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REES ALGEBRAS OF DIAGONAL IDEALS

KUEI-NUAN LIN

ABSTRACT. There is a natural epimorphism from the
symmetric algebra to the Rees algebra of an ideal. When
this epimorphism is an isomorphism, we say that the ideal is
of linear type. Given two determinantal rings over a field, we
consider the diagonal ideal, kernel of the multiplication map.
We prove in many cases that the diagonal ideal is of linear
type and recover the defining ideal of the Rees algebra. In
our cases, the special fiber rings of the diagonal ideals are the
homogeneous coordinate rings of the join varieties.

1. Introduction. In this paper we address the problem of deter-
mining the equations that define the Rees algebra of an ideal. Besides
encoding the asymptotic properties of the powers of an ideal, the Rees
algebra realizes, algebraically, the blow-up of a variety along a subva-
riety. Though blowing up is a fundamental operation in the birational
study of algebraic varieties and, in particular, in the process of desin-
gularization, an explicit description of the resulting variety in terms of
defining equations remains a difficult problem.

Let I be an ideal in a Noetherian ring R. The Rees algebra R(I)
of I is the graded subalgebra R[It] & @®,>0l™ of R[t]. When I is

generated by fi,..., fu, there is a natural map ¢ from Rl[t1,... ,ty]
to R(I) sending t; to fit. The kernel of ¢ is the defining ideal of
R(I) in the ring R[t,... ,t,]. There is another natural map ¢ from

Sym (R") = RJ[t1,... ,ty] to Sym (I), the symmetric algebra of I, and
the kernel of ¢ is the defining ideal of Sym (I). This ideal is generated
by the entries of the product of (¢1,... ,t,) and the presentation matrix
of I. The defining ideal of Sym (I) is contained in the kernel of ¢;
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therefore, there is a surjective map from Sym (I) to R(I). The ideal I
is said to be of linear type if Sym (I) is naturally isomorphic to R(I).
Hence, we obtain the defining equations of R(I) for free in this case.

In this paper, we give a new class of ideals of linear type, namely,
diagonal ideals of determinantal rings. In general, an ideal is not of
linear type. The first known class of ideals of linear type are complete
intersection ideals [11]. Ideals generated by d-sequences are another
large class of ideals of linear type [9, 15]. These sequences play a role
in the theory of approximation complexes similar to the role regular
sequences play in the theory of Koszul complexes. Later Herzog,
Simis and Vansconcelos and Herzog, Vansconcelos and Villarreal used
strongly Cohen-Macaulay and sliding depth conditions to describe
classes of ideals of linear type [5, 6, 8]. Huneke proved that, if X
is a generic n X n matrix and I is the ideal of n — 1 size minors of X
in R = Z[z;;], then I is of linear type [10]. Villarreal showed the edge
ideals of a tree or a graph with a unique odd cycle are ideals of linear
type [16].

Let k be a field, R a polynomial ring over the field k£ with variables
{z;;}, and X the generic m x n matrix (x;;). Given two homogeneous
R-ideals, I; and I, we consider the kernel of the multiplication map
from S = R/I1 ®; R/I to R/(I1 + I2). The kernel is the diagonal ideal
D of the ring S and D is generated by the images of x;; ® 1 — 1 ® x4
in the ring S. The main result of this paper shows that the ideal D
is of linear type if Iy, I are the ideals of maximal minors of given
submatrices of X. Notice I; and Iy are in general not of linear type
(see [10, 2.6]).

In this particular case, the special fiber ring of I, F(D) = R(D)®g k,
is the homogeneous coordinate ring of the embedded join varieties of
V(1) and V(I2) in projective space P}"*"~! [13]. Hence, when D is
an ideal of linear type, the embedded join is the whole space. But it is
not true in general that if the embedded join variety is the whole space,
the diagonal ideal D is of linear type. See Example 2.2 in Section 2.

Basic aspects of the proof appear in Section 2. We now describe the
idea of the proof. We use the defining ideals of Sym (D) to understand
the defining ideals of R(D). We identify some specific equations in the
defining ideal J of Sym (D) and consider the subideal £ of J they
generate.
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Notice that £ C J C K, where K is the defining ideal of R(D); hence,
the goal is to prove that £ = I, which is accomplished in Section 4,
after some preliminary results in linear algebra are established in
Section 3. In Section 4, we use Buchberger’s algorithm to find a
Grobner basis of the ideal £ with respect to some monomial order.
More precisely, we find a set of polynomials that are in the ideal £ and
show that all the remainders between elements in this set are zero. In
this way, we find a Grobner basis of the ideal £. Once we have the
Grobner basis, we have the generating set for the initial ideal in (£)
of £. This way we find a non zero-divisor modulo £ which we may
invert, thereby reducing to the case of a smaller matrix. Thus, we
show that £ = K. As a consequence, the two algebras Sym (D) and
R(D) are naturally isomorphic, and we obtain an explicit description
of the defining equations of R(D).

2. Main results. Let k be a field, 2 < m < n integers, Xy, = [45],
Yin = [¥ij]- Zmn = [2ij], m X n matrices of variables over k. For
1 = 1,2, let s;, t; be integers with 2 < s; < ¢; and s2 < s1, and
let Xg,¢,, Ys,t, be the submatrices of X and Y consisting of the first
s; rows and first ¢; columns respectively. We write Iy = I, (Xg,1,),
I, = I,,(Xs,t,) to denote the ideals of k[X] generated by the maximal
minors of X,,;, and the maximal minors of X,,;,. Let Ry = k[X]/1
and Ry = k[X]/Iz be the two determinantal rings. We consider the
diagonal ideal D of Ry ®j Ro, defined via the exact sequence

mult.

0—D— R ®, Ry — k[X]/(Il-i-IQ)—}O.

The ideal D is generated by the images of z;; ® 1 —1® x;; in Ry ®x Ra.
We write the diagonal ideal D = ({z;; — yi;}) in

S = k[ Xmn, Ymn]/(Ls; (X1, )5 Lsy (Yent,)) = R1 @4 Ra.
We have a presentation of D,
S-2y gmn D —0.
From this, we obtain a presentation of the symmetric algebra of D,

0— (image (¢))=J — Sym (S™") =S[Zpn] =T — Sym (D) — 0.
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Here J is the ideal generated by the entries of the row vector
[211, 212« -+ s Z1ny - - - » Zmn) - . Hence

Sym (D) = T/J,

where J is generated by linear forms in the variables z;;. We write
R(D) = T/K, J € K. In general K is not generated by linear
forms. We can rewrite Sym (D) = T/J = k[Xmn, Yimn, Zmn]/J and
R(D) = k[Xmn, Yimn, Zmn)/K. In this particular case, the special fiber
ring of I, F(D) = R(D) ®s k, is the homogeneous coordinate ring
of the elrnbedded join varieties of V(I;) and V(I3) in projective space
P

Theorem 2.1. The ideal D is of linear type if I; and I3 are generated
by the mazimal minors of given submatrices of X, respectively. So, in
this case, R(D) = Sym (D).

Notice that, if s; < m, then {@;; —v;; }i>s, is a regular sequence of S.
Hence, the defining ideal of R(D) in S[Z] is generated by the defining
equations of R(D’) in S[Z'] and the Koszul relationships of {x;; — v;;}
for all 4,7 in S[Z] where D’ = ({zi; — yij }i<s,) and Z' = {z;}i<s, -
Therefore, it is sufficient to prove Theorem 2.1 for the case s; = m.
From now on, we assume s; = m.

The embedded join is the whole space in the case of Theorem 2.1.
We obtained the following example by Singular [4], and it shows that,
in general, even if the fiber ring is the whole space, the ideal D may
not be of linear type.

Example 2.2. Let X, Y and Z be 3 x 3 matrices and I} = I3(X),
I, = I5(X) the ideal generated by 3 x 3 and 2 x 2 minors of X. Write

S =k[X,Y]/(I5(X), 2(Y)) = R1 ® Ra,

Sym (D) = S[Z]/J and R(D) = S[Z]/K. Then J = (gijik, [1,2,3)
where g5 = ({(xij — Yij) 2k — (e — yix) 25 }) and

11 T12 T13 11 T12 T13
fi23 =221 222 203 |+ |T21 o2 wo3|.
Y31 Y32 Y33 Z31 %232 %233
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K = (J, h) where

211 212 *13 211 R12 213 11 T12 T13
h=\|201 222 2o3|+ |y21 Y22 Yo3|+|221 222 223
Y31 Y32 Y33 Z31 232 233 231 %32 %33

We can see each generator is in the ideal (X,Y)S[Z]. Hence, the
special fiber ring has defining ideal as zero ideal in the ring k[Z], which
shows the secant variety is the whole space.

The remaining part of this section is devoted to proving basic aspects
of Theorem 2.1. In the course of this, we also describe the defining
equations of R(D). We identify some specific equations in the defining
ideal J of Sym (D). To clarify the notations, we define matrices which
will be used repeatedly.

Definition 2.3. Let X = [z;;], Y = [y;5], 1 <i<m, 1 < j <mn,
be m X n matrices, and Xé’lk...as = [Xia;)s Yal;l.c..as = [Yia;], | <1 <k,
1§a1<---<asgn,X{’,Ifg,”n:[xij],lgigk,1§j§n,j7$sbe
submatrices. For the convenience of notations, we write det M = | M|
when M is a square matrix. We set the determinant of a 0 x 0 matrix

equal to 1. We also write

Tla, Tt Tla,,
X 1J — x.]al x]a'm
j+1,m - . .. .
Y/ a1 Yj+1a Yj+lam
L Ymar  °° Ymam

as a matrix with ‘mixed’ variables. We also use obvious extensions of
this notation and allow vacuous block submatrices.

It is well known that we can write a matrix with variable y’s as a
matrix of variables x’s and a combination of differences of z’s and y’s.
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Lemma 2.4. Let X and Y be n x n matrices. With notation as
above,

non Li-1
i+ 1--joom

V= 1X]+) ) (-1 itin | (i = @ig)-
i=1 j=1 1o

Proof. This follows by a reasonably straightforward induction on n. 0O

In the following lemma, we define the special equations to be con-
sidered and we show that these equations are in the defining ideal of
symmetric algebra of D.

Lemma 2.5. Let Xa1~~-a51 be the s1 x s1 submatriz of X4 with

columns a1, ... ,as,, Ybl...bs2 the so % so submatriz of Ys,¢, with columns
bi,...,bsy, Xé’lk...aﬁ the k — 1 4+ 1 by s1 submatrix of X with rows
LI+1,...,k and columns a1,... ,as,, and similarly for Y and Z.
We define
Giith = Zij Rk
" Tij —Yij Tk — Yk |
so 794
farosan, = Z(_l)qﬂ yla—1 ’
g=1 XquLm
ay--Ggy

where 1 < a1 < ag < -+ < ag, < min(ty,t2) and 1 < i < m = s1,
1<li<m=s51,1<j<n, 1<k<n.

We write £ = (‘[81 (X81t1)7 ISz (Y-82t2)7 Gij,lk, fa1,.~~,llsl)7 an ideal Of
E[Xmn, Ymns Zmn]. Then L C J.

Proof. We can see that the [Xo,..a, |s [Yo,. 0., s gijur's are in J.
Notice that, when t2 < s1, by the way we define fal,,,,,aﬁ, this is an
empty condition, because in this case we have 1 < a1 < as < --- <
as, <tz < s1. When ty > sq, we substitute z;; via x;; — y;; and use
Lemma 2.4, we can see f’s are in J. o
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Instead of proving Theorem 2.1, we will prove L is the defining ideal
of R(D) in the following theorem. Hence, Theorem 2.1 immediately
follows from the theorem.

Theorem 2.6. The ideal L is the defining ideal of R(D) and D is
of linear type.

In order to use the induction hypothesis, we need to find a non zero-
divisor of k[X,Y, Z]/L. The following lemma gives us one. Its proof is
given in Section 4. It involves finding a Grébner basis of the ideal.

Lemma 2.7. The variable 11 is a non zero-divisor of the quotient
ring k[X,Y, Z]/L.

Proof of Theorem 2.6. From Lemma 2.5, we have £ C J C K, where
J is the defining ideal of Sym (D). We would like to show £ = K
and, as a consequence, L = J = K, i.e., D is an ideal of linear type.
By Lemma 2.7, x1; is a non zero-divisor on k[X,Y, Z]/L. Changing
the roles of X and Y, we also obtain that y1; is a non zero-divisor on
k[X,Y,Z]/L. Since K is the defining ideal of the Rees algebra, it is
a prime ideal. Hence, it suffices to show that L., y,, = Kz, 4,,- The
latter holds by inducting on the size of the matrix X.

To explain this, we consider the (m—1) x (n— 1) matrices of variables
X'=[a;], Y =[y,l, 2" = [2;],2 <i <m = 51,2 < j <n. We define
a natural isomorphism ¢ from k[{z;;}i=1 or j=1, X ]z,, to k[X]s,, via
¢(xij) = xi; when i =1or j =1, and qzﬁ(xgj) = x;j — Ti121;/T11 when
i#1and j #1. Let

Ry = k[{ij}im1 or j=1, X Jany /11 = (B1)any,
Ry = k[{ij}i=1 or =1, X ]a1y /T3 = (R2)any,
where I] = 181—1(X§1—1,t1—1)7 I = 182—1(X;2—1,t2—1) and
S" = kl[{wij i1 or j=1, X', {tii}im1 or =1, Y oriynn / (11, 12)
= Rll ® R/2 = (Rl)wu ® (RQ)JCH'
Then we have

1

I

D' = ({ij — Yij ti=1 or j=1. {}; — Y}, boi<m, 2<j<n)

=D = ({zij — ijh1<i<m, 1<i<n);
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and T" = S'[{2ij}iz1 or j=1,2'] = Ty,,y,, by the map ¢ defined as
follows: ¢(z:;) = xij, ¢(yij) = vi; and ¢(zi;) = 2;; when ¢ = 1 or
j =1, and @(z};) = xij — zawrj/zn, G(Yi;) = Yij — yayij/yn, and
5(2’{]) = zij — Ti1215/Y11 — Y121 /Y11 + TinT1211/T11y11 when i # 1
and j # 1. Let ¢/ denote the induced map of ¢ from Rg (D’) to
Rs,, .y, (D). Let ¢ and 9" denote the map from T, ,,,, to Rs (D)

and T’ to Rg (D’). We obtain the following diagram:

T11Y11

/
-
T T$11y11

‘| E

Rs/(D') —— Rs

4) 11911

(D)

a(zéj) is defined to ensure the commutativity of the diagram. It is
sufficient to show ¢'(¢'(2];)) = ¢(¢(2};)), which is straightforward by
the following equations.

w@(z{j)) = ¢(Z¢j - xilzlj/yll - yljzﬂ/yu + xilxljzn/xnyn)
= Tij — Yij — wn(iﬁj - ylj)/yn - ylj(xil - yil)/yll
+zpnz(zn —yn)/zuyi,
and
¢I(¢/(Z£j)) = QSI(xgj - yig)
=Tij — Yij — Ti1 %15 /T11 + Ya Y /Y
= Tij — Yij — xﬂ(xu - ylj)/yn - ylj(xil - yil)/yll
+ zi1215 (T11 — y11)/T11Y11-
Hence, ¢’ is an isomorphism. Let D’ = ({z}; — yi;}2<i<m, 2<j<n)-

Then, by the induction hypothesis, the defining ideal of Rg/ (D) in T” is

of the form £’ = {181—1(X§1—1,t1—1)7 182—1(Ys/2—1,t2—1)7 gij,uw fclw sy }
where

/ /
g/"lk = / “i / / “lk /
135 — _
Tij = Y5 T — Yk
S0 ZIQ:Q
fz/zz,...,asl _ (_1)q+1 y/2,4-1
q=2 quJrl,m

ag---as,
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with 2 < as < -+ < a5, < min{ty,t2} and 2 < i < m = sq,
2<l<m=3s1,2<j<mn,2<k<n Let W denote the set of
Koszul relations:

Zij 2k

gl”lk =
1], - - - ! !
Lij = Yij T — Yk

withi=1or j =1 and

Zij Zuk
Tij —Yis Tk — Yik
with i = 1orj =1and! = 1or k = 1. Then (L, W) is
the defining ideal of Rs/ (D) = Rsg,, , (D). Once we show that

¢(£/v W) - ’Caiuyuv then 'Caiuyu = ]Cwuyu'

From the way we define the map ¢, we have

5(151—1()(;1—1,1‘,1—1)7 152—1(Y9I2—1,t2—1)a ggj,lka W) C £$11y11'
Notice the following equality:

— 1
’
¢(fa2,...,asl) = Y11 fl,a27... sy

hence, ¢(f;, .

2
9 ijlk =

211
T11Y11

| X14,

casy |

) € ‘Cwuyu' o

<5Asq

3. Some linear algebra. This section details some determinantal
identities to be used in the proof of Section 4.

The following lemma writes the determinant of a certain matrix in x
and y variables in terms of y variables and differences of x;; — v .

Lemma 3.1. With notation as in Definition 2.3, for fized i,j,
1<i<j<n,

1,i—1
Yl,...,n
Yia Yi,j Tij+1 *°° Tin
Xi+1,n
1,....,n
n 1,i—1
_ i+k J
= Y|+ E (-1) yitln (Tik — Yir)
k=j+1 1ken
n n 1,1—1
Y o
I+k 1wk
+ > > (-1 PRt (T1k — Yix)-
l=i+1 k=1 1eokeeom
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Proof. This lemma can be proved by using Lemma 2.4 and induction
on %. ]

In order to show the remainders of the S-pairs between elements
of the ideal £ are zero, we often use the Koszul relations repeatedly.
The following two lemmas give conditions when we can use the Koszul
relations. We omit the proofs which are basic linear algebra.

Lemma 3.2. Let 1 <i,1<m,1<j,k<n,a <as <ag. Let

zlal ZlCLQ Zlag
xlal Z‘1(12 Z‘1(13.
Y1ia1  Ylaez Ylas

Zij 21k M=

Gij,lk =
J Tij —Yij Tk — Yk |

Then
M= Y1a191az,1a3 — Ylaz9laq,las + Y1a391a1,1az-

Notice that, in Lemma 3.2, the matrix M can be replaced by any
matrix containing three rows of z;’s, z;’s and y;’s and yield a similar
result; the determinant is in the ideal generated by {g:;x}’s.

Lemma 3.3. Let g;j1 be as in Lemma 3.2. Then

MI — Zl(ll Zl(lQ
L2a; — Y2a1 L2ay — Y2aq

Tla; — Yla, Tlas — Ylao

= gla1,2a2 - glag 2a1 +
’ 22(11 22(12

Notice that, in Lemma 3.3, the matrix M’ can be replaced by any
matrix containing two rows of zi4,’s and xiq; — Yie,; With [ < ¢ and yield
the similar result: the determinant is the sum of elements in the ideal
generated by {giq; ia, } and the determinant of a matrix containing two
rows of 2iq;’s and Tia; — Yia, -

4. Grobner basis. This section is devoted to proving Lemma 2.7.
We will recall Buchberger’s criterion and give several lemmas that will
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help us reduce the computations of S-pairs between elements of L.
We define several polynomials and show those polynomials sit inside
the ideal £. Those polynomials are quite complicated; hence we will
write each class of polynomials as one definition. And the remarks
and lemmas following those definitions show those polynomials indeed
sit inside the ideal £. Theorem 4.18 will show the collection of those
classes of polynomials is a Grobner basis of £ via a particular term
ordering. The proof of Theorem 4.18 will be broken down as several
lemmas computing the S-pairs of the elements and showing all of the
remainders of S-pairs are zero. Each lemma will show the remainders
of S-pairs between two classes of polynomials are zero.

Let I = (g1,...,9s) be an ideal in a polynomial ring with a fixed
term ordering. Define

in (g;)/ged (in (g4), in (g5)) = myi,
in (g;)/ged (in (g:),in (g5)) = mij,

and

mjigi = mizg; = Y _ [V gu + hog,,
where in (mj;g;) > in (fﬁij)gu) for all w.

Theorem 4.1 (Buchberger’s criterion). The elements ¢1,...,9s
form a Grobner basis if and only if hg,q, = 0 for all i and j.

The polynomial m;;g; — m;;g; is commonly referred to as the S-pair
between g; and g;, and hy,y; is called the remainder.

Using Buchberger’s criterion, we obtain a Grébner basis of £. Since
we focus on determinantal rings, the computation of S-pairs between
elements involves the values of matrix determinants. For computational
purposes, we provide the following definition.

Definition 4.2. Let k[X] be a polynomial ring with a fixed term
ordering where X is an m X n matrix. Given two polynomials p;
and py in k[X], we define mi2 = in(p1)/ged (in (p1),in(p2)) and
ma1 = in (p2)/ged (in (p1),in (p2)). Assume mis = Ty,a, *** Tu,a, and
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M1 = Tyyby - Tuyb, - Lhen define the matrix

xulal e xular

xugal e quar
Mg =

Tu,aq Lu,an

and the matrix

Loiby 0 Luiby,

Logby 0 Lugby,
Mo = . .

Tyyby Ly by

The following lemma helps us replace a polynomial with a leading
term involving x; ;’s by a polynomial with a leading term not involving

)
Z4,5°S.

Lemma 4.3. Letl < a; < - <as <n,1 < r < s, and let

Gi1j1injs b€ as in Lemma 2.5. Then:

Yl,r—l Yl,r—l
AR — J AR
Xr+1,sl Yr+1,51
A1,...,Qsq A1,...,Qsq

Yl,rfl
51 X7 YT
+ E YT+1’U_1
u=r—+1 Zu,u
Xu+1,sl

Al,...,0sq

s1
+ > >
u=r+1{ci,ca,d1,... ,dsy —2}={a1,... ,as; }
Yl,rfl

1,u—1
:l: (grc1,ucQ - grcz,ucl) YTJr "
Xu+1,sl

di,...,dsy—2
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Proof. Column indices can be dropped in this proof. Lemma 3.1
implies

Yl,rfl
Yl,rfl Yl,rfl 51 Zmr
AR — Zmr + E Yr+1,u—1
Xr+1,sl Yr+1,sl u=r+1 X WU _ Y usu
XU+1,51
Notice that
Yl,rfl
VAL
Yr—i—l,u—l
Xwu _ yuu
Xqul,sl
{c1,c2,d1,... ,ds; —2}={a1,...,as, }
Yl,rfl
4 zrcl zrcz Yr+1,u71
Tucy = Yuer  Luca — Yueo Xutls:
di,...,dsy—2

- ¥

{c1,c2,d1,... ,ds; —2}={a1,...,as, }

xrcl - yrcl xT’CQ - me] ‘

zucl zucz

+ Greiuca — Grea,ucy + ‘ |:

Yl,r—l

% Yr—i—l,u—l
Xqul,sl
d17~~~ 7d5172

- ¥

{c1,c2,d1,...,ds; —2}={a1,...,as; }

Yl,rfl
1,r—1 rro_\rr
Y X Y
l,u—1 lu—1
:l: (grcl,ucQ - grcz,ucl) YT+ o + YT+ v .0
XU+1,51 Zuu

d1:~~~;d3172 X“+1731
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While computing the Grobner bases, we encounter determinants
which are very similar to those in the following lemma. We reduce
this kind of case here, i.e., the lemma enables the determinant to be
written as a combination of elements of Iy, (Y') and various gi, j, .-

Lemma 4.4. Leta; < - - < ag,41 and 1 <r < s1. One has

X
52 ylu—1
Z Zuu
u=r Xu+1,sl

A1, 5Qs7 41

€ ISQ(Y) + (gi1j1,i2j2| 1<iy<m, 1<j,<n, v= 172)~

Proof. The column indices are omitted again. First we write

X X X
52 ylu—1 ylr-1 52 ylu-—1

E ASS = Zrr + E Zuu =a+p.

u=r Xutlst Xr+ls1 u=r+1 Xutlst

Then, using Lemmas 3.2 and 4.3, we obtain

X X YT yrr

B Yl,rfl B Yl,rfl Yl,rfl
Q= Zr,r - Zr,r + Zr,r

Xr+1,sl Xr+1,sl Xr+1,sl

- >

{c1,e2,d1,..0 v dsy —1}={a1,...,as; 41}

|: Yl,rfl ]
r4+1,s1
X di,...,d

s1
+ 2 >
u=r+1{ci,c2,d1,...,ds; —1}={a1,... ,as; +1}
yrr

Yl,r—l
+ (grcl,uCQ - gTCQ,ucl) YrJrl,ufl

YT
Yl,rfl

VAL
Yr—i—l,sl

+ Grecy,res +

s1—1

u+1,s1
X Ty rdsy—1
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yrr
Yl,r—l
S2 Xy
+ Z Yr+1,u71
u=r+1 Zuu
Xu+1,sl
ynr
Zrr
S1 ylr-1
+ Z yrt+lu—1 = a1 + Qo,
u=sz+1 XU _ yuu
Xu+1,sl

where

o = )3

{c1,c2,d1,...,dsy —1}={a1,...,as; +1}

Yy
Yl,r—l Yl,r—l
+ Greires |:Xr+1,sl :| + VAL
1yeeeydsy—1 YT’+1751
52
+ 2 2
u=r+1{ci,c2,d1,... ,ds; —1}={a1,...,as; 41}
yrr
1,r—1
+ (gT017uC2 - grcz,ucl) Y§r/+1,u71
Xu+1,sl . ’d8171
Yy
AR
S1 ylr—1
+ Z YT+1’U_1 9
=s2+1 X WU _ yuu

Xu+1,sl
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and
ynr
Yl,rfl
52 Xy
Qg = Z YT+1’U_1
u=r+1 Zu.u
Xu+1,sl

After removing the repeated row ¥, in as, we have:

YT B ynr
Yl,rf 1 Yl,rf 1
S2

X YT 52 X
Qg = E Yr+1,u—1 = E Yr+1,u—1
u=r+1 Zuu u=r+1 Zuu
Xqul,sl Xu+1,sl

S G
Yl,rfl
EP)

Yy

= - Z Yr+1,u—1
u=r+1 Zuu

[ Xt

-OXTT
S2 Yl,ufl
= - Z yASK = _B

u=r-+1 XU«Jrl,Sl

Therefore a« + 8 = a1 + as + B = a3 and the element «; is in
ISQ (Y92t2) + (gi1j17i2j2)' a

Since, in our case, the polynomials are sums of products of determi-
nants coming from the same column indices, instead of writing each
polynomial as a sum of monomials, we write each polynomial as a sum
of determinants. This way, we can simplify the notations and compu-
tations. The following definition will be a key point to help us reduce
the computations of S-pairs between elements.

Definition 4.5. Let k[X,Y,Z] be a polynomial ring with X, Y,
Z as m X n matrices of variables over the field k£, and we fix a term
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ordering in k[X,Y,Z]. Let G be a collection of polynomials in the
ring k[X,Y,Z]. Let P, ., . u € I, be an element of G such that

each Py ., -~ is the sum of determinants P of m X m matrices

with the same column indices, ai,... ,aq,, in variables X, Y and Z.
Denote P = > P P¥ with P containing the leading term of

Al,... ,Qq,, i
P For example7 the element f,, .. in Lemma 2.5 is written
1yeensQqy " 15

as fal,...,asl - Zgi

Given P“ g, and Pb1 ba in G, we can define mi2, may, Mo
and Moy as in Definition 4.2 by setting p; = P and p =

QA1 yeee5Qgy,
th bay Assume M2 has column indices c¢i, ... ,c¢p,, and M has

= P.“ and
Tyee 3Gy 5@y P21 Z 4

PY = p v P” as follows: PY is the determmant of
bi,...,bgy sC1yeee 1 Cpyg 4 1

the matrix having rows of M5 and rows of_the matrix of P* with
column indices a1,... ,aq,,d1,...,dp,,, and PP is the determinant of
the matrix having rows of M;2 and rows of the matrix of P’ with

column indices bi,...,bq,,C1,...,Cp,. Note that each P and P/

yQsy

column indices dy, ... ,dp,,. Define P}

3
comes from the determinant of square matrices, and the way we define

those new matrices will insure each matrix as a square matrix again.
Also the leading term of P and P

(117 <3Qqy @1,y dpoy yeee 3Dy sC1seee ,Cpy g
will be contained in P{* and Py. Moreover, the leading term of
- 5 . .
Pal,...,aqu,dl,...,dm and Pbl,...,bqv,q,...,cplz will be equal up to sign

. . _ 1
difference. For example in Lemma 2.5, we have fa, . 4., = fa,. .. .,
_ f2 _ — —
and fo,as.....a0, = Sora,....ar,- Then mig = Mig = 214, and ma =
My = z14,, which implies
Zl,l
S2
_ 09
7 =Sy
b17a1,a2,...,a51 - Ylvqfl
- q+1,m
X bi,a1,a2,...,as
So 52
_ Fl_ _r2 — r2
- Zfl - fa17b17a27~~~7asl - Zfl
i=1 i=1

When we compute the S-pair between two polynomials, we consider
the initial monomials of those two monomials. Since, in our cases, the
polynomials are sums of determinants, we consider the determinants of
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submatrices that contain the initial monomials. We are going to use
a similar computation technique repeatedly, and the following lemma
shows why this technique proves the reminders of S-pairs are zero.

Lemma 4.6. With the above notation, assume

in (mo1 ) ) =in([Mar|Py | a,.)

Q1. 30qy,
=in (P(Z,...,aq dy,... ,dp21) =in (Py)

u

and

in(map By, ) =in(|Mig|By ) = in (P )

+:0qy b1yeee by sClLeee 1 Cpy g
=in (Py}).

Furthermore, > 2", P* and Y ?*, P? can be written as _a_combination
of elements of G with the leading term smaller than in(P{"). Then the

, “ " ‘
S-pairs of Py, . 4, and P, have zero remainder.

Proof. From the definition of M5 and Ma;, we have Pj* = Py. Hence,
the following equation holds

u v

m _ pv _ § u E v

(41) Pal,... Qg A1, 3 dpoy Pbl,... gy 5Clyee5Cpyg ‘F)’L Pl .
=2 =2

m : .
B g i dyy, €A De written as

21
Z |M0‘17~~~70‘1721|P§17---76(1u’

{0(1,... ,0(;,,21}U{61,... ,ﬁqu}:{al,... 3Qqy, di,... ,dp21}

where M2

and Pﬁuu--vﬁqu isin G with columns, f1,. .., B, . Similarly, B b

Opay has the same rows as M»; with columns, a1,.. ., ap,,

! Gy sClyr-Cpyo
can be written as

12 v
z : |M(¥17~~~7ap21|P311~~7,3qu'

{0(1,... ,0(;,,21}U{61,... ,ﬁqu}:{al,... 3Qqy, di,... ,dp21}



REES ALGEBRAS OF DIAGONAL IDEALS 377

|Mo1| Py, and [Mig|P) - are one of the summands, and their
initial terms are the initial terms of each sum. After moving everything
other than m21PZf1,...,aqu and lePl;Ul,...,bqv from the left-hand side of
(4.1) to the right-hand side, we obtain the equality:

u v — -
mo Py o, —maeby = E TiGi

with ¢g; € G and in (r;¢;) < in (m12Pg}1,...,bq ). u]

Instead of computing S-pairs between elements of £ and adding the
remainder of those S-pairs, we will define some polynomials that are in
the ideal £ and show they are indeed in the ideal £. Those polynomials
will be part of the Grobner basis of £. Since it is a huge collection of
classes of polynomials, and each class of polynomials is complicated,
we will define each class of polynomials one by one. The lemmas or
remarks following the definitions show those polynomials are indeed
in the ideal £. Once there is a new class of remainders from the S-
pairs, we add it as a new class of polynomials. When we compute the
S-pairs between elements of f,, . ,.’s, the remainders produce new
polynomials, defined below.

)

Definition 4.7. Letting 1 < a1 < ags < -+ < ag,+5—1 < min{ty, 2},

and 1 <[ <k < 59, we define fl’k u as follows:
1585y +k—1
Zlchl
5o T
Lk ._2 : _1\r+1 1,1—-1
Alyeee Oy fh—1 T ( 1) X
r=k yLr=1
r+1,s1
Y A1yeee sy k-1
- Zl,k—l E
X7 YT
P 51 Xl,lfl
+ E (_1)7’+1 § Yl,r—l
r=k u=r+1 YT+1’u_1
Zuu
u+1,s1
X T ar,...,0sy+k—1
Lemma 4.8. fl* eL.

Alyeee3Qsy+k—1
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Proof. We first define p;*. as follows.

yee s Bsy+k—1

Zl,k—l
82 AR
it anons = D (D[ X :
—k Yl,rfl
Xr+1,sl

A1y 3Qsy+k—1

where 1 < a3 < ag < -+ < ag4+k—1 < min{ty,t2}, and 1 <1 <k < so.

We notice that p}lll as, = fal,...,a31~ We will show pf{f,...,asﬁk,l €L
. I, k+1 _ s1+k i+1 I,k 1+1,1+1
Since Pay-as vx = Zi:l (—1) Zkaifal---d,i»»»a51+k and Pay-as) 41
s1+1 i1 1,1 I,k .

Yo (=1t L10, P,y iyagy 110 W have that the pg,...a, ,,_,’s are all
in £ C J. By Lemma 4.3, we have
- Zl,k—l
59 ZrsT
I,k _ § : r+1 1,1—-1
pal,...,asl b1 (_1) X
Tk —k ylr—1
r+1,s1
'X A1y Qs +k—1
- Zl,k—l
S9 ZT’,T‘
_ § :(_1)r+1 xLi-1
—Fk Yl,rfl
41,51
'Y A1, 359 +k—1
- Zl,kfl -
X7 Yy
82 1 Xl,l—l
+ 2 :(_1)r+1 2 Yl,r—l
r=k u=r+1 yr+hu—1
A
u+1,s1
- X T A1y 5Q5) 4 k-1
52 S1

DS 3

r=k u=r+1{ci,ca2,d1,... ,ds; +x—3}={a1,...,.a5; yx—1}
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Zl’k_l
Xl,l—l
1,r—1
rci,ucy — Yres,ucy o
+(g g | Y
Yr+1,u71
Xu+1,sl
1y d31+k,3
: N
Since Py, sty ns € L, and
S2 S1
DICOREDY >
r=k u=r+1{ci,c2,d1,... ,ds; yr—3}={a1,... .05, 41}
Zl,k—l
Xl,l—l
1,r—1
+ (97’01#02 - g'f‘(«'27“cl) y-r S La
Yr+1,u71
u+1,s1
X diyeydsy +k—3
we have
Zl,k—l
S2 AR
Lk _§ : _1\r+1 1,0—1
Q1,enlsy4k—1 ( 1) X
r—k Yl,rfl
r+1,s1
Y A1,..9Qs) +k—1
- Zl,k—l -
X7y
59 1 Xl,lfl
_’_5 :(_1)r+1 E Yl,rfl cl. O
—k u=r+1 YrJrl,ufl
Zuu
u+1,s1
- X T G1,..50s5) +k—1

We now define couple of new polynomials that come from the remain-
ders of the S-pairs of the generators of £. We define those polynomials
in the following order: we start with the generators of £ and com-
pute the S-pairs between those generators, then add the remainder if
necessary. The newly defined polynomial is always coming from the
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S-pairs between the polynomials defined earlier. The first encounter
remainders are coming from the S-pairs of Xay,...,as, and gij as in
Lemma 2.5, and those remainders are defined as new polynomials be-
low.

Definition 4.9. Let 1 <p; <m, 1 <q1 <n, a5, <+ < ajp1 <
@1 < aj—1 <---<ay. We define Upi,q1,a1,... ,as, 88 follows:

X Lpi—-1

Uplv‘h:aslwn a1 = Zpiqr || Tpras, Tpia; Ypiaj—1 Ypraa
yPri+1lst

m
10,01,
+ Z (xplql - yplql)(_l)k+pl Zplak|Xam,..?,laAk,..7.rfa1|

k=j+1
51
+ E (xplq1 - yplQl)
u=p1+1
X Lpi—1
Tpras, " Lpia; Yprajr  ° Ypiaa
X Yp1+1,u—1
yASK
Xqul,sl
Asqyee 501
Lemma 4.10. Up,ga,,,... a1 € L.
Proof. We use Lemma 4.3 on |X;;i1 a, |- Then
e
o=z | X Lo |
— ~pP1,q1 Asqy---,01
X Lpi—1
= “pa Tpras, 7 Tp1ay Ypraj—r " Upraa
yPpitls

m
k 1L p1,e,
+ Z (_1) M (xplak - yplak)|Xam,..Z.),1aAk,..7.7?a1|

+ Z (_1)u+k(xuak - yuak)
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X Lpi—1
Lpias, " TpiajYpiaj—1 """ Ypiaa
Xp1+1,u—1
Xu+1,sl ~

Amyyeee sQfgyeen,A1

X

We substitute all the monomials that are the leading terms of { gij,lk}.
The above expression becomes:

X Lpi—-1
Zp1q1 Tpras, " TpiajYpraj—1 """ Ypias
yPpitlsi
§ : DLy
+ gplql,pmk'Xam, O yenn s Qs
k+p1 1,...,P1,... ,m
+ xPl‘Zl ypuh)(_l) zPlak|Xam.... Akyenn a
s sk, s
kJru
+ E E (Iprar,uar — Iprax,ug)
u=p1+1 k=1
Xlpi—-1
% xplasl *Tpra;Ypraj—1 " Ypras
Yp1+1,u—1
Xu+1,sl R
Amyee ,Qhgsyeee A1
S1
+ E (xplql - yplql)
u=p1+1
X Lpi—-1
xplasl 0 PpiajYpraj—1n 7 Ypiaa
X Ypl—i-l,u—l
Zuu
Xqul,sl
asl,...,al
Let 5 be
S1

— p1+k 1,...,p1,...,m
B = § (-1 Ip1q1,p1ax Xam, (s ra1
k=j+1
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S1 m
+ Z Z(_l)k+u(gplql7uak_gplakﬂtfh)

u=p1+1 k=1
X Lpi—1
X Tpram " Tpra;Ypraj—1 " " Ypray
ypi+lu—1
ut1,s1 ~
X A seee s Qfgsene A1
Bisin £ and « is in £; hence, Uy, gya,,,...,a; = @ — B is in L. a

While computing the S-pairs of Up,g.a,,,...,a; as in Definition 4.9 and
Yas,... a., as in Lemma 2.5, the remainders produce new polynomials,
defined below.

Definition 4.11. Let 1 < by, < --- < b1 < n, 1 < p; < m,
1<qgi<n,as < - <agyq1 <ap, <---<ap and ap, < q1. Let @ be
an integer so that 1 < ¢ <pand as,+1 < bs, < -+ < bjp1 < ap,—1 < by,
and let b; # a,, for I > 7+ 1.

We define Mj5 as follows:

X17P1—1
M12 = Zplqlxplapl YS2+1151
Asqyeer3Asg+150py —15-- 5,01

We define

2 P1,q1,@sq 5ee+ 5G55+150py 5---Q1,055 5000 ,b1

- 1,52
= M12|Y;752,... b

.|

1,2
v >
{cpl,...,c,;+1,d527...,dp1+1}:{b52,...,b,;+1}
1+1,p1
X ‘}/Cpl,.,..,ci+1 Uplql,asl,...,a52+1,d52,...,dp1+1,a.pl,...,a.1-

Remark. From the way we define Wy, 41 4., ... .asy 1,ap,,a1,bag,... b1

it is in £. Notice that all the submatrices |V 1282 a,,| of |Yb1’282m by
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such that as,11 < d,, < - - < dp,+1 < ap,—1 are canceled. Hence, the
leading term is

. 1,i-1 3 41,
mn (M12|}/E)i—lly~~ ,b1 ||YZp;f-l+17 it | |Ybi; 112171+27bi |)

While computing the S-pairs of Wy, 41 a0, ... .acy11,ap, 1. a1,bay .. b1 @S
in Definition 4.11 and Up,q,as1 ....,a, s in Definition 4.9, the remainders
produce new polynomials, defined below.

Definition 4.12. Let 1 < py < m = s, 1 < ¢s < n, v =
pr+1,...,852—1,1<a, < - <ag41 <ap <--<a <t and
ap, < ¢i. Let ¢ be an integer so that 1 <14 < p, and let as,41 < by, <
---<bv+2<b;<---<b;,1+1<bp1<---<bi+1<ap1,1§bpl+1 and
by # ap, for | > i+ 1 and b),_; < byt1. Let a5, < -+ < g1 < bg, <
s < bpga <bygpr < by <by—y < -o- < bpig2 < apy, < api—1 < by 4,

and b/r < br+2 < br+1 for r =p1,...,0— 2.
We define
p1+1,v
p1#117asl7~~~7a52+1,ap17~~~a1,b527~~,b17b'v,---,b;,1+1

= Yo—1,07_ Yu,by

p1+1l,0—2
x W
pl,ql,asl geee 7a52+1,(1p17~~~ 7ll17b_=,\2,... ,bv+1,b{),b1)_1b1,b1)72,... ,b;1+1
— Yot p1+1,0—1
v,b;, P1,q1,Gs1 e @ +1,@py 5e-01,bsg 50, b1,bY oo, bl L
Here,
p1+1l,p1—1 = U
P1,1,0sq 5 10s94+1,0pq 5---01,Ds55 50,01, P1,91,8s9 ;.- ,01
and
p1+1,p1 —
P1G1,Asq 5eee 5Gs504+150py5---01,055,5000 5,01, WP1Q17asl7~~~ JAso+1,8py5--- 01,050,501,

Remark. From the way we define

p1+1,v
’
P1515@s 50 5@sp41,0py 5--@1,Dsg 500 ,b1,00 50300 10
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it is clear that it belongs to £. Notice that it has the leading term

1,2—1 3
|Y;7 ! ~:b1||}/b:f~lf»17~~~;bi+1|

i—1,--

X Lpr

m (Z;Dlth |:Y52+1,Sl :|
Asy oo yQso4+1,0py s ,A1

U Yo1b Yoo 1! Yub, Yo,b,

141,
YbSQ 7~~S~2,bu+27bu+1 |)

/

Yp1+1,b:Yp1+1,bp, 41 Yp1+2,bp, 42 yp1+27bp1+2

While computing the S-pairs of fLF ., +r_, 88 in Definition 4.7 and
Ya, ... a., asin Definition 2.5, the remainders produce new polynomials,

defined below.

Definition 4.13. Let by, < -+ - <bj,and 1 <p; < -+ < pg < bg, <
ce Lbggt1 < gy <o < g1 < b1 << <apo1 < <ap <

1.

Let
Zl,k
M12 — Xl,k—l
ys2+1:81

Dly-s sPhsQk—15- 101505550 b5 +1

We define

V;Dh--- Pk>@k—1,---,01,bsq 5. ;b1
- 1,52 _
= M12|Yb .,b1| E

EPEE
{eksCsgsere sClp1}={bsg,em  ,br }

i Lk
Yker Jpy,... pr.an—1,... 101,051 5000 bsg415Cs05- 5 CR1,0k— 15000 501"

Remark. From the way we define Vph__,pmakfl’mﬂhbspwbl, it is in

L. Notice that the submatrices [Y*+1s2 | of [V;2*2 | such that
Csgyere sCht1 bsy s b1

bsyt1 < Csp < -+ < Cpt1 < bp—1 are canceled. Hence, the leading term

of V;Dhm Pk >Ak—1,---,a1,bsy ... ;b1 1S

. 1,k—2 k,
in (Mz] bie1ye. b1 |Yk—1,0, |Yb52872... Bha1,br—1 l)-
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While computing the S-pairs of elements in {V,, _p, ax_1...oa1,bs,.ab1}
as in Definition 4.13, the remainders produce new polynomials, defined
below.

Definition 4.14. Let 1 <[ <k <spcand 1 <p < -+ < pp <
by < - < bgyr1 < - < bpyr <bpog <bp <bpo << b <

-1 < - <ar <t1. Letw=Fk,...,50—-1,1<b;, < -+ <byqa <
b;v < b;,l < e < b;c <bp_1 <bgp_g---<b < to, b:wfl < bw+1 and
bIT Sbr_;_g <br+1 fOI"/’:k,... ,l—2.
We define
k2w
Plsees sPhksQh—15ee+ 5@1,bsq 5eee ,b1,b0, 5000 b
R k,aw—2
= Yu—1bw1Ywbe Ve, ooy an—1,... 101505y yeee bl s bbb
k,aw—1

- / ’ ’ .
Ywbl, V.. pra—1,e.. 101,05 5eee 01,00 s b

Here,
ke k—2 _ ykk—1
Plseee sPhksGk—1500- 501,051 5. ,01 = " pi,e PE,Gk—1,---,01,bs 5. b1

= ‘/len Pl @k —15eer ,@1,bsq 5e00 b1+

k,w
Remark. From the way we define Vph---7pk7ak—17---,a17bsl7---,bl7b;ﬂ7~~~,b;€’

it is in L. It has the leading term

. 1,k—2 I+1,s
in (Mol Yy 70" 1Yk —1 by Yk Yy, - Yoo, Yo, Yy 7% -

While computing the S-pairs of g;j;x as in Definition 2.5 and
l’k . o . .

o ey 4y S 1D Definition 4.7, the remainders produce new poly-
nomials, defined below.

Definition 4.15. Let 1 < [ < k < 53, 1 < g < n, 1 <

Qg +h—1 < -+ < a1 < tq, ag,4k—1 < g and aj41 < ¢ < a; for some
j=1l—-1,...,s1+k—3. Let fikffc’ll @.....a, De the determinant of
s1 —1yeees@cyeeny
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matrices that come from deleting row z;_; and column a.. We define

l,k,q .
Hy™, | a, as follows:
l,k,q — Lk
Hasl+k—1,~~~,ll1 = Zli-14 Asq4k—1ye-,01
J I,k
k+c SR, T—1
=D DG va T
c=k

Remark. 1t is clear that H, fl’lk’_q is in £ from the way we define

yee s Bsy+k—1

it. Notice in the row z; of ffl’_fl . the z; 4. are canceled by the

yeer @17
9i-1,q,1—1a,- Hence, the leading term of Hclfi’ik_l,...,al is
1,k—1
. Lk 1,0-2 Y-
Z2]—1,qI }Zalmnvaz | Tl-1,a541 P(alflvnval [Yk+1,81 ]
bsy oo bkt1,b6—1,... b1

Here, a; 7é 541, bl 7é Aj41 for all 7.

While computing the S-pairs of H(ll;kl’jkih.”al as in Definition 4.15
and YaSQ,...,al as in Definition 2.5, the remainders produce new poly-

nomials, defined below.

Definition 4.16. Let 1 < | < k < 53, 1 < g < n, 1 <
Qg +h—1 < -+ < a1 < ty, ag,4k—1 < g and aj41 < ¢ < a; for some
j=1-1,...,51+k—3. Let aj4s,—1 <bs, <-++ <bp < a_14k—1 =
bp—1 < <aj—141 = b1.

Let
Zl’k
— 1,1-2
M = z-1,4%1-1,0;4, X5
Yy s2+1.s1
aSl+k—l)"'1al+82—l)al—l7"'7a1
We define
l,k,q
Qsyth—TseeesQldsg—1,01—1seee ,01,b55 5.0 ,b1
o 1,52 _
= M|Yb52,...,b1| E
{ersChi1see1Csp }={bkseersbsg }
lk,q
+ ykekHa51+k_1,... 114 s5—15Csnseer sChp1,0k— 150 ;01,811,000 a1
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. l’k;’q . .
Remark. It is clear that Ia31+k—11---1al+32—11al—17~~~7a17b521---7b1 isin £
from the way we define it. Notice that the submatrices }/c]z;l“’??ck_*_J
1 .
of Y, b1| with aj4s,-1 < €5y, < -+ < cpt1 < bip—1 are canceled by
IR
lk,qq. : l,k,q
H s; hence, the leading term of Ia81+k71,___ g 10110 2@1bagrees b1
is:
Zl’k
. 1,1-2
m | Z1-1,q%1-1,a;11 X5 Yk—1,by
ys2+1Ls1
Asq+k—1"""0l4so—101—1"""A1
|:Y1,k2
Yk,SQ
bso brp1bp—1bg_2---b1

While computing the S-pairs of elements of

lLk.q
{Ith QK bsq s ybsg s 01,001, 7a1}’

the remainders produce new polynomials, defined below.

Definition 4.17. Let 1 <1<k <s9, 1 <g<n, k< w<s9—1,
1< g < - <qp <bsy < oo <bgy <ovr <y <bpgor <bg <
bpo < - <bhh <aq2<---<a <t,q<q q<a-1 <q. Let
w=k,...,82—1,1<bg, < - <byya<b, <b,_;<--<b, <
b1 < bp_o--- < by < to, béu—l < bw+1 and b;, < br+2 < br+1 for
r=k,...,1—2.

We define
kaw plk.q
Qi sQksbsqseeesbsg e sb1,a1-1,000,a1,b), . b
o k,aw—2 7l k,q
= Yw—1,b], Ywby Iqlv"'7qk:)b817"'7b527"'7b;ﬂ7"'7b1)al—l)"' sa1,b0,osees Y
_ k,w—lll,k,q
Yuwb, Qs 3Gk sDsq eee ybsgseee s 01,0115 sa1,b) b
Here,
k,k—QIl,k,q
Qs 3 qQk by seen ybsg e b1,a1 1500000
_ k,kfljhkﬂl
- Qs 3 Qhesbsyseen sbsg e b1,a1 15000 a0

_ 7lkg
Qisee s Qhosbsy s bsg e br,ai—1 a0
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k2w rhk,q

Remark. From the way we define qu,..,qk,bsl,..,bSQ,..,b1,az_1,..,a1,biﬂ,..,b;’
. . k2w lk,q
it isin £. The leading term of qu,...,qk,bsl,...,bsz,...,bl,az_l,...,a1,biu,...,b;
is:

Zl’k
: 1,1-2
m | Z1-1,q%1-1,a;11 X5
ys2+1Ls1

sy 4hk—1y 0145y —1,0]—15.--,01

Yl,k72
X ykfl,bk_lykbkykb;c * Ywby, Ywd,, yw+l,sz
b52,... ,bw+1,bk,2~~~b1

We are now ready to show the collection of polynomials that defined
the above and the generators of £ form a Grébner basis of L.

Theorem 4.18. Use the notations of Definitions 4.7, 4.9, 4.11-4.17,
and let

E 1
G:= {|X;i?l N |v | bl’,s..Q. sy |7 9p1q1,p2q2>

Lk U
A1y yQs ) ph—17 7 P1q1,0s 500 5015 7 P1,41:0sq 5o 3@sg4+1,Apy 5---Q1,D055 ... ,019
p1+1,v
/ /
P15q15@s 5o 5 @sp41,8py 52015055 500,015,005 3bL 7

V;)L,m PhyQk—15ee+ 01,bsq 5000 ;b1

k,w lk,q
Plsees Pl k=150 01,05 50 01,0050 D)7 77 Ay =150 ,0170
Lk,q
Qsqfh—1se 3 Qlgsg—1,01—150--,01,b59,...,b17
k,wl'hk;q }

/
Qlseee 5@ sDsy oo sbsg s sb1,@1— 1500 sa1,b, 00 b

G is a Grobner basis of L with respect to the lexicographic term order
and the variables ordered by z;; > xi; > yYpq for any i,5,1,k,p,q and
Tij < Tik, Yij <Y fi>lori=1landj <k andzy <z if ¢ > 1 or
ifi=10andj>k.

The proof of the above theorem is divided into a sequence of lemmas
when we treat S-pairs between elements of G. We only have to compute
the S-pairs of elements whose leading terms are not relatively prime.
In each lemma, we show hpg = 0 for some P,Q in G.



REES ALGEBRAS OF DIAGONAL IDEALS 389

Lemma 4.19. hpg =0 when P and () are in the same group of G.
Here the same group means summands of P and QQ come from matrices
with the same row variables but different column indices. For example,

Lk =P and fbl’ =Q.

A1, 359 +k—1 sl-Hc 1

Proof. We use the notation in the Definition 4.5 with P = P},
p1 and Q = le,...,bq, = po. Notice that mi2 and mo; have the
same row variables, Py, and Qp  , have the same number
. s %qy 15---59%qy
of columns, i.e., ¢, = ¢,; hence,

Pr — Q7
A1, 38y ,d1,- 5dpoy b1, ;bgy5C1 e

Cpio
. . . . .
Also, in(miaPy, o, ) = in(m21@Qy,  , ) are indeed the leading
terms of Pal’ g s sy, The first matrlx of Pal’ gy st sy,

has determinant zero because it has repeated rows. Hence, we have
mi2 Py and mng}jl b with different signs in the sum. Except

sQqy,
P;‘l____7 = fllk .a,, and le = félk by, With a; = b; for
i # k- l +1 and ap—141 F bk l+17 cach summand of all possible
cases have either repeated row, or all the rows, yi,...,ys, or rows of

Lemma 4.4. Hence, they give

ZP_;“‘E g,: ZQ_f eq.
i=2 i=2

For the remaining case,

2 :Pu o lk+1
- a1, 314150k — 141,08k — 1425+ Qg

from the proof of Lemma 4.8. Similarly for "1 , QY. Hence,

U u v
Pal,...,aqu,d yeee 5lpoyg ZP Gg Q yee5Qqy A1, s dpyy ZQ Eg

=2

Now we can apply Lemma 4.6. a

Lemma 4.20. hpo =0 when P € {|X1*!

ag;...,Qsq
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Proof. As in the notation of Definition 4.5 with P = p; and Q = pa,
we look at Y i, P;. For most of the cases, i , P, = 0 because each
summand has repeated rows x; for some j = 1,...,s;. In some
other cases, we have rows, either y; or x; and z;, in each matrix.
Then Lemma 3.2 can be applied. Or the part of the sum has sum
as Lemma 4.4. Then deduce that it is in ({|Yb11’78“2.7b52 1} + ({gijie})-

Similarly, i, Qi € ({|Y;)1182b2|}) + ({gijx}), hence Lemma 4.6
applies. a

Lemma 4.21. hpg =0 when P € {|Yb11’,s__2_7b52|} ing.

Lk

A1, Qs +k—1 and

Proof.  The computation of S-pairs between
|Yb11752 » 52| gives us Vi, prax_1,... a1,bs, ... by @8 in Definition 4.13. The
S-pairs between

1,82
V;Dz,m 3Dk yQk—15+ 01,05y 5.0 ,b1 and |Y;>1,... bsgy |

. k2w o
gtve V;Dhm 3Pk @—15---,01,05q 500 ,b1,b, b The S-pairs between
k2w 1,82
VPL7~~~~7Pk7ak—1,m,al,bsl,m,bhbiﬂ,m,bﬁc and |Y;717~~~,bsg|
. kw41 imilarl h . f
give V b Similarly, the computation o

yeee PRk —1500e 501,05 500,01, e

_ l,k,q 1 .89 .
S-pairs between Hy"? , . and Y, 2| gives
l,k:q
Qsyghk—1see ,@ltsg—1,01—1;---,01,bag,... ;b1

as Definition 4.16, and the S-pairs between

lk.q 1,52
Ia51+k—17~~~ 314 s5—1581—15,01,055,...,b1 and |}/bl,~~ ybso
give
k,wIU@lI
Qlseee Qi ybsy e sbsg e 01,011,000 a1,b0, .0 b

Also, the S-pairs between Up, 4.,

1,82 .
oy and [V | give

2 P1,q1,@sq 5ee+ 5Gs5+150py 5---Q1,055,.00 ,b1
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as in Definition 4.11, and the S-pairs between

1,82
Wplyq17%1 yeee 3 @sg4150pq 5ee-01,bs5 5000 ;b1 and |Y;71 bsgy

WP1+17U

ive .
g PLyq1,Gs 50 5@sot150py 5e-015Dsg 50 501,000 b0 g

Lemma 4.22. hpo =0 when P € {g;j} in G.

Proof. 1t Q € {gij,lk}’ we have @ = 2p,q, (Tpags — Upaga) — Zpaao
(Tpigr = Yprqr) and P = gijun = zij(@ie — yir) — 2(2ij — ig). 1t's
sufficient to consider either (p1,q1) = (¢,7) or (p2,q2) = (I, k). For the
first case,

(T = Yik)Q — (Tpage — Ypaaa) P = (Tij — Yij)Gik,pago-
For the second case,
ZijQ - Zplqlp = Zp2q29p1q1,ij-

Notice that P = g;j.1k = zij (@16 —Y1,k) — 206 (@i j —Yi,j) With z; ; > 2z k.
If Q e {| XL }, the computing of S-pairs of P and @ is similar

ai,...,0s
to Lemma 4.10.  And it gives Uijay,...,a,, 88 In Definition 4.9. If
Q e/ lll’l’fm’asl“ 1}, the computing of S-pairs of P and @, gives us
Hévllfﬂ'.’asﬁk_l as in Definition 4.15 when P = g;;j; and i = [ — 1.

Otherwise ged (in (P), in(Q)) = z,; with ¢ € {l,l +1,... ,k} or
ged (in (P), in(Q)) = zyx with ¢ < I — 1. For ged (in(P), in(Q)) =

zi; with ¢ € {{,l +1,...,k}, the computation of S-pairs gives us
‘l7;l‘r7]-~’~k7asl+k—1' For ged (in (P), in(Q)) = x1k, the computation of S-

pairs gives us repeated row, y;, in every matrix of @), and this makes
the determinant zero. For all other cases, @ € G, which come from

: 1,s L,k
the S—palr.s of Pe {gi.j,lk} and |Xa1.,.1..',a51 or fai.. au, 4r.- Hence, the
computations of S-pairs are very similar to the cases above. ]

The following lemma is the main computation of S-pairs between the
elements of G, and it is the most difficult case. Actually, this is the
only case where the new remainders of S-pairs are not straightforward.
After this particular case is proven, all other cases are trivial.
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Lemma 4.23. hP7Q = 0 when P = fl1,k1 sk 1 and Q _
FEt o, and i1y or ki # ks in .

31 +ko

Proof. We prove this part in two cases: (a) k1 # ko, (b) I3 # .

In case (a), without loss of generality, let k1 > ka. Then the

matrix that appears in the first summand of fflll’f.{.’agl 1, has row

Yk, without row yy, , and the matrix that appears in the first summand

of fész ey has row yg, without yx,. Consider mia, ma1, M12 and
yeeesbsy

My, as deﬁned in Definition 4.2 with P = p; and @Q = ps. Assume
M5 has columns cy,...,c. and Msy; has columns dy, ... ,d,. Define

l1,k1 l2,ka . ..
fal7~~~7a31+k1—17d17--- du, and fbl____ by thy ey, o, ASID Definition 4.5. Let
{Cl,... ,Cr,bl,... ,b51+k2_ } = {dl,.. dw,al,... ,a51+k1_1} = I;

from the way we define M, and Mz, we have the initial term of

lik s s 1,k lz,kz :
7 s in (Mo fo) 7! 4, ., ,) and similarly for f7 We would like

to apply Lemma 4.6 to this case.

oo ks
Rewrite 7% as oq:
— P
Mo
Y F2,k2
DY Zlg,kg—l
ar =Y (- e
T:kJQ Xl,lg—l
Yl,rfl
r+1
L Y 47
_ / -
Mo
Y k2 k2
le,k}g*].
52 s || X -y
+ Y (=)D Xbla—1
r=ks u=r+1 yLr=1
Yr—i—l,u—l
Zuu
u+1,s1
L X 47

Notice that, in the first sum of oy, when r > ks, the matrices have
repeated row yi,. Hence, the determinants are zero. The first sum
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becomes aq1:

_ ;-
Mo
Y F2,k2
Zlg,k‘z*l
= Zk2,k2
Xl,lg—l
Yl,kg—l
ko+1
LY dz
We notice the leading term of «q1 is mqa(in l2ka . Let the
g by bsy4k—1
seee Dy bh—
second sum of a1 be aqa:
_ P
Mo
Y k2,k2
le,k}g*].
S2 s1 Xr,r _ Yr,r
Qg = § (—1)r+t E X Lla—1
r=ko u=r+1 Ylvr-l
Yr—i—l,u—l
Zuyu
u+1,s1
L X Jz

In order to apply Lemma 4.6, we have to show «j2 is a combination
of elements of G such that the leading term of each summand is smaller
than m12féff€f' boypny_ 1 Observe that, in the sum of cig, when r > ks,
the matrices have repeated row yi,. Hence, their determinants are zero.

We are only left with » = ks, and a;2 becomes:

My
Y F2,k2
Zlg,k‘z*l
s1 ng,kQ _ Ykg,kg
a3 = (—1)k2Hl Z XLi—1
u=ko+1 yLk2—1
Yk2+1,u71
VA
Xu+1,sl
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Applying Lemma 3.3 on «13, then a;3 becomes aq4:

-/

M;is
Y F2:k2

X2l _ ylal2
Zl2+1,k7271
51

ko, ko
e (_1\k2+1 A
aig = (1) E : X Ll2—1
u=kao+1 Y17k2_1
Yk}er].,’U,f].

Zuu
Xu+1,sl

51

(=D Y >

u=ko+1{p1,p2,q1,..- 1qs; tho—1}=2L

Mo
Y k2,k2

Zl2+1,k‘271
Xl,lz*l
X i(gl2pl7k27p2 - 9121)27/421)1) ylkz—1
ko+1,u—1
Y 5

Zuu

Xu+1,sl
- = 41,5951 +k—2

!/

After removing the repeated row y;, in the first sum in the above
expression for a4, let this sum be aqs:

’ -

Mo
Y k2,k2

Xl2:l2

Zl2+1,k7271
51

ko, ko

e (_1\k2+1 A
a5 = (=1) § : X Lla—1
u=kz+1 y Lka—1
Yk‘z‘l*l,lb*l

Zuu

u+1,s1
L X 47
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-/

Mo
Zla+1,k2
51 Z’LLU
=+ » (-1t
Xl,lz
u=kz+1 Yl,u—l
Xu+1,sl
Now a5 becomes
Q16 - — E
{1 o101, 005y g, YT
Zlg—‘rl,kg
. Zuw
12 u+1 1,1
M7 L DY () X
u=ko+1 YLU?l
u+1,s1
X T
_ 12 lo+1,ko+1
- Z :I:|MP1,~~,Pv—1|pq1,~~,qsl+k2'

{Prospo—1,q150 00, ) YT

Here {pfﬁ*lkjﬂkl} are as in Lemma 4.7, and the proof of Lemma 4.7
shows that they are in £ . This shows that a2 is a combination of
elements of G such that the leading term of each summand is smaller

l2k‘2
than mlgfbhm 7b51+k2—1 .

We can apply a similar technique to él’kl and show the second part

of the sum of fél’kl is a combination of elements of G such that the

leading term of each summand is smaller than in (ma f21* , . ).

In case (b), assume k1 = ko and I3 < lg < kg = k1. The proof of
the technique is very similar to case (a). Notice that the first matrix
appearing in the expression for fl1s1 has row z;, without row

A1y 359 +ky—1
. R . loko
x1,, and the first matrix appearing in the expression for fbl,... bey kg 1

has row z;, without row z;,. Since Iy < Iy — 1 and [; < kg2 — 1, each

. l2,k‘2
matrix of fbhm7b31+k2,1,cl,...,c

all have row z;,. Lemma 3.2 gives that all the determinants of those
matrices are in ({gi,4,1,5})- O

; has the rows z;; and y;;. They also
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Lemma 4.24. hpg =0 if

1.k
Pv Q € { al,...,asl+k,1’Uplﬂlyaslwwal’

P1,41,Qsq 5.+ ,Qs541,Apy ,...al,bSQ,... b1

p1+1,v
/ ’
P15q15@s 50 5@y 41,0py 5-0@1,Ds5 5000 ,01,00 5050, 7

Vphm Pk >k —15-+- 01,057 5.0 015

k,w
’
Plseee s PhsQk—1,--- 101,051 ... ,b1,b0,,... b7
l,k,q l,k,q
Asqdk—1s 5017 T Qs fh—1yeee sQlgsg—1,@1—15- 301,D55 5. ,017

k,aw rlk,q
Qisee Gk bsq e sbsg e sb1,a1 -1, ,an,b), . b0

Proof. In this proof, column indices are dropped for convenience.
The remainder of the S-pairs of f5F and U are in the ideal generated
by ({V},{W},{g},{Y}). Similarly, the remainders of S-pairs of fl*
and W are in ({VFw} {Writlv} {g} {Y}), and the remainders of
S-pairs of fi% and WPrHLv are in ({VFvH1} {WWpritloly g1 1Y),
The remainder of S-pairs of f“* and V are V¥ and the remainder
of S-pairs of fiF and VF* are V¥%+1  The remainder of S-pairs of
4% and HY*4 are in ({I%4},{g},{Y}), and the remainder of S-pairs
of fb% and 1% are in ({®#wI'*9}, {g},{Y}). Finally, the remainder
of S-pairs of fUF and ¥ [bka are in ({Fwti[bka} {g}, {Y}). All the
other S-pairs of elements have a similar relationship as above.

The proof of Theorem 4.18 is completed. O

Proof of Lemma 2.7. Notice that

Ui11,as, ... a0
Wi 1a0, e 0y 41,beg e b1
and

2,v
’
1:171:‘151 yeee 7‘7«32+1:b327~~~ 7b17b2,7~~~ 7b2

are the only possible polynomials whose leading monomials are divisible
by x11. But those monomials are divisible by the leading monomials
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1,1 2,v
of fl,ag,...,asl’ V17a31:~~~:a52+17b527~~'7b1 and ‘/l,asl,...,a32+1,b32,...,b1,b;,...,b’2'

Therefore, 217 is a non zero-divisor in the ring k[ X, Y, Z]/in (£). Hence,
x11 is also a non zero-divisor in k[X,Y, Z]/L. |

To get an idea of what the initial ideal looks like, we compute the
following example in Singular [5].

Example 4.25. Let X, Y and Z be a 3 x 4 matrix, X34, Y24 are
3 x4 and 2 x 4 submatrices of X, and let Y then be the defining ideal of
the R(D) generated by I3(X34), I2(Y24) and gij, where 1 <4, 1 <3,
1<l,k<4and

Zlay Zlas Zlas Yia, Yias Ylas
fa1 yees @3 = x2a1 x2a2 x2a3 + 22a1 ZQCLQ 22(13 b
x3a1 x3a2 x3a3 x3a1 x3a2 x3a3

where 1 < a1 < ag < a3 < 4. The initial ideal of £ via the term order
defined in Theorem 4.18 is generated by:

{x1a3x2a2x3a1}1§a1<a2<a3§4; {y1b292b1}1§b1<b2§47
{Zijxlk}i<l or i=l and j<k; {Zla1y2a2y3a3}1§a1<a3<a2§4a
211222Y34Y33, 221714Y13Y32,

212221712Y14Y33, 213221213Y14Y32, 231714223Y32,
{ZijlangagySal}1§a1<a2§j<a3§4, or 1<ax<j<a;<az<4,
{Zijlangazylal}1§a1<a2<a3,a2<jv
{lexlagy2a2y3a1}1§a1<az<a3§jﬁ4, or 1<ay <ag<j<ag<4?

{215% 105 Y16, Y262 U3bs J1<ba<bs<as <5 <4 o1 1 cn, cuy<scagar

We can see the variable x17 is not in the generating set of the initial
ideal of L.
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