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In the classical algebraic geometry the following theorem has
been hitherto admitted generally.

Let V  b e  a projective model of an algebraic, variety, w' (j=1,- •
, s) linearly independent differential forms of  the f irst k ind on Y , k
a  common field of  definition f o r  (1), a n d  IV  a  generic hyperplane
section of  V  w ith reference to k . T hen (0/ s induce o n  W  linearly
independent differential froms (7i, of  the f irst k ind.

Recently J. Igusa proved this rigorouly using the theory of
harm inic integrals.” It seems to be true that it holds also for the
ground field of arbitrary characteristic, but the proof is not yet
obtained. In  this paper, modifying the above we shall prove the
following :

Let V  be  an  algebraic variety in a projective space, w i  (i=1,..., )
linearly independent differential  forms on  V (they  m ay  b e  n o t of
the f irst k ind), k  a common field of definition f o r to, and C„, a generic
hypersuface section of  V  of  order m  w ith reference to h. T hen the
induced differential forms -(7), on C„, by a), are also linearly independent
provided m is sufficiently large.

I wish to express my sincere gratitude to Professors Y. Akizuki
and J. Igusa for their valuable advices and kind encouragement.

§  1 .  Some results on uniformizing parameters."

Definition. Let X  and 1' bo two cycles on a Variety V and Q
a Point on F .  If any component of X  containing Q intersect pro-

1) C f. J. Igusa (1). T h e  numbers in  bracket refer to the bibliography at the
end of the paper.

2) We seaul  use the notations and terminology adopted in  W eil (5).



68 Y oshikazu Nakai

perly  with every component of Y  containing 0 ,  then we shall say
that the intersection product X. Y  is defined locally at Q.
We shall mean by X Y  (mod. Q )  that the cycles X  and Y  con-
tain the same components containing Q  with the same multiplicities.
For any number of cycles X 1,... ,X, the local intersection product
at Q  is defined in an analogous way.

Proposition 1 .  L et Y ' be a  Variety, .1; s  <I) functions
o n  17  an d  Q  a Po in t o n  V  where each function f ; i s  def fned and
f inite. Suppose that the intersection product ( f  (Q ) )  ( f s —js (Q) )
is def ined locally  at Q ,  then the functions f „• - f ,  are algebraically
independent.

Proof. Without loss of generalities we can suppose that f i (Q)
= 0 .  We shall use the induction. For s = 1  the assertion is trivial.
Suppose that f „.•- ,f „ are algebraically independent and f „„ is alge-
braic with respect to f „ - -  f „ .  Let k  be a common field of defini-
tion for f 1 , P  a generic Point of 1  over k , and put f , ( P ) = t „  Then
t„..•,t„ are independent variables over k  and t„+, is algebraic over
k (t„•••,t„) by induction assumption. Let Z „ be a  component of
( f )  n .• • n ( f ,,)  conta in in ing  Q  and Z.+1 a component of Z , ,  n (f.+1)
containing O. Then since f  are defined over k, Z ,,, Z.+, are alge-
braic over k. Let 11/ and N  be generic Points of Z „ and Z.+1
respectively over k. Then (P , 0 )  is  a
specialization over k , and this can be extended to a finite specializa-
tion (111-, 0,- • , 0, c) of (P ,  t 1,..., t,„ f 1 )  over k . Since Z.+, is a Sub-
variety of Z „, N  is a specialization of 3 1  over k and this can be
extended to the specialization (N , c i)  o f  (31, c) over k .  Thus we
see that (N , 0,- • , 0,c') is a specialization of (P, t„, t„+ , )  over
k. But since (N, •, 0, 0) is a specialization of (P ,  t1,•-•,.t.+1) and
t„,, has the uniquely determined specialization 0  over the specializa
tion hence also it has the uniquely determined specialization
over P - - N  with reference to k .  Then we must have ci =  0 .  By
hypothesis t„+ ,  is algebraic over k(t„---, t„) hence c can be so chosen
that c  is in k , and c  has the specialization 0 over k .  Then c  must
be 0 , i.e. (3 1 , 0 )  is a specialization o f  (P , t .+,)  over k  and Z .
must be contained in (f„,.,). Thus we have arrived at a contradic-
tion and the assertion is proved. q.e.d.

Remark. The condition " each f  is defined an d  f in ite  at Q "
is essential as is shown in the following example.

Example. In  1,2 , let P= (1, x , y) be a generic Point of L over II
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(prime field) and define f ( i = 1 ,  2 )  as follows.

( P ) = x , f2 (P ) -x + c ,  c  E I l

They are not clearly independent, but they intersect properly at the
point at infinity (0, 0, 1).

Theorem La' L et 71 ,•• •, 7 ,  be functions o n  V  and  P ' a simple
Point of  V, then are uniformizing param eters at 

p ' 4 )
 V

if  and only if  the following conditions hold f o r (7,).
(i) each function 7, is defined and f inite at P'.
(ii) Intersection p ro du c t (7 , - 7 , (P ') ) • - • (7 , -7 , (P ') )  is defined

locally at P '  and contain P '  with multicity 1.
Proof. Let k  be a common field of definition for 7, ( i -1 , - - , r )

P  a generic Point of iv over k, r, the graph of 7, in  Vx S ',  and
put 7,(P )  = t ,  r i  (P I ) - t /  and Q, Q ' points in S ' whose coordinates
are (t,,. • - ( t , '  , • - • , t , ! )  respectively.

Suppose that (z-,) are unifonnizing parameters at P '  on V  and
let JV be the locus of P x  Q  over k in V X S'. Then W  has the
properties described in W -F, VIII, prop. 1 0 »  i.e. W  is transversal
to /7 x  Q ' at P ' x Q '; Moreover if Z  is any Subariety of S - which
has Q ' as a simple point, then Vx Z  and W are tranversal to each
other at P ' x Q '. Let X ,  be the components o f  (7 ,-  7 ,(P ') )
containing P ',  then we shall show by induction that we have

(1) X,.-X,,,_—_-pr,.[(Vx t,' x • • • x X S IV! (mod P ')
In fact we have

pro;[( Y x  S ' - ' x  x  S ' ) .  1 17 1-
 p .

 (1 7  x te')

where pro , means the projection on the product of Y and the i-th
factor of S1. Hence

pr r [(V x S "  x  x  S '') .1 1 7 ]=_-pr v [['„ • ( V x tl)] -_-=-X ,  (mod P ')

From this we see at once that X, is a Variety for every i  and
contained in (7, - t , ' )  with multiplicity 1, and the equality (1 )  is
proved for n = 1 .  Suppose that the equality (1 )  is already proved
for a number <  n, and Z. be a  component of X. • •X „ containing
P ',  Then we have

3) This formulation is due to Prof. J. Igusa.
4) Cf. Definition 1 of Nakai (4).
5 )  This means "proposition 10 of chapter VIII of W eil (5)".
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Z„-=pr i .[ ( Fx t,' x x  t„' x S — " ) .  IV] (m od P ') )

and  w e see  by  th e  property of W that Z n  is a Variety and contain-
e d  in  X,•- . X .  with m ultiplicity 1. W e sh a ll n ex t show  th a t  the
intersection product

(2) (Z„ x S r ) . ( S " x  en+, x S — n- 1 ).1V

is defined locally at P ' x  Q '.  Since the first and the last two mem-
bers intersect properly, it is sufficient to show  that

(2') (Z„ x Sn x x S ' ' ' )  . 1 V

is defined locally at P ' x  0 ' b y  W -F, VII, Cor. of Th. 10. Now the
projection from  W  t o  Y  is regular along Zin ,  then  w e see  easily
that

(Z „x S n x n 117 c (17 x t i 'x ••• xt'„,1xSr - n-1 ) n W

and  th e  right hand m em ber containes only one component contain-
ing  P' x Q ' whose dimension is ,'-n-1, hence counting the dimension
w e see  tha t th e  left hand side is defined locally at P ' x  Q '.  Then
b y  W-F, VII, T h . 16 w e see  tha t Z „ a n d  X.+1 intersect properly
(locally at P ')  an d  w e have

(3) Zn•X,4+1-7-----Z,,•pr,, [( 17 x Sn x en.,
=pr,•[(Z„ x Y x S"x s----).111 (mod. P ')

M oreover we have

(4) pr y  [ (Z„ x Sr) .111_ ( V x  t,' x - • x t'n x S — n). IV ]
(m od P ')

and since the projection from  W  t o  V is regular along Z n , there is
one and only one Subvariety o f  W  w hich has the projection Zn  on
V, and such a component must be contained in (  Y x  x  x  tn ' x S — n).
W .  T hen  w e  can  replace it  in the position o f (Z .x  S r ) .  W  in  (3),
T hus w e  have

Z n•X ,,,I= Pry[(rx  t ,  x  x  r„+, x S r - 4 - 1 ) .  W] (mod P ')
and  th e  equality ( 1 )  is  p ro v e d . In  pariticu lar w e have

X,• • •X,.E-pr,.[(Vx Q'). (mod P ')
an d  th e  condition ( i i )  is satisfied.

Conversely le t  (7 ,) satisfy the conditions ( i )  a n d  ( i i )  and de-
fine  IV a s  in  th e  above  p roof. T hen  the projection from  IV  to  V
is  re g u la r  a t  P '.  .  B y P rop . 1 , t,, —, t .  a r e  independent variables
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over k , hence 1V has the projection S  on S. Now we shall prove
the equality (1 ) under these conditions. By induction suppose that
(1 ) is proved for a number <  n .  The condition ( ii)  implies that
the intersection product (2 ')  hence (2) are defined and the relation
(3 ) also holds. By condition ( i )  we have the equality ( 4 )  and
hence (1 ) too. Thus we have

( Yx Q'). x Q' (mod P' x  Q ')

and the assertion is proved. q. e. d.
Corollary 1 .  L et V - be a  V ariety, U ' its simple Subvariety , P'

a sim ple Point of  V  w hich is also sim ple  on  U  and uni-
form iz ing param eters at P '  o n  V . T hen w e can select am ong (i t )
uniform iz ing param eters at P '  o n  U , where f-  i are  functions o n  U
induced by 71.

Proof. Let Pa' be a representative of P ', V ° , U0 the representa-
tives o f V ,U containing Po '  and T , N  the tangential linear varieties
to V„, Ua at Po '  Since (r 1 — r, ( P ') )  containes only one component
A , containing P ' and is a simple Point of A1, there exist the tan-
gential linear varieties M , to A ia a t  Pa', where A i , are representa-
tives of A , (1=1,—  , r). The assumption means that the linear varieties
M ., are transversal to each other at Pa' in T ', i.e. when we denotes the
indeterminates in T  by 26 (i=1,• • , r) and by F,(X ) ------E a  X i + a i = 0
(i=1,--• ,r) the defining equations for /1/L, the matrix I a i  is regular. Let

H a (X ) b a = 0  ( a = 1 , •  •  •  r — s)

be the defining equations for N . Then to prove the assertion it is
necessary and sufficient to show that there exist s-polynomials
among F,(X ) such that H a (X ) (a=1 ,...,r— s) and Fo (X),-- •  F ,  (X)
constitutes a set of linearly independent linear forms. Then an
elementary considerations shows us that the assertion hold. q.e.d.

Corollary 2 .  L et 17 '• be a  V ariety defined over k, 8  its simple
Subvariety  and  U ' a  specialization o f  U  over k. L et Q  be a Point
in  U n U ' w hich has the following properties; (a)  there is one and
only one component U " of  U ' containing Q , and U" is contained in
U ' with multiplicity 1 ; (b )  Q  is sim ple on V , U  an d  U " ; ( c )  Q is
rational over k . Let z-,••, r ,  he uniform iz ing param eters at Q  on
and suppose that ,••-, s '  are uniforniiz ing parameters at Q on U",
then -T-„•-•,-,=, are uniform iz ing param eters at Q  o n  U, where TF, and
7r-, ' are functions o n  I I  an d  U " respectively induced by the functions

o n  V.
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Proof. Put 77, (Q) = t , .  Then we have by hypothesis

t1) • • (mod Q)
Hence we have

(r,— t1) • -• (r,— 4) • U"-=---(/ (mod Q)

by W-F, VII, Cor. of Th. 18. Since the left hand side is a  com-
ponent of a specializotion of

(71-0 • (7,— t,) • U
over k , with multiplicity 1, and (r i— ti) and Q  are invariant by
the specialization U --41' over k  we must have

(71 - 0  • ( 7 , - 4 )  t7 -_Q (mod Q)

i.e. ti ) • • • ts)k-=-=---Q (mod Q)

Thus the condition ( i i )  of Th. 1 is satisfied by -i-- „•-•,t8 . The first
condition is clearly satisfied by the assumption and the asser-
tion is proved, q . e . d.

§ 2. The independency of differential forms.

Proposition 2. Let 50,(1 < i s) be linearly independent functions
on V  and  C„, an irreducible hypersurface sectiou of o f  order m.
T hen if  n i is sufficiently large the functions ço„ which are the func-
tions on  C„, induced by  çc, are  linearly independent.

Proof. Suppose that -95, are linearly dependent on C„„ and let
K  be a common field of definition for Y, r i and C„„ and P ,  Q
the generic Points of V , C„, over K  respectively. Then by the
assumption the quantities soi(Q) are linearly dependent over K  and
there exist quantities c , in K  such that we have E  c, (Q) =0
without being E  yoi= 0 .  Then (> : c, ma must contain C„, as its
component. Since the linear system defined by the functions 99,
on V  has a fixed degree, C„, cannot be a component of such a linear
system if nt is sufficiently large. Thus the assertion is proved.

Proposition 3 .  Let w,(i=1,•• • , s) be differential forms o n  Y  and
k  a  common field of definition for mi .° T hen if wi are linearly depen-
dent over the constant field, they are already dependent over k.

This can be proved in an analogous way as in the case of
functions, and the proof is omitted.

6 )  c f . § 1 o f Nakai (4).
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Let r be a projective model of an algebraic Variety, ( O f  ( 1 < i < S )

linearly independent differential forms on r ,  k  a common field of
definition for (0, and P = (1 , x „•• • ,x N )  a  generic Point of V  over
k .  Let H ,  be a hypersurface in the ambient projective space LN
defined by the equation

X.4° Xi'. • • X  ;71V =  0
fo+  • • +  N -01

such that the intersection product C',„= V . 11 '„, is irreducible and
goes through P . Let Ji m (M >  n i )  be a generic hypersurface de-
fined by the equation

Xi'. • •X 2,;2v= 0
io •••••+i,--m

where ( u ,„ • • i.v, • • + i m > 0 ) are ( Ar
m
+  M ) — 1 independent varia-

bles over k ( P )  and itm0.. 0 is determined by the equation

U10£  X 1 X N V
1%,

+ • • • • + i N > 0

Then as is well known Cm = J7-H M  is irreducible. Under these
conditions we have the

Proposition 4 .  Let be differential forms on CM and C,„'
respectively induced by differential forms w  ( i=1 ,• - •  s )  on V . T hen
if  Îii/ are linearly independent on C„/, if), are also linearly independent
on

P ro o f. Let 7, be functions on Y defined over k  by 7 ,(P )
Then by Prop. 5 of N a k a i (4 ) we cari suppose that 7,— , r r are
uniformizing parameters on V  at P . Hence by Cor. 1 of Th. 1 we
can assume that 7.7),_i are uniformizing parameters at P  on
C',„. Then -.'7„• • • , are also uniformizing parameters at P  on Cm

by Cor. 2 of Th. 1, where f„ are functions on Cm, C'„, respec-
tively (In the following we shall denote' by— and — ' the functions
on Cm and C ',„ respectively induced by the function on V ) .  Let

E drii• • •d r,
<• •• • P P

Then we have

(V-og"L• — + • • • + ( ) v

it -•-• P

=

where the sum is extended over all combinations of indices i, <•••
taken from 1,—, r -1 , and a, are determined by the relation

U mo..0
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d( 11,0 • • -i , ,t,< v ) =  0
• • ••1' >O

and they are linear combinations of the functions of the form F. ,"

ar ,  w ith  the coefficients in k [u ] (Cf. the proof o f T h . 2  of
ar j

N a k a i (4 )  ) . In the same way we have

z + • • • +
•

„••-&-1, .
ii<••••<ip P - aa,. I )

=E J„...., de',,. • • d-E'
,,<•••• < ip

We shall remark here that ço„. . (P)=To, ... i r ( P )
moreover since (M —  m ). X o + C„,' is  a specialization of Cm (where
X , is the intersection product of V with the hyperplane 0 )  and X 0

does not contain P  we see that à, (P )  are the uniquely determined spe-
cialization of Ti,(P )  over the specialization (u)—.(v) with reference
to  k (P )  .

Now suppose tha t (7), are linearly dependent, then there exist
s-quantities in k t i ]  such that w e have

( P ) = 0 , for all sets of indices i, <• • • <4,.
By Th. 1 of Weil (6 )  there exist a valuation of k (u , P )  over k (u)
w hich has the value in the algebraic closure k (v )  of k ( v ) .  Let
it be I , and suppose that a, o (u) has the minimum value for y, then the
quantities a,(u ) /a, o ( u )  has the finite specialization over the speciali-
t io n  (u) (y ) w ith  reference to  k (P) . H ence w e have a non-
identical relation of the form

E a,' (P )  =0, for all sets of indices i, <•-• <

and a ' are in k ( v ) .  But since k ( v ,  P )  is  a regular extension over
k (v), we see easily that there exists quantities in k (v ) such that

(P )  = 0 , for all sets of indices i, < • • • <4,.
i.e. )2, i;;; ' = 0. It contradicts to our hypothsis and the assertion is
proved." q . e . d.

L em m a . L et K  be a  f ield containing k  such  that dim,K=1,
and z i , ••-, z „ elements in  K . Then for any  valuation v  of  K  over k,
the value domain for the module of linear forms o--- E k z , are bounded,
i.e. there exist an integer N  such that Iv(u)1 <N for any element a of  o.

7 )  The device of the latter part of this proof is due to the remark by Prof. Y.
Akizuld.
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Proof.g) As we easily see, it is sufficient to show the lemma under
the additional condition that k  is algebraically closed. Moreover
we can suppose that z, z • • ,z„ are linearly independent over k. We
shall first show by induction that there exist the basis of o such
that the value of the basis are all different form each other. Suppose
that we have

v(z) <v(z 2) <•-• <v (z ,)=v (29+1)=•••=v (28+ j )

Then we can find elements in k  such lhat z , / z „, - a ,  (mod p),
i=i,•••, j, where p  is the valuation ideal. Put z ', , ,= 2 , -  a, z „,. Then

can be replaced by z3 ,  and we have v (z ' „)> y (2 a ) . Take an
element which has the minimum value among 12'8 ,,, j }  and
{2,, s + j <  t  < n} , and call it z".„1, then we get the basis of o whose
first s +1 elements have dfferent values to each other and the re-
maining basis have the values not less than the values of the first
s+1  basis elements. Continuing this process in finite number we will
arrive at the required basis. Let them be x, ••,x,,, and suppose
that v(.x ,) <  • <v (x ,.). Then we see immediately that  v (X ) <  v (")
<  “x „)  for any a  in o  and the assertion is proved. q.e.d.

Proposition 5 .  L et K  be a field containing k,z„•-•, z„ elements
in  K  and put o----Ekz i . Then f o r any independent variable x  over
k  w e can f ind inf initely  m any  elem ents am ong {x"}, m = 0 ,  1,2,—
which are linearly independent over o.

P roo f. Put K,=--k(z„ •••, z n ,.x) and L be any subfield of K, such
that we have dim,, K 0 ----1  and x  is transcendental over L. Let v
be a valuation of K , over L such that v (x)> O. Suppose that there
are only a finite number of elements among {x"'} which are linearly
independent over o '=±  L z z D 0 ,  and let them be 1, x - 1 ,• • •, .  Put

d= I

o"=-11 L  z  f i ,  then by the above lemma v ( a )  is bounded for anyI
element a in o". By assumption, for any large N  we have a relation of
theform x m i  where a's are in o'. But the right hand mem-
ber is .contained in o" and has a bounded value for v and the left
hand member may have any large value, and it is a contradiction.
Hence there are infinitely many elements among {x- } which are
linearly independent over o ' hence also over o. q.e.d.

Now we are well prepared to prove our main theorem.
Theorem 2 .  L e t  r( r > 2) be a Projective model of an algebraic

8) 1  thank th is proof to m y friend M . Nagata.
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Variety, iti,(1 < i  < s )  liite arly  independent differential forms o n  V,
k  a  common field of  definition for w  and Cm  a generic hyPersurface
section of  17  of order m  with reference to k .  Then if  in is sufficiently
large, 0), induce on C m  linearly independent dif ferential forms (7,,.

Proof. Using the sam e notations as in Prop. 4, let

oh= drii•••driv,

w here the sum  is extended over a ll sets of indices i, <••• <4, taken
from  1,•••, r  and the functions Of?..., r i  are all defined over k . Let
P  be  a generic Point of V over k  and put o= k. (P ). Then

(1p.-•
by P rop. 5  w e can  suppose 1, are linearly independent
over o. Moreover as is seen from  the proof o f Prop. 5  w e can
choose e d  in such  a way that e , + 1  is  n o t divisible by the charac-
teristic of the universal domain. N ow  put.

Y11
=

X1
0,0+1

arid let ) ,  be functions on V defined over k  b y  ,1 (P )  = y ,,. T h e n
w e see easily  that 72,„•••,rj, are also served as uniformizing para-
m eters a t P  on V and w e can  express wi in the form

= E ck,• •
l t < • - • - P

O r t L - f p = i1 • • • • ip • if j, >1.

(en +1)7;11'" 512.•••j p

It ' is  to  b e  n o ted  tha t for any choice of indices k ,<•-• <k „,
appears in the expression of Oft • - • k p • W riting  w, in the form

wi=cb2i, +
w e w ill see  tha t (02' are linearly independent differential forms on
V. I n  fac t suppose that (,)p are linearly dependent, then there exist
the quanties c, in k  such that w e have

E c i (op (P) = 0
i.e. c, (P )=  0 for a ll j,< - •- <j,,

E c,[491( ;)2 (P) + _Yi(e11+1 ) . Y 41 ,.. . i p (P)] = 0 .

where
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But since 1, iT2 ,•••,i , l '  are linearly independent over o  we must
have

E c (P)---- 0 for all i, <•• • <ip

I t  contradits to  the independency of mi .
Next we shall transform the uniformizing parameters into

A. = y11

Y22
=

 Y12

" '2 1 +
Y2:3

=
Y13 

—
y 1 2

e.,r +1
Y2

1.
 =  yp. —

where e,; (j= 3,• • •, r) are so chosen that 1, iP,• • are linearly
independent over o'= E  k (P )  and e,; + 1 are not divisible

(i)u7-••
by the characteristic of the universal domain. Then by the same
process as above we can express wi in the form

(01-=c1-6, (0;2* + wl**)

where )22.1 are functions on V defined over k  by 722j (P)  —y2 i and 4 *
are linearly independent. Continuing this process p-times we shall
arrive a t an expression of the form

,= d1 d V p 2 .ç
where F i  are functions on I' defined over h  and linearly indepen-
dent on Y . From  the above construction we see that yp i  (j= • - 1,p)
are contained in k[x,,— , 'G ] ; moreover if w e put y 1,,= 4 ( x ) ,  L .,( X )
h a s  th e  fo rm  X I + Gi (X ) ,  where G ( X )  are polynomials in
k[X „---X  1 _1]. Henceforth we shall write )7, instead of )2,i .

Next we shall show that there exist an irreducible hypersurface
section of V  on which co, induce linearly independent differential
forms ji 1. For this we shall divide into the three cases.
(I) The case p <  r- 2 .

Let H , be  a hypersurface in LN defined by the equation of the
form

H,(X)==v,,+v„,.,•L„,_,(X)mp+ , + ••• + v, • L,(X) - , =0.
where vp+ „• ••, v, are independedt variables over k ( P )  and v , is
determined by

vo= —E v i  L i (x)-1
i=p÷1
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T hen  by  T h . 2.4 o f  Matsusaka (3) we see easily that the intersec-
tion product ( , =  , .  V  is irreducible for suitable choices o f mi

r )  (In the following we shall consider more two special
hypersursurf a c e s .  The irreducibility of the intersection product
o f Y w ith these hypersurfaces can  be  seen  by  the same reasoning
as this case and w ill not be m entioned explicitly.) W e shall now
show that are uniformizing param eters at P  on C , .  For
this purpose it is sufficient to show th a t the determinant

dLi /axi, j=1 ,••- , r -1  
i=1,.., N.

aF8 /3x ,, s=i,• ••,N— r

is  no t 0(cf. the Def. 1 of Koizumi (2)), where F 3 (X )  are polyno-
m ials in the defining ideal p of V  su ch  th a t liFs/axil As-O (s =1,— ,
N — r ; i=r+1 ,..., N ). The existence of such polynomials is assured
b y  the hypothesis that 7 1 , - , 7 ,  are uniformizing parameters at P  on

(cf. P ro p . 5  o f N a k a i  ( 4 ) ) .  B ut it is  c lea rly  seen  from  the
form s of L i (X ) and H ,(X ) . T hen the induced differential forms

on C, can  be  w ritten  in the form

(7); = ,!!). dij,• • • cli;„ + *
But b y  Prop, 2, -01f)...„ are independent functions on C , i f  m i  are
sufficiently large. Hence (7), are also linearly independent differential
form s on C,.

(II) The case p= r —1 > 2.
T ake m o s o  large th a t on any irreducible hypersurface section

of 17  of order >  m„ the induced functions T);f?..,_, are linearly inde-
p e n d e n t. In particular let I t ,  b e  a hypersurface defined  by  the
equation of the form

vo + v, • L,.(X) + v i a . . , •  1, 2(X ) i 2  • • L, _i(X)i —1=0_i >0
w here v„, •.•, v„  v ,  are independent variables over k  (P )  and v,

r -1

is determ ined by the equation
v,= — y, L, (x) —v , I.„(x)'-'.. • L, __ i (x)' • - 1

I -,???2 (21 - r -

and the sum  is extended over a ll sets of indices such that 0 < itz+
•-• + < L m(m >  m ,).  Since r > 3 w e  se e  th a t C2=  V  11 , is ir-
reducible, and b y  the analogous reasoning as in the case ( I )  that

are uniformizing param eters at P  on C ,.  T hen  the in-
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duced differential forms have the form
cb-2,• • -c/72,,

and are  linearly independent functions o n  C„, hence W, are
also independent o n  C 2 .

(III) The case r=2 , p=1.
In  this case we have

oh= 99 ch22

and 5o,") (1 <  i  <  s )  are  linearly independent function on V . Let 113

be a  hypersurface in  L  defined by the equation

y0 + y, X , L,(X )"' - ' +Y., 1.2 (X ) -  =O.

where y , a n d  y ,  a r e  independent variables over k ( P )  and yo is
determined by

yo = —y, x, — v2 L2 (X)

and m  is  an  integer not divisible by the  characteristic of the uni-
versal dom ain . Then C,---17 • I i„  is irreducible, a n d  th e  induced
differential forms have the form

07
y ,  

(7) f 0

(m — 1) + mv 27)- - 2

Oi= 
{ ( , n - 1 )  y,•i2,+TnY2. -7-22}?5,( ') — yli22 -02(13

Then they are functions on V defined over k(v„v 2). We shall show
that Oi are  independent. Suppose that they are linearly dependent
then there exist the  quantities a, in  k (v „ v ,)  such that

1;4 { (m —1)• v, • + my, • -7;2 } v, 5-22
 - 520 ] =  0

Since y, and v , are  independent variables over k ( P )  and P  i s  a
generic Point of V  over k (v „ v ,) we can see immediately

Ea,- mv 2 )22 .50, (i) -=0

i.e. E a, 50,(̀ ).--- 0

this is a contradiction. Moreover the degree of the linear system
determined by the  functions {0,} is bounded though the functions
0, varie as m  v a r ie s . Hence if  m  is sufficiently large the induced
functions .?;, are  linearly independent o n  C , by Prop. 2 . Hence the
differential forms (74 are  linearly independent o n  C,.

Now we see in any case if w, are linearly independent differen-

Put
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t ia l forms o n  V (r >  2 ) o f  degree pa <p < y —1), then there
exist an irreducible hypersurface section C  of V of order nt where
w, induce linearly independent differential forms ro i . Then to, induce
the  linearly independent differential foams o n  a  generic hypersur-
face section Cm o f  order M for all values of M > nt, by prop. 4.
Thus the  theorem is completely proved. q . e . d .

We shall denote by R ( Y )  the number of linearly independent
differential forms of the first kind of degree p  on d' (R, ( V) is the
irregularity, and R , . ( V) i s  the geometric genus of V respectively).
Then we have immediately the

Corollary. The numbers RV 17 )  are bounded fo r  an y value
of pa < p  <  dim. V).
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