J. Math. Kyoto Univ. (JMKYAZ)
49-3 (2009), 503-571

Generalized L-geodesic and monotonicity of the
generalized reduced volume in the Ricci flow
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Abstract

Suppose M is a complete n-dimensional manifold, n > 2, with a
metric g,; (x, t) that evolves by the Ricci flow 0,g,; = —2R;; in Mx(0,T).
For any 0 < p < 1, (po,to) € M x (0,T), ¢ € M, we define the £,-length
between po and g, £p-geodesic, the generalized reduced distance I, and
the generalized reduced volume V,(7), 7 = to — t, corresponding to the
L,-geodesic at the point po at time to. Under the condition R;; > —c19;;
on M x (0,to) for some constant ¢; > 0, we will prove the existence of
a L,-geodesic which minimize the £,(q,7T)-length between py and g for
any 7 > 0. This result for the case p = 1/2 was mentioned and used
many times by G. Perelman but no proof of it was given in Perelman’s
papers on Ricci flow. Let g(7) = g(to — 7) and let V7 (7) be the rescaled
generalized reduced volume. Suppose M also has nonnegative curvature
operator with respect to the metric g(t) for any ¢t € (0,7) and when
1/2 < p < 1, M has uniformly bounded scalar curvature on (0,7). Let
0 < c<1andlet 70 = min((2(1 —p))~ /=Y ;). Forany 1/2<p<1
we prove that there exists a constant Ag > 0 with Ag = 0 for p = 1/2
such that e =497V, (7) is a monotone decreasing function in (0,7:) where
T1=1-¢mn ifl1/2<p<1land 71 = to if p = 1/2. When (M,7)
is an ancient s-solution of the Ricci flow, we will prove a monotonicity
property of the rescaled generalized volume V, (1) with respect to 7 for
any 1/2 < p < 1. When p = 1/2, the Lp,-length, £,-geodesic, the I,
function and \717(7') are equal to the L-length, L-geodesic, the reduced
distance ! and the reduced volume ‘7(7') introduced by Perelman in his
papers on Ricci flow. We will also prove a result on the reduced distance
[ and the reduced volume V which was used by Perelman without proof
in [18].

0. Introduction

Recently there is a lot of study on the Ricci flow on manifold by R. Hamil-
ton [5]-[10], S. Y. Hsu [11]-[15], G. Perelman [18], [19], W. X. Shi [20], [21],
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L. F. Wu [23], [24], and others. We refer the readers to the lecture notes by
B. Chow [2] and the book [3] by B. Chow and D. Knopf on the basics of Ricci
flow and the papers [18], [19], of G. Perelman for the most recent results on
Ricci flow.

In the paper [5] R. Hamilton proved that if M is a compact manifold with
a metric g that evolves by the Ricci flow

(0.1) %?w = —2R;;

where Ry is the Ricci curvature of g and g,;(z,0) = g,;(z) is a metric of strictly
positive Ricci curvature, then the evolving metric will converge modulo scaling
to a metric of constant positive curvature. Similiar result was obtained by
R. Hamilton [6] for compact 4-dimensional manifolds with positive curvature
operator. Harnack inequality for the Ricci flow was proved by R. Hamilton in
8]

Short time existence of solutions of the Ricci flow on complete non-compact
Riemannian manifold with bounded curvature was proved by W. X. Shi [20].
Global existence and uniqueness of solutions of the Ricci flow on non-compact
manifold R? was obtained by S. Y. Hsu in [11]. Asymptotic behaviour of
solutions of the Ricci flow equation on R? was proved by by S. Y. Hsu in [12],
[13], [14].

In [18], [19], G. Perelman introduced the concept of L-length, £-geodesic,
the reduced distance [ and the reduced volume \7(7’) for Ricci flow on complete
manifolds with postive bounded curvature operator. G. Perelman found that
these are very useful tools in studying Ricci flow on manifolds. He used these
tools to proved many new properties for the Ricci flow in [18], [19]. These
included the non-local collapsing theorem and the asymptotic convergence of
a subsequence of the rescaled solution of an ancient s-solution to a soliton
solution of the Ricci flow on complete manifold with postive bounded curvature
operator. Recently R. Ye ([25], [26]) extended the concept of L-geodesic, the
reduced distance | and the reduced volume V(7) to manifolds with a lower
bound on the Ricci curvature.

In this paper we will generalize the notion of L-length, £-geodesic, the
reduced distance [ and the reduced volume V(7) of G. Perelman. For any 0 <
p < 1,7 >0, we will define the £,(g, 7)-length, L, (g, 7)-length, £,-exponential
map, Ly-geodesic, and reduced volume ‘71,(7') and prove various properties of
them in this paper. When p = 1/2, £,(q,7), Ly(q,7), Lpy-exponential map,
171,(7') are equal to the L£(q,7), L(q,7), L-exponential map, and ‘7(7') defined
by G. Perelman in [18].

For any ¢ € M, T > 0, we will prove the existence of a £,-geodesic which
minimize the £,(g,7)-length. This result for the case p = 1/2 was mentioned
and used many times in G. Perelman’s paper on Ricci flow [18], [19], but no
proof of it is given in his papers. There is also no detail proof of this important
result in the recent book of JJW. Morgan and G. Tian [17] and the paper of
H. D. Cao and X. P. Zhu [4] on Ricci flow. My result is new and answers in
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affirmative the existence of such £-geodesic minimizer for the L,(g, 7)-length
which is crucial to the proof of many results in [18], [19]. We also prove that
for any L,(g,7T)-length minimizing £,-geodesic there does not exists any L£,-
conjugate points along the curve. B

One remarkable property of the reduced volume V(7), 7 = to — ¢, with
respect to any point (pg,tg) € M x (0,T) proved by G. Perelman is that it
is a monotone decreasing function of 7 € (0,tg). Surprisingly in this paper
we find that the generalized reduced volume IN/p(T) with respect to any point
(po,to) € M x (0,T) also has similar monotonicity property. Suppose M is
complete and has nonnegative curvature operator with respect to the metric
g(t) for any t € (0,T) and when 1/2 < p < 1, M has uniformly bounded scalar
curvature on (0,7). Let 0 < ¢ < 1 and let

(0.2) 70 = min((2(1 — p)) "7, to).

For any 1/2 < p < 1 we prove that there exists a constant Ay > 0 with A9 =0
for p = 1/2 such that e*AOTf/p(T) is a monotone decreasing function in (0,7;)
where 71 = (1 — )19 if 1/2 < p < 1 and 7y = tg if p = 1/2. Since the proof
of monotonicity uses Hamilton’s Harnack inequality which is valid when the
manifold has non-negative curvature, the condition of non-negative curvature
is necessary for the argument to hold.

Suppose (M, 7) is an ancient x-solution of the Ricci flow and g(7) = g(to —
7) for some constant to < 0. Let 7o > 0 for 1/2 < p < 1 and 7o = 0 for
p = 1/2. When 1/2 < p < 1, suppose also that (M, g(7)) is compact. Let
\Z,F(p) be the rescaled generalized volume. Then for any 1/2 < p < 1 there
exist constants Ag > 0, A7 > 0, A3 > 0, ¢ > 0, such that G*W(?*p)f/p?(p) is a
monotone decreasing function of 7 > 7 for any p satisfying

(0.3) 0<p< (ﬁ) o

where W (7, p) = (Aop + A1p* + Agp?P~3e%°27P)T. Moreover

(0.4) lim V7 (p) = ( VT )np“z”)".

70t 1—p

Note that when p = 1/2, one can take A9 = A; = A = 0 and the result
reduces to Perelman’s monotonicity property for ancient x-solution of the Ricci
flow [18].

When (M,g) is an ancient k-solution of the Ricci flow in (—o0,0) with
uniformly bounded nonnegative curvature operator, then for any ty < 0, py €
M,0 <p<1, 17 >m >0 we prove the existence of {¢;}2., C M and
{7:}$24, Ti — 00 as i — oo, such that the rescaled I, function l;i (g, T) converges
uniformly on Bg(g;,7) X [11,T2] as i — oo for any r > 0 where By(g;, ) is the
geodesic ball of radius r > 0 with respect to the metric g(to).

We will also prove a result on the reduced distance I and the reduced vol-
ume V(1) used by Perelman without proof in [18]. Suppose (M, ) is an ancient



506 Shu-Yu Hsu

r-solution of the Ricci flow with uniformly bounded nonnegative curvature op-
erator such that g(¢) is not a flat metric for any ¢ < 0. If V() = V(72) for
some 7o > 11 > 0, we prove that the reduced distance [ € C°(M X [r1, 72]) and
g(7) =g(to — 7) is a shrinking soliton in M X [ry, T2].

The plan of the paper is as follows. In Section 1 we will use a modification
of the technique of [18] to prove the first variation formula for the £,(g,7)-
length. We will also prove the existence of a £,(g,7T)-geodesic minimizer for
the L,(q,T)-length. We will prove various properties of the £,-exponential map
and £, cut locus in Section 2. In Section 3 we will prove the second variation
formula for the L, (g, 7)-length. We will prove various properties of the L, (g, 7)-
length, the generalized reduced distance I, and the generalized reduced volume
‘N/p(T). In Section 4 we will prove the monotonicity property the generalized
reduced volume Vp(r). In Section 5 we will prove the monotonicity property
of the rescaled generalized reduced volume ‘71)?(7') with respect to 7. In Section
6 we will prove a result on the the reduced distance and the reduced volume
used by Perelman without proof in [18].

We first start with a definition. Let (M,g) be a Riemannian manifold
with the metric g evolving by the Ricci flow (0.1) in M x (0,T). Let (po,to) €
M x (0,T). For any 0 < t < tg, let 7 =to — ¢ and

(0.5) 9(r) = glto — 7).

Let R(q,7), Rij(q,7), R(X1,X2)X3(¢g, 7) and Rm(q, T) be the scalar curvature,
Ricci curvature, curvature and Riemannian curvature of M at ¢ with respect
to the metric g(7) and X1, X9, X3 € T,M. For any 0 < p < 1, po,q € M,
7 € (0,tp), and piecewise differentiable curve v : [0,7] — M joining py and
q with ¥(0) = po and (T) = ¢, we define the £I°(q,T)-length of the curve v
between pg and g by

L3(q,7,7) = /OT TP (R(Y(7),7) + [y (T)[?) dr

where |Y'(7)] = [V (7)|g(). Let FP°(q,7) be the family of all piecewise differ-
entiable curves v : [0,7] — M satisfying v(0) = pp and v(7) = ¢,

L (q,7) = e figg)f(qf) L£8(q,7,7),
and let
Lo (q, 1)
_ p
(0.6) o(g,7)=(1 *p)Tli_p

be the generalized reduced distance. Let
7ro(r) = /M et @) gy,

be the generalized reduced volume corresponding to the Ego(-, 7)-length with
respect to (po,to). Then IPo(q,7) = I2°(q,7) and VPo(r) = VP(r) are the
2 2
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reduced length and reduced volume of Perelman [18]. Let LP°(q,7) = L°(q, 7).
2

When there is no ambiguity, we will drop the superscript py.

Let go € M and 0 < 79 < tg. Forany 0 <p < 1,q € M, T € (19,t0), and
piecewise differentiable curve v : [r, 7] — M joining qo and ¢ with () = qo
and (T) = ¢, we define the £% (q,7)-length of the curve v between go and ¢
by

28,077 = [ PROE. + P dr
To

Let F{(q,7) be the family of all piecewise differentiable curves v : [r9, 7] — M

satisfying v(79) = qo and y(7) = ¢ and let

q0 =\ — : q0 —
LTO}p(Q7 T) B “/Ej‘—lgngf;%?) ETO,P(q7 ” T).

For any r > 0, 0 < 7 < tg, we let B,(g,r) be the geodesic ball of radius r in M
around the point ¢ with respect to the metric g(7). For any v € T,,, M, we let

B(v,r) = {Ul € Ty, M : lv— Ul|g(po$0) <r}.

We also let d;(q1,q2) = dg(+)(q1,q2) be the distance between ¢; and g, with
respect to the metric g(7). For any 0 < 7 < to and measurable set E C M
with respect to the metric g(7), we let m,(E) be the measure of E with respect
to the metric g(7). We let dVy(,)(q) = \/9(q,7)dq be the volume form of the
metric g(7).

Let k > 0. A Ricci flow (M,7) is said to be k-noncollapsing at the point
(¢',t') on the scale ro > 0 [18] if VO < r < rg,

Volg(i) (B (¢, 7)) = k"
holds whenever
[Rm|(q,t) < r~? Vdgn(q',q) < rt' — r2<t<t

holds where Bg(/y(q',r) is the geodesic ball of radius r in M around the point
¢’ with respect to the metric g(¢'). A Ricci flow (M, 7) is said to be an ancient
k-solution if it is a solution of the Ricci flow in M x (—oo, 0] such that for each
t < 0 the metric g(t) is not a flat metric, (M,g(t)) is a complete manifold of
nonnegative and uniformly bounded curvature, and (M, g(t)) is xK-noncollapsing
on all scales at all points of M x (—o0, 0].

We will assume that M is complete with respect to g(t) for any 0 < ¢ < T
for the rest of the paper. Unless stated otherwise we will fix the point (po, to)
and consider the £,(g,7), I,(¢,7), etc. all with respect to this fixed reference
point. We also associate the product manifold M x (0,t9) with the product
metric gdx? @ dr3.
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1. Existence of £,(g,7)-geodesic minimizer

In this section we will use the technique of [18] to prove the first variation
formula for £,(¢,v,7) for any curve v : [0,7] — M joining py and ¢ with
v(0) = po and (T) = g. We will prove the non-trivial fact that the L,(g,7)
length can be realized by some L£,-geodesic on M. We will let (-,-)4(,) be the
inner product with respect to the metric g(7). When there is no ambiguity, we
will write (-,-) for (-, -)g(r).

Lemma 1.1. Lety € F(q,7) and let Y : [0,7] — TM be a vector field
along v with Y (0) = 0. Suppose ~ is differentiable on [0,7]. Then

Oy Lp(g,7,T) = 277 (X(T), Y (7))

1.1 T
(L) +/ <YVR—2—pX—2VXX ARic(X )> dr
0

where X = X (1) = /(1) and the inner product in the integral is evaluated at
T.

Proof. Let f:[0,7] x (—e,&) — M be a variation of v with respect to the
vector field Y such that (0, z) = pg for all z € (—¢,¢). Then

d _ —
%ﬁp(f(’ra Z)a f(v 2)77—)

5 | rEeE 9P ar

_ /T TPV f, VR) +2(V. f, V.,V f))dr

0

a2 = (VL VR + 2V f.VVL ) dr

0

:/OT (<v F.VR)+

—4Ric(V, f, V. f)
z))

=27(V, f(T,2),V.f(T,
(1.3) + /T T <vzf, VR — —va — 2V, V., f —4Ric(V, f, ~)> dr
0 T

By putting z = 0 in (1.3), (1.1) follows. O

Let so =ty 7. Forany 0 <5 < 59, po € M, 5 € FP(q,5), 0 < s <5, let
R(q,s) = R(q,s77),

Bais = | (s RG(),5) + (1— ) (s)) ds
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where |§/(8)| = |§/(S)|g(sl/(l—p)) and let
LPo(q,5) = inf  LP(q,7,3).
P (q,3) L (¢,7,3)

Then by direct computation,

(1.4) L2 (q,7,7) = L2 (q,7.777) Wy € F(q,7)
where

(1.5) A(s) = (), s =777

Hence

(1.6) L (q,7) = L2 (¢, 7' 7).

We will now let §(g.s) = g(q,7), R(q,s) = R(q,7), Ric(q, s) = Ric(g,7), and
7;(q,s) = Tj;(g, s) where s = 7'~ for the rest of the paper. When there is no
ambiguity, we will drop the superscript pyg.

Lemma 1.2. Let 5 € F(q,5) and let Y : [0,5] — TM be a vector field
along ¥ with Y (0) = 0. Suppose 7 is differentiable on [0,5]. Then

05L(9,7,5)
1 L 08 sTEY(R) + 2(1 — p)2(X, V£ V) ds
=2(1-p)(X(3),Y(3))
(1.7)
+ 1% go?, STBVR - 2(1 — p)°V X — 4(1 — p)si’s Rie(X,-)) ds

wh;re X(s) =7(s), B(s) = R(3(s), 9), Ricls) = Ric(3(s),s) and ¥ = Vo0
with s = 7 7P,

Proof. Let f :[0,5] x (—&,e) — M be a variation of ¥ with respect to the
vector field Y such that f(0,z) = po for all z € (—¢,€). Since

d ~ d dT 2 P~
(1.8) Egij((b 5) = Egij(% T) - P 577 R;j(q, s)

where s = 7177, we have
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d

T Lo(f(5,2), 1(,2),9)

=L [ R 20 -9 9. s
- 0

(s (VLF, VR + 21— )V, F, 9,9 ) ds

1-pJo
1
1-pJo

(Vo f V.1

Y

S

[ v -
~ VoVl Vaf) = s T Rie(VL .V ~>] } ds

= 2(1 - p)(VSf(g, Z)7 vzf(gv Z)>
(1.9)

1[5 o o~ _ L
e sTEVR — 2(1 - p)°V,V, [ — 4(1 — p)sTFRic(V, [, ) ds.
—PJo
Putting z = 0 in (1.9) we get (1.7) and the lemma follows. O

From Lemma 1.1 and Lemma 1.2 it is natural to define the following. We
say that a curve ¥ € F(g¢,3) is a £,-geodesic at s € (0,3) if it satisfies

1 2~
(].].0) V)“('X - WS pVR+ 1 “p

sTFRic(X,-) =0

at s where X(s) = 7/(s) and V = V9 with 7 = sT. We say that it is
a Ly-geodesic in (0,3) if it satisfies (1.10) in (0,5). Similarly we say a curve
v € F(q,7) is a L,-geodesic at T € (0,7) if it satisfies

1
(1.11) VxX - JVR+ §X+2Ric(x,.) =0

at 7 where X (7) = +/(7). We say that v is a £,-geodesic in (0,7) if it satisfies
(1.11) in (0,7). Note that when p = 1/2, the L,-geodesic is equal to the
L-geodesic defined by Perelman in [18]. By direct computation we have the
following lemma.

Lemma 1.3. v € F(q,7) is a L,-geodesic at 7 € (0,7) if and only if
v € F(q,3) is a Ly-geodesic at s € (0,5) where v, 7, s and T are related by
(1.5) and 5 = 7'~P. Moreover

(1.12) 7(0) lim 77~/ (7).

- 1—p7'—>0

Lemma 1.4.  For any v € T, M, there exists a unique solution ¥(s) =
Ys(s) = 7(s;0) of (1.10) in (0, sg) with

(1.13) {Nfo) —F

2w
NS

(0)=
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for some constant sy € (0,t5""] where (0,s0) is the mazimal interval of exis-
tence of the solution. If s < t(lfp, then

s—8g
If the Ricci curvature of M is uniformly bounded on (0,t], then so = ttl)fp.

Proof. Uniqueness of solution of (1.10) satisfying (1.13) follows by stan-
dard O.D.E. theory. Hence we only need to prove existence of solution of (1.10)
satisfying (1.13). We will use a continuity argument similar to that of section
17 of [16] to prove the existence of solution of (1.10) satisfying (1.13). We first
observe that by standard O.D.E. theory there exists a constant s) € (0,3 7)
such that (1.10), (1.13), has a unique solution 7(s) in (0,s;). Let (0,sq) be
the maximum interval of existence of solution (s) of (1.10) and (1.13). Then
S0 < t(lfp. If s = ttl)ﬁ’ﬂ we are done. So we suppose that sg < t(lfp. We claim
that (1.14) holds. Suppose not. Then there exist constants s; € (0,s¢) and
C1 > 0 such that

(].].5) d()(p(),a(S)) < Cl Vs1 < s < sg.
Let

ro = sup do(po,7(s))-
0<s<so

By (1.15) ro < oo. Since By(po,r0) X [0,3(1)/(17’))] is compact in (¢,7) € M x
[0,t9) when M is equipped with the metric g(0), there exists a constant K7 > 0
such that

(1.16) |R| 4+ |VR| + |Ric| < K

on (q,7) € Bo(po,ro) X [078(1)/(1719)]. Then by (1.10) and (1.16),

d ~
X2
Py

~ ~ )  — o~ ~
= ‘Z(X,V)?X) +1 slpRic(X,X)‘

> 1 2p_ p 2
—’<X7WS PVR—I_pS PRIC(X,')>+1

sT7Ric(X, X)

p
Ssl-r

20> =~ 2
sT7(X,VR) +1—p

1 — -
<|l— Ric(X, X ’
‘(1 —7 (£, X)
< A K (75 |X| + 5T | X )
< 01(25T5F | X2 + (s /4)) YO < s < so.
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where A; = max((1 —p)~2,2(1 — p)~!) and C; = A1 K;. Hence V0 < s < s,

di(e_QC’l(l—P)sllp |)’E|2) < (01/4)6—201(1_p)sﬁ81377pp
S

d 20(1_)‘ﬁ X[? 2C(l—)~ﬁ 3p_
% e~ p)s |X| 2_(01/4)6 1 p)s 1%

(1.17)

=7 w5 1t
= e (9] — O3 T s 1S

%) < X (s)F < T (02 + CusTF)

where Cy = 2(1—p)C7 and C5 = Co/(8(1+2p)). By (1.17) and standard O.D.E.
theory there exists a constant &g € (0, té_p — $p] such that we can extend 7 to
a solution of (1.10), (1.13), on (0, sp + £¢9). This contradicts the maximality of
s0. Thus (1.14) holds.

If the Ricci curvature of M is uniformly bounded on M x (0, o], then by
the local estimates for the solutions of Ricci flow [20] and a similar argument
as before we will get a contradiction if sg < t(lfp. Hence sg = t(lfp and the
lemma follows. O

By Lemma 1.3, Lemma 1.4, and (1.12), we have

Corollary 1.1.  For any v € T, M, there exists a unique solution y(T)
=7, (1) = y(r;v) of (1.11) in (0,79) with

(1.18) {7.(0) o

lim P/ (1) = v.

for some constant o € (0,3~ ] where (0,70) is the mazimal interval of exis-
tence of the solution. If 1o < to , then

(1.19) lim do(po, (7)) = o0.

T—T,
If the Ricci curvature of M is uniformly bounded on [0,tg), then 7o = to.

We will now prove that the L,(g,7)-length can be realized by some
L,(q,T)-geodesic in M. We first recall a lemma of [25]:

Lemma 1.5 (Lemma 2.1 of [25]).  If there exists a constant c; > 0 such
that

(1.20) Ric(q,7) > —c19(q,7) on M x [0,7],
then

e 217g(0) < g(r) < *1 T Dg(F)  on M x [0,7].
If there exists a constant ca > 0 such that
(1.21) Ric(q,7) < cag(q,7) on M x [0,7],
then

22T g(7) < g(1) < €*27g(0)  on M x [0,7).
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Lemma 1.6.  Suppose there ezists a constant ¢; > 0 such that (1.20)
holds. Then for any v € F(q,T),
(1.22)

1— —2c1T
Lo(gy,7) > -ty (1~ ple

2 _
P + 1 Wdo(ﬁy(Tl)’fY(TQ)) VO § T1 S T2 S T.

Proof. By Lemma 1.5 and the Holder inequality,

(e ] "l dT)Q <(/ Iv’(T)IdT)Q

T2 T2
S/ Tp|"yl(7')|2d7’-/ T Pdr
T1 T1

Tl_p . Tl—p T
(1.23) =2 1 i pl / P (T)Pdr YO< 1 <1 <T.
- 0

By (1.20),

T cin
1.24 PR ,7)dr > ——— 7Pt
(1.2 | RO -
By (1.23) and (1.24) the lemma follows. O

Lemma 1.7.  Let ro > 0. Suppose there exists a constant co > 0 such
that (1.21) holds in Bo(po,ro) % [0,7]. Then

2coT d 2
con 1 e 0(Po,q)
1.25) L < = gprly 2 MDY
( ) P(Q7T) — P 17— D 1 7_171)

Proof. Let ¢ € By(po,70), 7 € (0,7], and let v : [0,7] — M be a
minimizing geodesic joining py and ¢ with respect to the metric ¢g(0) with
1Y'lg(0) = do(po,q)/7 on [0, 7]. Then by Lemma 1.5,

Vq S Bo(po,r()),o <7t<T.

con -7
Lp(qu) S ‘CZI(CL'-Y?T) S p—Tp_‘—l + 62C2 / pplfy/(p)lf](o)dp
0

+1
o N _ppr, €7 do(po,0)?
T p+1 p+1 rt-p
and (1.25) follows. O

Lemma 1.8. Let7:[0,3] — M be a continuous curve satisfying

(1.26) /0 |7 (s)>ds < oo

where [7'(s)] = [7'(s)l5(s) and let Y(s) # 0 be a smooth vector field along 7.
Then, there exists a variation f : [0,5] x [—e,e] — M of 5 with respect to Y (s)

and a constant C' > 0 such that

o 2 o
‘8_£(8’ 2)| + |V, (a—‘i) (s,2)

2

(1.27) < C(F' ()P +1V Y (s))
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for any |z| < e and a.e. s € (0,5) where X(s) =7'(s) and

(1.28) lim i <‘;£( ,2), Vz<g‘£)(s,z)> ds/j(i,v)??) ds

Proof. For any s € [0,3], let 3(z,5) = B(z,7(s),Y(s)) be the geodesic
with respect to the metric g(s) which satisfies

(129 B(0,5) =7(s)
1.29 ~
25(0 s) =Y(s).

Let f(s,z) = B(2,3(s),Y(s)). By the same argument as the proof of Propo-
sition 2.2 of Chapter 9 of [1] there exists a constant g9 > 0 such that for any
0 < e < gg fiswell defined on [0, 3] x [—¢, €] and is a variation of ¥ with respect
to Y(s). We claim that there exists a constant 0 < € < &g to be determined
later such that f satisfies (1.27) and (1.28). Since f([0,5] x [—¢,¢]) is com-
pact, there exists a finite family of co-ordinate charts {(U;, ¢;)}.2, such that
£([0,3] x [~€,¢]) € U2 U;. Without loss of generality we may assume that
f([0,8] x [~e,¢]) € Uy. We write 8 = (81, 82%,...,8%), f = (fY f%.... "),
3(s) = (al(s),a%(s),...,a"(s)), and Y (s) = b(s)0/dz; in the local coordinates
(U1,¢1). Then

826k aﬁz 86]

. = < < < S = “ e
(1.30) 5.2 + 9 05 (ﬂ(z7s)7s) 0 V|z|<e,0<s5<35k=12...,n
Let
B(,) = Gu(B(s5), ) - 22
Z,8) = gkl Z,8 aZ 82 .
By (1.29),
(1.31) BO.5) = [F() < max [F(&) =1 (say)
v (1.30),
95 opL 9%p%  Ogi 0™ aﬁk 85l
29 5 92 ¥ B 02 92 0
_ 9ptopt P A O™ 35k 3ﬂl
<
S 20905, 0z 0z azr (B(2,5),5)) + 8mm 9z 0z 0z
(1.32) < C2E3 V]z| <e,0<s<5

for some constant Co > 0. Let € = min(l/(C’%C’%),so). Then by (1.31) and
(1.32),
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1 1 C3 C3
— < 22z < =2 V|z| <e,0<s5<3
VE(©,s)  E(zs)
1 1 C3 1 C3
> ——5>———5 Vz<50<
VE(z,5) ~ /EQ©O,s) 2 T C 2 - 2\/ 12
(1.33)
= FE(z,5) <4Cy V|z] <e,0<s <5
Let
op
w(z,s) = o
and let
F(z,8) = |w* + |V w|*.
By (1.26),
d A
d—‘; € L2(0,5) C LY(0,5) Vi=1,2,....n
By standard theory on analysis for any ¢ = 1,2,...,n, there exists a set F; C

[0,3] of measure zero such that da’/ds is continuous on (0,3) \ E;. Let Ey =
U? ,E; and Ag = (0,35) \ Eo. Then |Ey| = 0 and da’/ds is continuous on Ag
foralli=1,2,...,n

We write V Y (s) = ¢'(s)8/dx; in local coordinates. Then

(1.34) F(s) = — + ¥V —TF((s),s) VO<s<sk=12... n

y (1.26) and (1.34) ng/(s) € L%*(0,5) and V);f/(s) is continuous on Ag.
Differentiating (1.30) and (1.29) with respect to s € Ao,

(1.35)
oo o8 98 (08 08\ 08 ~( 08\ 08
0=ViVeg, =VaVer +R<8s 92 )az_VZVzw+R(w’az> 92
holds for any |z| <e,s € Ag,k=1,2,...,n and
w(0,5) =~'(s Vs e A
(1.36) (0,5) =7'(s) B 0
V.w(0,s) =VgY(s) Vse Ap.

Then by (1.33), (1.35), (1.36), and Holder’s inequality,

‘ ‘ w, Vw) + (Vzw,vzvzw)‘

= B\ 98
§F+2‘<Vzw,R( '35 )az>
2 |m(, 98\98
< F+ |V w| +‘R(w o )az

< C3F V|z| <g,s€ A
= F(z,5) <@ F(0,5) < P (7 (s)]* + [V Y )
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holds for any |z| < e and s € Ay where C3 > 0 is a constant. Hence (1.27)
follows. By (1.27) and the Cauchy-Schwarz inequality,
(1.37)
0 0 ~ =
(6.9 (L )s.)| < CFOP +95TP) Vsl <5 € o

Since both +/(s) and V}?? are continuous at s for any s € Ay, by (1.35), (1.36),
and the continuous dependence of solutions of O.D.E. on initial data, V, w is
continuous at (z, s) for any s € Ag and |z| < e. Hence

(1.38) vz(%> (5,2) =V, (gﬁ)(s 2) V2| <e s € Ay

Since by (1.38)

0 0 ~ ~
<a_‘§(87z)7vz(a_‘§)(87z)>_)<X7V)?Y> as z — 0 VSEAo,
by (1.37) and the Lebesgue dominated convergence theorem (1.28) follows. [

Theorem 1.1.  Let 7 € (0,ty) and 3 = 7' 7P. Suppose (M,g) satisfies
(1.20) for some constant c1 > 0. Then for any q € M, there exists a L,-geodesic
7 € CH([0,3]) N C>((0,3]) such that 7(0) = po, 7(5) = ¢, and

(139) EP(Q7§) = Zp(qa§7 §).

Proof. Choose a sequence of curves {7;}$2; C F(q,3) such that

(1.40) E(q,'yl, )<L( 3)+1 VieZ"
and
(1.41) Ly(¢.3) = lim £,(q,%,3).

Let (1) = 7i(s), 7 = s//07P). By Lemma 1.6, (1.4), (1.6) and (1.41) there
exist constants K = K (7, L,(¢,7)) > 0 and C; > 0 independent of i € Z* such
that

(1.42)

do(po,%(s)) <K VOSSﬁ?,iEZ*
do(Fi(s),7:(s")) < Ci|s — s'|? Vs, s' €0,5],i € ZF.

Hence the sequence of curves {7;}52, are uniformly Holder continuous on [0, 3].
Since M is complete with respect to g(0), Bo(po, K) is compact. By the Ascoli
Theorem there exists a continuous curve 7 : [0,3] — By(po, K) such that 7;
converges uniformly to ¥ on [0,3] as i — oco. Then ¥(0) = py and F(3) = q.
Letting ¢ — oo in (1.42),

{do(pm F(s)) < K VO<s<3
do(7(s),3(s")) < Culs — s'|'/? Vs, s’ €[0,3].
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Hence 7 is uniformly Holder continuous on [0,5]. By Fatou’s Lemma and
Lemma 1.5,

L,(9,7,5) < lim £,(q,73:,5) = Ly(q,5)
(1.43) oo

= L,(¢,35) =Ly(¢,7,5) and |7|g(0) € L*(0,3).

We now claim that 7 € C°°([0,35]). Since By(po, K) is compact, there exists a
finite family of co-ordinate charts {(¢x, Bo(qx,7x)}r, such that Bo(po, K) C
Up2y Bo(g k). Let

I, = Ik(:?) = {S € [ng] : ﬁ(s) € B(](Qkurk)} Vk = 1727 B ko.

Then I}, is relatively open with respect to the interval [0,3] forall k = 1,2, ..., kg
and [0,3] = UF° Iy. For any k= 1,2, ..., ko, 5 € I, we write

ou(3(s)) = (a(s), ai(s),- .., ai(s))

in the local coordinates (¢, Bo(qxk,7)). When there is no ambiguity, we will
drop the subscript k. To prove the claim we fix one k € {1,2,...,ko}. Then

SN i da* 9 .
X(s)=7'(s) = s 92 in Ij.
By (1.43),
i J i
(141) G550 e iy = ey vi—1,2..0
ds ds
Let
~ , 0
_1J
V(s) = (s) 5

be a smooth vector field along 7 such that }7(3) =0 for any s ¢ I,. Since 7 is a
minimizer of L,(¢,5) and by (1.43) 7 satisfies (1.26), by Lemma 1.8, Lebesgue
dominated convergence theorem and an argument similar to the proof of Lemma
1.2,

/S(sf“’p?(fz) +2(1 - p)XX,VgY))ds =0

2w OR da' (db" . dad'~
1.4 Top pJ . 2(1 — a— = 1T =
(1.45) = Ik{s b pwr +2(1—p)°qgir T (ds +v T ”)}ds 0

da' (db"  .da’~ 2 . OR
= G = + V=T, ) ds|< 5 b — d
/Ikgz ds(der R ”> S_C/Iks o ds
dat db” da' . da'~ “ .
1.4 G < G b T > .
(146) = /Ikgl ds ds ds| < /[kgl dsb ds zjd8‘+0jl . b7] ds
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Since by (1.44) and the Cauchy-Schwarz inequality,

da' da”
<C Voo | G1r— —4d
1InaX gl /ng ds ds 5

da’ ~
i 2y e I.d
/Ik Irgs” ds 0

where .J = UJ_,supp b/, by (1.46) we have

(1.47)

_ dat db" . _ da' da” .
_ < .
/Ikg” ds ds ds’ —Cfélfé‘n”bj"“/g“d s d”cz [Pl

We now choose ¢ € C*(R), 0 < ¢ < 1, such that ¢(s) = 1 for all s < 0 and
¢(s) =0 for all s > 1. For any h > 0 let ¢p(s) = ¢(s/h). Since

/Rqﬁ’(s) ds = —

by (1.44) and standard theory in analysis [22] there exists a set Ey C Ij of
measure zero such that

1

. 4 dal ’ , dal , ,
(1.48) hIH&E/, h%(s)ﬁf’((s fs)/h)dsf—g(s) Vs € I \ By,

.1 ot gt dat
hllréhﬁfs, E(s)gf)’((s*s’)/h) ds:fg(s’) Vs € Iy \ Ex.

Let si € I, \ E. Without loss of generality we may assume that s # 0,5. By
continuity of 4 there exists a constant 0 < & < s(;/2 such that

3(s) € Bo(qe,mk) Vs € I.(s() = (sy — &, 80+ €) C I.
Let 51,52 € I./2(8) \ Er be such that s; < so and let e; = (s2 —s1)/3. Putting
bT(S) = @Tl(:yi(s)v s)¢h2 (S - 52)¢h1 (81 - S) Vr = ]-7 27 e

in (1.47) where 0 < hy,hy < €1 we get
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1 s2+ha dal 1 S1 dat
[ s ds = [ S0/ (51 5) /) ds
Sa s1—h1
s2+ho _ dal da”
SC glrd— ds (82—81+h1+h2)
Sl—hl
sa2+ho _dat dal
+ / . gir g Is ——®n, (8 — 52)dn, (51 — 5) ds
s1—h1
s2+ho dal da”
<C glrd_i ch‘ (s2 — 51+ hy + ho)
Sl—hl
s2+ho a5t 95 da?
_ g 7" da
| — —s)d
+ /Sl_h1 7 ( 95 T oz, ds) Bny (8 — 52)dn, (51 — 5) ds
s2+ho dal da”
<C , glrda ; ds + C(s2 — 51+ hy + ha)
s1—h1
2 s2+hao e~ dad!
+ 1—p / slfpngfq“”RijgﬂEgth (s — s2)on,(s1 —s)ds| (by (1.8))
- Sl—hl
s2+ho dal da”
<C qir— — h h
< . gi ds ds (s2 — 51+ hy + ho)

sa+ha dal da” 1/2
C(sy — hi+h 1/2/ Gr———d
+ C(sg — 51+ h1 + ha) o, qi ds ds S
(1.49)

s2+ho dal da”
<C Gir—— — h ha).
< /Slh1 qi ds ds (s2 — 814+ h1 + ha)

Letting hy — 0 in (1.49), by (1.26), (1.44), and (1.48),

dat

(1.50) 3(81)

<C Vs € 15/2(86) \ Ey.

for some constant C' > 0. Hence letting hy, he — 0 in (1.49), by (1.26), (1.48),
and (1.50) we have

(1.51) < Clsg —s1] Vs1,59 € I/a(sg) \ By

T (52) = o)

We now choose 0 < 1 € C§°(R) such that n(s) = 0 for any |s|] > 1 and
Jgnds =1. For any h >0, s € I, let n,(s) = n(s/h)/h and

a' xnp(se) = /Ral(so — s)nn(s) ds.

For any so € I./2(sg), we choose a sequence {sq;};2; C I./2(sp) \ Ej such that
lim; o S0 = S0. By (1.51) {da'(s0;)/ds}32; is a Cauchy sequence. Hence
dat

i, s s0d)
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exists. Let
1

f(s0) = lim di(so i) Vso € I(sg)-

1—00 d

By (1.51) f is well defined on I, 5(sf,). We now claim that a* € C(I./2(sf))
with da'/ds = f on I, 5(s). To prove the claim we observe that by (1.51)

et ms0) — f(s0)
‘/plq 75 (50— p)mn(p) dp — f(s0)
‘/p|<h (_ s0=p) = d;sl (50,1')) 1 (p) dp’ + ’%(So,z‘) — f(s0)

1
< C/|p|<h |so — p — so,ilmn(p) dp + ’dds (50,) — f(s0)

1
Cllso sl 41+ % (502) = £

Letting first ¢ — oo and then h — 0 in the above inequality, we get that
d(a' * mp)/ds converges uniformly to f on I /5(sy) as h — 0. Since a' * 1y
converges uniformly to a' on I./5(sp) as h — 0. Hence a' € C'(I.(sf)) with
da'/ds = f on I.;5(s)). Since sf is arbitrary, o' € C'([0,5]). By a similar
argument a! € C*([0,3]) for any [ = 1,2,...,n. Hence ¥ € C*([0,3]) and there
exists a constant C' > 0 such that

(1.52)

da’,

dl
E(SQ)_%(Sl) SC|82_31| v81752 EIk;,k:1,2,...,](}0,1:172,...771

Thus d2al (s)/ds? exists a.e. s € I}, with

2 1
day,
ds?

By (1.45) for any v/ € C§°(Iy), j =1,2,...,n,

oR d da da da~
2p/(1=P) 720 L 91 — )2 — 2 (G T b ds =
/Ik{s oz, T X p)< ds<gﬂds)+g”d ds )} s=0
(1.53)

d (. dd"\ _ dd'd OR
=2(1 —p)2<——<gﬂd—2) e FT) +s2/7P) = = 0

€L®(I;) Vk=1,2,... ko,l=12...,n

ds ds ds Ox;
for a.e. s € Iy,. Hence
d*al  dg; da' da! da’ OR
21 — i — — =L G I 2p/(1-p) 0
1-p) ( Ia? T ds ds s d ZJ) e oz,
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for a.e. s € I,. Thus

2.m ~ l U .0 o3
dar _ mid9p 0 o 4 A apaepym OR

1.54 = . -
(1.54) ds? I s ds I s ds (1—p)? Oz

a.e. s € I. By (1.52) and (1.54) there exists a set Ej, of measure zero such
that

d%a’ d%al
dSQk (s2) — ds; (51)] < Clsg — s1]

(1.55)

for any s1,s0 € I.(s))\E},, k =1,2,...,kpand j = 1,2,...,n. By an argument
similar to the proof of ¥ € C''([0,35]) but with (1.55) replacing (1.51) in the proof
we get that 5 € C%([0,3]) and

d2a’ d%a’
ds2k (52)= dst (51)

SO|82—81| Vs1,80 € I, k=1,2,... ko, 7=1,2,....n

for some constant C' > 0. Hence by (1.53),

d da! da! da’ ~ OR
20— p)*( ——gi— ) + Gr— =T w/A=P) =0 in ],
(1-p) ( ds (g]l ds) +o ds ds ”) +e 0z A
forany k =1,2,...,ko,j = 1,2,...,n. Thus 7 satisfies (1.10) in (0,5). Then

by standard O.D.E. theory ¥ € C*°((0,3]). Hence 7 is a L,-geodesic and the
theorem follows. 0

By (1.4), (1.5), (1.6) and Theorem 1.1 we have

Theorem 1.2.  Suppose (M, g) satisfies (1.20) in [0,7] for some con-
stant ¢; > 0. Then for any q € M, there exists a L,-geodesic v € C([0,7]) N
C*((0,7]) satisfying (1.18) for some v € T,, M such that ¥(T) = q and

Lp(Q7 F) = Ep(Qa Vs ?)'

By putting p = 1/2 in Theorem 1.2 we obtain a result which is mentioned
and used without proof in Perelman’s paper [18], [19].

Corollary 1.2.  Suppose (M, g) satisfies (1.20) in [0,7] for some con-
stant ¢; > 0. Then for any q € M, there exists a L-geodesic v € C([0,7]) N
C*((0,7]) satisfying (1.18) withp = 1/2 for somev € T,y M such that v(T) = ¢
and

L(q,7) = L(g,7,7)-

By an argument similar to the proof of Theorem 1.1 and Theorem 1.2 we
have
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Theorem 1.3.  Suppose (M, g) satisfies (1.20) in [0,7] for some con-
stant ¢; > 0. Let go € M and let 9 € (0,7). Then for any q € M, there exists
a L,-geodesic v € C*>([10,7]) satisfying ~v(10) = qo, ¥(T) = ¢, and

Ly™(q,7) = L3 (7, 7)-

Theorem 1.4. Let tyg > 0, so = t(l)_p, and let g and G be related by
(0.5). Suppose (M,q) satisfies (1.20) in (0,ty) for some constant ¢y > 0. Then
for any s € (0,s0), g € M, Zgo (q,3) is locally Lipschitz in py with respect to
the metric g(0) = g(to).

Proof. Let rg > 0,5 € (0,80), T = Eﬁ, Do € M, and let p1,ps €
By(Dg,70).- By Theorem 1.1 for each i = 1,2, there exists a Zgi (¢,3)-length
minimizing Ep—geodesic i : [0,3] — M such that 3;(0) = p; and 7;(5) = ¢. Let
5 :[0,d] — M be a normalized minimizing geodesic with respect to the metric
g(0) with 5(0) = p1, ¥(d) = p2, '] = 7|40y = 1 on [0,d] with d = do(p1, p2).
Then ([0, d]) C Bo(Dy, 3r0). Let r1 = 3rg + 2do(Py, ¢) and let

Ky = sup (|R| + |Ric]).

BO (1_)0 571 ) X [OvF]

Let v;(7) = :(s) with s = 7177 i = 1,2. Fori = 1,2, let d; = do(p;, q) and let
¥, : [0,d;] = M be a normalized minimizing geodesic with respect to the metric
9(0) with 7;(0) = pi, 7;(di) = q. Then d; < ro + do(Py, ) and 7,;([0,d;]) C
By(po,r1) for i = 1,2. Hence by Lemma 1.6 and the proof of Lemma 1.7, there
exist constants A1 = A;(8,r1,Ko) > 0 and ro = (5,71, Kg) > r1 such that

IP(q,3) <A Vi=1,2
do(pi,Fi(s)) <re YO<s<35,i=1,2.

Let

K, = sup (|R| + |R¢| + |[VR| + |Ric]).
By (p() ,27‘2) X [O,?]

We now assume that d = do(p1,p2) < min(1,5/4). Let

(s) ifo<s<d
B(s) =< (s —d) fd<s<s—d

(
Y2(2s —35) fs—d<s<s.



Generalized L-geodesic and monotonicity of the generalized reduced volume 523
Then

LP(q,5) < LD (q, B,3)

1 R 21271 (2
=1 | (777 R((s),8) + (1= p)" |7 (s)]7) ds
—PJo
1 Tl omo PIPNND
15 ), TR+ AP R ds
1 s 2 o~ N
b [T RG)8) 440 = P B ds
(1.56) =L+L+1I3

where s’ = s —d and s” = 2s —35. By Lemma 1.5,

(1.57)
Kl Lp 2K lelp Kl 1ip 2K
I d™=r 4 (1 — 1P g < d™=r + (1 — id
<1 + (1= pe <13, + (1 —p)e*™d,
1 e 22 B 9 2K AToF |~ (2
Iy < p— ((w+d)™» R(2(w), w 4 d) + (1 — p)*e** 14" |3 (w)[?) dw
- 0
1 5—2d 2p o~ iy )
=75 ), (@ RGa(w).w)+ 1= p ) du
0
1 s—2d 2 p o~
T [(w+d)T=r —wi=r]R(F2(w), w + d) dw
- 0
1 5—2d 2p  ~ _
15 wr (R(Y2(w), w + d) — R(Ya2(w), w)) dw
- 0

1 5—2d 2p o~ _
< (wT=F R(F2(w), w) + (1 = p)*[F3(w)|*) dw + C1d

for some constant C7 > 0 and

1 » = [° -
Iy < — K 57255d + 2(1 — p)e2fadt=r / |75 (s)|? ds
1—p 5—2d
1 s 2p = ~ s ~
<-— (s7=7 R(72(s),s) + (1 —p)2|7£(8)|2)d3+0f/ A2 (s)]* ds
L=p Js-24 5-2d
(1.59)
3K »
+ 2lgihg,

1-p
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Hence by (1.56), (1.57), (1.58) and (1.59),
5
(1.60) LP(q,5) < LF2(q,5) + CY /Hd ¥5(s)|> ds + Chd

for some constant C% > 0. Let v; = 7/(0) for ¢ = 1,2. By the same argument
as the proof of Lemma 1.4, (1.17) holds in (0,3) for some constant Cy > 0,
Cs > 0, depending only on K7 with )N((s) and ¥, being replaced by 7.(s) and
v; = 7:(0), for ¢ = 1,2. By (1.17) there exist constants Cy > 0, C5 > 0 and
Cs > 0 such that

(161) C4|f17i|2 —(C5 < |§;(S)|2 < 06(1 + |51|2) V0<s<3§,i=1,2.

By (1.61),

Cusfial? = C4 / B2 ds < C55 + / 5 (s)? ds
0 0

1 [+ 1 5 ap ~
§C5§—|——[Lp2 q,5) — —— s7-7 R(Y2(s), s ds]
e - | s RG).)
1 ~ Kl 1+p
< (C:s — | LP2 S S1-p
. 58+1p( A ey )
1 Ky _14p
]..2 < 5 — A Sil-p = .
(1.62) C5S++1_p( 1+1+p8 ) C7  (say)

By (1.61) and (1.62),
(1.63) /;d W4 ()2 ds < 2C5(1 + [2]2)d < 2C5(1 + (C7/(C43))d.

By (1.60) and (1.63) there exists a constant Cs = Cs > 0 such that
LP(q,5) < Lh2(q,3) 4 Cgd.

Interchanging the role of p; and p, in the above inequality,
ng (qv §) S Lgl (q7 §) + CSd

Hence

|25 (q,5) — LE?(q,5)] < Csdo(p1, p2)

for any p1, p2 € Bo(Dy, 7o) and do(p1,p2) > min(1,5/4) and the theorem follows.
O

By (1.6) and Theorem 1.4 we have the following theorem.

Theorem 1.5.  Let tg > 0 and let g and G be related by (0.5). Suppose
(M,g) satisfies (1.20) in (0,tg) for some constant ¢y > 0. Then for any T €
(0,t0), ¢ € M, LE°(q,7) is locally Lipschitz in po with respect to the metric
9(0) =7g(to)-
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2. Properties of the £,-exponential map and £, cut locus

In this section we will generalize the L£-exponential map of Perelman [18]
and define the £,-exponential map corresponding to the £,-geodesic curve. We
will also derive some elementary properties of the £,-exponential map.

We first start will a definition. Let 7 > 0. For any v € T, M let v =
v/(1 — p). By Lemma 1.4 there exists a unique solution F3(s) = (s;v) of
(1.10), (1.13), in (0, sg) for some sg > 0. Let 7, (1) = v(7;v) = J(s;v) where s
and 7 are related by (1.5). Then =, is the unique solution of (1.11), (1.18), in
(0,79) where 9 = 5(1)/(1—;;). Similar to [25] for any 7 > 0 we let

Up(T) ={v € Ty, M : ~y, exists on (0, 7) for some 5 > 7}.

Then Up(72) C Up(m1) for any 0 < 7y < 75 < tg. We define the £,-exponential
map Ly-exp] : Up(T) — M by

Ly-expp, (v) = 70(7) = Fa(7' 7).

By O.D.E. theory and the equivalence of the O.D.E. (1.10), (1.13), and (1.11),
(1.18), through the transformation (1.5), U,(7) is open in T}, M. Note that by
Corollary 1.1 if (M, g) has uniformly bounded Ricci curvature on M x (0, tg),
then U, (T) = Tp, M for any 0 <7 < 1.

Let go € M, 79 € (0,%9) and v € Ty, M. By an argument similar to the
proof of Lemma 1.4 and Corollary 1.1 there exists a unique solution vy (1) =
Y20 (7;v) of (1.11) in (79, 71) for some 7 > 7 such that

{733 (T0;v) = qo

oYL (103 v) = v.

For any 7 > 7, let

Ulo ,(T) = {v € TyyM : v20  exists on (79, 71) for some 7 > 7}.

We define the £% -exponential map £% -exp” : UL (T) — M by

T0,P T0:P

Eﬁgm—exp?(v) = 0 (7;v).

Lemma 2.1.  Suppose (M, g) satisfies (1.20) in [0,tg) for some constant
c1 > 0. Then for any rqg > 0 and mqg > 0, there exists a constant s € (O,té_p)
such that for any v € T, M satisfying [0]g(p,,0) < mo there erists a unique

L,-geodesic ¥ = 7 : [0, 81] — M satisfying (1.13) and

(2.1) 3(s) € Bo(po,ro) V0 < s < s;.

1

Hence B(0, (1 — p)mo) C Up(7) for any 0 < <71 where 71 = s{" and

U G(r) =1,,M.

0<r<to
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Proof. We will use an argument similar to the proof of Proposition 2.5
of [25] to prove the lemma. Let v € T, M satisty [0]y(py,0) < mo. Since M
is complete, By(po,ro) is compact. Then there exists a constant K7 > 0 such
that (1.16) holds for any (¢,7) € Bo(po,r0) X [0,%0/2]. Let Cy = Co(K;) > 0
and C3 > 0 be as in the proof of Lemma 1.4. Let

s} = min(1, (to/2)* P, e~ =2/ (m2 4 C3) 7 2ry/2)

and s; = s1/2. By Lemma 1.4 there exists a maximal interval [0,3) such that
there exists a unique Ly,-geodesic ¥ : [0,5) — M which satisfies (1.13). We
claim that 5 > s}. Suppose not. Then 3 < s. Let

so = sup{s’ <5:5(s) € Bo(po,ro) VY0 <s <}

Suppose sp < 5. By the same argument as the proof of Lemma 1.4 (1.17) holds
in (0,s9). Hence by (1.17) and Lemma 1.5,

S0 S0
e~ do(po, F(s0)) < e~ / 7(5) (0 ds < / 5 (s)] ds
0 0

S eCZ/Q(mg + 03)1/280

= do(po;7(s0)) < e/ (mf + C3)' 2] < 1.
By continuity there exists sa € (sg, 3] such that
do(po,¥(s)) <1 VY0 <5< ss.

This contradicts the choice of sg. Hence sp = 5. Then (1.17) holds on [0, 3].
Thus by (1.17) we can extend 7 to a solution of (1.10), (1.13), in (0,5 + 9)
for some § € (0,s] —3). Contradiction arises. Hence 5 > s} and the lemma
follows. O

Theorem 2.1.  Suppose (M, g) satisfies (1.20) in [0,to) for some con-
stant ¢y > 0. Then there exists a constant Tg € (0,t9) such that for any
0 <7 <7q there exist a constant ry > 0 and an open set O1 C M with pg € O
such that L,-exp,, |B(07r1) : B(0,71) — Oq is a diffeomorphism.

Proof. We will use a modification of the proof of Proposition 2.6 of [25]
to prove the lemma. Let (¢g, Bo(po,70)) be a local normal co-ordinate chart
around pg. By Lemma 2.1 there exists a constant s; € (07t(1fp) such that

1 ~
B(0,1) C Uy(7) for any 0 < 7 <73 = s; * and (2.1) holds for any £,-geodesic
which satisfies (1.13) with || < 1. By the inverse function theorem it suffices
to check that the kernel of d(£,-exp] )o is equal to zero for sufficiently small
7. Suppose not. Then there exists 7 € (0,7¢) and 0 # vy € To(Tp, M) = T, M
such that

(2.2) d(ﬁp—expf,g)o(vg) =0
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where To € (0,71) is some constant to be determined later in the proof. Let
To = vo/(1 — p) and 3 = 7' 7P. By rescaling vy if necessary we may assume
without loss of generality that [Ug|g(p,,0) = 1. Then |vo|g(py,0) = 1 — p. For any
0<2<1, let
h(s, z) = 7(s; zv0)
be the solution of (1.10), (1.13), in [0, s1] with ¥ being replaced by z0g given
by Lemma 2.1. Then h is a variation of ¥(s;0g) with h(s, 1) = 5(s;vg). Let
Oh Oh

Y(s,z) = E(s,z),?(s) =Y(s,0) and X(s) = E(S’O)'

We write X (s) = a(s)0/dz; and Y (s) = b (s)d/dz; in the local co-odinates
(¢)07 Bo(pOa TO))' By (22)’

d = d ~ ~ =
0= e L,-exp,, (zv9) = — (3;200) = Y (5,0) =Y (3)
z z=0 z z=0
(23) = VYGE)=0 Vji=12,...,n
Note that
h(0,2) =75(0;200) =po V0<2z<1
h
= Y(0,2) = %(O,z) =0 V0<z<1
o _
7 _¥(0) =
> V05 =V0)=0
(2.4) = VY0)=0 Vj=12,....,n
and
(2.5)
— 0%h 0%h 0?
Y(0) = V)= 0) = (85 200) = - %) = -

By an argument similar to the proof of Lemma 1.4 (1.17) holds for some con-
stants Cy > 0, C'5 > 0, with v = 0. Hence there exists a constant C' > 0 such
that

IX(s)| <C VO<s<s.
Since 7 satisfies (1.10),

oh 1 2p _ ~ 2 » —(0h
OVS<—>2(723 pVR+1 S PR1C<6—,'>

ds 1-p) —p s
= 0=V.V, <g};> - ﬁs%vz(vé) + fps%pvz <ﬁTc <gﬁ)>
= 0=V.,V,Y(s,2)+R (%Z%ﬁ) g_il - ﬁsl%vz(vm
(2.6)
s (V. (g_h> + s RV, Y,
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where R(X1, X2)X3(q,s) = R(X1, X2)X3(q, 7) for any X1, Xy, X3 € T,M with
s = 717P, Putting z = 0 we get

== o 1

b S o 2
slip( ?(S)RIC)(Xa)J'_ 1

sT5 V() (VR(h(s,0), 5))

+ sTPRIC(V,Y,-) in (0,s1)

1-p
d2p* N ( db’ dv

_ 7 bj_+bl Fk —‘rblbjbmal—‘?j +b7n dbr+blb]]:\'f‘
©ds? ds ds ox™ ds

ki [ D 9 0 1 2p . _ 9
ikpt Nt T kit ) o
ot <R <5l’z‘ X) X 8:v]> 21— p2° Y b <V1(VR), axj>

(2.7)

_|_

9 o _
S%gykazbmvalj +
P 1

2 = db* mypr D
T _p81pgjk<d +b bF,"w)Rij

holds in (0,s1) for all k =1,2,...,n. By (2.5),

dbt _db?
Gij (p07 O) ds (O)E(O) =1
Hence
" [ db* 2 81)7 n dbk 2
A1 —(0) ) <gi( 70) (
28) = X Z(%(o)) <1< )\QZ(%(()))
k=1 k=1

for some constant Ao > A; > 0 depending only on g;;(po, 0). Let

ey {ore ()]

and
sg=sup{0 < s <s1:[b'(s)| <1 VO<s<sf,i=1,2,...,n}

By (2.4) s2 > 0. Then by (2.7) and (2.8),
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dE i db® bk d2pF
—l=2 P
ds ;( ds * ds d82>’

- dbk dbk | [ < db’ n o
Z{2|bk ‘ {Z <|bl| + | > + > pryn
k=1 =1 i,7,m=1
+ Z <|b’b7|+|bl > }

i,j=1
S C4E Y0 S S S S9
d
£(€7045E) <0 V0<s<sy
(2.9)
= E(s) < ePEB(0) <e*1/X\ =C5 Y0 <5< ss.

for some constants C; > 0 and C4 > 0 independent of s5. We claim that

s > min(1/(21/Cs), s1).

Suppose not. Then sy < min(1/(2/C5), s1). By (2.4) and (2.9),

()| = ]/ D 5| <

Then by continuity there exists a constant § > 0 such that

—_

<VCss< = VW0<s<s9,i=1,2,....n

[\)

bi(s)| <1 YO<s<sg+0,i=12,...,n

This contradicts the maximality of sp. Hence s > min(1/(2+/C5), s1). Let

s3 = min(1/(21/C5), s1).

Then (2.9) holds for all 0 < s < s3. By (2.8) there exists i € {1,2,...,n} such
that
dbo 1

0) > .
a5 ¢ )’ SN
By replacing vy by —vg if necessary and permutating the indices we may assume
without loss of generality that

(2.10)

By (2.7) and (2.9),

d?b!

2.11 —
(2.11) 7a

(s)+Cs >0 V0<s<s3

for some constant Cg > 0. Let

So = min(s1, (2¢/C5) L, (2/nX2C6) 1),
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To = Eé/(l_p), and s; = sup{s’ < 5:dbl(s)/ds >0 V0 < s < s'}. Then
s4 <5 <3p. Integrating (2.11), by (2.10) we have

212) 5>

1 1
0)—Cgs > —— —(Cgsg > ——— >0 V0 <5< s4.
ds () 65 = 5\ 650_2 > < s< sy

_E N9 TL/\Q

Suppose s4 < 5. Then s4 < 5p. By (2.12) and continuity there exists § €
(0,5—s4) such that db!(s)/ds > 0 on (0, s4+6). This contradicts the maximality
of s4. Hence s4 = 3. Integrating (2.12) over (0,3),

b (3) > b'(0) = 0.

This contradicts (2.3). Hence no such vy exists. Thus ker(d(L,-expy, )o) = 0
for any 0 < 7 < 7o and the theorem follows. O

By the proof of Theorem 2.1 it is natural to define the following:

Definition 2.1.  Let 7(s) be a Zp—geodesic in (s1,s2). We say that a
vector field Y'(s) along 7 is a £,-Jacobi field in (s1, s2) if Y'(s) satisfies

(2.13)
V,V.Y + R(Y,7)7 -

1 2p ~
572 Vy(VR) +

I =5 Ve (Ric(#, ) =
2(1 — p)? 1_ps Vg (Ric(y',)) =0

in (s1,s2) along 7.

Definition 2.2.  Let v(7) be a £,-geodesic in (71,72) and let ¥(s) be
given by (1.5). We say that a vector field Y (7) along « is a £,-Jacobi field
in (1, 7) if Y(s) = Y(s'7P) is a Zp—Jacobi field in (s1,s2) in (s1,s2) along ¥
where s; = Tl-l_p, 1=1,2.

Definition 2.3.  Let 3(s) be a £,-geodesic on [0,5]. For any 0 < sy <
s1 <3, we say that ¥(s1) is £,-conjugate to 7(so) along §|[s0 s if there exists
a L,-Jacobi field Y (s) # 0 along V(50,51 SUuCh that Y(so) =Y (s1) =0.

Definition 2.4.  Let v(7) be a £,-geodesic on [0,7]. For any 0 < 79 <
71 < T, we say that () is Lp-conjugate to y(p) along fy|[70 - if Y(s1) is
Ep-conjugate to Y(so) along 7, ;, where ¥(s) is given by (1.5) with s = ri=p

1— .
and s; =7, * fori=0,1.

Theorem 2.2. Let 0 < 7 < to, v,w € Tp,M, and let v = ~v(7;v) :
[0,7] = M be a Ly,-geodesic which satisfies (1.18). Let 7(s) = Y(s;v) be given
by (1.5) with s = 777 where v = v/(1 — p). Suppose Y (1) is a L,-Jacobi
field along vy with Y (0) = 0 and V.Y (0) = w/(1 — p) where Y (s) = Y (7) with
s=T7"P. Then

(2.14) Y (1) =d(Ly-eapy,)o(w) YO<T <7



Generalized L-geodesic and monotonicity of the generalized reduced volume 531

Proof. Let o : (—e1,e1) — Tp, M be a curve in T,,, M such that a(0) = v,
a’(0) = w. Let 3 = 7'"P. By continuous dependence of solutions of O.D.E.
on the initial data there exist € € (0,e1) such that for any p € (—¢,¢) there
exists a unique solution (s;a(p)/(1 — p)) of (1.10) on [0,5] which satisfies
(1.13) with ¥ being replaced by a(p)/(1 — p). For any |p| < &, let y(7; a(p)) =
Y(s;a(p)/(1 — p)) with s = 717P. Then ~v(7;a(p)) is the L,-geodesic on [0,7]
which satisfies (1.18) with v being replaced by «a(p). Let

h(r,p) = Lp-exp, (a(p)) =v(T;a(p)) YOS T <7 |p| <e

and

= Oh
Y S) = Y T) = —
1(s) = Yi(7) ap(
Then
Yi(7) = d(Ly-exp], )o(w) YO < 7 <7

Since h(oap) = DPo Vp € (7875)7

(2.15) 1(0)=0=Y(0) = Y;(0)=Y(0)=0.
Then
(2.16)
V0 = 0.0 = | Sos= 2| T/ -)
L0 el _ o0 w o

= V.Y (0).

COpl,ol-p 1-p 1-p

By an argument similar to the proof of Theorem 2.1 171(3) isa Zp—Jacobi field
along 7. Since both Y and Y; satisfies (2.13), (2.15), and (2.16) on [0,5], by
uniqueness of O.D.E. Y = ¥; on [0,5]. Hence Y (7) satisfies (2.14) and the
theorem follows. O

By Theorem 2.2 and an argument similar to the proof of Proposition 3.9
in Chapter 5 of [1] we have

Theorem 2.3. Let0 <7 < tg, v € T, M, and let v =~v(7;v) : [0,7] —
M be a L,-geodesic which satisfies (1.18). If v(T) is not Ly-conjugate to po,
then for any Vo € T,z M there exists a Ly-Jacobi field Y (7) along v with
Y(0)=0 and Y(7T) = V.

Definition 2.5 (cf. Definition 4 of [25]).  For any 7 € (0,%9), we define
the injectivity domain €2,(7) at time 7 by
Q,(T) ={¢ € M : 3 a unique £,(g, 7)-length minimizing £,-geodesic
v :[0,7] — M such that v(0) = pg,(T) = ¢, and ¢ is not
L,-conjugate to pg along v}

and we define the cut locus C,(T) at time 7 by C,(T) = M \ Q(7).
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Definition 2.6. For any q9 € M, 0 < 19 < T < tg, we define the
L& -injectivity domain Q% (7) at time T by

QL (T) ={q € M : 3 a unique LL (g, 7T)-length minimizing £,-geodesic

T0,P T0,P
v : [10,7] — M such that y(m9) = qo,7(T) = ¢, and ¢ is not
L,-conjugate to go along v}

and we define the £ -cut locus C° (7) at time 7 by C (T) = M\ QL (7).

T0,P

By the theory of ordinary Riemannian geometry and a similar argument as
the discussion on p. 513 of [25] L,(g,7) is a smooth function in U/, (7") X

{7’} and LL (q,7) is a smooth function in U/, Q%0 (1) x {7'}.

Lemma 2.2. Let 7 € (0,tg). Suppose (M, g) satisfies (1.20) for some
constant ¢1 > 0. Then for any 0 < p < T, Ly(-,p) is locally Lipschitz in M
with respect to the metric g(p).

Proof.  'We will use a modification of the proof of Proposition 2.12 of [25]
and the proof of Theorem 1.4 to prove the lemma. Let 0 < p <7, ry > 0, and
let q1,q2 € Bo(po,70). By Theorem 1.2 for i = 1,2, there exists £,(¢;, p)-length
minimizing £,-geodesic 7;, with ;(0) = po and v;(p) = ¢;. Let v : [0,d] —
M be a normalized minimizing geodesic with respect to the metric g(0) with
7(0) = q1, v(d) = a2, [/'| = [7'|g¢0) = 1 on [0,d] where d = do(g1,¢2). Then
’Y([(Ld]) C Bo(p0727"0). Let

Ky = sup (|R| + |Ric]).
Bo(po,2r0)x[0,7]

Then Ky < co. For i = 1,2, let d; = do(po,q;) and let 7, : [0,d;] — M be a
normalized minimizing geodesic with respect to the metric g(0) with 7,(0) = po,
%;(d;) = ¢;. Then d; < rg and 7,([0, d;]) C Bo(po,2ro) for i = 1,2. By Lemma
1.6 and the proof of Lemma 1.7, there exist constants A; = Ay (7,70, Kp) > 0
and r1 = r1 (7, ro, Ko) > 2rg such that

LP(QMP) < Al Vi = 172
dO(p07rYi(T)) <r VOSTSP7Z:1’2

Let

K, = sup (|IR| 4+ |VR| + |Ric|)
Bo(pg72'r‘1)><[0,?]
and let 3;(s) = 7;(7) with s = 717P for i = 1,2. Then 71, 72, are Ep—geodesics.
We assume now d = do(q1,¢g2) < p/4. Similar to the proof of Proposition 2.12
of [25] we let

Y1(7) ifo<rt<p-—2d
B(r)y={ n(2r—p+2d) ifp—2d<7t<p—d
v —p+d) ifp—d<t<p.
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Then by Lemma 1.5,

Lp(Q27 p)
S Ep(q27 ﬂa p)
P p—d )
< Ly(qi,p) — / T’ R(m(7),7)dr +/ TP[R(vi(7), ) + 4 (7)) [ ] dT
p—2d p—2d

+ [ PIROE) ¢ e

< Lyp(qu,p) + (p+ 1) ' 2K (0P = (p = 2d)PFh) + 2F0P (pP T — (p — d)P )]
(2.17)

p
+2e2K1p/ 7P|y (1)|? dr.
p—2d

where 7/ = 27 — p+2d and 7/ = 7 — p+d. By the same argument as the proof
of Lemma 1.4, (1.17) holds in (0,5,), 5, = p'~?, for some constant Cy > 0,

C3 > 0, depending only on K; with X (s) and v, being replaced by 7/(s) and
v; = 71(0), for i = 1,2. Since 7.(s) = 7P~/(7)/(1 — p), by (1.17) there exist
constants Cy > 0, C5 > 0 and Cg > 0 such that

(2.18) Cylvi]? — Cs < T?P|YU(1)]2 < Cs(1 4+ |wi]?) YO<T<p,i=1,2.
By (2.18),

p P
Caplvi|® = C4/ lv;|? dr < C’5p+/ 72|y ()2 dr
0 0

P
< Csp+pP (Lp(qi,p) + K1/ TP dT)
0
(2.19) < Csp+pP (AL 4+ (K1pP™ 1 (p4+1)) =Cr Vi=1,2.

By (2.18) and (2.19),

P P
/ P ()2 dr < Co(1+ |ui|2)/ P dr < 205(1+ |0s2)d/ (p — 2d)P
p—2d p—2d
(2.20) < 4dCs(1+ (C7/Cup))/p? Vi=1,2.

By (2.17) and (2.20) there exists a constant Cs = Cs(p,T,19) > 0 such that
Lyp(g2,p) < Lp(q1, p) + Csdo(g1,92) V41,42 € Bo(po, o), do(ar,92) < p/4.
Hence by Lemma 1.5,

Ly(q2,p) < Lyp(q1,p) + Cody(q1,92) Ya1,q92 € Bo(po, 7o), do(q1,q2) < p/4

for some constant C9 > 0. Interchanging the role of ¢; and ¢ in the above
inequality,

Ly(q1,p) < Lyp(g2, p) + Cody(q1,92) V1,62 € Bo(po, 7o), do(q1,q2) < p/4.
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Hence

|Lp(q1,p) — Lp(az, p)| < Cody(q1,q2) Yq1,q2 € Bo(po,70),do(q1,q2) < p/4
and the lemma follows. 1
By an argument similar to the proof of Proposition 2.13 of [25] we have

Lemma 2.3. Let 7 € (0,%). Suppose (M,g) satisfies (1.20) in (0,7)
for some constant ¢c; > 0. Then for any ¢ € M, Ly(q,-) is locally Lipschitz in
(0,7].

Lemma 2.4.  Suppose (M, g) satisfies (1.20) in (0,tg) for some constant
c1 > 0. Then Q,(T) is open in M for any T € (0,t) and

Uo<r<to$2p(T) x {7}

is open in M x (0,tg) with respect to the product metric gdz? @ dr*. Hence
Cp(T) is close in M for any T € (0,t0) and Upcr<i,Cp(T) X {7} is closed in
M x (0,tq) with respect to the product metric g dz? & dr2.

Proof. Let T € (0,t9) and ¢ € Q,(7). Let y(7;v) be the minimizing
L,(q,T)-geodesic given by Theorem 1.2 which satisfies (1.11) and (1.18) for
some v € Tp, M. Since ¢ is not L,-conjugate to pg, by Theorem 2.2,

ker(d(Lp-exp] )y) =0 = det(d(Ly-exp],)y) # 0.

By the inverse function theorem there exist € € (0, min(7, %y — 7)/2), B(v, 7o)
and an open neighbourhood O(q) of (¢,7) in M x (0,9) such that the map

¢:Bv,rg) X (T—e,T+e) — 0(q)

given by ¢(v,7) = (L,-expj, (v),7) is a differeomorphism for any 7 € (7 —¢,7+
) and

(2.21) det(d(Lp-expy )v) #0 V|7 =7| <e,v" € B(v, 7).

We claim that there exists By(gq, 1) X {T} C O(q) such that By(q,r1) C Q,(7T).
Suppose not. Then there exists a sequence of points {¢;}°,, ¢ € Qp,(T) Vi€
Z7T, such that ¢; — q as i — oo. By the proof of Lemma 2.2, there exist a
constant C; > 0 and iy € Z* such that

Lp(qi,7) < Lp(q,7) + Crdo(gi,q) Vi = io
(2.22) = 3Cy > 0 such that L,(q;,7) < Cy VieZ".

Now by Theorem 1.2 for any i = 1,2, ..., either

(i) ¢; is Lp-conjugate to py along some L,(g;, 7)-length minimizing

L-geodesic y(+;v;) satisfying v(0;v;) = p and v(T;v;) = ¢;
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or

(ii) there exists two L,(g;, T)-length minimizing £,-geodesics (-;v;) and
(5 vj) satisfying 7(0; vi) = ¥(0;v)) = p,¥(T;0i) = ¥(T;v)) = g, with
v; # V)

where y(-; w) stands for the solution of (1.11) and (1.18) with v being replaced
by w. Then either (i) or (ii) holds for infinitely many i € Z*. We now divide
the proof into two cases:
Case 1: (i) holds for infinitely many i € Z™.

Without loss of generality we may assume that (i) holds for all ¢ € Z¥.
Then by Theorem 2.2,

(2.23)
ker(d(ﬁp—exp;)vi) #0 VieZ"® = det(d(ﬁp—expzo)vi) =0 VieZ".

By (2.22) and an argument similar to the proof of (2.19) there exists a constant
ro > 0 such that

(224) |’UZ'|§7‘2 V’L:LQ,

Since the closed ball B(0,r2) is compact in T}, M with respect to the metric
9(po,0), the sequence {v;}52, has a subsequence which we may assume without
loss of generality to be the sequence itself such that v; — vy as i — oo for
some vg € Tp,M. By continuous dependence of solutions of O.D.E. on the
initial data v(7;v;) will converge uniformly to a £,-geodesic v(7;v9) on [0,7]
as ¢ — oo. By Fatou’s Lemma and (2.22),

L,(q,7) < Ly(q,v(:3v0),7) < Jim Lp(qisi(-5vi),7) = Jim L,(q;,7) < Lyp(q,7).

Hence

LP(Q? F) = ‘Cp(q7 ’Y(a UO)? ?)'

Thus v(+;v9) is & minimizing £,(q, 7)-geodesic. Since ¢ € €(7), the minimizing
L,(q,T)-geodesic is unique. Hence vy = v. Letting i — oo in (2.23),

det(d(Ly-exp],)v) = 0.

This contradicts (2.21). Hence case 1 does not hold.
Case 2: (ii) holds for infinitely many i € Z™.

Without loss of generality we may assume that (ii) holds for all i € Z*.
By the same argument as case 1 there exists ro > 0 such that v;,v; € B(0,r2)
for all ¢ € ZT. Then as in case 1 by choosing a subsequence if necessary we
may assume without loss of generality that v; — v and v, — v as i — co. Then
there exists 79 € ZT such that v;,v] € B(v,rg) for all i > iy. Since the map ¢
is a differeomorphism,

Ly-expy (v;) = Ly-exp] (vj) = q; Vi > ig = v =, Yi>ip.
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Contradiction arise. Hence case 2 does not hold. Thus no such sequence {¢; }32,
exists. Hence there exists By(g, 1) X {T} C O(q) such that By(q,r1) C Q,(7).
Therefore Q,(7) is open. By a similar argument Up< <, (7) x {7} is open
in M x (0,tp) and the lemma follows. O

By Theorem 1.2, Lemma 2.4, and an argument similar to the proof of
Proposition 2.16 of [25] but with Lemma 2.2 replacing Proposition 2.12 in the
proof there we have

Lemma 2.5.  Suppose (M, g) satisfies (1.20) in (0,tg) for some constant
c1 > 0. Then Cp(T) is a closed set of measure zero for any T € (0,t).

Lemma 2.6.  Suppose (M, g) satisfies (1.20) in (0,tg) for some constant
c1 > 0. Then Upcr<yyCp(T) X {7} is a closed set of measure zero in M x (0,tg)
with respect to the product metric gdx? & dr?.

Proof. This result for the case p = 1/2 is stated in [25]. We will give a
proof of it here for any 0 < p < 1. By Lemma 2.4 we know that Up<r<¢, Cp(7) X
{7} is closed in M x (0, %o). It suffices to show that U, <<, (Cp(7)NBy(po, r0))
x {7} has measure zero in M X (0,%) for any 0 < 7 < 75 < to and 1o > 0.

Let 7 € [T17T2], 6> 0, QP(T, ’I"()) = QP(T) N .B(](p(h?’())7

Dy(r0) = Uo<r<toQp(T,70) X {7},
and
Cp(T1,72,70) = Up, <r<ry (Cp(T) N Bo(po, 70)) X {7}
We choose a compact set K(7) C Q,(7, ro) such that
m=(Q(T, ) \ K(T)) < 6.
Then by Lemma 2.5,

(2.25) mz(Bo(po, o) \ K(T)) < 4.

Since D,(ro) is open, for any ¢ € K(7) there exists ¢, > 0 and an open ball
O=(q) C Q(T) containing ¢ such that Oz(q) X [T — &, T + €4] C Dp(ro). Since
K(7T) is compact,

K(7) € Ul 0-(g;)

for some q1, ..., gn7) € K(T). Let e = minj<ij<n, 4,. Since [11, T2] is compact,
there exists 71 <71 <Tg < -+ < Tk, < 72 such that

[7‘1,7'2] C UZ()Zl(?k — €k, Tk T 5k)

where e, = €7, forall k =1,2,... ko. Let Iy = (T1 — €1, 71 + 1) N[, T2] and
I = ((Fx — e, T + 1) \ u’@ 1[ ) [71,72) for all k =2,3,... ko. Then

[Tl,TQ] = Uzozllk
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For any k =1,2,..., ko, let By, = (U075, (¢;)) X Iy where ny, = n(7x). Then
U2 By C Dy(ro) and
Cp(71,72,70) C (Bo(po,T0) X [11,72]) \ UzilEk
C UR%, (Bo(po;m0) \ K (7)) x I
= m(Cylri,m2m0)) < m (UL, (Bo(po. 7o) \ K (7)) X i)

ko
(2.26) <Y m((Bolpo, 7o) \ K (7x)) x Ii) .
k=1
Let C1 = supge—— R(q,7). Then C; < oo. Note that by [9] the

Bo(po,ro) X [71,72]

volume form /g of M satisfies

d -
(2.27) ‘d—\?’ =|Rg| < Ciy/g in By(po,ro) X [T1,T2]

(2.28)
= (g, 1)< eclg’“\/g(q,?k) Yq € Bo(po,70),7 € I, k=1,2,...,n.
By (2.25), (2.26), and (2.28),

ko

m(Cp(T1,T2,70)) < Z {ecle" \Ix|m=, (Bo(po, o) \ K(Tx)) }
k=1

k
< eClcSZO: || < €9 (2 —71)0.
k=1
Letting § — 0,
m(Cp(11,72,70)) =0
and the lemma follows. a

By Lemma 2.2 and Lemma 2.3 we have

Lemma 2.7.  Suppose (M, g) satisfies (1.20) in (0,to) for some constant
1 > 0. Then |VL,(q,7)| and OL,(q,7)/07 are locally bounded measurable
functions on M x (0,tg).

3. Second variation formula for the £,(g, 7)-length

In this section we will prove the second variation formula for L,(gq, 7). We
will prove various properties of the L,(g,7)-length, the generalized reduced

distance I,,, and the generalized reduced volume V, (7). We will now assume
that (M, g) satisfies (1.20) in (0, ¢o) for some constant ¢; > 0 for the rest of the
paper. For any 7 € (0, ), let
Uy () ={v € Up(T) : %(7T) € Q,(T) where 7,(-) = y(;;v) : [0,7] — M is the
L,-geodesic that satisfies (1.18)}.
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Note that by the definition of ©,(7) and Theorem 1.2,

 U3(7) = (1)

Ly-expy, uym) P

is a diffeomorphism. For any v € Up(T), let J,(v,T) be the Jacobian of the
Ly-exp; map at v. Let

Qp = UO<T<tQQp(T) X {T}

By the same argument as the discussion on p. 518 of [25] L,(q,T) is a smooth
function in Q,,. If 7 € (0,%9) and ¢ € Q,(7), then there exists a unique £,(g, 7)-
length minimizing £,-geodesic v satisfying v(0) = po, 7(7) = ¢, such that ¢ is
not £,-conjugate to pg. Then by Lemma 1.1,

(3.1) VL,(q,7) =27 (7).

Lemma 3.1.  Let (¢,7) € Q, and let v be a Ly-geodesic satisfying ~v(0)
= po, Y(T) = ¢, which minimizes the L,(q,T)-length. Suppose Y is as in
Lemma 1.1. Then

53/1’?((17?)
< 27 (X(7), 9y Y (7))

+/ {Hessr(Y,Y) + 2(R(Y, X)Y, X) + 2|VxY|* + 2V x Ric(Y,Y)
0

(3.2)
—4Vy Ric(X,Y)}dr

where X = X (1) =~/(7).

Proof.  We will use a modification of the argument of section 7 of [18] to
prove the theorem. Let f : [0,7] X (—¢,e) — M be as in the proof of Lemma
1.1. Since

{ Lp(f(?’z)v?) < ‘C;D(f(?7 Z),f(',Z),T) V|Z| <e
Lp(f(?7 0),7) = ‘Cp(f(?7 0), f(+,0),7),

differentiating (1.2) with respect to z and putting z = 0,

5%’LP(Q7?)
d? d?
= dz2 - Lp(f(?v Z)v?) < 422 o ‘Cp(f(Fa z),f(~,z),?)

< /T (Y (Y(R)) +2|VxY|? +2(X,VyVxY))dr
0
(3.3)

< /T LY (Y(R)) + 2|VxY|? + 2(X, VxVyY) + 2(R(Y, XY, X)} dr.
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Since
(VY. X) = Y((¥, X))~ (V, Ty X) = V(Y. X)) ~ (¥, Vx)
= Y((¥, X))~ JX(V,Y)),

we have

o)
= X((VyY. X)) + L9y Y X)

or
9 1.0
VxVy Y, X) + (Vy Y, Vad) + Y (GLY, X)) = S X (G2 Y)

=

=(VxVyY, X)+(VyY,VxX) 4+ 2Y (Ric(Y, X)) — X(Ric(Y,Y))

=(VxVyY, X)+(VyY,VxX) + 2Ric(VyY, X) 4+ 2VyRic(X,Y)
(3.4) — (VxRic)(Y,Y).

Note that (3.4) is stated in section 7 of [18] but there is no proof of it in [18].
We refer the reader to [16] for another proof of (3.4) by B. Klein and J. Lott.
By (3.4),

2/ Tp<X, VXVyY> dT
0
T (d
_9 / Tp{d—o(, Vy V) = (Vx X, VyY) — 2Ric(Vy Y, X)
0 T
— 2VyRic(X,Y) + (VxRic)(Y, Y)} dr
= 272 (X(7), V¥ (7))
TP 1 p :
—2 [ {2y, X) + (VyY, 2 VR - 2X — 2Ric(X, )
0 T 2 T
+ 2Ric(VyY, X) + 2Vy Ric(X,Y) — VxRic(Y, Y)} dr
=277(X(7), VyY (7))
(3.5) + / {~(VyY)R — AVy Ric(X, V) + 2V xRic(Y, Y)} dr.
0

By (3.3) and (3.5), (3.2) follows. O

Lemma 3.2. Let (¢,7) € Q, and let v, X, be as in Lemma 3.1. Let
b > (1 —p)/2 be a constant and let Y (1) be a vector field along v such that
[Y(7)| =1 and Y(7) solves the O.D.E.

(3.6) VY = —Rie(Y,) + 2V in (0.7).
T
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Then
Hessy, (g7 (Y (T), Y (7))
S _ _ . 252
S _2TpRZC(q, T)(Y(T), Y(T)) =+ W
(3.7) + (2p — 1)/ P Ric(Y,Y) dr —/ PH(X,Y)dr
0 0
and
B _ _ 2nb? 2p—1 (T oy
ALyla. ) < <37 R(0,T) 4 g e /0 FPE2-1R g
1 T
(38) - 5 Tp+2bH(X) dT
T 0
where
H(X,)Y)

= —Hessp(Y,Y) — 2(R(Y, X)Y, X) — 4(VxRic(Y,Y) — Vy Ric(Y, X))
1
— 2Ric, (Y,Y) + 2|Ric(Y,")|* — =Ric(Y,Y)
T

and
1

(3.9) H(X)=-R,— —R—2(X,VR) 4+ 2Ric(X, X)
T

1s the Hamilton’s expressions for the matriz Harnack inequality and the trace
Harnack inequality respectively (with time equal to —T).

Proof.  We will use a modification of the argument of section 7 of [18] to
prove the lemma. By (3.6),

d 2b
d—|Y|2 =2Ric(Y,Y)+2(VxY,Y)= =|Y|? Y0<7<T7T
T T

T

2b
(3.10) = |Y(T)|2:(f) VO<T<7 and Y(0)=0.

7

j / 7 {Hess (Y, Y) + 2(R(Y, X)Y, X) + 2|V x Y |2 + 2V xRic(Y, Y)
0

— 4VyRic(X,Y)} dr.

Then

(3.11) I = —/ TPH(X,Y)dr — I,
0
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where
T 1
L= / TP {QRicT(Y, Y) — 2|Ric(Y,-)|* + =Ric(Y,Y)
(3.12) 0 g
+2VxRic(Y,Y) — 2|VXY|2} dr.
By p. 17 of [18] and (3.6),
d
Z- Rie(V,Y) = Rier (YY) 4+ VxRic(Y,Y) + 2Ric(Vx Y, Y)
2b
(3.13) = Ric,(Y,Y) + VxRic(Y,Y) — 2[Ric(Y,-)|* + —Ric(YY).
By (3.6), (3.10), (3.12), and (3.13), I is equal to
T d_. . . o 4b_.
TP 2d—R10(Y, Y) — 2VxRic(Y,Y) 4+ 4|Ric(Y, )| — —Ric(Y,Y)
0 T T
1
— 2[Ric(Y; ) [* + =Ric(Y,Y) + 2V xRic(Y,Y)
T

2b b2
-2 [|Ric(Y, )|2 — ?Ric(Y, Y)+ §|Y|2} } dr

Hence

I = 27 Ric(q. ) (Y (7)Y (1) — — 22

2= -

’ ’ 2b—1)7 P
(3.14) _ v+ T
+(1— zp)/ P Ric(Y,Y) dr.
0

By Lemma 1.1,

(315) (Spr(q,?) = 2?p<X, Y> = (Svnyp(q,?) = 2?p<X, VYY>

By (3.11), (3.14), (3.15), and Lemma 3.1, (3.7) follows. Let {V;}"_; be an
orthonormal basis of T, M with respect to the metric g(v(7),7). For any

i=1,2,...,n, let Y; the solution of (3.6) with Y;(7) = V;. By an argument
similar to the proof of (3.10),

T\ 2b o
Vir). Vi) = (2) 0y Vij=12....m.

Let e; = Y;/|Y;|. Then Y;(7) = (r/7)’e;(7). By putting Y = Y; in (3.7) and
summing over i = 1,2, ..., n, by an argument similar to the derivation of (7.10)
of [18] in [16], we get (3.8) and the lemma follows. O

Lemma 3.3. Let(q,7) € Q, and lety, X, be as in Lemma 3.1. Suppose
Y (7) is a L,-Jacobi field along v with Y (0) = 0. Then

HBSSLP(q);) (Y(?), Y(?)) = 27P<Vy(;)X(?), Y(?»
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Proof. Let a: (—e,e) — M be a curve in M such that «(0) = ¢, o/(0) =
Y (7). Since Q,(7) is open, by choosing € > 0 sufficiently small we may assume
without loss of generality that a(—e,e) C Q,(7). Then for any z € (—¢,¢)
there exists a unique £,(a(z),T)-length minimizing geodesic v, : [0,7] — M
which satisfies v,(0) = po and 7.(7) = a(z). Let f : [0,7] X (—e,&) — M be
given by f(7,2) = v.(7) and let

Y(r) = 92 (7,0).

Then Y is a £,-Jacobi field along v with Y(0) = 0 and Y(7) = Y (7). By
uniqueness of solution of the O.D.E. for £,-Jacobi field, Y () = Y (7) for any
0 <7 <7. By Lemma 1.1, (1.3) holds. Since

Lyp(f(7,2),7) = Lp(f(T,2), f(,2),7) V2| <&,
differentiating (1.3) with respect to z,

d2
L[ (7, 2),7)
d2
= @ﬁp(f(?v Z)» f('»z)a?)
= 29V f(T,2), Vo f (T, 2)) + 277V f(T, 2), V2V [ (T, 2))
+ /T (V. V.f,VR — 2—pVTf — 2V, V. f—A4Ric(V.f,))dr
0 T
+ /T TPV f,VAVR — 2p/T)V . f — 2V, V. f —4Ric(V. f, )}y dr
0
(3.16)

=2TP(V V. f(T,2), V. f(T,2)) + 27P(NV f(T,5),V. V. f(T,2)) + 11 + L>.

Note that since v is a £)-geodesic, I; vanishes when z = 0. Since Y (7) is a
L,-Jacobi field along v, by the derivation of the £,-Jacobi equation in the proof
of Theorem 2.1, I5 also vanishes when z = 0. Hence by putting z = 0 in (3.16),
by (3.15),

6% Ly(q,7) = dvyy Ly(q, 7) + 27 (Vy X, Y)
= Hessy (oY (7),Y (7)) =6y Ly(q,7) — 6w, v Lp(q.7) = 277 (Vy X, Y).
=

Lemma 3.4. Let 7 € (0,t0), v € Uy(7), and let b > (1 —p)/2 be a
constant. Then
d _
%log JIp(v,T)
(3.17)

b’n 2p—1 [T 1 T
< P21 R dr — —/ PO (X)) d
Shr_1r 2?P+2b/0 ! T g [, ) AT
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where the integration is along the L,-geodesic 7, (T) which satisfies (1.11) and
(1.18), X(7) =7, (1), and H(X) is given by (3.9).

Proof. We will use a modification of the proof of a similar result for the
case p = b =1/2 in [18] to prove the lemma. Let v, : [0,7] — M be the unique
L,-geodesic which satisfies (1.11) and (1.18). Let {V;}?; be an orthonormal
basis of T, 7 M with respect to the metric g(v,(7),7). By Theorem 2.3 for
any ¢ = 1,2,...,n, there exists a £,-Jacobi field Y;(7) along v, with ¥;(0) =0
and Y;(7) = V;. Then by Lemma 3.3,

LIV = 2Ric(Yi(7), Yi()) + 2V Yi(7), Vi)

. _ _ 1 _ _ .
(3.18) = 2Ric(Y;(7), Yi(7)) + ﬁHessLP(q);) Y:(7),Y:(7)) Vi=1,2,...,n.
Forany i =1,2,...,n, let 12(7') be the solution of (3.6) with ﬁ(?) =V;. Then
by Lemma 3.2 and (3.18),
d
—Yi]?(F
2 vipe
(3.19)
202 2p—1 [T ~ ~ 1 [T ~
< p_lR'YZ-Yid——/ PH(X,Y;)dr.
_(erQbfl)F—i_ ?P/OT ie(Yi, Yi) dr ?POT (X, Yi)dr
Summing (3.19) over ¢ = 1,2,...,n, similar to the proof of Lemma 3.2 we have
n d -
> W)
i=1
(3.20)
2nb? 2p—1 [T T
p+2b—1 _ p+2bH X .
_(p+25—1)?+?p+2b/0 T Rdr _TJF%/O T (X)dr

Now

d 1 " d 1w d
21 | =S Lyrm =3 Ly 2e).
B21) gl Jp(0.7) = 5o z;‘“' @ =32 Z WP

i=1
Hence by (3.20) and (3.21) the lemma follows. O
By putting b = (1 — p) in (3.17) we have

Corollary 3.1.  Let 7 € (0,t0) and v € Up(T). Then

(3.22)
d . (=pn 2p—1 [T T,
Elong(v,T)g = + 2?2_”/0 T deTfTFQ_p/O TPH(X)dr

where the integration is along the L,-geodesic 7, (T) which satisfies (1.11) and
(1.18), X(7) =7, (1), and H(X) is given by (3.9).
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Lemma 3.5. Let g € M and let 5 : [0,3] — M be a Zp—geodesic satis-
fying ¥(0) = po and ¥(5) = q. Suppose there ezists so € (0,3) such that ¥(so)
is Lp-conjugate to po along 7. Then there exists a vector field Y1 along v such
that

0% L(4.7,5) < 0.

Proof. Let X(s) = 7(s). Since F(sq) is Zp—conjugate to po along 7,
there exists a Zp—Jacobi field Y : [0, 50] — M along ¥lo,s,], Y # 0, such that
Y(0) = 0 and Y(sg) = 0. Since Y # 0, V)zf/(so) # 0. Let W be a parallel
vector field along 7 with respect to the metric g(sp) = g(sé/(l_p)) such that
W(so) = VY (s0). Let

7 37(5) V0 < s < s
0 Vsg < s <3.

Let h € (0, min(sg, S — sp)/2) be a constant to be determined later. We choose
¢ € C*(R), 0 < ¢ <1 on [0,5], such that ¢(s) = 0 for all |s — so| > h and
d(s0) = 1. Let Yi(s) = Yo(s) + A¢W(s) where A € R is some constant to
determined later. Let f : [0,5] x (—&,¢) be a variation of 3 with respect to Y;
such that f(0,z) = po on (—&,¢) and f(s,0) = (s) for any 0 < s < 5 given
by Proposition 2.2 of Chapter 9 of [1]. By the same argument as the proof of
Lemma 1.2 (1.9) holds. Differentiating (1.9) with respect to z, by the same
argument as the proof of (2.6),

2 5~

@Lp(f(glz)’ f(a Z)vg)
= ﬁ S(VZVZJT, ST VR — 2(1 — p)QVSst— 401 — p)s%,R\i/c(st, ) ds
- 0
s ~ ~ 1 2p _~
—2(].—]))‘/0 <sz,VZ{VSVSf— WS »VR
+ T ps%ﬁ;(vsf, )}> ds
(3.23)

— ()~ 201 - p)Ia(2)
where I (2) is equal to

1 s ~ 2p ~ ~ p —— ~
s (V.V.f,sT7VR—2(1—p)?V,Vsf —4(1 — p)sT7Ric(V,f,")) ds
—PpJo

and
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Ir(z) = /0 <sz, VVVaf + RV [,V V= 53

+

7 _psﬁvz (E\E(Véf, )>> ds.

Since 7 is a Ep—geodesic,
(3.24) I,(0) = 0.
Since Y is a Zp—Jacobi field on [0, s¢],

15(0)

/ <37o F AW,V 5V ¢ (Yo + AW + R(Yy + AW, X)X
0

1 2p ~ 2
Ta( gt Vrennew (VR T

ST7 Vg o (Rie(X, .))> ds
o [ (To AW T V(00 + 0ROV, X)X
0

1 2p >
- WS P¢VW(VR) +

- _psﬁ¢vw(ﬁ§:(§,-))>ds

(3.25)
= Aoy + N21os

where

Iy = /O 0<}7,V§V§(¢W) + ¢R(W, X)X — T )QS%WW(VE)
(3.26)  + 13 sT7 ¢V (Ric(X, -))> ds
and

Ba = [ {6WV W) 4 6ROV )R - gty 09w (VD

(327)  +1 2psﬂ»¢vw(ﬁi€<5{,.))>d5.
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Now by (1.8),
/ P VeV (o)) ds
_ / S°{d%<i V(W) — (V¥ V(o)

2 psﬁﬁivc(f/ Vs (¢W))} ds

LT, V(o) | ds

{vyv OW)) + 1
)

~ 2  — ~
(VY oW) = (VV eV, W) — ——sTTORIC(VgY, W)

0

+ sTFRic(Y, V)z(is))} ds

< 50 i 2 j2 ey ~
=—|VgY(80)|2+/0 {¢<V)?V)?Y,W>+ _psﬁquic(V)?Y,W)

(3.28)

ST RI(T, T s(07) | ds
Since
sTRI(Y, Vg (6W))

p—1-—~— ~

pp31 7 Ric(Y, oW) — sT57 paﬁ(mc)(ﬁqu)

d P
= 2 (sTPRic(Y, ¢W)) —

(3.29)
— sT5V ¢ (Ric) (Y, $W) — sT Ric(V ¢V, oW)

By (3.26), (3.28), and (3.29),

~ S0 ~ ~
(3.30) Iy, :—|V§Y(so)|2+/ dG(W,X,Y)ds
Sg—h
where
G(W,X,Y)
PP 1 2 ~ 2 — =
=(Y X)X — 5T =) ic(X ..
(VROVIX - J sV (VR + sV (R ) )

F(VgVgV, W)+ sTFRIC(V Y, W)

2 D 2p—1—— = La =T\ /<
T {1_ s1-» Ric(Y, W) + s PE(Rlc)(Y,W)

+ 575V ¢ (Ric)(Y, W) 4 s 77 Ric(V ¢ Y, W)}.
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Let C7 = 1 + maxg<s<s |G(W, X,Y)| and let

b |V;z5~’(80)|2.
20,
Then by (3.30),
1 ~
(3.31) I < —§|V§Y(so)|2.

We now choose A < 0 such that 0 > A > 7|V§17(so)|2/[4(1 + |I2,2])]. Then by
putting z = 0 in (3.23), by (3.24), (3.25), and (3.31),

52 £,(0.%.5) < A1~ p)(~V £V (50)* + 20 T22) < A1~ p)|V ¥ (s0)/2 < 0
and the lemma follows. O

As a consequence of Lemma 3.5 and the equivalence of the £,-geodesic
and L,-geodesic by relations (1.4), (1.5), we have

Corollary 3.2. Let g € M and let v : [0,7] — M be a L,-geodesic
satisfying v(0) = po and ¥(T) = q. Suppose there exists 79 € (0,7) such that
v(70) s Lp-conjugate to po along y. Then there exists a vector field Y1 along v
such that

éfflﬁp(% v,7T) < 0.

By an argument similar to the proof of Lemma 3.5 and Corollary 3.2 we
have

Lemma 3.6. Let ¢ € Mand let v : [0,7] — M be a L,-geodesic satis-
fying v(0) = po and v(T) = q. Suppose there exists 79 € (0,T) such that q is
L,-conjugate to y(1y) along 7|[T0ﬂ. Then there exists a vector field Y1 along
such that

532/1‘61)(q7’7a?) < O
Corollary 3.3.
Uy(m2) CU)(11) Y0 <7 <7 <tg.

Proof. Let 0 < 71 < 7o < tg. Let v € Up(mz). Then v,(m2) € Qy(72)
where 7, (-) = v(:;v) : [0,72] — M is the £,-geodesic that satisfies (1.18). By
the definition of Q,(72), v(;v) is the unique L£,(7y,(72), T2)-length minimizing
L,-geodesic joining py and 7,(72) and +,(72) is not £,-conjugate to py along
v,. By an argument similar to the proof of Proposition 2.2 of chapter 13
of [1], ¥(sv)l(g,5,) is the unique Ly (yu(71), 71)-length minimizing £,-geodesic
joining po and 7, (71). Suppose 7,(71) is Lp-conjugate to py along %(')|[0,n]'
Then by Corollary 3.2 v, is not a £, (7, (72), 72)-length minimizing £,-geodesic.
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Contradiction arises. Hence 7,(71) is not £,-conjugate to po along ¥(+;v)g -
Thus v € Uj,(71) and the lemma follows. O

By Lemma 3.6 and an argument similar to the proof of Corollary 3.3 we
have

Corollary 3.4. LetT € (0,t9) and ¢ € M. Suppose v : [0,T] — M is
the L,(q,T)-length minimizing L,-geodesic which satisfies v(0) = po, ¥(T) = ¢,
given by Theorem 1.2. Then q € Q;’I(T,})(?) forany 0 <1 <T.

Corollary 3.5. By Corollary 3.4 and an argument similar to the proof
of Proposition 2.15 of [25], (3.2), (3.7), (3.8), (3.17), (3.22), etc. in this section
holds in M x (0,tg) in the barrier sense of Perelman [18].

4. Monotonicity property of the generalized reduced volume \7:,,(7)

In this section we will prove the monotonicity property of the generalized
reduced volume V,(7) for 1/2 < p < 1. We first start with a lemma.

Lemma 4.1.  Suppose M has nonnegative curvature operator in (0,T).
Then for any T € (0,19), v € U,(T), there exists a constant C1 = C1(v,T) > 0
such that

d
(4.1) p (T_(l_p)"e_C”Jp(vﬁ)) <0 Vo<7<7T
and
(4.2) lim, =P T (v, 1) = (1—p)~™.
Hence
(4.3) 7 A=Pne=Cm g () < (1—p)™ YO<T<T

If M also has uniformly bounded scalar curvature on (0,T), then we can take

_((@2p—1) t
Y o= (o * =) Il

Proof. Let v € Uy(7) and let v, : [0,7] — M be the unique L£,-geodesic
which satisfies (1.18). We extend +, to a £,-geodesic on [0,7 + ¢) for some
constant € € (0,9 — 7). Let

ri = sup do(po, V(7))
0<7<7+¢

and let

N (2]3— 1)+ T+¢ su .
Q‘{z@—m'*%@—m} p__ IRl
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If M also has uniformly bounded scalar curvature on (0,7), by Corollary 1.1
we can choose € = g — 7 and let C; be given by (4.4). Since M is complete
with respect to the metric g(7) for any 7 € (0,t9), Bo(po,r1) x [0,7] is compact.
Hence C7 < oo. Let H(X) be given by (3.9). Since M has nonnegative curva-
ture operator in (0,7), as observed by Perelman [18] by Hamilton’s Harnack
inequality for the solutions of Ricci flow [§],

(45) HX() 2 (4 = RO 2 -

T THe—T m

R(y(7),7)

for any 0 < 7 < 7. Since v € Up(T), by Corollary 3.3 v € U,(7) for any
0 < 7 <7. Hence by Corollary 3.1 and (4.5),

d
ar log J, (v, T)

1-— 2p—1 (7 T
S( p)n+ P /plprdp— /pipH(X)dp
0

T 272-p 2r2-r J,
(1-—p)n 2p—1/T - ?+€/T pP

< PRd Rd

- T + 272-r J, P p+272*i” 0o T+e—p r

]_i
wjtcl VO <7 <7
.

Thus

d
o log (T(lp)"eC”Jp(v,T)> <0 YO<7<T7T
-

and (4.1) follows. Let 7z(s) = v,(7) and let jp(v, s) = Jp(v,7) where v =
v/(1 —p) and s = 7'7P. Then 75(s) satisfies (1.10) and (1.13) in (0,3) where
5 =71"P. We write

55(5) = (?’117(5)7§%(3)7 s 7?’?(5))

and

v=(vhv% ... 0"

in the normal coordinate system around py with respect to the metric g(po, 0).
Differentiating (1.13) with respect to v/, j = 1,2,...,n,

P
82;(0):0 Vi,j=1,2,....n
d (07 b)Y .

_ U = :12... .
S50 )= vii=12.m

Hence there exists so € (0,5) and functions ¢’ (s) such that € (s) — 0 as s — 0
foralli,j=1,2,...,n and

AL, 0 +e(s)

(4.6) S (s) = ==

s Vi,j=1,2,...,n.
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Since 1/g(po,0) = 1 in the normal coordinates around pg, by (4.6)

N oL
Jp(v,s) = g(po,s“)det<avj (8))

n

s BN S
= gy V 9o sT7) det (8] + £5(5))
= B = (e By det e = (e
and (4.2) follows. By (4.1) and (4.2), (4.3) follows. O

Lemma 4.2.  Let 7 € (0,t0) and v € U)(T). Suppose 7, : [0,7] — M s
the unique L,-geodesic that satisfies (1.18). Then

(4.7) lim, g+ lp(7(7),7) = |v]*.

Proof. Let s =7'"P. Let r; > 0, v, and 75 be as in the proof of Lemma
4.1 and let

K, = sup (|R| + |VR| + |Ric|).
a € Bo(pg,r1)
0o<r<T

Now

lp(’yv(T)ﬂ—)
(4.8)

1—p [T 1—p [T
= [ R o ) [ R de = 1) + 1)

where
(4.9) |I(T)|<1;pK7'2p—>O as T — 0

. 1 >~ 1+p 1 .

By the same argument as the proof of Lemma 1.4, there exist constants Cy > 0,
C3 > 0, such that (1.17) holds on [0,5]. Then by (1.17),

Te % ! Cap 1+2p T 2
Sl - g map s [ o do
0 0

T eC2r 2 ! 1+42p
(4.10) = | (el Cap ) dp

where C4 = (1 — p)?Cs. Now

T Cap 1-p 24+p
e T T
4.11 — (]2 + CLp PV dp < ©2T [ ——|u]? + O

and

T = C2p 1-p 2+p
(12 [ - G ) dp T - O
o PP 1-p 2+p
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By (4.10), (4.11), and (4.12),

- 1—p 1—p [T
C 2 / 1+2 ! 2
Ol = Cig et < L [ i) dp

(4.13) .
< e <|v|2 + Cé—p’]'l+2p>.
2+4+p

Letting 7 — 0 in (4.13),

(4.14) lim, (1) = |v|2.
By (4.8), (4.9), and (4.14), we get (4.7). O
Theorem 4.1.  Suppose M has nonnegative curvature operator with re-

spect to the metric g(t) for any 7 € [0,T). Suppose M also has uniformly
bounded scalar curvature on M x (0,T) when 1/2 < p < 1. Let Ay = 0 if
p=1/2. Forany1/2<p<land0<c<1, let

(4.15) Ay = ((5?2—_1;; 3G ip)c> IR Lo

and let 19 be given by (0.2). Then

(4.16) e MV (15) < e MMV () < (VA/(1—p))"

forany0<m <1 <7y and1/2<p<1whereTy =(1—¢c)m9 if1/2<p<1
and T1 = tg ifp:1/2.

Proof. Let p € [1/2,1), 0 < 72 < 71, and v € Up(72). Let v = v, :
[0, 72] — M be the unique £,-geodesic that satisfies (1.18) and let X (1) = /(7).
By Corollary 3.3 and its proof, v € U,(7) for any 0 < 7 < 7 and "y|[077] is the
unique Ly(7,(7), 7)-length minimizing £,-geodesic between py and ~,(r) for
any 0 < 7 < 7y. Hence L,(v(7),7) = L,(v(7),,7) and

(4.17)
dL, d v 5
— (1), 1) = —Lp(y(7), 7, 7) = T(R(y(7), 7) +1X(T)[T) VO <7 < 7.
When there is no ambiguity we will write R, X, L,,, and I, for R(v(7), 1), X (1),
LP(7(T)>T)7 and lp(,Y(T%T)' Then

B 3(ry,m) = LoD gy 7y - L2V g
(4.18) = (1_—2))[7-”“(1%—1- IX]?) - (1-p)L,] YO<T<T0.

T2-P
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Now by (1.11),
d
il X2
SR+ |XP)
= R, + (X, VR) + 2(X, Vx X) + 2Ric(X, X)
2
= R, + (X,VR) + (X, VR — £X — 4Ric(X, ) + 2 Ric(X, X)
T

2
= R, +2(X, VR) — 2Ric(X, X) — 22| x?
T

2 2 — 1
(4.19) - —H(X)—7p(3+|X|2)+ pT R
where H(X) is given by (3.9). Hence
d
TR+ X))
d (p+1)
_ p+1) = X 2 ) X 2
el L xp) + EE e x|
2 % — 1 1
TPH{H(X) LR+ |XP)+ TR+ (pj )(R+|X|2)}
(4.20) = -—7PT H(X)+ (1 —p)rP(R+|X|?)+ (2p—1)7PR Y0 < 7 < 7.
Since
(4.21) lim 7P X2 =0

T—0
by (1.18), integrating (4.20) over (0, 7),

PR XP) =~ [ P UHX) dpt (L= p)Ly+ - 1) [ o Rdp
0 0

(4.22)
= (=L, - PR XP) = [P 20-1) [ PR
0 0

for any 0 < 7 < 75. Let
Zy(v,7) = T—(l—p)ne—lp(%(r),T)e—Aoer(v7T).
By Corollary 3.1, (4.18), and (4.22), V0 < 7 < 73,

d
- 10g Z,(v,7)

2]3—]. T 1—p 1 /T 2
= dp — —— PH(X)dp — A
272_,)/0 pPRdp ==l (X)dp— Ao

LD oo o) [ rap)

T27P

(4.23)
< 2p—1
- 2727p

LT e o1 — ey E(X) dp.
s | =20 - H () dp

/ P PRAp— Ag
0
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When p = 1/2, the right hand side of (4.23) is < 0. When 1/2 < p < 1,
by Corollary 1.1 we can extend v to a Lp-geodesic on (0, (1 — ¢)1p). Since
79 < (1 — ¢)719, by the Hamilton’s Harnack inequality [8] and an argument
similar to the proof of (4.5),

1
(4.24) H(X(1)) > —ER(V(V(T),T) Vo< 1< (1—-0¢)m9
By (4.24) when 1/2 < p < 1, the right hand side of (4.23) is bounded above by

2p—1 [T 1—p 1 T 1 9p—1
lidﬂ*A + —F P pl*?l*p P lid <
272-p /0 P 0" 92 /O ( ( )p JRdp <0

for any 0 < 7 < (1 — ¢)79. Hence by Corollary 3.3 and (4.23),

Zp(’()77'2) < Zp(’()77'1) Vo< < T2,V € UZ/7(T2)

= Zp(v, 12) dv §/ Zp(v,11) dv §/ Zp(v,11) dv
U} (72) U, (72) UL (1)

for any 0 < 7y < 79 < 71. Hence
(4.25) e~ AV (1) < em TV (1) VO <7 <7 < T

By (4.25), Lemma 4.1, Lemma 4.2, and the monotone convergence theorem,
(4.26)

A < [z < (o [ e = (Va/-p)"

0
UZI,(TQ) T—

holds for any 0 < 72 < 79. By (4.25) and (4.26) we get (4.16) and the lemma
follows. 0

5. Monotonicity Property of the rescaled generalized reduced vol-
ume

In this section we will assume that (M,g) is an ancient solution of the
Ricei flow in (—o0,0). We will fix a point (pg,tp) € M x (—o00,0) and let g
and g be related by (0.5). Unless stated otherwise we will also assume that M
has nonnegative curvature operator with respect to ¢g(7) for any 0 < 7 < oo.
We will consider the L,-length, L,-distance, ‘7;,(7), etc. all with respect to
this point (po,to). We will derive various scaling properties of these geometric
quantities in this section. For any 7 > 0, let

= 1
g (1) = ;g(FT) V7T > 0.

and let R7(q,7) be the scalar curvature of M at g with respect to the metric
g7 (7). We also let L7, L7, I7, V,T be the corresponding Ly, Ly, I, V, functions
with respect to the metric g7. Note that

R7(q,7) =7TR(q,77) Yq & M,7,7> 0.

For any curve v in M we let ¥7 be the curve in M given by 77 (p) = v(7p).
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Lemma 5.1.  Let vy : (11,72) — M be a L,-geodesic in (11,72). Then
for any T > 0, 47 is a Ly-geodesic with respect to g™ in (11 /T, 72/T). If 1 =0
and v satisfies (1.18) for some v € T, M, then 4" satisfies (1.18) with v being
replaced by 7'~ Pv.

Proof. Let X(7) = X(v(7)) = 4/(7) and let X7 (p) = X" (v (p)) =
Y™ (p). Then X7 (p) =TX(Tp), and V11 < p < 72, Y € Ty M,

(VxX)(7p) = gxw) = ;d%X (Tp) = %(VX?X?)(p)
(5.1) = (VxX(Tp),Y)yemp) = l<VX?X?(p)7Y>g?(p)7

T

. _ 1. T
Ricy(rp) (X (Tp),Y) = %Rlcg?(p)(X (p),Y)
1,1 -
<%X (p)ay>g?(p)

_ _ 1 - _
<VR(,Y(Tp)’Tp)’Y>9(?P) = %(VR (’Y(Tp)ap)vy>g?(p).

Since « satisfies (1.11) in (71, 72), by (1.11), (5.1), and (5.2), V71 < p < 72,Y €
Tyzp)M,

(5.2) <%X(?P)»Y>g(?p) =

TP %

— 1 _ — —
<VXTXT — VAT + EXT 4 2Ricr(,) (X7, .),Y> —0
P 97 (p)

1 _ _
= VxeXT - JVE + ];XT +2Ricyr(,)(XT,) =0 Vry < p< 7.
If 4 = 0 and ~ satisfies (1.18) for some v € T}, M, then
lim p? X7 (p) = lim pP7X (Tp) = 7' P lim (Fp)? X (7p) = 7' Pv
p—0 p—0 p—0
and the lemma follows. O

Lemma 5.2. Foranyqe M, 7 >0, >0, the following holds.

) Ly(q7) = 2270

(i) (g, 7) = 7"~ *ly(q, 77).

Proof. Let v € F(q,77). Then v™ € F(q,7). Let X and X7 be as in the
proof of Lemma 5.1. Then

(g7 7) = / " PE T (0), p) + 1XT(0) )

- / " P EROT0), ) + TIX () 2rpy) dp
= L T RO, 2) + X ()2 de

=p 9(=)
T Jo

1 _
(53) = S £0(0,7,77)
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Since
veF(g,7r) & 7 € Fl(q,1),

by taking infimum in (5.3) over v € F(q,77), (i) follows. By (0.6) and (i), (ii)
follows. O

Lemma 5.3. There exists a constant C' > 0 such that

1 - C -
Gay  VTORRGn + 1S ) < )
for any T >0, 7 >0 and g € Q,(77).

Proof. We will use a modification of the proof of this result for the case
p=1/2 and 7 =1 in [18] to prove the lemma. We will first prove (5.4) for the
case T = 1. Let 7 > 0, and ¢ € Q,(7). By Theorem 1.2 there exists a unique
L,(q, 7)-length minimizing £,-geodesic « satisfying v(0) = po, 7(7) = ¢. Let
X(p) = +'(p) for any p € [0,7]. Choose 79 > 27. Then 7 < 79/2 and (4.24)
holds with ¢ = 1/2. Hence by (4.22) and (4.24),

(R(g.7) + X () < 1(@%@ﬂ—£%ﬁwaw@

Tp+1
Lp(g,7) +2/ pdep)
0

I
//~
Q

(5.5)

where H(X) is given by (3.9) and

o = (I1-p) H0o<p<1/2
L if1/2<p<1.

Then by (0.6), (3.1), (5.5),

Vi) = Sl 9L, )
= U2l n (X ()2 + Rlg, 7)) ~ 47 R(q, )]
< O (2 07~ 4R
(56) <MD g - 20D g r) v > 00 € 9,0
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where C{ = Cy + 2. Hence by (5.6) and Lemma 5.2 for any 7 > 0, 7 > 0,
qE€ QP(?T)a

VO (g,7))” =7 20|V (g, 77)

3.4 (1-p)C] _ 4(1 — p)? _
=7 p(ml (@.77) = Frypt-ap 1@
4(1-p)C1 - 41-p)? -

< Wl (0,7) = —5a=gy B (¢, 7)

and (5.4) follows. O
Lemma 5.4. There exists a constant C' > 0 such that
o7 7(q, 7

(5.7) S2(a.7) gc"(‘i ) e > 0,75 0,0 € 9,0)

Proof. We will use a modification of the proof of this result for the case
p =1/2 and T = 1 in [18] to prove the lemma. We will first prove (5.7) for
the case 7= 1. Let 7 > 0, and ¢ € Q,(7). Let v and X be as in the proof of
Lemma 5.3. Then by (3.1) and (5.5),

O (4,7) =22 g, r) = VL - X = 72(R+ |XP) — 279X
(5.8) =27PR — 7P(R + | X |?)

Cl
<TP(R+|XP) < = Lp(g.7)

69 = |52

where Cf > 0 is as in the proof of Lemma 5.3. By (0.6) and (5.9),

(L=p) 0Ly
T |5, (@7)

(1—]7) Clp(an)

Lp(qu) < T

(5.10) ’%(qm) =

for any 7 > 0 and ¢ € Q,(7). For the general case we let 7 > 0, p > 0, and
q € Q,(Tp). Then by Lemma 5.2 and (5.10),

OZT o . _ ol,
35 —L(q,p)| = ’a—p[?l 1, (q, Tp)]‘ 721 (q,Tp)‘
< o20-n (@ 70) _ F(ap)
- P p
and the lemma follows. O

For any 7 > 0, ¢ € M, we let

(5'11) Zp(‘]a'r) :Tlipr(QaT)
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and

n
Gp(g,7) = Lp(q,7) — %"

(5.12)
Gy () = min Gy(q. 7).

Note that by Lemma 1.6 G,(7) is well-defined.
Lemma 5.5. G,(7) is a decreasing function of 7 > 0.

Proof. Let 7 > 0 and g € Q,(7). Let v and X be as in the proof of
Lemma 5.3. By (4.22) and (5.8),

(5.13)
oL, o
W(Q,T) =27PR

_ T 2 71 T
d p)Lp(q,THl/ pPPHH(X) dp — w/ pPRdp
T T Jo T 0

where the integration is along the curve . Putting b = 1/2 in (3.8),

(5.14)

2p—1 (7 1 (7
AL < -27PR + + oPRdp — — PHH(X)d
»(¢,7) TPR(q, T) Sprir = /O dp T/o (X)dp

By (5.13) and (5.14),

oL, n (1-p)
W(qﬂ') + ALy(g,7) < il 7 L,(q,7) ¥7>0,9€ Q1)
oLy, 7 - (L-p)
= S +alyen) < (G2 + ALy + UL 00
_n
=%
(5.15)
G,
= W(Q,T) + AGp(g,7) <0 V7> 0,9 € Qp(7).

By (5.15), Corollary 3.4, Corollary 3.5, and an argument similar to the proof
of Proposition 2.15 of [25],

oG,
or
in the barrier sense of Perelman [18]. By the same argument as the proof of

Lemma 3.1 of [25] but with (5.16) replacing (3.1) in the proof there the lemma
follows. .

(5.16) (¢,7)+AGp(¢g,7) <0 in M x (0,00)

Corollary 5.1.

(5.17) min 17 (q,7) < n(1-p)

V7T >0 0.
qeM P - 2pri-% T=57>
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Proof. Let T >0 and 7 > 0. By Lemma 5.5,

0= Gy(0) = Gy(r) = iy (7 Lyl - 557

qeEM
) 72(1—p)l n
= 51611]\1}( 1 7 p(q,T) - %7’)
. n(l —p)
(5.18) = ?enj\r/} lp(q,7) < opri
By Lemma 5.2 and (5.18), (5.17) follows. O

By Corollary 5.1 for any 7 > 0 there exists ¢(7) € M such that

(5.19) (7 (a(7),1) = min (g, 1) < ”(121317).

Note that (5.17) and (5.19) will be used in the proof of the following lemma.

Lemma 5.6. For any ro > 0, 79 > 7 > 0, there exists a constant
Cy1 = Ci(ro, 11, 72) > 0 such that

(5.20) R™(q,7) +1;(g,7) < C1
holds for any 1 <7 <79, T >0 and g € M satisfying
(5.21) dgm(1)(a(7), @) < ro.
Proof. Let 1 <7 <7, 7>0, and g € M satisfy (5.21). Let v : [0,d] —

M be a minimal normalized geodesic joining g and ¢(7) with respect to the
metric g7 (1) where d = dy=1)(¢(7),q). Then by Lemma 5.3,

d
T i T (= 1 9 = i
11,(q,1)2 = 1;(q(7),1)2] = ‘/O a—plp(v(p)ﬂ)? dp

d E = 1
- / (VO (), 1) A (0)) 1) dp

[N

d _
< / V9O ((p), 1)) dp

<Cd
<Cry

(5.22) = I7(q.1) < (I5(q(7),1)* + Cr)? ¥ <7< 7

By Lemma 5.4 there exists a constant a > 0 such that V7 > 0,7 <7 < 79,

(5.23) I5(q,7) <13(q,1) (T“ + Tl—a>
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holds for any ¢ € Q,(Tr2). Since Q,(Tm2) is dense in M and
continuous function, (5.23) holds for any ¢ € M. Hence by (5.19)
(5.23),

620 G < (V- a7 + o (4 ) ¥nsr<n

1

,T) is a

I (q
, (5.22), and

By (5.24) and Lemma 5.3, (5.20) follows. O
Since
9 - T
Egij = 2Rija

by (5.20), Lemma 1.5, Lemma 5.3, Lemma 5.4 and an argument similar to the
proof of Lemma 5.6 we have the following lemma.

Lemma 5.7. For any ro > 0, 79 > 7 > 0, there exists a constant
C > 0 such that

{ |l;(Q17T) - ZZ((]Q, T)' < Cdg?(l) (th,‘b)
I7(q, p1) — 1 (q, p2)| < Clp1 — p2
forany T >0, 7 <7 <79, p1,p2 € [11,T2] and q1,qe, q satisfying (5.21).

By Lemma 5.6, Lemma 5.7, and an argument similar to the sketch of proof
of Proposition 11.2 of [18] and a diagonalization argument we have

Corollary 5.2.  Suppose (M,q) has nonnegative curvature operator in
(—00,0). If (M,3) is k-noncollapsing on all scales, then there exist a sequence
{gi}32, C M and a sequence {7;}2, C R, 7, — o0 as i — oo, such that
ITi(q,7) converges uniformly on

dg?i(1)(Qi>Q) S To, T1 S T S T2
as i — oo for any ro > 0 and 75 > 1 > 0.

Forany 7>0,p>0,0<p<1, let

7 _A-p)n 57
V, (p) = /Mp 2 e ) Ve, ().

Theorem 5.1.  Suppose (M,q) is an ancient k-solution of the Ricci
flow. Let g and G be related by (0.5) for some constant ty < 0. Let 7o > 0
for1/2 <p <1 andTo =0 forp=1/2. When 1/2 < p < 1, suppose also
that (M, g(7)) is compact and satisfies (1.21) in M x (0,00) for some constant
co > 0. Let Ag = 0 for p = 1/2 and Ay be given by (4.15) with ¢ = 1 for
1/2 <p < 1. Then for any 1/2 < p < 1 there exist constants Ay >0, Ay > 0,
such that e’W(?’p)Vp?(p) is a monotone decreasing function of T > T for any
p satisfying (0.3) where

(525) W(?7 p) — (Aop + A1p2p + A2p2p—36262?p)?
with Ay = As =0 for p=1/2. Moreover (0.4) holds for any 1/2 <p < 1.
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Proof.  Let p satisfy (0.3), 71 > To, and v € Up(T1p). Let v, : [0,T1p] —
M be the unique £, (v, (T1p), T1p)-length minimizing £,-geodesic given by The-
orem 1.2 which satisfies (1.18). By Corollary 3.3 and an argument similar to
the proof of Theorem 4.1, v € U, (Tp) and Ly(v(Tp),Tp) = Lp(v(Tp),,Tp) for
any 0 <7 < 7. Let

T n (A—p)n — _1_ o
Zy(v,p) = F_EP_ITPB_W(T"’)e_T1 zplp(%(TP)vTP)Jp(U,?P)

where W (T, p) is given by (5.25), A1 > 0, Ay > 0, are constants to be deter-
mined later for 1/2 < p < 1 and 4; = Ay = 0 for p = 1/2. By Lemma 5.2,
Corollary 3.1, (4.18) and (4.22), for any 7o <7 < 7y,

d T
=g Z;(v,p)

n (1-2p)
ST o b
- (AOP + A1p2p) — 202A2p2p—2?€2C2?p
1-2 1 — 7p -
con (1-2),  (1-p) (/ wp+1H(X)dw—(2p—1)/ wadw>
0 0

27 TP TiPpl-p

. (1 d . d _
(70(7p), 7p) = T2 p Uy (v0(7p), 7)) + p— log Ty (v, 7p)

1— % —1 TP 1 TP
+ ( _p)n + _211 / w! PR dw — T/ w* PH(X) dw
T 27 Ppl-p [, 274 Ppl-p J

_ (AOP + A1P2p) _ 202A2p2p72?62cg?p
2p—1 2p—1
no, (2p—1), . (2p—1)

S—(Qp—l)%"’ 7 P 92y

1 TP w\ P!
2T Ppl-r T

(5.26)
— 209 Agp?P~2Fe202TP

TP
/ w' PR dw — (Agp + A1p?P)
0

where the integration is along the curve v,. We now divide the proof into two
cases.
Case 1:p=1/2.
Then the right hand side of (5.26) is < 0 for any 7o < 7 < 77.
Case 2:1/2 <p< 1.

Since M has uniformly bounded Ricci curvature, by Corollary 1.1 we can
extend 7, to a L,-geodesic on (0,00). For any 0 < ¢ < 1, 7 > 0, choose 7y such
that 7 < (1 — ¢)79. Then by the Hamilton Harnack inequality [8] (4.24) holds.
Letting 79 — oo and ¢ — 1 in (4.24),

(5.27) H(X(1)) > —%R(’y(’y(T),T) vr > 0.
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y (5.27) the right hand side of (5.26) is bounded above by

(2p—1)

n 2p—1) [T -
~(2p- 1)§ * 7P b+ 272~ Ppl-—p /0 w' PR dw — (Aop + A1p?)

1 (1 _an w)*! 1-PR
], (1m2mn(3) )t

_ 202A2p2p72762cy'p

(5.28)
n (2p — 1) —9— 2eoT
(QP 1) 9 + = lp - A1p21 — 202A2p21 27‘62 27P

Since M is compact and satisfies (1.21), by (0.6) and Lemma 1.7 there exists a
constant Cy > 0 such that

(5.29) (o)) < o (7o + (200 )

Let Ay = (2p — 1)Cp and Az = (2p — 1)C/(2¢275). Then by (5.28) and (5.29)
the right hand side of (5.26) is <0 for any 7o < T < 71.

By case 1 and case 2 and an argument similar to the proof of Theorem
4.1 we get that e‘W(T’p)V (p) is a monotone decreasing function of 7 > Ty.
Hence when p = 1/2, ?( ) is a monotone decreasing function of 7 > 0. We
now write

Z;(U, p) = efw(?,p)[(Fp)f(lfp)n(]p(uFp)][Ff%(prl)ef?k?”lp(%(?p),?p)]p7<172")"'.

By Theorem 2.1 and Corollary 3.3 there exist constants 7o > 0 and r; > 0
such that B(0,71) C U,(7p) for all 0 < 7 < 7¢. Since B(0,7;) is compact
and the solution of a £,-geodesic depends continuously on the initial data, by
an argument similar to the proof of Lemma 4.1, for any € > 0, there exists
71 € (0,79) and a constant Cy > 0 such that Vv € B(0,r;),

(1—p) " —e<(Fp) TP O (0, 7p) < (1—p) " +e YO<T<T
Hence Vv € B(0,71),0 <7 <7

(5.30)
Z;(v, p) < eOTPWER) (1 — p)" + E)p(172p)n [F—%(211—1)6—?172”1»(%(Fp)fﬂ)]

d-p)n

Z7(v,p) > CTPWER (1= p) ™ —e)p~ 2 [F 2 Ve T2 (10 (Tp), 7).

g(v, 7, p) =7 5PN T (0T Te),

By the proof of Lemma 4.2 there exists constants Cy > 0, C4 > 0, K; > 0
such that (4.8), (4.9), and (4.13) holds. Let Cy = (1 — p)K;1/(1 + p) and
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Cs =C4(1—p)/(2+ p). Then by (4.8), (4.9), and (4.13),

—5(2p=1) TP [~Cu(Tp)*P+e” TP 0|2 ~Cs5(Tp) 2]

IN
Rl

g(v,7,p)
—B(2p=1) g—e CFTP(Ju] fTEPTV/2)2 Cump?P 4 CsTRpt 2

(5.31)

IN

-
for any v € Q,(Tp). Similarly

(5.32)  g(v,7, p) > 7 5D T T (ol/FO T2 Oy o7 oo

for any v € Q,(Tp). Hence

/ g(v, 7, p) dv
U, (7p)

p —2 142p _ __—Co7p —(2p—1)/2\2
<e CaTp?P +C572p' 2P o 5 (2p 1)/ e~ ¢ (lol/7 ) dv
Typo M

< (O CST P (s f2)7p / o1 gy

< eC4?p2”+Cs?2p1+2p+(n02/2)ﬂ)ﬂ_ 3

Thus

vl

(5.33) lim sup/ g(v, T, p)dv < m=.
U, (Tp)

T—0+
By (5.30) and (5.33),

hmsupV (p) <[(1—p) ™ +elnt
T—0t

(5.34) .
= limsup VT( J<(1—p) "2 ase—0.
T—0*

Similarly by (5.32),

(5.35) / (0,7, p) dv > e~ TP = CsT P = (nCa/2)Tp / eV .
(0,r1) B(0,r2)

— CoT
where 1y = 7~ 2 e ~% ;. Since 15 — 0o as 7 — 0, letting 7 — 0 in (5.35),

(5.36) liminf/ g(v, 7, p)dv > 2.
B(O 7‘1)

7—0+t
By (5.30) and (5.36),

liminf V, () > [(1—p)™" — eln®

(5.37) 70t .
= liminfV, p(p)>(1—p) w2 ase—0.

70t
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By (5.34) and (5.37), (0.4) follows. O

6. Smoothness property of the reduced distance

In this section we will prove a result on the reduced distance [ and the
reduced volume V(7) used by Perelman in [18]. This result was used in the
proof of Proposition 11.2 of [18] but no proof was given by Perelman in [18].
We will assume that (M, g) is an ancient k-solution with g and g being related
by (0.5) for some fixed ty < 0. For any 7 > 0, let Q(7) = Q1 (7). We also fix

1
3
a point pg € M and have L(q,7), V(7), etc. all defined with respect to the
reference point (po, to).
By an argument similar to the proof of Theorem 6 of [5] we have

Lemma 6.1. Let o > 7 > 0. For any rog > 0 there exists a unique
solution 0 < f € C°(By(po,T0) X [T1,72]) of

fr=Af—-Rf in Bo(po,r0) X (T1,72)
(6.1) flg,7) = =3¢ HaT) on OBoy(po,r0) X (T1,72)

n

flgm) =7 2e @™ in By(po,70).

We now state and prove a result that was used implicitly by Perelman in
his proof of Proposition 11.2 but no proof of it was given in [18].

Theorem 6.1.  Suppose V(my) = V(r) for some 75 > 7 > 0. Then
l(g,7) € C®(M x (11,72)) and satisfies

(6.2) L —Al+|VIP - R+~ =0
2T
in M x (11, 72) in the classical sense.

Proof. Suppose V(r1) = V(r1) for some 75 > 71 > 0. Let 7o > 0 and let
f be the solution of (6.1) given by Lemma 6.1. Let

Q¢) = /T /M {096+ (1 +19IF = R+ 5= ) 6} dVyr dr.
By [25],
(6-3) Q(¢) =0

holds for any Lipschitz function ¢ on M x [y, 73] which satisfies

|6(q.7)| < Ce™!l07) Vge M7y <7< 7
Vo(q,7)| < Ce™'7) Vge M,r <7<

for some constant C' > 0. Let h(g,7) = 7~ %e ' (@7). Then by (6.3) for any
oS CSO(M X [7‘1,7’2])7

64) Q(h¢)=0 = /T2 /M[(hT + RR)$ + Vh - V| dVy(r) dr = 0.
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Let 0 < 6 € C5°(Bo(po, o). For any p € (71,72], let 0 < ¢ € C§°(Bo(po, o) %
[T1, p]) be the solution of

Yr + Ay =0 in By(po,r0) X (T1,p)
(6.5) (g, 7)=0 on 0By (po,70) X (71, p)
UJ(Q»P) =0 in Bo(poﬂ"o)~

For any k € ZT, let ri, = (2k —1)ro/(2k) and n. € C§°(Bo(po,70)), 0 < m < 1,

such that n, = 1 on By(po, k) and nr, = 0 on M \ By(po,ro). Then by (6.1),
(6.4), and (6.5),

(f = h)(g,p)0(q) AVy(p)

Bo(po,ro)

(f — h)(g, P)(a p) V() — / (f = B) (g, 71)e(gs 1) dViyemy
By (po,ro) By (po,ro)

y
:/ﬂ d (/]30(p07ro)(f h)¢ dV, (T)>

p
/B U = oy (7 = ) RO = )] oy
0 PO”"O

o

[ ear (= hy Vs
1 Y Bo(po,To0)

(6.6)

/ / r+ Rh)?/) dv, (T)d’r
Bo(po, To)

Now by (6.4),

// (hr + Rh)ymy dVy(rydr
Bo(po,T0)
14

-/ Vh - V(i) AV dr

T1 B(](]J[),To

/ / (nVh -V +Vh- V) d‘/tq(,r)dT
71 J Bo(po,To)

/ / hnk) -V +Vh -V —hVi - Vﬂk) dVg(.,.)dT
Bo(po,ro)

P
:/ / hnkA¢ dVg(.,-)dT - / / ¢Vh : V?]k dVg(T)dT
71 J Bo(po;ro) 71 J Bo(po,To)

P
(6.7) + / / WV - Vi dViypydr
71 Bo(po,T0)

Since Vh € L (By(po,T0) X [11, p]) by the proof of Lemma 2.2, letting k — oo
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in (6.7),

o
/ / (h: + R)Y dVy(mydr
71 J Bo(po,T0)

P p b
68) = / / hA Vi pydr — / / W2Y dodr.
71 < Bo(po,T0) 71 < dBo(po,T0) on

By (6.1), (6.6) and (6.8),

/ (f = 1) (g, p)0(q) dVy(,)
Bo(po,ro)

=/ / [WAf —hAp + (f — h)ir] dvg(7>dT+/ / WY dodr
71 J Bo(po,r0) 71 JOBo(po,ro) on
P
=[] = m s vy
71 J Bo(po,T0)
(6.9)
<0.

We now choose a sequence of smooth functions 0y, € C§°(Boy(po,70)), 0 < ) <
1, such that 6, — sign(f — h)y(q, p) as k — oco. Putting § = 0 in (6.9) and
letting £ — oo,

[ emian vy, <0 vn<psn
Bo(po,ro)
(610) = f S h in Bo(po,’r'o) X [7’1,7’2].

Similarly we have

/ (h=f)4(q,p)dVyp) <0 V1 <p <7y
Bo(po,ro)

(611) = h S f in Bo(po,’r'o) X [7’1,7’2].

Since ro > 0 is arbitrary, by (6.10) and (6.11),

(6.12) 7 2e 10 = h(g,7) = f(q,7) YgEM, 1 <p< T
= l(q,T)ECOO(MX [Tl,TQ]).

By (6.1) and (6.12), (6.2) follows. O
By Theorem 6.1 and an argument similar to that of [16] and [25] we have

Theorem 6.2.  Suppose 17(71) = 17(72) for some 7o > 71 > 0. Then
l(q,T) satisfies

l_
2AI=|[VIP + R+ —==0 VYge M,m <7<
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and

1
Rij(q,7) — ;gij(%T) +V;V;l=0

m M x (Tl,TQ).

Lemma 6.2. Let 7 > 0 and ¢ € M. Suppose v is the L(q,T)-length
minimizing L-geodesic given by Theorem 1.2 which satisfies v(0) = po and
~v(T) = q. Then for any oy € (0, 1), there exists a constant C' = C(do) > 0 such
that

dy(r)(7(67), )

(6.13) =

<C(1+41(q,7)) Voo <d<1.
Proof. We will use a modification of the proof of Lemma 3.2 of [25] to

prove the lemma. Let 7 > 0. Since Q(7) is dense in M and I(g, T) is continuous
in ¢, it suffices to prove (6.13) for ¢ € Q(7). Let o <6 < 1. Then

d
= /T (gdp(v@p), Y(p)) + 6V id,(v(6p),v(p)) - 7' (6p)
0 14
TV irdy(1(50), () 7’(ﬂ)) ap
(6.14) =L+ I+ 15

where V; and V7 is the gradient with respect to the first and second argument
respectively. Now by (0.6), (3.1), and Lemma 5.3,

)] = 1916269 < € (LLEDI0Y < o3 (L0001

< ctoon)H (FOOED) < eyt T

2/6p
Hence
(6.15) I < C'72\/1(q, 7).
Similarly,
(6.16) I < 072 /1(q, 7).

For any 0 < p <7, let z(p) = v(dp), y(p) = v(p), and
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Then for any = € B,(x(p),r0(p)), by Lemma 5.3,

(6.17)

Vi, p) < Vi(a( +%To < Vi(x(p), p) + C(U(q,7) + 1) 72 p37 5.

By Lemma 5.4 there exists a constant C' > 0 such that

U(z(p),p) <6 U(z(p),0p) YO<p<T

(6.18) L(q,7) -1 11 _
= l(x(p),p)<5002m S60 P QTQZ((],T).

Vi, p) < Cpi71\/1(q,7) + C(l(q,7) + l)_5p%?_% Va € B,(z(p),r0(p))
C

(0~ 575 + p57 5)\/l(q,7) +1 Va € By(z(p),ro(p))-

By Lemma 5.3 and (6.19),

(6.20)

l(z,p) —1y,—1_1 112 = B
R(z,p) < C p <SCp (p 375 +p57 5)°(l(q,T) +1) Va € By(z(p),ro(p))-
Similarly

(621) R(x,p) < Cp™ (o 375 + p37 5)*(Ua.7) + 1) Va € By(y(p). 70(p)).
By Lemma 8.3(b) of [18] and (6.20), (6.21),

i)
p

By (6.14), (6.15), (6.16), and (6.22), we get (6.13) and the lemma follows. O

We now let {7;}52, be a sequence of positive numbers such that 7; — oo
as i — oo. For any i € ZT, 7 > 0, let

Vi(m) = /M Tﬁgeimq#) dvgi(T)
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where g;(1) = g(7i7)/7: and l;i(q,7) is the [ = Iy function with respect to
gi(7). Since by Lemma 5.2 I;(q,7) = I(q,757), Vi(r) = V(Tit). As observed
by Perelman [18] there exists a sequence {¢;}32, C M and a subsequence of
{7:}32, which we may assume without loss of generality to be the sequence
itself such that the sequence of pointed manifold (M, g;, ¢;) will converge in the
sense of Hamilton [10] 0 < 7 < oo to some pointed manifold (M, §, go) which
also satisfies the backward Ricci flow as ¢ — oo.

That is there exists a sequence of open sets U; C M with qgo € U for
all i € Z* and a sequence of diffcomorphisms F; : U; — V; where q¢ € v
is open in M and Fj;(qp) = ¢; such that for any compact set K C M there
exists ig € ZT such that K c U; for all i > ig. Moreover if gi = F¥(g;) is the
pull-back metric of g;, then the metric g; and all its derivatives will converge to
¢ and the corresponding derivatives uniformly on K X [a,b] as i — oo for any
0<a<b<oo.

Moreover 1;(q;,1) < n/2 for all i € Z* and [;(¢,7) converges uniformly
on By, 1)(q:,7) X [a,b] to some function I(q,7) as i — oo for any r > 0 and
0 < a <b<oo. By Lemma 5.3 and Lemma 5.4 we may assume without loss of
generality that I; »(g,7), VI; converge weakly to [, (¢, 7) and VI respectively as
i — o00. Then I, |VI| € L2 (M x (0,00)). Perelman [18] also proved that Vi(r)
decreases and converges to some positive constant \70 which is independent of
7 € (0,00) as i — oo. Let R;j(¢,7) and R(q,7) be the Ricci curvature and
scalar curvature of M with respect to the metric (g, 7). By an argument
similar to the proof of Theorem 6.1 and Theorem 6.2 we have

Theorem 6.3. 1(q,7) € C®(M x (0,00)) and l(q,T) satisfies
L —Al+|VIP—R+ X =0
2t
in M x (0,00).

Theorem 6.4. Let§ e M. Letq g; € M be such that § = lim;_, o F;~ (qz).
For each p > 1,4 € Z*, let ; : [0,7:p] — M be the L(g;, Tip)-length minimiz-
ing L-geodesic given by Theorem 1.2. Let v (w) = vi(Tiw), 0 < w < p Then
there exists a L-geodesic 4 : (0, p] — M with 4(p) = § which is a ﬁv ( 4, p)-

length minimizing L-geodesic on [po, p] for any po € (0,p) such that for any
po € (0,p) v/ (w) will converge uniformly on py < w < p to a L-geodesic of M
with 4(p) = ¢ as i — oo.

Proof. Let ¢ € M and let p > 1. We choose q; € M such that

¢ = lim Ffl@)-

71— 00

Let b > a > 0. Since dg, (. (gi,G;) converges uniformly to dg.,)(qo,q) on a <
w < b as i — 00, there exists a constant C; > 0 such that

(623) dgri(p) (Qi@i) <Ci Vie VA
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Since I; converges to [ uniformly on Bg.1)(qi,7) x [a,b] as i — oo for any r > 0,

b > a > 0, there exists a constant Cs > 0 such that

(6.24) 1i(@;p) <Ud,p)+Cy VieZ .

Let &y € (0,1). By Lemma 5.1 and Lemma 6.2 7" : [0, 1] — M is a minimizing

L-geodesic with v]*(1) = g, and

dg(ﬂp) (’yi((s?ip)vai)2
Tip

dyi(p) (i (5P), 0)* _
P <

By (6.24) and (6.25) there exists a constant C3 > 0 such that

dgi(p)(%‘?i (6p),4;)?
p

<CA+UG;Tip) Yoo <d<1ieZ*

(6.25) = C(1+1;(G;p)) Vo <6<1,icZ".

(6.26) <C3 Vo<d6<1l,ieZ™.

By (6.23) and (6.26),
dgi(p)(’yji(ép),ql) < Cl =+ 4/ C3p V(SO < 1) < ].72 S Z+.

Hence by the Hamilton compactness theorem [10] and Lemma 5.1 'yfi will
converge uniformly on py < 7 < p to a L-geodesic of M with Y(p) = ¢ as
i — oo for any py € (0, p). Since dy is arbtiary, lim; .y, (dp) exists for any
6 €(0,1). For any 0 < 7 < p, let

A(r) = lim 7 (7).
71— 00

Then 4 : (0,p) — M is a L-geodesic of M with 4(p) = §. Since each ~]* is a

L(q;, p)-length minimizing L-geodesic, 4, . is a LZ(E” 2)((1, p)-length minimiz-
: 3

ing L£-geodesic on [pg, p] for any py € (0, p) and the theorem follows. O
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