,\jttnyjn, t> 07
0

n=

2. Stabilizability in abstract integrodifferential equations.
We consider here stabilizability for system (0.1). Due to Proposition
1.1, the problem is not trivial if

(2.1) oN{xe C:ReX >0} #0.

We fix w satisfying (1.11). For the sake of simplicity, we consider first
the case where o4 (w) consists of simple poles of F(-).

THEOREM 2.1. Let (1.1), (1.11) hold; assume that o4 (w) consists of
N simple poles Ay, ...,An of F(-), and that the respective residues Q;
at A = \; are finite rank operators. Then the following statements are
equivalent:

(i) For every up € D(A) there exists f € C,([0,+00[ ;Y) such that
the function u given by (1.2) belongs to C, ([0, +oo[ ; X);
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(ii) For every j =1,..., N,Range Q; Nker®* = {0}.

If either of the above equivalent conditions holds, then, for every ug €
X, there ezists f € C%([0,+oo[ ;Y) such that the function u given by
(1.2) belongs to C%([a,+oo[ ; D(A)) for each a > 0.

PROOF. Thanks to Proposition 1.1, condition (i) is equivalent to the

following: for each ug € D(A) there exists f € C,([0,+o0[ ;Y) such
that

(2.2) RY (t)ug = — +°° R%(t—s)®f(s)ds, t >0,
0

Due to formulas (1.10) and (1.16), (2.2) holds if and only if

+o0

(23 Qu= [ eMQBS(s)ds, =1 N,
0

i.e., setting

[:C,([0,400[;Y) = XN, Q: X - X"

+00 +oo
(24) Tf= (/0 e—*lsQ@f(s)ds,...,/O e"‘”SQNQf(s)ds)

Qy = (Q1y7 see 7QN?/)7
we have I'f = Qug. In other words, (i) holds if and only if

(2.5) Range I' D Range Q.

By assumption, both ranges of I' and @ are finite dimensional, hence
closed. Therefore (2.5) holds if and only if

(2.6) kerQ* D kerI™.

Hence, we have to show that (2.6) is equivalent to (ii).

As easily seen, ker[™ consists of all N-tuples (z3,...,z}) € (X*)V
such that f0+°° Zf’:l e %%(f(s),®*Q;jz})ds = O for each f €
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C. ([0, +00[ ;Y). Since the functions ¢ — e*i* are linearly indepen-
dent, this means that ®*Qjz; = 0 for every j = 1,..., N. Moreover,

we have Q*(z],...,z}) = Z;v:l ix}. Therefore, (2.6) is equivalent
to

N
(2.7) (P*Q;x;=0Vj:1,...,N:ZQ;x;—_—0,

j=1

which, in its turn is obviously equivalent to (ii). Concerning the last
statement of the proposition, it is sufficient to remark that, if either (i)
or (ii) holds, then, arguing as in the first part of the proof, one can show
that the mapping A : C2([0,+oo[ ;Y) — XN,Af = I'f, is such that
Range A D Range Q). The statement follows then from Proposition 1.1.
[u}

REMARK 2.2. 'We showed in [2, Proposition 1.6] that, if \p € Qis a
simple pole of F(-), then Range Qo = ker(Ag — A — K'(X¢)). Therefore,
in this case condition (ii) of Theorem 2.1 is very similar to the Hautus
condition [4] concerning ordinary differential equations, and reduces to
it if K =0 and X is finite dimensional. 0

Let us consider now the general case.

THEOREM 2.3. Let (1.1), (1.11), (1.15) hold, and assume that the
residues Q;n of F(-) at A = \; are finite rank operators. Then the
following statements are equivalent:

(i) For every ug € D(A) there ezists f € C,([0,+00] ;Y) such that
the function u given by (1.2) belongs to C, ([0, +oo[ ; X);
(i) For every j =1,...,N,h =0,...,m;,Range Q] , Nker®* = {0}.

If either of the above equivalent conditions holds, then for every ug € X,
there exists f € C%([0, +o0o[;Y) such that the function u given by (1.2)
belongs to C%([a,+o0o[ ; D(A)) for each a > 0.

PROOF. The idea of the proof is the same as the one of Theorem
2.1. In this case, thanks to formulas (1.10), (1.16), condition (2.2) is
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equivalent to

mj—l

N
Z Z € _"Q] nUQ

(28) =0

m_,'—l m]'—l

N 400
=YX Y M [ e s (e)ds

j=1 n=0 k=n

Since the functions ¢ — e*i't" are linearly independent, (2.8) is
equivalent to I'f = Qug, where

N
[':Cu([0,400[;Y) » XK, Q: X - X¥, K=Y "m;

j=1

rf= {mf / (o, <I>f(s)ds}
0 »m

k=n j=1,...,N; n=0,...,m; -1

Qy = {Qj,ny}j:l,...,N; n=0,....,m;—1-

Therefore, (i) holds if and only if Range I' O Range Q. By assumption,
the ranges of I' and @ are finite dimensional so that (i) holds if and
only if

(2.9) kerQ* D kerI™.

For each (z7,);=

=1,..,N;L=0,...,m;—1 € (X*)X, we have

F*(x;’h)j:l,_,,yN;h:O,...,mj—l(f)
N mi—1mi—1-k 4 e~ Xi8(—s)k . .
==y ¥ Z i (f(8), @ Q] ks nT] k4n)ds
j=1 k=0 0 ’

N m,'—l

Q" (%} h)i=1,...Nih=0,..;ms—1(¥) = D Y (U, Q5 aT5n)

j=1 h=0
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so that

(2.10)
mj—l

kerl™ = {(-'If;yh)jzl,.‘.,N;h=0,...,m]-—1 € (xM¥: ‘D*( Z Q;,hz;}h) =0
h=k

j=L“wNm=Q“qmr%}

= {(z}h)j=1,..Nih=0,...m;—1 € (X*)¥ : @*Q; ,} ), =0,
3—1,...,N,h—0,...,m] 1}
(2.11)

N mj—l
kerQ* = {(w;,h)j=1,...,N;h=0,...,m,«—1 € (X*)K : Z Z Q;,hz;,h = 0}~

j=1 h=0

We can now show that (2.9) is equivalent to (ii). It is easy to see
that (ii) implies (2.9). Conversely, assume that (2.9) holds, and
let y* € ker<I>f*C.2;-‘mh0 for some jo,ho. Set a:;’h = 6jo,noy”. Then
@*Q;’h:c;,h =0 foreach j =1,...,N,h = 0,...,m; — 1, so that, by
assumption (2.9), we have 0 = Z] 1 Do gl Qi nTin = Qo noy™ =0
Therefore, for each jg, hg, we have kerQj n, 2 ker®*Qj ,, and (ii)
holds.

The last part of the proof follows as in Theorem 2.1. 0O

In the applications it is sometimes useful to establish exponential
decay for Cu(t), where C is a linear bounded operator from D(A) to
a Banach space Z. Obviously, if ||u(t)||p(4) decays exponentially as
t — oo, then ||Cu(t)||z does also. On the other hand, conditions (ii)
of Theorems 2.1 and 2.3 may be too restrictive if one is interested only
in the asymptotic behavior of Cu. However, arguing exactly as in the
proof of Theorem 2.2, one can show

THEOREM 2.4. Let C € L(D(A),Z), let (1.1),(1.11),(1.15) hold,
and assume that the residues Q;n of F(-) at A = ); are finite rank
operators. Then the following statements are equivalent:

(i) For every ug € X there exists f € C2([0,+oo[ ;Y) such that the
function Cu, where u is given by (1.2), belongs to C,([a,+0o0[ ; Z) for
each a > 0;
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ii) For every j =1,...,N,h = 0,...,m;, RangeQ* , C* N ker®* =
0} B
0}.

3. Examples and applications.

3.1. The case where K(t) = k(t)A. We consider here the special
equation

(3.1) u'(t) = Au(t) + bu(t) + A/O]t k(t—s)u(s)ds+®f(s), u(0) = ug,

where A generates an analytic semigroup, b € R and k : [0,+00[ - R
is such that

(i) k € LY([0, +oo]);

(ii) for each x € D(A) the Laplace transform k(}) is an-
alytically extendible to a sector S = {A € C : X\ # w;
(3.2) larg (A — w)| < 6} where w € R and 6 € |r/2;7[;

(iii) there are 0 < 8 < 1 and ¢ > 0 such that |AE())] < ¢
for each A\ € S.

In this case

(3.3) po={AeQ: k() #—1,(A=b)/(k(X) + 1) € p(A)}

FA)=(A-A-b-kHA4)™

(3.4) o A—b
EO) +1 (1}()\)+1’A)’ A€ po.

To apply Theorems 2.1 and 2.3 we need to know the poles of F(-)
and the respective residues. The following proposition gives a charac-
terization of the poles of F(-) contained in .

PROPOSITION 3.1. Ay € Q\{b} is a pole of F(-) of order m if and
only if, setting

(3.5) $(A) = (A= b)/(k()) +1),
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then

(i) E(2) # —1;
16 (if) z0 = @(Xo) is a pole of R(-, A) of A of order
(3.6) u>1 (i.e., an eigenvalue with ascent p);

(ili) A = @(A) — ¢(Xo) has a zero of order h at
A= X and ph = m.

If b belongs to Q and k(b) # —1, then Ao = b is a pole of F(-) of order
m if and only if (3.6)(ii),(iil) hold. Moreover,

p—1
(3.7) Qn = ckn(A — 20)* P,
k=0
where
1 n —k—1/}, -1
Con = — (A= 20)™(#(A) — 20) ¥~ (k(X) +1)7'dA
27'('7. C()xo,E)
and
_1
0 21 C(z0,€)
R(z,A)dz.

If b belongs to Q, and k(b) = —1,k'(b) # 0, then Ao = b is a pole of
F(-) of order 1 if and only if 1/k'(b) belongs to p(A). In this case we
have

1 1

3.8 =——R(——A).
(3.8) ®=%5 (k,(b) )
It is a pole of order m > 1 if and only if 1/E'(b) is a pole of R(-, A) of
order u > 1,A — ¢(\) — 1/k'(b) has a zero of order h at A\ = b, and
ph=m-—1.

If b belongs to Q and k(b) = —1,k'(b) = 0, then Ao = b is either a pole
of F(-) of order 1 or an essential singularity. In the case that Ao = b
is a pole of F(-) of order 1 we have

(3.9) Q=1
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In particular, if D(A) # X, and k(b) = —1,k'(b) = 0, then Ao = b is
not a pole of F(-).

PROOF. The proposition was proved in [2, Proposition 5.3] in the
case m = 1. We consider here the general case.

Let Ag € Q be any pole of F(-) of order m. There is a neighborhood
U of A such that U\{)\o} is contained in py and

(i) (A =2)F(N) = (k(A) + DAF(\) =1
(3.10) (i) FOA)A=Xo) — F(A)(k(A)+1)A =1 on D(A),

so that

(3.11) A=20)"A=b)F(A\) — (A= Xo)™(k(X) + 1)AF())
= ()\ - Ao)mI, AE U\{Ao}
Letting A — Ag in (3.11), we find
(3.12) (Mo = b) = (k(X0) + 1) AIQm—1 =0,
where Q,,—1 # 0 by assumption. Now there are two possibilities: either
(a) k(Ao) +1#0, or
(b) k(Xg) +1=0and Ay = b.
Moreover, for every A € U\{)o}, (3.4) holds.

Let us consider case (a). Since the functions A — 1/(k()) + 1) and
A — ¢(A) are holomorphic in U, then zg = ¢(\g) is an isolated element
of o(A). Therefore, for every z close to z,

e}

R(z,A) =) (-1)"Si+ (2 — 20)"
(3.13) =0
+) (A= 20)"(z — 20) "' Py,
n=0

where

1
(3.14) P, = — / R(z, A)dz, S., = lim (1— P,,)R(z, A).
C(20,€)

27 z— 20
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Replacing (3.13) in (3.4) we get

— 1 S _1\ngn+l — 2\
F(A)_E(A)+1{Z( 1) Szo (‘b(’\) 0)

+ Z ~ )" (6(3) - )P}

Since Ag is a pole of F of order m, it follows that there exists p € N
such that (A — 29)"P,, = 0, for every n > u, and (A — 29)* "1 P,, # 0.
Consequently, \g is a zero of ¢(-) — zg of order h = m/u. Formula (3.7)
follows now easily, recalling (1.9).

(3.15)

Let ug consider case (b). If k'(b) # 0 and m > 1, the situation
is similar to the previous one: actually, we have zg=limy_;@d(\) =
1/k'(b). Then 2z is an eigenvalue of A, and, multiplying both members
of (3.10)(i) by (A — b)™~!,we find that b is a zero of ¢(-) — 2o of order
h=(m-1)/u.

If k'(b) # 0 and m = 1, from equalities (3.10) with Ao = b, we get,
letting A — b, (1 — k'(5)A)Qo = I, Qo(1 — k'(b)A) = I on D(A). This
implies Qg # 0 and that (1 — k’(b)A) is invertible, with inverse Qo. In
particular, zy belongs to the resolvent set of A and

(3.16) Qo = 1/k' (b)R(1/K' (b), A).

In the case where k'(b) =0, we get m = 1 and @y = I; actually,
if m were greater than 1, multiplying both members of (3.10)(i) by
(A = b)™~1 and letting A — b, we would get Q,,_1 = 0. Hence m = 1,
and letting A — b in (3.10)(i), we obtain o = I. This is clearly
impossible if D(A4) # X.

Conversely, if A\g € Q is such that (3.6) holds, then (3.13) becomes

pu—1

(3.17) Z( 1)™SpHt (z— z:o)"—l-z:(A—zO)"(z—zo)_"_le0
n=0

for every z close to zy. Plugging (3.17) into (3.4),

n'nl _ n
F() = /\)+1{Z (60 - 20)

+Z —Z() )—Zo)_n—IPZO}

(3.18)
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so that Ag is a pole of F' of order m = ph.

Let Ao = b and k(b) = —1. Then (Ao — b)I — (1 + k(b))A = 0, so that
b does not belong to pg. Since b € Q, it is not a removable singularity
of F(-) (see [2, Lemma 1.3]). Therefore, b does not belong to p.

If, in addition, k’(b) # 0 and 1/k'(b) € p(A), from (3.4) we get easily
that b is a simple pole of F(-), and (3.8) holds. On the other hand,
if k'(b) # 0 and 1/k'(b) is a pole of R(-, A) of order p > 1,b is a zero
of order h of the function A — @(\) — 1/k'(b) so that, using equality
(3.18) (with zg = limy_, ¢(X) = 1/k’(b)), we find that b is a pole of
F(-) of order m = ph + 1.

Finally let Ao = b, k(b) = —1,k'() = 0. From equality (3.10)(i) it
follows that either b is a pole of F(-) of order 1, or it is an essential
singularity. O

In many applications the function k is a completely monotone kernel,
i.e.,

+oo
(3.19) k(t)=/0 e % u(de), t>0,

where p is a positive Borel measure (see [10, Chapter 4] for equivalent
definitions and properties). We also assume

+oo 400
(3.20) (i) /0 @<+oo; (i) /0 ’g‘ﬁ)<+oo

for some 3 €]0,1]. Condition (3.20)(i) means that k belongs to L!
([0, +00[) and implies that (3.2)(ii) holds; condition (3.20)(ii) implies
that (3.2)(iii) holds. Moreover, k()) has a maximal analytic extension
in the domain Q = C\{—supp u}, given by

(3.21) k()) = /O+°° -’;(—fz), AeqQ.

(see [2, Lemma 5.4]).

PROPOSITION 3.2. Let k be defined by (3.19) and satisfy (3.20).
Assume, in addition,
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(i) O & supp p;

(il) z0 € o(A) is not a pole of R(-,A), o € ¢~ '(20) = ReXo < 0;
(i) zp € o(A) is a pole of R(-,A),dimRangeP,, = 400, Ay €
~1(29) = ReXp < 0.

Then either {\ € o : ReX > 0} = @or{/\ea:Re)\ZO}z
{M,..., AN}, where, for each j = 1,...,N,\; is a pole of F(-) such
that all the corresponding residues of any order are finite rank operators.
Moreover, if ¢();) is a simple pole of R(-, A) and ¢'(X;) # 0, then X;
is a simple pole of F(-).

PROOF. Thanks to Proposition 5.6 of [2], we have {A € 0 : Re X >
0} = {A € Q:ReX > 0,k(No) +1# 0,6()\) € 0(A)}. Therefore, by
assumptions (ii), (iii), if Ay € o0 and Re g > 0, then 29 = @(Xg) is a
pole of R(-, A), and dim Range P,, < +o0o. Proposition 3.1 implies
now that Aq is a pole of F(-), and dim Range Q,, = 0 for each n. Since
{A € 0 : Re X > 0} is closed, bounded (see [1, 6]) and consists of poles,
then it is finite. O

REMARK 3.3. Under the assumptions of Proposition 3.2, there exists
e > 0 such that the strip {A € C: —e < Re < 0} is contained in p.
Therefore Theorem 2.2 is applicable with any w €]0,¢[. O

ExAMPLE 3.4. Consider the integrodifferential equation

u(t, z) = Au(t, z) + bu(t,z) + /t k(t — s)Au(s,z)ds
0

K
(3.22) + Z Bk, fr(t,))dr(x), t>0,z€Q,
k=1
u( = ’U,()(l‘), TE ﬁa
u(t,z) =0, t >0, z € 9N,
where ) is a bounded open set in R™ with C? boundary 912, and
én,h = 1,...,H are linearly independent continuous functions. We
have set (¢,7) = [, ¢(z)y(z)dz. The nonzero kernel k satisfies the

assumptions of Proposntlon 3 2
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We choose
(3:23) X =C(Q), D(A)={g € Nps1W>P(Q) : Ag € X, gjan = 0},
Ag = Ag.

As it is well known, A generates an analytic semigroup in X (see [9]),
and its spectrum consists of a sequence of real negative semi-simple
eigenvalues —(j,j € N, with lim;_,; ., {; = +00 and {; < (j41 for each
j- In order to apply Theorems 2.1, 2.2, we have to describe the set
{\ € 6 : Re A > 0}. From Proposition 3.2 we know that {A € 0 : Re A >
0} = UjeNU;-', where o = {A € C:Re > 0,(A-b)/(k(M)+1) = —¢;}
is finite. We set, for each j € N,

+o00
(3.24)  m; = min {x +&+ Cj/o [+ &) wu(d) : z € [0; b]}

+o0
Aj= {(w;y)=0Sa:Sb/2;Cj/0 E/[(w+€)2+y2]u(d§)=1}

+o0

nj = min{2$+Cj+Cj A ¢/ +€)* +y°]u(de) : (z,y) € Aj} if Aj # 0.

PROPOSITION 3.5. Let k satisfy the assumptions of Proposition 3.2.
Then the following statements hold:

(i) If mj < b, then a;’ # 0 and consists of simple poles of F(-).

(ii) If mj = b and {; + ¢ 0+°° & 1u(d€) > b, then 0;7 contains a real
not simple pole. If ; + (; 0+O° £ tu(d€) = b, then a;»L contains a real
pole which is simple if and only if (; 0+°° E72u(d€) # 1. In both cases,
the other elements of U;-L are simple poles.

(iii) If mj > b and Aj # O,n; < b, then a;’ # 0, and it consists of
simple poles.

(iv) If m; > b and either Aj =0 or A; # 0 and n; > b, then af =0.

PROOF. From Proposition 3.2 we know that a;' is a finite set for every
j € N and that it coincides with the set of solutions with nonnegative
real part of the equation

(3.25) A—b+¢(1+EMN) =0.
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Since (; is a simple pole of R(-, A), all the solutions A of (3.25) are
simple poles of F(-) provided

(3.26) KON # -1/¢;.

Setting A = z + iy, equation (3.25) is equivalent to the system

+00 i
x+Cj+Cj/0 (x—_:cg)yi—zﬂu(d&)=b

Z/(l =G /O+°° mu(d&) =0.

Let us consider the real solutions of (3.25) (y = 0 in (3.27)). The first
equation of (3.27) becomes

(3.27)

+o00
(328)  Glo)=z+¢+¢ /0 [ + €]~ u(de)) = b.

Obviously, all the possible nonnegative solutions of (3.28) belong to
[0,8].

If m; > b, equation (3.28) has no solutions.
If m; < b, since G is strictly convex, there are precisely two solutions
z1,z2 provided G(0) > b, and a unique solution z3 provided G(0) < b.

From the strict convexity of G it follows that G'(z;) = 1 — CjI%’ (z:) #
0, i =1,2,3, so (3.26) holds.

If m; = b, there is a unique solution Z. If G(0) > b, then 0 < T < b
and 7 is not a simple pole of F(-). If G(0) = b, then T = 0, and it is a
simple pole if and only if

+o0
G /0 £7%u(d€) # 1.

Let us consider now the solutions of (3.27) with y # 0: they have to
be found in the set A;. A; is void for every j > jo, where jy is the
smallest positive integer such that

+oo
Go /0 €7 u(de) > 1.
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If Aj # 0 and n; < b, there are at least two solutions (z,+y) of
(3.27) which correspond to a couple of complex conjugate solutions
X, X of (3.25). Condition (3.26) holds both at A and at X: actually, the
imaginary parts of k'(A) and of IE:’(X) vanish if and only if y = 0, and
our assumption now is y # 0. O

Proposition 3.5 gives, in particular, a necessary and sufficient condi-
tion in order that {A € o : Re XA > 0} = 0: actually, from Proposition
3.5, it follows that, for every ;7 € N, we have cr;’ = 0 if and only if
m; > b and either A; = @ or A; # 0 and n; < b (this condition is
satisfied, in particular, if b < (3).

If {A\ € o : ReA > 0} = 0, then the free system is exponentially
stable, hence it is trivially stabilizable (it is sufficient to choose fi =0
for each k). The stabilizability problem is significant if the free system

is not asymptotically stable, i.e., if of # () for some j. In this case we
set

(3.29) J={jeN:a} #0},
and, for each j € J, we choose any basis {¢1,...,¥n;,} of ker((; — A).

PROPOSITION 3.6. Let k satisfy the assumptions of Proposition 3.2,
and let J # 0, with mj # b for each j € J. Then system (3.2) is
stabilizable if and only if, for each j € J, the rank of the matriz

(3.30) [Ark] = [(¥n, dk)h=1,... .N;k=1,...K
is Nj.

PROOF. From Proposition 3.5 it follows that, for every j € J, 0;-'
consists of simple poles of F(-) different from b so that Theorem 2.1 is
applicable. From Proposition 3.1 (with m = 1), we get that, for each
Xo € a;r, we have ¢'()\g) # 0 (the function ¢ is defined in (3.5)), and
the residue @ of F at A = )¢ is (¢'(Xo)) "' P;, where P; is a projection
on the eigenspace of A corresponding to the eigenvalue (;. Therefore
Range Q* = Range P} = ker((; — A*). Hence condition (ii) of Theorem
2.1 may be reformulated as

(3.31) Vj € J, ker((j — A%) Nker®™ = {0}.
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As is easily seen, ker({; — A*) is spanned by the linear function-
als ¥5,h = 1,...,N;, where ¢} (g) = (g9,%n). Therefore ®*: ker(¢;—
A*) — (R*)* = R* may be represented, with respect to the basis
{¥i,... YN, }, by the matrix [Axk]. Hence, ®* is injective on ker({;A*)
if and only if N; > k and the rank of [Axi] is N;. O

3.2. The heat equation with memory. We consider now the heat
equation in materials of “fading memory” type, introduced by Nunziato
in [8]:

(A3.32) bou(t, ) + d/dt /Ot B(t — s)u(s,z)ds

¢
= cpAu(t, ) — / v(t — s)Au(s, z)ds + ¢(t,z), t > 0,z € Q,
0

u(0,2) = up(z), z€Q,
Bu(t,z) =0, t> 0,z € 09,

where either Bu = u or Bu = du/0n. Q is a bounded open set in R™
with C? boundary 9Q,u(t, ) is the temperature of the point = € Q at
the time ¢, the constants by, ¢y are positive, and ¢ is the heat supply,
which we assume to be of the type

(3.33) $(t,z) = (Ph(t))(z), t2>0,z€Q,

where h is a function (to be determined) from [0, +o00o[ to a Banach space
Y, ® belongs to L(Y, X), and X is either LP(Q) or C(Q). The kernels
8,7 are measurable positive functions (usually, linear combinations of
exponential functions with positive coefficients) satisfying

(3.34) co — /+oo v(s)ds > 0.
0

We assume here that § and 7 are completely monotone kernels, with

+00 +oo
635) 2= [ o) 80 = [ e tulda), 20,
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where p, v are positive Borel measures with
(3.36) supp p, suppv C Ja,+oo[, a > 0.

We denote by (), 3()) the analytic extensions of the Laplace trans-
forms of v and 3 respectively to C\(—supp u), C\(—suppv).

We showed in [7] that equation (3.32) may be rewritten as an
evolution equation in the space X in the form (0.1), with

(3.37) A:D(A)={¢eX:Ad€ X,Bf =0} > X;

(Af)(z) = by leoAd(z) — B(0)p()]
(K(t)9)(z) = by [-B'(t)p(z) — ¥(H)Ad()], t >0,
f(t) = by th(t), t > 0.

In fact, we considered in [7] only the case X = C(Q), but the same
arguments can be carried out in the case X = LP({2). We showed also
that

(338)  po= {A €C:co—4(N) #£0 Albo +5Q) -,\,,}

" co — (M)
and
bk A(bo + B(V))
(3.39) F(/\)—CO_R/()\)R( COO_&(/\) ,A), X\ € po,

where {—\,} is the (decreasing) sequence of the eigenvalues of A.
Hence (see (7, Proposition 3.1]),

®  in the case Bu = u,

(3.40) {A€o:Rer>0} = { {0} in the case Bu = Ou/0n

and

(3.41) sup{ReA: A € 0,ReA <0} < 0.

In particular, system (3.32) is asymptotically stable in the case of
the Dirichlet boundary condition. However, one may ask whether it is
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possible to get ||u(t)||x < ce™“?, with w arbitrary. A partial answer
may be found in Proposition 3.7. To state Proposition 3.7, we set

(3.42) U={z€] —a,0[:9(z) = —co}

The set U may be possibly void. It is easy to see that all the solutions
of the equation 4(z) = —cq are real and negative.

PROPOSITION 3.7. Let w € )0, a[ be such that

Abo + B(N)

- —A, Vn € N,V with Re\ = —w,
Co -7()\) # "

and
—w >supU ifU# 0.

Then the following statements are equivalent:

(i) For every ug € D(A) there ezists h € C,([0,+oo[ ;Y ) such that
the solution u of (3.32) belongs to C, ([0, +oo] ; X);

(ii) For every A € C with Re A > w we have

e A 500)
co —¥(A)
If any of the equivalent above conditions holds, then, for every ug € X,

there exists h € C2([0,400[ ;Y) such that the solution u of (3.32)
belongs to C%([a,+oo[ ; D(A)) for each a > 0.

- A*) N kerd* = {0}.

PROOF. Let us check the assumptions of Theorem 2.2. Here, A gener-
ates an analytic semigroup and K belongs to L!([0, +oo[ ; L(D(A), X))
thanks to assumption (3.36). The set o (w) consists of all the zeros
with real part greater than —w of the functions

A(bo + B(V))
3.43 n(A) = ————= - \,, neN.
(3.43) #a() = =2,
Since lim, 4o —An, = —00, then o4 (w) is finite. Moreover, if it is

not empty, it consists of poles of F(-) due to (3.39): actually, for each
n € N, 1/, is holomorphic, so that is has only finite order zeros, and
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the eigenvalues of A are semisimple. If \g is a zero of order m of ¥,
then we have

|
lim (A = Xo)™F(X) = - i TR
A= Ao (co —A4(X0))¥n (Ao)

where P, is a projection on the eigenspace of A corresponding to the
eigenvalue A, :

1
n= 5= R(Z, A)dz
278 JC(anse)

Therefore Ao is a pole of F(-) of order m, with Q, = m!bP,/

(co —%(Xo)) ﬁm)()\g). Consequently, Range@>, = RangeP; = ker(A, —
A*). The statement follows now applying Theorem 2.1. O

In the case of the Neumann boundary condition, the free system is
not asymptotically stable because A; = 0, so that 0 belongs to . But
0 is a zero of order 1 of ¥; because B(O) > 0, so that it is a simple pole
of F(-) (see the proof of Proposition 3.7). Since the eigenspace of A*
with eigenvalue 0 is spanned by the measure

u*(9) = (meas )1 /Q 6(z)dz,

applying Proposition 3.7 we get that system (3.32) with the Neumann
boundary condition is stabilizable if and only if ®*(p*) # 0. In
particular, if

®:R— X, ®(y)=y(),

where £ € X, then system (3.32) is stabilizable if and only if p*§ # 0,
i.e., the mean value of £ is not zero.

In the applications, one is often interested in observing the value
of the temperature u only at some points z1,...,zg € €). Then we
consider the linear operator

C:C(Q) — RHE, Cop = (¢(z1),...,0(zH)).

By Theorem 2.4, for each ug € C(Q), there is f such that Cu(t,-)
decays exponentially in the sup norm if and only if kerA*C* Nker®* =
{0}. In our case, A*C*(z},...,zy) = S, zhul, where u}(¢) =
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A¢(zp). Therefore Range A*C* is spanned by the measures uj,h =
1,...,H, and kerA*C* N ker® = {0} means that ®*u; # 0 for
each h = 1,...,H. In particular, if ® is as before, then we have
kerA*C*N ker®* = {0} if and only if Aé(zy) #0foreachh=1,...,H.
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