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POSTULATION AND REDUCTION VECTORS OF
MULTIGRADED FILTRATIONS OF IDEALS

PARANGAMA SARKAR AND J.K. VERMA

ABSTRACT. We study the relationship between postula-
tion and reduction vectors of admissible multigraded filtra-
tions F = {F(n)}neczs of ideals in Cohen-Macaulay local
rings of dimension at most two. This is enabled by a suitable
generalization of the Kirby-Mehran complex. An analysis of
its homology leads to an analogue of Huneke’s fundamen-
tal lemma which plays a crucial role in our investigations.
We also clarify the relationship between the Cohen-Macaulay
property of the multigraded Rees algebra of F and reduction
vectors with respect to complete reductions of F.

1. Introduction. The objective of this paper is to study properties
of Hilbert functions and Hilbert polynomials of multigraded filtrations
of ideals under certain cohomological conditions. Among the themes
presented are:

(1) an analogue of Huneke’s fundamental lemma in terms of the
homology of the generalized Kirby-Mehran complex for multigraded
filtrations of ideals using complete reductions, (2) the relationship
between postulation vectors and reduction vectors for multigraded
filtrations of ideals in Cohen-Macaulay local rings of dimension at
most two, (3) providing necessary and sufficient conditions for the
equality of multigraded Hilbert functions and polynomials in terms
of reduction numbers with respect to complete reductions, and finally,
(4) the relationship between the Cohen-Macaulay property of the Rees
algebra of multigraded filtrations of ideals and reduction numbers in
two dimensional Cohen-Macaulay local rings.
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Hilbert functions of mutigraded filtrations of ideals were found useful
in the work of Teissier [17], who used them in his investigations of
Milnor numbers of singularities of complex analytic hypersurfaces. To
wit, let (R, m) be a d-dimensional local ring of an isolated singularity of
a complex analytic hypersurface, and let f be the defining polynomial.
Then, the Jacobian ideal J := J(f) is an m-primary ideal, and the
function B(r,s) = A(R/m"J*®) is a polynomial P(r,s) of degree d in
r and s. Here, A denotes length. Teissier proved that the normalized
coefficients of monomials of degree d in P(r, s) are the Milnor numbers
of linear sections of the isolated singularity. Joint reductions and the
Bhattacharya function B(r,s) = A(R/I"J?) for m-primary ideals I and
J were used by Rees in several contexts. For example, he characterized
pseudo-rational local rings of dimension 2 in terms of the constant
term of the normal Hilbert polynomial for the normal Hilbert function
AR/ITJT*).

We now describe the contents of the paper. We recall a few
definitions and set up notation to explain the results of this paper.

Throughout this paper, let (R,m) be a Noetherian local ring of

dimension d, and let I1,...,Is be m-primary ideals of R. For s > 1, we
set e = (1,...,1), 0 =(0,...,0) € Z° and ¢; = (0,...,1,...,0) € Z*
where 1 occurs at the ith position. Let n = (nq,...,ns) € Z°. Then,
we write [% = I} --- I and nT = (n],...,n}), where
nj _ n; if n; > 0,
0 ifn; <O.
For a = (aq,...,a5) € N° we set |a] = a3 + -+ + a5. Define
m = (my,...,mg) >n=(ny,...,ng) if my >n; foralli =1,...s.

By the phrase “for all large n” we mean n € N° and n; > 0 for all
1=1,...,s.

Definition 1.1. A set of ideals 7 = {F(n)}nez- is called a Z*-graded
I=(I,...,1I)-filtration if, for all m,n € Z*,
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Let t1,...,ts be indeterminates. For n € Z*, set % = ¢]'* - - - ¢+, and
denote the N®-graded Rees ring of F by

R(F) = D Flw)t*

neNs

and the Z°-graded extended Rees ring of F by

R(F)= P Fn)=.

nezs

For an N*-graded ring S = €D, Sn, We denote the ideal P,,~. Sn by
Sit. For F = {[*},eczs, we set R(F) = R(L), R'(F) = R/(I) and

R4+ =R+

Definition 1.2. A Z°-graded I = (I4, ..., I,)-filtration F = {F(n)}nezs
of ideals in R is called an I = (I1,...,I;)-admissible filtration if
F(n) = F(n") for all n € Z* and R/(F) is a finite R'(I)-module.

For an m-primary ideal I, the Hilbert function Hy(n) is defined as
Hi(n) = MR/I™) for all n € Z. Here, we adopt the convention that
I" = R if n < 0. Samuel [16] showed that, for sufficiently large n,
H/(n) coincides with a polynomial P;(n) of degree d, called the Hilbert
polynomial of I. For all n € Z, Pr(n) is often written in the form

d .
. n+d—1—1i
Pr(n) =S (=1)ie (I .
1 =30 (")
The coefficients e;(I) are integers for alli = 0,1, ..., d, called the Hilbert
coefficients of I. The leading coefficient eo(I) is sometimes denoted by
e(I) and called the multiplicity of I.

Let s > 2 and F = {F(n)}nezs be an [-admissible filtration of
ideals in a Noetherian local ring (R, m) of dimension d. For the Hilbert
function Hr(n) = M(R/F(n)) of F, Rees [15] proved that there exists
a polynomial of degree d, called the Hilbert polynomial of F,

P]—'(ﬂ):_ 3 E_l)d—laea(f)(nﬁal—l)._.(ns+as—1)

oy Qg
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such that Pr(n) = Hx(n) for all large n. Here, e, (F) are integers
called the Hilbert coefficients of F. This was proved by Bhattacharya
for the filtration F = {I"J*}, sez in [1], where I and J are m-primary
ideals. Teissier [17] showed the existence of Pr(n) for the filtration
F = {lﬂ}QGZ@“

Let I be an m-primary ideal in a local ring (R, m) of dimension d > 1.
An integer n(I) is called the postulation number of I if Pr(n) = Hy(n)
for all n > n(I) and Pr(n(I)) # Hi(n(I)). An ideal J C I is called
a reduction of I if JI" = I"*! for some n. We say J is a minimal
reduction of I if, whenever K C J and K is a reduction of I, then
K =J. Let

ry(I) = min{m : JI" = I"*! for n > m}
and
r(I) = min{r;(I) : J is a minimal reduction of I}.

The analogues of reduction and postulation numbers for I-admissible
multigraded filtration F = {F(n)},ez- are described as follows.

Definition 1.3. A vector n € Z° is called a postulation vector of F if
Hz(m) = Pr(m) for all m > n.

Rees [15] introduced the concept of complete reduction for {I*},,czs.
In a similar manner, we define complete reduction of an /-admissible
filtration F = {F(n) }nezs-

Definition 1.4. Let F be an I-admissible filtration. A set of elements
A={z;;el;:j=1,...,d;i=1,...,s} is called a complete reduction
of F if, for all large n € N°, y; = x1;---x,; forall j = 1,...,d and
J = (ylv"'ayd)v

JF(n) =F(n+e).

Definition 1.5. Let F be an [-admissible filtration. A complete
reduction A= {z;; € I;: j=1,...,d;i=1,...,s} of Fis called a good
complete reduction if, for all large m € N° and y; = 211 -+ - x41,

F(m) N (y1) = y1F(m —e).
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Let A = {x;; € I; : j = 1,...,d;i = 1,...,s} be a complete
reduction F, y; = x1;---ag; forall j=1,...,dand J = (y1,...,¥a4)-

Definition 1.6. A vector r € N? is called a reduction vector of F with
respect to A if, for all n > r, JF(n) = F(n+ e).

Definition 1.7. An integer k£ € N is called the complete reduction
number of F with respect to A if JF(n) = F(n +e) for all n > ke
and, whenever k # 0, there do not exist any 0 < ¢ < k such that
JF(n) = F(n+e) for all n > te.

We use the following notation

(1) P(F) ={n € Z* | n is a postulation vector of F}.

(2) Ra(F) = {n € Z* | n is a reduction vector of F with respect to
A}

(3) r4(F) is the complete reduction number of F with respect to A.

We now describe the main results proved in this paper. In Section 2,
we prove some preliminary results regarding the coefficients of the
Hilbert polynomial of a multigraded filtration of ideals which we use
to prove our main results. Let f(n) : Z° — Z be an integer-valued
function. Define the first difference function of f(n) by Al(f(n)) =
f(n+e)— f(n). For all k > 2, we define A¥(f(n)) = AF1(AL(f(n))).
In 7], Huneke proved the following fundamental lemma.

Lemma 1.8 ([7, Lemma 2.4]). Let (R,m) be a two-dimensional local
Cohen-Macaulay ring, and let z,y € m be any system of parameters
of R. Let I be any ideal integral over (x,y). Then, for alln > 1,

() A(552) - )

Huckaba [5] extended this result for dimension d > 1. In Section 3,
for i > 1,1 < k < dand y¥ = (yi',...,y!), we introduce an
analogue of the Kirby-Mehran complex [9] for multigraded filtrations:
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C -y, F(n)
R 4 R () 4,
"7 Fw —><f<n+zfe>> o

da

R (k—l) dy R do 0
(f(n+ (k — 1)16)) “ Flat ke

and prove an analogue of Huneke’s fundamental lemma for multigraded
filtration of ideals.

Theorem 1.9. Let (R, m) be a Cohen-Macaulay local ring of dimension
d > 1 with infinite residue field, let I, ..., Is be m-primary ideals of R
and let F = {F(n)}nezs be an I-admissible filtration of ideals in R. Let
A={z;;€l;:j=1,...,d;i=1,...,s} be any complete reduction of
F,yj=a1;--asj forallj=1,...,d. Lety=1y1,...,yq and J = (y).
Then, for allm € Z°, B B

=) (1) ANH; (C(y, F(n))).

1=2

d
AP~ Hrl) A Sy

In Section 4, for d > 2, we compute the n degree component of
local cohomology module H}QH(R(}'))Q for all n € N° and give an
equivalent criterion for the vanishing of Hp  (R(F)), for all n € N*.
We discuss vanishing of Hilbert coefficients and generalize some results
due to Marley [10] in the Cohen-Macaulay local ring of dimension
1<d<2.

Theorem 1.10. Let (R, m) be a Cohen-Macaulay local ring of dimen-
sion 1 < d < 2 with infinite residue field, let I,...,Is be m-primary
ideals of R and let F = {F(n)}nezs be an I-admissible filtration of
ideals in R. Let e(q_1)e,(F) =0 fori=1,...,s. Then,

(i) ford=1, Pr(n) = Hx(n) for all n € N*°.
(ii) For d = 2, if Hp, (R(F))n = 0 for all n € N°, then
Pr(n) = Hr(n) for alln € N* and eg(F) = 0.

Theorem 1.11. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 1 < d < 2 with infinite residue field, and let I,J be m-primary
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ideals of R. Let F = {F(r,s)}rscz be a Z*-graded (I,.J)-admissible
filtration of ideals in R. Then, the following statements are equivalent.

(i) e@@—1)e;(F) =0 fori=1,2.
(ii) I and J are generated by a system of parameters, Pr(r,s) =
Hz(r,s) for allr,s € N and F(r,s) = I"J° for all r,s € Z.
(i) eq(F) =0 for o] <d—1.

In [11], Marley proved that, for the Cohen-Macaulay local ring of
dimension d > 1, r(I) = n(I) + d under some depth condition of the
associated graded ring of I. In his thesis [10], Marley extended this
result for Z-graded I-admissible filtrations. We generalize this result
for multigraded filtration of ideals when d = 1,2. In Section 5, we
prove the next theorem.

Theorem 1.12. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 1 with infinite residue field, and let I, ..., Is be m-primary ideals
of R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R
and A={a; € I; :i=1,...,8} a complete reduction of F. Then,

P(F)CN° and P(F)=TRa(F).

Moreover, the set R 4(F) is independent of any complete reduction A
of F.

We also show that, for the one-dimensional Cohen-Macaulay local
ring (R, m), r4(F) is independent of any complete reduction A of F.

In Section 6, we provide a relation between reduction vectors of good
complete reductions and postulation vectors of multigraded filtration
of ideals in two-dimensional Cohen-Macaulay local rings. For bigraded
filtration, we prove a result which relates the Cohen-Macaulayness of
the bigraded Rees algebra, the complete reduction number, reduction
numbers and the joint reduction number.

Theorem 1.13. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 2 with infinite residue field, and let I, ..., Is be m-primary ideals
of R and s > 2. Let F = {F(n)}nezs be an I-admissible filtration
of ideals in R and A = {x;;€I,:j=1,2;i=1,...,s} a good com-
plete reduction of F. Let H}QH(R(}'))Q =0 for alln > 0. Then,
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P(F) CN°, and there exists a one-to-one correspondence
f:PF)—={reRa(F)|r>e}
defined by f(n) = n+e where f~1(r) =1 —e.

Theorem 1.14. Let (R, m) be a Cohen-Macaulay local ring of dimen-
ston 2 with infinite residue field, and let Iy, ..., Is be m-primary ideals
of R and s > 2. Let F = {F(n)}nezs be an I-admissible filtration of
ideals in R and H712++(R(‘7:))ﬂ =0 for alln > 0. Then, the following
statements are equivalent.

(i) P(F) =N, i.e., Pr(n) = Hx(n) for alln > 0.
(ii) r4(F) <1 for any good complete reduction A of F.
(ii") There exists a good complete reduction A of F such that r 4(F)
<1.

In order to state the final result we recall the definition of joint
reduction of multigraded filtrations [12]. The joint reduction of F of
type d = (q1,. .., ¢s) € N®is a collection of ¢; elements x;1, ..., %, € I;
foralli=1,...,ssuch that ¢ +--- 4+ ¢s = d and

S

ai
Z Z z;;F(n—e;) = F(n) for all large n.

i=1 j=1
We say that the joint reduction number of F with respect to a joint
reduction {z;; € I; : j=1,...,q;;i =1,...,s} of type q is zero if

S

ai
ZZQ:M}"(@ —¢;) = F(n) for all n > Zei, where A = {i | ¢; # 0}.

i=1 j=1 icA

We say that the joint reduction number of F of type q is zero if the joint
reduction number of F with respect to any joint reduction of type g is
Z€ero.

Theorem 1.15. Let (R, m) be a Cohen-Macaulay local ring of dimen-
ston two with infinite residue field and I,J be m-primary ideals of R.
Let F = {F(n)}neze be a Z*-graded (I, J)-admissible filtration of ideals
in R. Then the following are equivalent.

(i) The Rees algebra R(F) is Cohen-Macaulay.
(ii) P(F) =N, i.e., Pr(n) = Hr(n) for alln > 0.
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(iii) For any good complete reduction A of F, ra(F) < 1 and

Hg,  (R(F))n =0 for alln > 0.

(iii") There exists a good complete reduction A of F such that
rA(F) <1 and H713++ (R(F))rn, =0 for all n > 0.

(iv) For the filtrations F) = {F(ne;)}nez, r(FD) < 1 where
1 =1,2 and the joint reduction number of F of type e is zero.

2. Preliminary results. In this section, we discuss the existence of
good complete reduction of an I-admissible filtration F = {F(n)}nez-
and prove some results regarding Hilbert coefficients, which we will
use in the following sections. For an admissible multigraded filtration
F ={F(n)}nezs, by Rees’s lemma [12, Lemma 2.2] and [15, Lemma
1.2], we obtain elements z; € I; for all i = 1,...,s, called superficial
elements for F such that, for each i, there exist an integer r; and
(x;) N F(n) =x;F(n—e;) for all n > r;e;. In [15, Theorem 1.3], Rees
proved the existence of complete reduction of the filtration {I™},cz-.
Using the same lines of proof of this theorem and existence of superficial
elements we obtain the next theorem.

Theorem 2.1. Let (R,m) be a Cohen-Macaulay local ring of dimen-
ston d with infinite residue field, and let I, ..., I; be m-primary ideals
of R. Let F be an I-admissible filtration of ideals in R. Then, there
exists a good complete reduction of F.

Lemma 2.2. Let (R, m) be a Noetherian local ring of dimension d > 1,
and let I, ..., I; be m-primary ideals of R. Put I =1 ---I;. Then,

Z d!L(D':eO(I) and eo(L) = eq().

ailay!

Proof. Since, for large n,
Pr(ne) = Hytne) = A( gz ) =M 72 ) = Pi(o)

comparing the coefficients of n? and constant terms, the required result
is obtained. a
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Proposition 2.3. Let s > 1 be a fixed integer, and let iy,...,is € N
be such that g =iy + ---+1is > 1. Then, AI(ny™ ---ng') = g!, where
ng €Z forallk=1,....s.

Proof. We use induction on g. Let g = 1. Then, without loss
of generality, assume i3 = 1 and i, = 0 for all & # 1. Therefore,
A'(ny) = (np +1) —ng = 1. Let g > 2, and assume the result is true
up to g — 1. Now,

Ag(nlil .- ~nsis) =A97! [Al(nlil .- ~nsi5)]
e A971 [sz(nlzl . nkik71 P nsis):|
k=1
= Z%Ag_l(m“ cenp Tt
k=1
:Zik(g—l)!:g!. O
k=1

Proposition 2.4. Let (R, m) be a Noetherian local ring of dimension
d>1, andlet In,...,Is be m-primary ideals of R. Let F = {F(n)}nezs
be an I-admissible filtration of ideals in R. Then:

(1) ea(F) =eq(I) for all « € N* where |a| = d.

(2) AYPr(n)) = AY(Pr(n)) = eo(l1 - I).

(3) For an ideal J C F(e) such that JF(n) = F(n+e) for all large
n € N*, we have AY(Pr(n)) = eq(J) = eo(Iy -+ I).

Proof.
(1) This follows from [15, Theorem 2.4].
(2) Using Proposition 2.3, we obtain

AY(Pr(n))

) Ad( Z 1yl ) (m +Oil - 1) <ns +Oc;z: - 1>)

la|<d
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:Z ea(F) [Ad(nlaln_nsas)]

ap! e ag!
la|=d
ea(F) ea(F)
= e | = dl—a

In a similar manner, we obtain
d _ ea(l)
AY(Pr(n)) = zl_:dd!w-
By (1) and Lemma 2.2, AY(Pr(n)) = AY(Pr(n)) = eo(l1 - - - I5).

(3) Since JF(n) = F(n + e) for all large n, there exists an integer
k € N such that JF(n) = F(n + e) for all n > ke. Now, for all n > k,
J"kF(ke) = F(ne), and hence, J* C F(ne) C J*~*. This implies

(550) <2 (z0m) =2(7)

for all n > k. Therefore, for all n > k, we have

. Pjn—k) . Pzr(ne) . Pj(n)
AN
nh—>ncr>lo nd/dl  — n1—>oo nd/dl — o n?/d!

which implies A%(Pr(n)) = eo(J). Hence, using part (2), we get the
required result. O

Proposition 2.5. Let (R, m) be a Noetherian local ring of dimension
d > 1, depthR > 1, and let I,...,Is be m-primary ideals of R.
Let F = {F(n)}nezs be an I-admissible filtration of ideals in R and
A={z;jel;:j=1,...,dji=1,...,s} be a complete reduction of F.
Then, J; = (1, ..., Tiq) is a reduction of I; for alli=1,...,s.

Proof. For all large n, JF(n) = F(n + e) where y; = x1;---
forall j =1,...,d and J = (y1,...,yq). Since F is an [-admissible
filtration, for each i € {1,..., s}, there exists an r; € N such that, for
all n > rie;, F(n+e;) = I;F(n). Hence, for all large n,

L F(nte—e;) DJ; F(nte—e;)) DJF(n)=F(n+e) DL, F(n+e—e;).

Now, by [15, Lemma 1.5], J; is a reduction of I; foralli =1,...,s. O



574 PARANGAMA SARKAR AND J.K. VERMA

Proposition 2.6. Let
fln):2° —7

be an integer-valued function such that, for all large n € N*, f(n) = 0.
Let

B={neZ: f(m)=0 for allm > n}
and, for all j >0,

Cj={ne€Z :AN(f(m)) =0 for all m > n}.
Then, for j >0, B =C;.

Proof. For j = 0, the results hold due to the definition of B. It
is sufficient to prove the statement for j = 1. Let n € B. Then,
AY(f(m)) = f(m +e€) — f(m) = 0 for all m > n. This implies

that n € C;. Conversely, let n € C;. Then, for all m > n,
0=AYf(m)) = f(m+e) — f(m). Let k € N* be such that f(r) =0
forallr > k. Let m >n. Foralli=1,...,s, define

k; —m; if k; > m;,
u(m); = )
Let u(m) = max{u(m)i,...,u(m)s} + 1. Then, for all m > n,
0=f(m+u(mle) =---=f(m+e) = f(m)
Hence, n € B. a

Proposition 2.7. Let

R= P Rn

neNs

be a standard Noetherian N°®-graded ring, S an N°-graded R-algebra
and b € R,. Let

S —25 Spye
be an injective map for all large n and grade(Sy+) > 1. Then, b is a

nonzerodivisor of S.

Proof. Let m € N° be such that, for all n > m, S, 4b> Shte
is an injective map. Let x € (0:5b) NSy for some £k € N°. We
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show that z(S;.)"*! = 0, where m = max{my,...,ms}. Let
0 # 2z € (S4q)™' NS, Now, xz € Spyp and bzz = 0. Since
k+p>(m+1)e, xzz = 0. Thus,

S (O S (S++)m+1) =0. U

3. An analogue of Huneke’s fundamental lemma. Throughout
this section, (R, m) is a Cohen-Macaulay local ring of dimension d > 1
with infinite residue field, and I, ..., I, are m-primary ideals of R. Let
F = {F(n)}nezs be an I-admissible filtration of ideals in R. In [8],
Jayanthan and Verma generalized the Kirby-Mehran complex [6, 9]
for the bigraded filtration {I"J*}, scz where I, J are m-primary ideals
and studied the relation between cohomology modules of the complex
and local cohomology modules of R(I, J). We construct a multigraded
analogue of the Kirby-Mehran complex and compute its homology
modules. As a consequence of this we prove an analogue of Huneke’s
fundamental lemma [5, 7].

Let y1,...,yx be elements in Iy --- Iy where 1 < k < d. Forl > 1
and

(lt)[l] = yllilea v 7ykltlea

consider the Koszul complex K - ((yt)!l, R(F)):

— R/(F)(kle) — 0.
This complex has a Z®-graded structure inherited from R'(F). The
graded component of degree n of the above complex is K-, ((yt) Ul R/(F)):

k
1

0 — F(n) — (Fla+1))) — - — (F(n+ (k- 1)le)50)
— F(n + kle) — 0.

Let y[” = !, ..., yx!. We can consider the above complex as a sub-
complex of the Koszul complex K - (y!1, R):

k

1

0—R—RO ... RN R0

Hence, we have a chain map of complexes 0 — K -, ((yt)l), R'(F)) —

(
K - (y!, R) which produces a quotient complex C - (y), F(n)):
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ds R (k_l) dy R do 0
- <f(n+ (k — 1)ze)>  Fat ke

In the next proposition, we compute homology modules of the above
complex.

Proposition 3.1. Foralll>1,neZ° and 1 < k <d,

(1) Ho(C - (y", F(n))) = R/(F(n+ kle),y"),
(2) He(C- (", F(n)) = (Fn+le): (y)/F(n),

(3) if y1,--., Yk s a reqular sequence then

[1] F(n + kle
H,(C - (y[lh]:(ﬂ))) = ((([%)]):(2 _|_((k+— 1)l)e))

Proof.

(1) Since kerdy = R/F(n+kle) and imd; = ((y) + F(n +
kle))/F(n + kle), we obtain

Ho(C- (y, F(n))) = kerdy/imdy = R/(F(n + kle),y").
(2) Since imdgy1 =0,

Hi(C - (4", F(n))) = ker dy,
={z+F(n) € R/F(n) | zy' € F(n+1le) foralli=1,...,k}
={o+F(n) € R/F(n) |z € Ny (F(n+le) : (v:))}
={z+F(n) € R/F(n) |z € (F(n+1le): ("))}
(3) Since y1,...,yk is a regular sequence, the following sequence is
exact

RG:E2) 22 p(E)) 2 (") EINNY
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Tensoring by R/(F(n+ (k —1)le)), we obtain an exact sequence

<f<n+ (lz— 1>ze>>(k$> = (f(n n (};_ 1>ze>><kil)

Py ) ) F (et (k — 1)ie) 225 0.

Hence im ¢, = im dy, and we obtain the following commutative diagram
of exact rows:

(M F(n+(k—1)le)
ll Il--~Isi 9i
k

(x21)
R R
0 — kerd; <J~'(n+(k—1)le)> F(ntkle)’

(k—l) 1]
: R (¥
0 —— imd, <]_.(n+(k_1)le)> —0

where i is the inclusion map and id is the identity map. Then, by the
Snake lemma,

er dy )N F(n+ ke
H(C- (", F(n))) = li{mci = kerf = ((%]);(r; +((k;+— 1)l)e))'

Theorem 3.2 (Analogue of Huneke’s fundamental lemma). Let (R, m)
be a Cohen-Macaulay local ring of dimension d > 1 with infinite residue
field, let Ir,..., I, be m-primary ideals of R and F = {F(n)}nez-
an I-admissible filtration of ideals in R. Let A = {x;; € I; : j =
1,...,d;i =1,...,s} be any complete reduction of F, y; = &1, - Ts;
forallj =1,...,d. Lety = y1,...,yq and J = (y). Then, for all
n ez, B B

Ad(P}'(n)—H]:(n)):)\( F(n + de) )

JF(n+ (d—1)e)
d

=Y (CD)'NH(C - (y, F(n))-
i=2

Proof. By Propositions 2.4 and 3.1, we obtain:
AYPr(n) — Hr(n)) = eo(J) — AY(Hz(n))
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_ F(n+ de) B d L o .
_A<(y)F(n+(d—1)e)) > (CDAHA(C (y, F ()

_(__Fa+de) i
- A(J]:(n_’_ (d— 1)6)) _Z(_l) /\(Hl(c (yvf(ﬂ)))) U

4. Vanishing of Hilbert coefficients. In this section, we compute
the local cohomology module H712++ (R(F))y, for all n > 0 [2, 8]. We
discuss the vanishing of Hilbert coefficients of an I-admissible filtration
F and generalize some results due to Marley [10] in Cohen-Macaulay
local ring of dimension 1 < d < 2.

The filtration F = {F(n)}nez- of ideals for a Z*-graded I-filtration
F = {F(n)}nez- is called the Ratliff-Rush closure filtration of F where

F(n) = |J(Fn+ke): Fe)¥)
k>1

for all n € N® and
F(n) = F(n™)

for all n € Z° [12]. In order to compute H71—¢++ (R(F))n, we follow the
lines of [2, Proof of Theorem 3.3].

Proposition 4.1. Let (R,m) be a Cohen-Macaulay local ring of di-
mension d > 2 with infinite residue field, let I,...,Is be m-primary
ideals of R and F = {F(n)}nez- be an I-admissible filtration of ideals
in R. Then, for alln € N*,

e
B

Hy,  (R(F))n

Il

Pl
B



POSTULATION AND REDUCTION VECTORS 579

Proof. Let A = {z;;€l;:j=1,...,d;i=1,...,s} be any com-
plete reduction of F, y; = x1;---xs; for all j = 1,...,d. For each
n,l>1, (yt)[l] =yl ygttte and Yy = yi!, ... y4t, we have the
following exact sequence B

0 — Koy, R'(F)) — K-y R) — C- ", Fn)) — 0.

For each i € {1,...,d}, the commutative diagram of complexes:
N
K-(y',R): 0 R Y R 0
idl yzl
NEST
K-y R): 0 R-Y R 0

gives a map K - (y1',...,9', R) = @ K - (y;', R) = K - (;,'*1,.. .,
ya'TLR) = ®¢ K - (y;"*1, R). The maps can be restricted to K -,
(ya'tle, ... yq't'®, R'(F)). Hence, for all I > 1, we get morphisms of
exact sequences

0o —> K (@, R'F)H) —> k.-l Ry —>c. ¥, F@)y —>o0

l i l

0—> K ,ﬁ((ﬂ)[l+1],7z’(]:)) —_— K. (£[1+1], Ry —> C . (Q[H—ll]:(ﬁ)) —>0

which produce an inductive system of exact sequences of complexes.
Applying lim to the long exact sequence of cohomology modules, we

l
obtain

0 — HY,p (R (F))n — H, (R) — lim HO(C'- (3, F(n)))
o - 1

— H(lyl) (RI(F))p — -+
Since (R, m) is Cohen-Macaulay, Hgy)(R) =0for 0 <i<d-—1. Hence,

Hiy (RN(F))u = lim HO(C - (3, F(n))) = lim Ha(C - (3", F(n)))
l l

e (Fntle):(y'))
B
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Since \/R44 = /(yt), by [12, Proposition 3.1, Proposition 4.2], for
all n € N*,

9]

F(n)
1 ~ 1 / ~ =
Hg, ,(R(F))n = Hg,  (R'(F))n = Fo) 0
For all : = 1,...,s, we denote the associated multigraded ring of F

with respect to F(e;) by

F(n)
Gi (.7:) = — .
Egs Fln+ei)
For F = {I"*},ez=, we set G;(F) = G;(I). In the next proposition, we
give an equivalent criterion for the vanishing of H71a++ (R(F))y, for all
n > 0 in terms of grade(G;(F), ) foralli=1,...,s.

Proposition 4.2. Let (R,m) be a Cohen-Macaulay local ring of dimen-
ston d > 2 with infinite residue field, I, ..., I the m-primary ideals of
R and F = {F(n)}nezs an I-admissible filtration of ideals in R. Then
the following statements are equivalent.

(1) Foralln € N°, Hy  (R(F))n = 0.

(2) Foralli=1,...,s, grade(G;(F) > 1.

) 2

Proof. Fix i. Denote
R'(F)
R'(F)(es)

by G}(F). Consider the short exact sequence of R(I)-modules,

0 — R/(F)(e;) — R'(F) — Gi(F) — 0.
This induces a long exact sequence of local cohomology modules,
(4.1) 0— H702++(G;(‘F))ﬂ — H712++ (RI(F))ntes —>

Since Hp, (R(F)), = 0 for all n € N° by [12, Proposition 4.2],
we have Hp  (R'(F)), = 0 for all n € N°. Hence, from the exact

sequence (4.1) and [12, Proposition 4.2], for all n € N*, we obtain
Hgi(]-')++(Gi('F))ﬂ = H oy, (Gi(F))n = Hy, (GH(F))n = 0.
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Conversely, suppose that grade(G;(F),,) > 1foralli=1,...,s. By
[12, Theorem 3.3], for all n € N*,

Fn+e)NF(n)=Fn+e).
We show that, if F(n) = F(n) for some n > 0, then F(m) = F(m) for
all m>n. Let t; = m; —n; foralli =1,...,s. For each 1,

Fln+e)=Fn+e)NFn)=Fn+e)NFn)=Fn+e).

Continuing this process ¢; times, for each i, we get F(m) = F(m). Since
F(0) = F(0), by Proposition 4.1, we obtain the required result. O

Remark 4.3. Note that, if (R, m) is an analytically unramified local
ring of dimension d > 1, I1,..., I are m-primary ideals of R, then, for
the filtration F = {1}z, by [12, Corollary 3.4], H712++ (R(F))n=0
for all n € N*.

Proposition 4.4. Let (R, m) be a Cohen-Macaulay local ring of dimen-
sion d > 2 with infinite residue field, and let I,...,Is be m-primary
ideals of R. Let F = {F(n)}nez- be an I-admissible filtration of ideals
inRand A={x;;€l;:j=1,...,d;i=1,...,s} be a good complete
reduction of F. Set y1 = x11...x45. Let H713++(R(}—))2 =0 for all
n € N°. Then,

(1) yan =y1 + 179 € Gi(D)e is Gi(F)-reqular for alli=1,...,s.
(2) (y1)NF(n) =wpnF(n—e) foralln>e.

Proof.

(1) Fix 7. Let m > e be such that (y1) N F(n) = y1F(n — e) for
all n > m. We show that (G4(F))n 22 (G(F))nre is injective for all
n > m. Let (z+F(n+e;))yin = F(n+e+e;). Then, y12 € F(n+ete;).
Since n > m, z € F(n + ¢;). Hence, by Propositions 2.7 and 4.2, y;; is
a nonzerodivisor of G;(F).

(2) For all i = 1,...,s, consider the Koszul complex K;- = K; -
(Yi1, Gi(F)):
0 — Gi(F) — Gi(F)(e) — 0.

The nth component of this complex is K; - (yi1, Gi(F),n):

0— Gi(F)n — Gi(F)ype — 0.

nte
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Hence, for all i = 1,...,s and n > 0, we have the exact sequence of
complexes

0 — Ki.(yi1,Gi(F),n) — C-(y1, F(n+e;)) — C-(y1, F(n)) — 0,
which gives a long exact sequence of homology modules

coo— Hj(K; - (yi1, Gi(F),n)) — H;(C - (y1, F(n+e€;)))
— H;(C - (y1, F(n)) — .

Since y;1 is a nonzerodivisor of G;(F) for all i = 1,...,s, we have
Hi(K; - (yi1,Gi(F),n)) =0for all n and i = 1,...,s. Due to the fact
that H1(C - (y1,F(0))) = 0, applying the above exact sequence several
times for all i = 1,...,s, we obtain H;(C - (y1,n)) = 0 for all n > 0.
Hence, F(n) N (y1) =y F(n—e) for all n > e. O

Proposition 4.5. Let (R, m) be a Cohen-Macaulay local ring of dimen-
sion 2 and I, ..., I the m-primary ideals of R. Let F = {F(n)}nezs
be an I-admissible filtration of ideals in R and A = {x;; € I; : j =
1,2;9=1,...,s8} a good complete reduction of F. Let y; = x1; - - Zs;
for all 5 = 1,2 and H713++ (R(F))n = 0 for all n € N°. Then
Hy(C - (y1,y2,F(n))) =0 for alln > 0.

Proof. Fix i. Let y;; = y; + 1% € Gy(I), for all j = 1,2 and
t=1,...,s. Consider the Koszul complex K - (y;1, ¥i2, Gi(F)):

0 — Gi(F) — (Gi(F)(e))* — Gi(F)(2e) — 0
whose nth component is

0 — Gi(F), — (Gi(F) i)’ — Gi(F) 9, — 0.

For all n > 0, we have the exact sequence
0— K- (yil»yi27 Gl(]:)7ﬂ) — C- (y17y27]:(ﬂ+ el))
— C- (ylay2vf(ﬂ)) — 0.
This gives a long exact sequence of homology modules

o — Hj(K - (i1, Yi2, Gi(F),n)) — H;(C - (Y1, 92, F(n+€;)))
— Hj(C- (y1,y2, F(n))) — - -
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for all n > 0. Since, by Proposition 4.4, y;; is a regular element in
Gi(F) for all i = 1,...,s, we have Ho(K - (yi1, yi2, Gi(F))) = 0 for all
nandi=1,...,s. Due to the fact that Hy(C-(y1,y2,F(0))) = 0, using
the above exact sequence several times for all ¢ = 1,...,s, we obtain
Hy(C - (y1,y2,F(n))) =0 for all n > 0. O

Theorem 4.6. Let (R, m) be a Cohen-Macaulay local ring of dimension
1 < d < 2 with infinite residue field, I, ..., Is the m-primary ideals of
R and F = {F(n)}nezs an I-admissible filtration of ideals in R. Let
e(d—1ye;(F) =0 fori=1,...,s. Then,

(1) Ford=1, Pr(n) = Hr(n) for all n € N*.
(2) Ford =2, if Hy  (R(F))n =0 for alln € N°, then Pr(n) =

Hy(n) for alln € N* and eo(F) = 0.

Proof.
(1) For d = 1, since ey(F) = 0, we obtain Pr(0) = Hr(0).
Therefore, by the difference formula [12, Theorem 4.3], we obtain
Ar(Hg, , (R(F))o) = 0.

Since dim R = 1, by [12, Lemma 2.11], for all n € N*, H712++ (R(F))n =
0. Therefore, again using the difference formula [12, Theorem 4.3], we
obtain Pr(n) — Hr(n) = 0 for all n € N*.

(2) Let d =2,
.A:{.’L'ijEIZ'Zj:LQ;’L':l,...,S}

be any good complete reduction of F, y; = x1;---xs; for j = 1,2 and
J = (y1,y2). Fix i. Let R = R/(z;1) and ' denote the image of an
ideal in R’. For all large n, consider the following exact sequence

R R

(F(n) : (zi1)) R s
F(n—ei) — F(n—e;) - F(n) - (741, F(n)) — 0.

0—>

Since A is a good complete reduction, for all large n, (F(n) : (z:1)) =
F(n —e;) and

Newrw) =(5m) A (Faa)
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Therefore, for the filtration F' = {F(n)R'}nez: ,we have Pr/(n) =
Pr(n) — Pr(n — ;). This implies that the constant term of Pz (n) is
ee;(F) = 0. Due to the fact that A’ = {al, € [; : i =1,...,s} is a
complete reduction of 7', J' = (y4) and dim R = 1, by Theorem 3.2,
Proposition 2.6 and part (1), we have

F(n+e)R
)\< J' F(n)R'

Thus, we obtain F(n+e) = yoF(n) + ((x1) N F(n+e)) for all n € N*.
We show that (z;1) N F(n+e) =z F(n+e—e;) foralln e N°. It is
clear that ;1 F(n+e—¢;) C (zin) N F(n+e). Let ax; € F(n+ e).
Then, ay: € F(n+2e—e;). Since H712++ (R(F))n = 0foralln € N® and
A is a good complete reduction, by Proposition 4.4, a € F(n+ e — ¢;).
Hence, we obtain

) = AYPr/(n) — Hr(n)) =0 for all n € N*,

Fln+e)=yF(n)+zpnF(nt+e—e;) foralneN°andi=1,...,s
We show that F(n+2e) = JF(n+e) for all n € N°. Let n € N°. Then,
F(n+2e) =y F(n+e)+zx11F(n+2e—e1)
=yF(n+e)+axn(pF(n+e—er)
+$21J—'.(ﬂ+2€761 762))
CyaF(n+e)+aiixF(n+2e—e; —e)

CypFlnte)+zn-zaF(nte)
= (y1,y2)F(n+e) = JF(n+e).

Since H712++ (R(F))n =0 for all n € N®, by Theorem 3.2 and Proposi-
tion 4.5, for all n € N*, we obtain

A2(Pr(n) — Hr(n)) = <J]—"n7j_+2€ )

and hence, by Proposition 2.6, we have Pr(n) = H}-(@) for all n € N*.
Setting n = 0 in the above equality, we obtain ey(F) = O

Theorem 4.7. Let (R, m) be a Cohen-Macaulay local ring of dimension
1 < d < 2 with infinite residue field and I,J the m-primary ideals of
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R. Let F = {F(r,s)}rscz be a Z>-graded (I,.J)-admissible filtration of
ideals in R. Then, the following statements are equivalent.

(1) e@@—1ye;(F) =0 fori=1,2.

(2) T and J are generated by a system of parameters, Pr(r,s) =
Hx(r,s) for all r,s € N and F(r,s) =1"J*® for allr,s € Z.

(3) ea(F) =0 for|a| <d-—1.

Proof.

(1) = (2). Let FO = {F(r,0)},cz and F? = {F(0,5)}sez. Since
F is an (I,.J)-admissible filtration, F() and F? are I-admissible
and J-admissible filtrations, respectively. By [10, Lemma 3.19], [12,
Theorem 5.5] and [13], we have

0<er(]) <er(FY) < e e, (F) =0,

0 S 61(J) § 61(./.'.(2)) § €(d_1)62 (f) =0.
Then, by [10, Theorem 3.21], we obtain that I and .J are generated by
a system of parameters, F(r,0) = I" and F(0,s) = J*° for all r, s € Z.
Let d = 1. Then, by Theorem 4.6, Px(r,s) = Hz(r,s) for all r,s € N.

It is sufficient to prove that F(r,s) = I"J*® for all r,s > 1. Since I and
J are generated by the system of parameters, for r, s > 1, we have

/\<]__(is)) — Pr(r,s) = re(I) + se(J)

A2 o) () () o)

This implies that F(r,s) = I"J* for all r,s > 1. Let d = 2. Since I
and J are parameter ideals, we have

e(I) — e, (F) = e(I) = A(?) _ )\<]__(io)),

e(J) = 0, (F) = e(J) = A(}j) _ A(J:(il))

Therefore, by [12, Theorem 7.3], we obtain Px(r,s) = Hx(r,s) for all
r,s € N. Tt is sufficient to prove that F(r,s) = I"J*® for all r,s > 1. By
[12, Theorem 7.3], the joint reduction number of F of type e is zero.
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Let (a,b) be a joint reduction of F of type e. Then,
F(r,s) =aF(r—1,8) +bF(r,s —1) forallr,s>1.

We use induction on r +s. Let r;,s > 1. If r+s=2,thenr =s=1
and

F(1,1) = aF(0,1) + bF(1,0) = aJ + bI C I.J C F(1,1).

Let r+s > 2. Then r > 2 or s > 2. Without loss of generality, assume
that r > 2. If s = 1, then using induction, we get

F(r,1) =aF(r —1,1) + bF(r,0) = al" ' J+bI" CI"J C F(r,1).
Hence, we may assume that s > 2. Therefore,
F(rys)=aF(r—1,8) +bF(r,s — 1)
=al" "+ bI" T C TN C F(rys).
(2) = (3). For d = 1, putting r = s = 0 in the equation

) = Hz(r,s), we obtain the required result. Let d = 2. Since
Pr(r,s) = Hz(r,s) for all r,s € N, we have eg(F) =0,

e(I) — e, (F) = A(]—‘(io))

and

dﬂ-f@unzx(félg.

Since I and J are parameter ideals and F(r,s) = I"J® for all r;s € Z,
by [12, Theorem 5.5], we have

ee,(F)=er(FMD)y=e (1) =0 and e, (F) =e1(FP) =ey(J) =0.
(3) = (1). It follows directly. O

Example 4.8. Let R = k[|X,Y]]. Then, R is a regular local ring
of dimension 2. Let I = (X,Y?) and J = (X2,Y). Then, I
and J are complete parameter ideals in R. Consider the filtration
F ={I"J%}, sez. Since I and J are complete ideals, by [18, Theorem
2’ Appendix 5], I", J® and I"J*® are complete ideals as well. By [14,
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Theorem 1.2],

ee,(F)=e1(I)=e1(I)=0 and e, (F)=2e1(J)=e(J)=0.

e(I) — €0, (F) = e(I) = A(f) _ A(R),
e(J) — 0, (F) = e(J) = A(Ij) - A(?),

by [12, Theorem 7.3], we obtain Pr(r,s) = Hx(r,s) for all r,s € N.

5. Postulation and reduction vectors in dimension 1. Let
(R,m) be a Cohen-Macaulay local ring of dimension 1 with infinite
residue field, and let I,...,I; be m-primary ideals of R. Let F =
{F(n)}nezs be an I-admissible filtration of ideals in R. In this section,
we prove that the set of reduction vectors of F with respect to any
complete reduction is the same as the set of postulation vectors of F.
Thus, the set of reduction vectors of F with respect to any complete
reduction is independent of the choice of complete reduction. Then,
we show that the complete reduction number of F with respect to any
complete reduction is independent of the choice of complete reduction.

Theorem 5.1. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 1 with infinite residue field, and let I,. .., Is be m-primary ideals
of R. Let F = {F(n)}nez= be an I-admissible filtration of ideals in R
and A={a; € I; :i=1,...,8} a complete reduction of F. Then,

P(F)CN° and P(F)=Ra(F).
Moreover, the set R 4(F) is independent of any complete reduction A

of F.

Proof. First, we prove that P(F) C N°. Suppose that there exists
an n € Z°\ N° such that n € P(F). Then, there exists at least one
1€ {1,...,s} such that n; < 0. Therefore,

Pr(n+ ;) = A(Hﬁ)) - A(%) ~ Pr(n)
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implies eg(I;) = Pr(n+e;) — Pr(n) = 0. This contradicts the fact that
eo(I;) > 0. Thus, P(F) C N°. Let J = (a1 ---as). By Theorem 3.2,
for all n > 0,

F(n+e)
AYP —H =AM — ).
(Frn) =~ Hr (@) ( JF(n) )
Hence, by Proposition 2.6, we obtain the required result. (Il

Example 5.2. Let R = k[|t3,*,¢5]]. Then, R is a one dimensional
Cohen-Macaulay local ring with unique maximal ideal m = (¢3,%,¢%).
Consider I = (¢3,t*) and J = (t3). Then, JI? = I*. Since (t°)(1J)? =
(IJ)3, A = (;Z’) is a complete reduction for the filtration I =
{I"J*}y sez. We have \(R/J™) = 3n for all n € N.
Now, A(R/I) =2, A\(R/I?) = 4 and, for n > 3,
I = Jnf2]—2 _ (t3n76)(t6’t7’t8) _ (tSn’t3n+17t3n+2).
Hence, for all n > 2, A(R/I™) = 3n — 2. Let
Pr(n) =neo(I) — e (1),
Py(n) =neo(J) — e (J),
P[J(TL) = neo(IJ) — el(IJ)
and

Pr(n) = nieg(I) + n2eo(J) — eo(I)

denote the Hilbert polynomials of I, J, IJ and I, respectively, where
n € Z and n = (n1,ng) € Z2. Then, eg(I) = eo(J) = 3, e1(I) = 2 and
e1(J) = 0. Now, by Lemma 2.2, eq(I) = e1(IJ). For large n,

R R

Hence, eg(L) = e1(IJ) = 2. This implies P;(n) = 3ny + 3nz — 2.
Since (t%)(1J) = IJ3 # 12J? and (t5)(1J)% = I?J* = I3J3, we have
T_A(l) = 2.
Note that (t9)I? = J2I? = JI? and (t°)1 = J?I # I?J. Let
(1,n) € Z* be such that n > 1. Then,
(t6)IJn _ IJ7L+2 _ (t3,t4)(t3n+6) — (t3n+97t3n+10)
?é (t3n+9 t3n+10 t3n+11) _ 12jn+1.
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Hence, RA(I) = {m € N* | m > (2,0)}.
For all ny > 2 and ny > 0,

Pl(n17n2) _3n1+3n2_2_>\(1n1+n2> Jn1 Jn2

Pr(1,0)=1#2=A\ (1;“)
Let (1,n) € Z? be such that n > 1. Then, P;(1,n) =3n+ 1 and

R R
Hi(1,n) = )\<]'Jn> = A((t3n+3’t3n+4)) =3n+2.

Hence, for all n = (1,n) where n > 0, P;(1,n) # H;(1,n). Thus,
Ra(l) = P(D).

) = Hi(n1,n2)

and

In the next example, we show that we cannot drop the condition of
Cohen-Macaulayness in Theorem 5.1.

Example 5.3. Let
K[IX, Y]

= xvy

Then, R is a one-dimensional local ring which is not Cohen-Macaulay.
Consider the ideals I = (z,y) and J = (y) of R. Then, JI = I?. Since
(y*)(IJ) = I?J?, A = (}) is a complete reduction for the filtration
I={I"J°}, sez. We have

A(ﬁ) =n+1 foralln>1.
Now A(R/I) =1 and, for n > 2, I" = J" [ = (y" Y (z,y) = (y").
Hence, for all n > 2, A(R/I™) =n+ 1. Let

Pr(n) =neo(I) — er(I),

Pj(n) =neo(J) —er(J),

Pry(n) =neo(IJ) —e1(1J)

and
Pr(n) = nieg(I) +naeo(J) — eo(l)
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denote the Hilbert polynomials with respect to I, J, I.J and I, respec-
tively, where n € Z and n = (ny,n2) € Z2. Then, ey(I) = eo(J) = 1.
Now, by Lemma 2.2, eg(I) = e1(IJ). For large n,

R R
P, = IJ)—e(IJ) = — | = — | =2 1.
IJ(n) 7160( J) 61( J) A((IJ)”) /\(Izn> n+
e1(IJ) = —1. This implies P;(n) = n1 + ng + 1. Now
= (y?). Hence, r4(I) = 0. This implies R 4(I) = N?;
£ 0= Hy(0,0). Therefore, Ra(I) # P(L).

Hence, ep(I) =
IJ = (z,y)(y

=
Q
=
@
<
@
=
2
o=
=]
=
I
— N

Theorem 5.4. Let (R,m) be a one dimensional Cohen-Macaulay
local ring, and let Ir,...,Is be m-primary ideals of R. Let F =
{F(n)}nez= be an I-admissible filtration of ideals in R. Then, the
complete reduction number of F with respect to any complete reduction
is independent of the choice of complete reduction of F.

Proof. Let A = {a; €1;:i=1,...,s} be a complete reduction of
F,J=1(a1---as) and r4(F) = k. First, we show that

k = min {max {t1,...,ts :t = (t1,...,ts) € Ra(F)}}.

If £ = 0, then it is true. Suppose that k > 1. Let n € N® be such that
ni<kforalli=1,...,s and n € R4(F). Let u = max{nqy,...,ng}.
Then, v < k and n < we < (k—1)e. Hence, JF(m) = F(m+ e) for all
m > (k—1)e. This contradicts the fact that k is the complete reduction
number of F with respect to A. Thus, t € R4(F) implies t; > k for
at least one i. Since JF(n) = F(n + e) for all n > ke, there exists an
r € R4(F) such that max {ry,...,rs} = k. Hence,

k= min {max {t1,...,ts 1t = (t1,...,ts5) € Ra(F)}}.

Therefore, by Theorem 5.1, we obtain the required result. O

6. Postulation and reduction vectors in dimension 2. Let
(R,m) be a Cohen-Macaulay local ring of dimension 2 with infinite
residue field and I3,...,Is the m-primary ideals of R. Let F =
{F(n)}nezs be an I-admissible filtration of ideals in R. In this section,
we provide a relation between the reduction vectors of F with respect
to any good complete reduction and the postulation vectors of F. For
a bigraded filtration F, we prove a result which relates the Cohen-
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Macaulayness of the bigraded Rees algebra, the complete reduction
number, reduction numbers and the joint reduction number.

Theorem 6.1. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 2 with infinite residue field, and let I, ..., Is be m-primary ideals
of R and s > 2. Let F = {F(n)}nezs be an I-admissible filtration of
ideals in R and

A={z;;€l;:j=1,2i=1,...,s}
a good complete reduction of F. Let H71€++ (R(F))n =0 for alln > 0.
Then, P(F) C N®, and there ezists a one-to-one correspondence
[iPF) = {reRa(F)[r>e}
defined by f(n) = n+ e where f~1(r) =r —e.

Proof. First, we prove that P(F) C N°. Suppose that there exists
an n € Z° \ N° such that n € P(F). Then, there exists at least one
i€ {1,...,s} such that n; < 0. Therefore, for any j € {1,...,s} with
j#iand >0,

R R
P}-(ﬂ-‘rlej-f—ei) = )\(f"(n—l— e, + 60) = )\(}_(n+ lej)> = P}-(@—i-lej).

Thus, for [ = 1, we obtain
0=Pr(n+e;+ ei) — Pr(n+ej)

= (n; + 1)eo(I, Z NgCeyte; (F
k#i,j
+ (nj + 1)e€j+6i (]:) — Ce; (]:)

Then, for [ = 0, we obtain
0=Pr(n+e;) — Pr(n)

= (n; + eo(L;) + Z NkCeyte; (F) — €e, (F)
k#i
_eej+€i (]:)
This contradicts the fact that e, ¢, (F) > 0 [15, Theorem 2.4]. Hence,
P(F) C N°.
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Let y; = x1j---x5 for j = 1,2 and J = (y1,y2). Then, by
Theorem 3.2 and Proposition 4.5, for all n > 0,

]-"(n+2e)>.

A*(Pr(n) - Hr(n) = A<W

Hence, by Proposition 2.6, we get the required result. (]

Theorem 6.2. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 2 with infinite residue field and I, ..., I the m-primary ideals of
R and s > 2. Let F = {F(n)}nezs be an I-admissible filtration of
ideals in R and H713++(R(]:))ﬂ =0 for alln > 0. Then, the following
statements are equivalent.

(1) P(F) =N, i.e., Pr(n) = Hr(n) for alln > 0.

(2) rA(F) <1 for any good complete reduction A of F.

(2") There exists a good complete reduction A of F such that
ra(F) < 1.

Proof.

(1) = (2). Let Pr(n) = Hr(n) for all n > 0 and A = {z;; €
I, : 5 =1,2;4 = 1,...,s} be any good complete reduction of F. Let
yj = x1; -5 for j = 1,2 and J = (y1,y2). Then, by Theorem 3.2,
Propositions 2.6 and 4.5, for all n > 0,

F(n+ 2e)
= ") = = 2e).
<J]-'(n+e)> 0= JF(n+e)=F(n+2e)
Hence, r4(F) < 1.
The implication (2) = (2') is trivial.

(2') = (1). Suppose that there exists a good complete reduction
A={z;; € I; : j =1,2;4 =1,...,s} of F such that r4(F) < 1.
Let y; = x1j---as5 for j = 1,2 and J = (y1,y2). Then, again by
Theorem 3.2 and Proposition 4.5, for all n > 0,

A*(Pr(n) — Hr(n)) = 0.

Now, using Proposition 2.6, we obtain Pr(n)— Hx(n) = 0 for alln > 0.
Since P(F) C N®, we obtain the required result. O
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In the next example, we show that we cannot drop the condition on
H} (R(F)), in Theorem 6.2.

R+

Example 6.3. Let R = k[|X,Y|]. Then R is a two-dimensional Cohen-
Macaulay local ring with unique maximal ideal m = (X,Y). Let I = m?
and J = (X2,Y?). Since (X4, YHIJ = (X4, YHm* = m® = I2J2, we

have ) )
A= (5 y2)
is a complete reduction for the filtration I = {I"J*}, sez. By [4,
Proposition 1.2.2], for all large n = (n1,n2) € N2, we obtain
(XHnImgr = XHIm g (X)) = xHmeo el
Hence\,_.fl is a good complete reduction for the filtration I. Note that,

since I°? = J = (IFJ'F : [%J%) for some large k, JI = I? and m is
parameter ideal, we have

j _ (m4k+2 : m4k) —m2 7& J,

and hence, Hy,  (R(I))(0,1) # 0. Since (X*,Y4)I.J = I*J2, we obtain
ra(l) <1. Forn > 1,

R R 2n+1 n+1
() =2 (em) = (75) =413 ) e e
Since J is parameter ideal and JI = I?,
R n+1
(B) 1)
R R dn+1 n+1
) () = () = (3 ) ~on=pute

and

R R 6n +1 n+1
A(IQ"J">)\(1116">< 9 >36< 9 >_1571P[2J(n).

Hence, eo(I) = eo(J) = 4. Now, for large n, Prj(n) = A(R/(IJ)") =
Pr(ne) and Pr25(n) = AR/(I*"J"))) = P;(2n,n). Comparing the
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coefficients on both sides, we obtain

1 1
PI(r,s):4(T; )—}—4(8—; >—|—4rs—r—s.

Then P;(0,1) =3 # 4 = AR/J).

Theorem 6.4. Let (R,m) be a Cohen-Macaulay local ring of dimen-
ston 2 with infinite residue field and I, J the m-primary ideals of R. Let
F ={F(n)}neze be a Z*-graded (I,J)-admissible filtration of ideals in
R. Then, the following statements are equivalent.

(1) The Rees algebra R(F) is Cohen-Macaulay.

(2) P(F)=N?, i, Pr(n) = Hr(n) for alln > 0.

(3) For any good complete reduction A of F, ra(F) < 1 and

Hi,  (R(F))n =0 for alln > 0.

(3') There exists a good complete reduction A of F such that
raA(F) <1 and Hg, (R(F))n =0 for alln > 0.

(4) For the filtrations F® = {F(ne;)}nez, r(F®) < 1 where
i =1,2, and the joint reduction number of F of type e is zero.

Proof. Implications (1) = (2) = (4) = (1) and (3) = (3') =
(2) follow from [12, Theorem 7.3] and Theorem 6.2, respectively.
It is sufficient to show (1) = (3). Suppose that R(F) is Cohen-
Macaulay. Then, by [12, Theorem 2.15, Proposition 7.2], we obtain
H712++ (R(F))n, = 0for all n > 0. Since (1) implies (2), by Theorem 6.2,
we obtain the required result. O

The next example illustrates Theorems 6.1, 6.2 and 6.4.

Example 6.5. Let R = K[| X,Y|]. Then, R is a two dimensional
Cohen-Macaulay local ring with unique maximal ideal m = (X,Y).
Let I = m? and J = m3. Since

(X5, Y9I = (X°, V> )m® =m!" = [2J?%

X2 y?
A= (3 3)

we have
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is a complete reduction for filtrations I = {I"J*}, sz and r4(I) < 1.
By [4, Proposition 1.2.2], for all large n = (n1,n2) € N?, we obtain

(XP)NImgne = XO(I™J" : (X°)) = X°orm—tre-t
Hence, A is a good complete reduction for the filtration I.

We show that H711++ (R(I)), =0 for alln > 0. For n = (ny,n9) > 0,
we have

N~ 5
lﬂ _ (lg+ke :lke) — (m2n1+3n2+ok: . mSk)

N
for some large k. Since m is a parameter ideal, I™ = m2?"1+372 = [ for

all n > 0. For n > 1,
() () ()11 e
(E) () - (55 o)
(i) () - () (1) e

and

R R 8n +1 n+1
V) () = () () e et

Hence, eg(I) = 4 and eg(J) = 9.

Now, for large n,

Pry(n) = /\((I]j)n) — Py(ne)
and
Py ja(n) = A(Iﬁ%) — Py(n,2n).

Comparing the coefficients on both sides, we obtain

+1 +1
(61) Pl(nl,ng) = 4<7’L12 > +9(n22 ) + 6n1n2 — Ny — 3TL2.

Hence, by [12, Theorem 6.2], the joint reduction number of I of
type e is zero. Since (X2,Y?)I = I? and (X3,Y3)J = J?, we have
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r(l(i)) < 1 for i = 1,2, where IV = {I"}rez and 1% = {J*}sez-
By [3, Corollaries 2.3, 2.4], R(I™") and R(I?) are Cohen-Macaulay.
Hence, by [12, Theorem 7.1], R(I) is Cohen-Macaulay.

Using (6.1), we obtain Pr(ni,n2) = Hi(ni,ne) for all n = (n1,n2) €
N2. Thus, P(I) = N2. Since (X% Y®)IJ = I2J2, (X°,Y®)I # I2J,
(X5,Y5)J £ 1J2, (X°,Y®)I? = I3J and(X5,Y5)J? = I.J3, we have

Ra(l)={me N2 | m >etU{m e N? | m > 2e1}U{m € N? | m > 2es}.
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