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Introduction

Our immediate motivation for th is p aper w as a  wish to produce

a  proof entirely within the framework o f complex bordism of a crucial

lemma found in [11; 5.101. W e explain in section 4 how this follows

from our principal result.

W e  a im  h e re  to  show th a t  for a certain type of com plex, X,
having four cells, horn. dim. D ETS2,7,(X) < 2 .  Specifically, stable homotopy
classes [ f  J E 7tgn _1 , [g] E nt„_ 1, together with an integer q , are chosen
so  that th e  Toda bracket <q, re, [ f ] >  is defined and congruent to

0. W e then form a complex, in stable form,

sOu g e 2ntu F e 2 m + 2 n

using a  coextension F  of f .  W e find that the vanishing of the bracket

implies the existence of a stable m ap Q: Y—÷ S
°
 h av in g  d eg ree  q  in

dimension 0. This leads us to  the final complex

X = S °
 Q C( Y) -= u e 1 u e 2 m + lu e 2 n o

W e prove that i f  q  is odd then hom. dim. 434(X) <2.

From  a  broader viewpoint we are seeking some techniques which

can yield an upper bound on the value of the homological dimension of

a  bordism m odule . This appears to us now as the key problem in the
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stu d y  o f th e  re la tio n  o f s tab le  homotopy to  com plex bordism. Our
present approach differs quite sharply from  th e  argu m en ts in  [11 ] .

First, we avoid the form ation of Toda brackets in  S2V r a n d  also, we
make n o  appeal to  Adam s' formula for e  < q, Igi, [fi> .  A lthough
section 5 of th is note is concerned with technical calculations it should
b e  possible to expand our approach into a  considerably m ore general
theorem a s  suggested in  the closing paragraph of section 6.

The paper is divided into sections as follows :
1. Some Invariants
2. On Two and Three Cell Complexes
3. On Three and Four Cell Complexes
4. More on Three and Four Cell Complexes
5. Some Characteristic Number Arguments
6. S till More on Three and Four Cell Complexes.

§ 1. Some Invariants

Suppose th a t X  i s  a  finite com plex . There are  th e  natural maps

(see [ 4 1 particularly for notations)

sz (X ) ,H * (X; Z)

: k * (X)—> H* (X ; Z)

which upon application of Serre's mod theory a re  seen to have finite

cokernels. Therefore

coi = order of coker {VAX )-->fri(X ;

icj = order of coker Ik i (X)—>Hi (X ; Z )}

are  well defined integers. It is convenient to define

-= k i= g i —1

and introduce the invariants

fe(x)= E rei x

(x) = E
j x  E  Z r x ]
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of the complex X. Concerning these invariants we have :

Theorem  1 .1 : L et X  be a f inite com plex . T hen

k (X )=0.i(X ) i f  hom. dim. .4S2,7,(X) <2.

P r o o f :  From the commutative diagram

VX )

k (X )
H*(X; Z)

w e see that F ( X ) =( X )  i f f  Im g = Im v.

Suppose now that hom. dim. prtS2 (X )  2. T hen [4 ; 10.6111

C: 2 141,(X ) - k * (X )

is ep ic . T herefore Im = Im v and hence k(X )-=e6(X ).
N e x t suppose co n v e rse ly  th a t 4X )-= ir)(X ). T h e n  Im /t-=Im v.

Recall that there is an exact sequence [9] 0 -> Z 0z ujk *(X ) - ÷ H* (X ; A )

-› T o r 4 1 (Z, k * (X )) - -  O. T h u s  w e  have a diagram

ZO p u,or 2 4uf(X ) 1m
ZOZ y )

wherein j i  is ep ic and -72 is  iso. Hence of course

t(X )— >Z0 z u j  k * (X)

is also epic. T herefo re

C : Q ( X ) - k ( X )

maps a set of S2-generators for .Q (X ) onto a  se t o f Z i t ]  generators

for k * (X ) , and hence

: S2(X) - > k* (X )

is ep ic . T herefore by [ 8 ]  horn. dim. s/,',12 (X ) < 2 . * *

Theorem  1 .2 : Suppose th at X  is  a  f inite com plex . T hen
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it(X ) =- 0 t i f  o (X )=O  t i f  hom. dim. s4 S 2 (X )  < 1.

P ro o f: Observe that k (X )=- 0

k * (X )-±  H * (X ; Z )

is  ep ic . S im ila r ly  (75(X ) =  O i f f

S2 ,(,V)—> H* (X ; Z )

i s  e p ic .  The result now follows from [8; Corollary 51 . * *
Suppose now that X  is a  "small" CW-complex, that is, is composed

o f only a few  ce lls . I t th en  m ak es sen se  to  a sk  for computations of

"i(X ) and 65(X ) in term s o f th e attachment data for X .  In  this way
w e can  h o p e to  relate k (X )  and (7)(X )  to  o ther invariants of the at-
tachm ent data. The next section illustrates what we have in mind.

§ 2 .  On Two and Three Cell Complexes

Suppose given [ f i  E 7z 1 . Form the stable complex

Y(f)=- S °U fe 2".

L et now  q  b e  an in teger such  that q [f1=- 0 E TcL_ 1 . W e m ay thus

form an extension

of the map

o f degree q. Let

Q = ex t(q ) : Y (f  )—*S °

q: S °S °

X  ( f ) = S °U ext(q)C )

be the mapping cone o f ext (q). Thus we have a cofibration

y u y s ,_>' x (f).
Note that

X (f )-=-S °U,e1UFe2"+1
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where

F: .5 2" —>S ° U 0 e1

is a  suitable coextension of f .
Denote by aEk o (X ( f ) )  the canonical class and b y  A (G ) Z [t ]

the annihilator ideal o f G. W e  propose to show how ie(X ( f ) )  is related

first o f a ll to  A (6 ) and secondly to e c ( f ) .  (See [ 2 ]  [1 5 ] for informa-

tion about the invariant) e c ( f ) .)

Convention :  We will fix throughout the remainder o f this section

the notations of the preceeding discussion.

Let us begin by choosing generators fo r  k * ( Y ( f ) ) .  To th is end

observe that we have a cofibration

Note that

f *  i c-* (s 2, 1 )  k * (so )

is the zero map, so we obtain an exact sequence

O __„..k.-* (s o)I r-* (  y (f ) ) .r. k-* (s 2.-1) 0.

Denote by ik E kk(S k )  the canonical generator. We may then choose

classes

ao E rro(Y  (f )) : ao=c*(io)

az n E k2,1(Y (f ) )  :

which generate lc,* ( Y (f)) as a ZIG m odule. Observe that

only up to an element of the form ea° E kz,i( Y (f))•
Consider next the cofibration

a 2 n  is unique

Y(f) - --11-■ X ( f ).

We find

Q*(a0) --q io
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Q*(a2)-=rt"i0

fo r a  suitable integer r. Note th at r  is uniquely determined mod q.
The following is now clear :

Proposition 2 .1 :  W ith the notations preceeding we have

A (C)=(q, r•t").

P ro o f :  W e have an exact triangle

k*(17
( f)) 1 '2—.K k*(S°)

/ P *
r e* (x ( f ) )

from which it is clear that ImQ * -=kerP * . But as P ( i 0) = a  we have
ker P * -= A (6) and the result follows. **

Theorem 2 .2 :  W ith the notations preceeding, we have

e c ( f  ) =  r/q E Q/Z.

P ro o f :  Let us begin with a description of c c ( f )  suitable to our
purposes. Let

ch : k * ( )— >H* (  ;Q )

be the homology Chern character. Denote by e k E iik (S k  ; Z )  a homology
generator, and by e t  its dual cohomology generator. Returning to the

cofibration

5 , 2 n - 1 7 f ,  SO y( f )

we see that we may choose unique classes

a o E H o (1 7 (f  );Z): c * eo =ao

a 2„ E I -12n( Y (f ) ;  Z ): a*a2n-=e2n-1.

The homology o f Y ( f )  is  free abelian and these classes are generators.
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T h e n  w e  have

ch ao = a o

cha2.=,1ct0d-a2n: AEQ.

As u su a l, one f in d s  2  i s  unique in Q /Z , i.e ., its  re s id u e  m o d  Z  is in-

dependent o f th e  cho ice  o f  ao,  azn, a 0 , a 2 n .  A c c o rd in g  to  [ 7 ]  the
Spanier-Whitehead dual o f  Y ( f )  is  ag a in  Y ( f ) .  Thus applying Spanier-

W hitehead duality  to  the above construction and reca lling  the relation
of k * (  )  to  K * (  )  (see  for exam ple [4; §101) w e find  from  [2 ] [1 5 ]
th a t  2= ec(f ) E Q/Z.

Introduce now  the diagram  of cofibrations

s2n

1,*
sOQ COo O  e l

T s! ,  
q

Y (f ) S ° —P—■X(f).

Applying the functor Tr * (  )  to  th is d iagram  w e obtain

. . . k 2 n (S 2 n -1 ) , k 2 n (E 2n) ,  -k 2 n (S 2 n ) . . .

... -k 2 „(S °) —+Tc2 n (S °)  — . -1-z2 „(S °U e l ) .
■4 4, s4 4

.rf2„ +  i( X  ( f )) 2 -'—' k 2n( Y(f)) --9-41C2n(S ° )  - - - , k2, (X (f ))...
4a* 4

k27,_1(.92" -1 ) :

w hich  is  seen  to  be  isom orph ic  to  the diagram

0 — *Z i n io

4.01, s l „ i d

0 EDza2,,-L*-+Zinio ' Z w ,r ) t"

O

The following formulas are clear
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P*tnao=qtnio

P*a2n=

4 4tr2nt1 =  At na0+ B a2.

A q +B r=0 .

Thus i f  we write chi(x) for the component o f degree i  o f  ch(x) we

find

0= 40= 4*ehi(r2n + i) -=cho(At nceo- FBa2n)

= A ao+B ec(f )ao

because H I(X (f ); Z )= O. H ence

A + B e e ( f ) = 0

i.e.,

e c ( f ) = — A /B .

Recalling that A q+B r -= 0  w e find that A /B = — r / q  and the result

follows upon substitution. **

Remark : Suppose given the space X ( f ) ,  but not necessarily the

cofibrations required to describe its attachment data. Then on general

grounds we find that A (0- )-=(q, st n ). However s  is  unique only up to

a unit in  Z .  A t  any rate 91(q, s) E  Z  is uniquely determined by

6 E ko(X ( f  )). We then have :

Corollary 2 . 3 :  W ith the notations preceeding the order o f  e e ( f )
in  Q /Z  is  q /(q , s ) . * *

A more succinct way to state the preceeding corollary is to consider

th e  annihilator ideal ( 6 ) ( Z  o f th e  canonical class E K o(X (f)),
regarding K * (X ( f ) )  as Z2-graded. One easily sees by localization and

and hence

where
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degrading DI ; §101  that j ( 6 )  is generated by (q, r). Thus we have :

Corollary 2 .4 : Let

X (f ) = s O 1 g e l u r e 2n+1

be the stable com plex  w here q is a  positive integer and

F: S 2 —> g e l

is  a  coextension o f  [ f i  E L et 6 E ÏC 0 (X (  f ) )  denote the canonical
class and A  (6) C Z  its  an n ih ilato r id eal. T h en  e c ( f )=i/  q  w h e re  i is
the index  of  A (6) in  Z .  * *

Return now to the complex X (f  )  and the invariant k (X ( f ) ) , which
we w ill write f e ( f )  for short.

Proposition 2 .5 : 'k"( f ) = ( e c ( f ) I  — 1) x 2 1 , w here  le  c (f )I de -
notes the order of  e c ( f )  i n  Q/ Z.

P ro o f :  Recall that

A (6)= (q, re?),

where C E  °(X(D) is  the canonical class. Consider the exact sequence

[91

(X(,f )) Fizn+ i(X(f); Z) -
1
—

,1
-c2n- 2(X(f)) To2.(X(f)).

Clearly

C O k e r 2 n + 1  =  IM 2 n + 1  = ker2n-2 nit

while

ker 2 n  _ 2 mg = subgroup of Z q  E t] g en e ra ted  b y  rt n - 1 . Therefore
ker2n -2 mt I =q/(q, r) ,  where I I denotes order, and the result follows

from (2.3). * *

Theorem 2 .6 : W ith the notations preceeding w e have
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e c ( f)= 0 <=). horn. dim. DU. S2g(X( f )) <1.

P ro o f :  Suppose that

horn. dim. y"..S (X (f  )) <1.

Then [4; 3.111

it: S2 ,7(X ( f)) — > 11* (X ( f ); Z )

is ep ic. F rom  the commutative diagram

D (X (D )
H *(X (f ); Z)

k * (X (f))

we therefore find

77: k* (X ( H*(X ( f ); Z )

is epic. H enec k ( f ) =0  and therefore by (2.5) ec ( f )= 0 E Q/Z.
Conversely, suppose ec ( f )= 0 E Q /Z . Then k"( f)= 0 by (2 .5), and

the result follows from (1.2). **

The preceeding discussion should be compared to [5; §71 where
(2.6) was originally obtained by employing complex cobordism only.
For reference in future sections we summarize briefly the connection
between k * (  )  and S 4 (  )  as applied to  the study o f  X ( f ) .  Let

a E in (X ( f ) )  denote the canonical class and A  ( a)  C 2  its annihilator
ideal. T h e n  A (a)=(q , [M il)  w here  [M I E  ny„ may be determined
uniquely modulo q 2 Ç .  According to [4; 5.101 hom. dim. 42,7,(X (f))
< 2. T herefore by [4 ; §121 the natural mapping

: A(a) — > A(6)

is epic. H ence w e m ay assume th a t T d[M 2 n 1 =r and thus we obtain
[5 ;  7 .2 1

Corollary 2 .7 :  W ith the notations preceeding,

e c ( f )=T d * *
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Finally we note that as hom. dim. a r:,,f2(
4
1,(X ( f) )  <2 th e  map

: S2'(X (f)) —> k* (X ( f ) )

is e p ic .  Therefore the commutative diagram

S2 (X ( f ) )
4 H*(X ; Z )

k * (X ( f ) )
---

yields [5; §71

Corollary 2 . 8 :  (.75(f ) = ( e c( f ) I —1)x 2 n+'. * *

§ 3 .  On Three and Four Cell Complexes

In this section we will commence our study of the complex bordism

of three and four cell complexes and its  relation to  the (stab le) at-

tachment data of such complexes. Our first task will be to describe

the attachment data in the manner most suited to our study.

W e w ill suppose given hom otopy classes [ f ]  E Ig l E 7rZm-i
and an integer q  such that

g rg l=  0 =

0E < q, [ g ] ,  [ f i > .

We may then form the complexes

Y(e= SOUge2M

y ( g ,  f ) „ SOu g e 2Mu F e 2M+2n

where

F : s 2yn+27,-1_, y (g )

is  a  coextension of f .  (Such a  coextension exists since f l= 0 ) .
W e let

Q: Y (g)---÷ S
°

be an extension of the map of degree q  on the bottom spheres (recall
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gEg1= 0 ). Then

Q F :  s zm 2n —1 s

is a  representative of the Toda bracket < q , Lg.], [ fi>  and hence we

may assume that choices have been made such that Q F  is null homo-

topic. Thus we may construct a  mapping

H : Y (g, f)— *

o f degree g  on the bottom sphere. We le t X ( g ,  f )  be the mapping

cone o f  H .  The complex X ( g ,  f )  w ill be  the main object o f study,

and its attachment data consists o f g, [ g ] ,  [ f i  and  the various condi-

tions needed to form the extensions and coextensions to manufacture

X ( g ,  f )  from this deta. The following cofibration sequences

Y ( g ,  f ) f )

s o c ,y (g ,
 f )

2 n t  f )

will also prove useful. Note also that

X( g , S  0  u u G e 2 m -11 u F e 2 n2-12n+1,

and therefore

Z , :  i =0

f l. i (X ( g ,  f ) ;  Z ) =  Z  :  i = 2 m +  1, 2n + 1

0  :  otherwise.

Let us proceed by choosing generators for ...0,( Y(g, f ) )  as an

module. From the cofibrations

S 2 m - 1 S ° Y  (g)

s zm t-2 1 y(g)._4_, y f )

w e  fin d  th a t it  is  possible to choose classes To E Y ( g ,  f)), r2„,
E ..(212; n(  Y ( g ,  f  )  and T2m+2n E •2 tdm+2n(1T ( g ,  f ) )  such that

To = C*Co
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r 2 m  d * Y 2 m

0 *r2m  1-2n  =  1 2rn I  2n -1

where 6i G QV (S 1) denotes the canonical generator and E S2( Y(g)) a

class such that a- '2n, = 6 2m -1  E-0427m-1(S 2111-1‘ •) Note that r2 ,„ is unique-

ly determined up to an element of the form 1212m1ro, [A 2m1E .S2S1„, while

7.2m+2n is uniquely determined up to an element of the form [B 2 m + 2 n 1ro
+1c 2 1r2,,,, EB2 "1 1 2 "1E S2127m 1 2 „ 1  [ 1 2 n ]  E flY„. These classes freely gener-

ate S2 ( Y (g, • ))  over Sn.

Notations: Throughout the remainder o f  our discussion of three

and four cell complexes w e w ill fix  the notations preceeding. In  addi-

tion we will denote by a =- 1.5 ° , L IE  buo (X(g, f ) )  the canonical class.

T h e  annihilator ideal o f  a  is denoted by A ( a) .  Sim ilarly we have

th e  canonical class 6  =  (a) E Tio (X (g , f ) )  and its annihilator ideal

A(o") Z it ] .

Proposition 3 .1 :  W ith the notations proceeding w e have

A (a)= (q, [V 91 , [V I)

where IT 7 ,1E s2sn is uniquely  determ ined in  S n/(q) and [ V I E  W-  , m + 2 n

is uniquely  determ ined in  S2 / ( q ,  [ V a .

P ro o f :  Note that

A (a)=ker L * =1mH* .

Recall that in(Y  (g, f )) is freely generated by the classes ro, r2., r2m+2n

which have the required uniqueness properties. **

In  a similar manner we also obtain :

Proposition 3 .2 :  W ith the notations preceeding w e have

A (6)=(q, atm, b in ')
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where a E Z  is uniquely  determ ined i n  Z a a n d  b is uniquely  determ ined
i n  Z (q ,a ) . * *

R em ark : N ote  th a t  in  view o f  o u r  discussion of how  our genera-

to rs  fo r  ij V Y (g , f ) )  w ere  chosen  a n d  th e  w o rk  o f sec tio n  2 we may

assum e tha t a  =Td1 Vg ]  a n d  ec (g)=a/q.

D efin ition : W ith  the  nota tions preceeding let

f2 (g ,  f )  = o rd e r  o f  [ V ]  in  S2E,/1/4/(q, [V g] ) ,

and

e(g , f )I =order o f  b in  Z ( q ,a ) .

Proposition 3 .3 :  T h e natural m ap

A(a) A(0)

is epic.

P r o o f :  Consider th e  cofibration

IT(g, f ) X (g, f ).

R e c a llin g  th a t A (a )= Im H *  a n d  sim ila rly  f o r  A (6 ), w e  o b ta in  the

diagram

g(1 (g, f )).—  A  (a)

Tc* (X (g, f)) ---> A(6)--)0.

Since H* ( Y (g , f ) )  i s  a  f r e e  Z-module, th e  map

C: IT(g, f))— >rc*(Y (g, f ) )

is  e p ic  [4; 10.11 a n d  th e  result follow s from  commutativity. **

Corollary 3 .4 :  W ith  t h e  notations preceeding w e  m ay  assum e
b  = T c l[V ]. **
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Corollary 3.5: e (g , f ) l=o rd e r Td [ V ]  in  Z ( ,, (2) . *

Theorem 3 .6 : With the notations preceeding we have

(z(X (g, f))= (1 e c (g)1 x 2 'n+1 + ( le a(g, f)1 —1) xznt+ 2 n +1

and

re(X (g , f))= (le c (g )1  — 1 )
 x 2

+  ( 1 e(g, f)1 —1) x' -' 271 +1 .

P ro o f :  Introduce again the cofibration

Y(g, f ) .

In a standard manner we obtain the cofibration

Sw Z X ( g ,  f ) — b- * Y (g, f ) .

Thus we may regard E Y ( g ,  f )  as obtained from X (g ,  f )  by at-
taching a  cell along a  map that represents aE in (X (g , f ) )  as a spheri-
cal bordism class. Thus we may apply [4;  12.3 1 to conclude

coker4 Amizn+i(X(g, f  )) .— >R2m+22/+i(X(g3 f ) ;  Z )}

=[Z O Y ,T A(a)12m+2n.

(R ecall that 1-1* ( E  ( Y (g, f ) ) ;  Z )  i s  a  fr e e  Z-module and [ 4 ;  3.111.)

Next note that [Z O A (a )1 2 1 . + 2n is cyclic w ith generator [VI which
h as o rd er e u (g, / ) l .  I f  w e now  note th at the 2 ,n  + 2n2 n  skeleton of

X (g , f )  is  X (g )  w e m ay combine our above observation with (2 .8 ) to
obtain 6 5 ( X ( g ,  f ) ) =  ec(g)1 — 1)x 2 n 1 + 1 + (l e s2 ( g ,  f ) I - 1 ) x z m+ 2 1 . The

k * ( )  theory result is completely analogous and its proof is omitted. **

Corollary 3 .7 : With the notations preceeding we have

e(g, -= e sa(g, hom. dim. DU, ..Q,E(X(g, f)) <2.

P ro o f :  This is immediate from (3 .6 ) and (1.1). * *

Thus, unravelling some o f our notation, w e  have arrived  at the
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following criteria fo r  ..Q,7(X(g, f)) to  have homological dimension at

most 2 as an S2 -module.

Corollary 3 .8 : W ith the notations preceeding,
hom.dim. sA l2(X (g, f  )) < 2 i f  the order of TdE V ]  in  Z (q ,a) is exactly
equal to the order o f [V ]  in .Q/(q, **

It is clear that our next task must be to investigate the problem

o f if an d  when hom. dim. sO 2(X (g, f ) )  can exceed 2. It is evident

from [4; 5.101 and (2.6) that we must at least have ec (g )*  0 E Q/Z.
It is perhaps worthwhile to record this observation.

Proposition 3 .9 : W ith  the notations preceeding, suppose that
ec (g )= . 0. T hen horn, dim. n u ,2 (X (g ,  f ) )  < 2 .  **

We return now to the question of if and when hom, dim. sduSZ(X(g, f ) )

can exceed 2. We will present a semi-complete answer to this question

that leans heavily on  the criteria o f (3 .8 ) and  characteristic number

arguments. The following section is devoted to a  reduction of (3 .8 ) to

a  characteristic number criterion. Th e ensuing characteristic number

arguments are quite involved and occupy a section of their own. In

section 6 we will return to apply them to the study o f S2V,(X(g, f ) ) .
I t  is perhaps therefore best to close this section with an example bor-

rowed form [5; 8.11 in  th e  hopes that it sheds light on the general

case.

Exam ple: W e choose [g] =77 0  E  ir , If 1 =  v  E where y is

the map of Hopf invariant one mod 2, and q = 2. Observe that

27/ =0 =77y

<2, 77, y> ng = 0.

Thus we may form the complex X(77, y). W i t h  a E S2g(X(v, y ) )  the

canonical class it was shown in [5; 8.1 1 that A(a) = (2, [CP (1)1  [V611)
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w here [ V ° 1 E ..Qr6!  i s  a  Milnor m a n ifo ld  fo r  th e  p r im e  2 .  I n  [ 5 ]  we

then w ent o n  to  sh o w  th a t hom. dim. s2u...S2V,(X(.77, v)) > 3. I n  term s of

our present discussion th is m ay be seen a s  follows : By replacing 117 6 1

by V 6 1— Td [ V 61 [CP(1)] 3 w e  m a y  a ssu m e  th a t  T d  v 6 i = 0, and

hence by (3.5) th a t  1 e(77, v)1 = 0. O n  t h e  other hand [ V 61  i s  a n  ac-

ceptable polynomial generator fo r  S2V,/(2) in  degree 6. T hus 1 eflel,
= 2 . H en ce  hom. dim. S2g(X(77, v)) > 2 b y  (3.7). Finally observe that

X (77, v)=X (-)7)U,e 7

where

:  s',.x(77)
i s  a  suitab le coextension of v  a n d  represents t h e  bordism element
[V 61 a , w hich  has order 2, a s  a  spherical class. Since 2  is  a prim e

w e m ay  ap p ly  [4; 5.121 to  conclude that hom.dim. s02(X(77, v))=3
exactly.

§ 4. M ore on  Three and Four Cell Complexes

W e shall continue to employ the  notations of section 3 .  We recall
th e  two basic cofibrations

17-(g, / ) X ' S °x ( g ,  f )

S° —  17 (g, f ) - - 6- *E 2 m(Y (f)).

W e h a v e  th e  generators To, T2,1, r 2 n t - i  2m E -014/4( Y (g , f ) )  with

H*To-=qao

H*.r 2m =
 V  g l a  0 : IV OE f l y .

11*r 2111+211 — EV1 6  0: [VIE S2L+2„.

Of course A (a) --  (q, [V  g1, [V ] )  where ce E Sn(X(g, f ) )  i s  the  canonical
class. O u r  m a i n  concern i n  th is  se c tio n  is  to  b e t te r  p in  down the
m anifo ld  V  v ia  characteristic num bers. It is convenient to introduce
another manifold [ V11 E ..TI„ a s  follows. Choose a n  integer q' such that
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q'r fl= 0 E 7r„_, and let

: Y(f) -+ S°

be an extension of the map of degree q  on  the bottom sphere. We
then have the composite

D : Y(g, f) -*E 2 - Y (f ) -z S 2 m .

Note that

D *T o= 0

D * r2 m  (1 6 2m

D*r2nt-E2n = LV.I.1 6 2m

where [17 f ] E Inn is well determined modulo On.

For our study q, 1Vg 1, Ev-] a n d  V if] a re  critically related . The
exact value of q' is not immediately relevant.

Notation : Denote by

0: 2,14--).2,E;4 r

the natural forgetful map.

Proposition 4 .1 : With the notations preceeding suppose that q' is
odd. Then

IV f l= q 1D91 mod torsion

for some ( U, fr)-manifold EC.

P roo f:  O bserve that there is a  cofibration

Y ( f )

and that A (j3) = (q' , [V f ] )  where 19E sn(X (f)) is  the canonical class

CS
°
, P J  Hence by [12; A.21

sw (r)1 Vf]-=0 mod q'
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fo r a ll n o n -em p ty  p a rtitio ns w . A n  a p p lic a tio n  o f  th e  m a in  result of

[101 now com pletes th e  p r o o f .  **
T h e  follow ing constitutes our m ain technical result.

Theorem 4 . 2 :  W ith the notations preceeding w e hav e the follow-
ing  K-theory number congruences

s (r ) [V ] - - - -- Td [V g I s (y ) [0 ]  mod q

for all non-em pty  partitions co.

P r o o f :  W e h ave  th e  diagram

Y(g, S°

from  w hich w e obtain

II,Kr2m+27 — [V ]go

D*T2m+2n—E vf162m•

Represent r 2m +2n by

go L 2n! 12n y  g 5  f ) .

T h e n  w e  have [ 5 ;  §21 th e  following formulas

s . ( r )  f7 J =  <  (0'11'(7— 1) s , ( r )E L 2m +2ni , E L 2 m  +2 n j>

s V f ]  < 4 0 11Y  (7 - 1) s.(r) EL2 m + 2 "1, [E2 m + 2 " j>

w here  77E K (S 21' )  i s  th e  canonical Bott g e n e ra to r . N o w  w e  m ust recall
tha t w e  m ay  choose  classes

a o E /70( (g, f )  ;  Z )

a2nE E Y (g, f ) ;  Z )

a2m+2,, E 11
2m -F2n(Y  (g, f ) ;  Z )

such that



334 P. E. Conner and Larry Smith

ch 1-1' (  — 1) = Jgo + Td [ V I T d  [V ]  g 2 „ i 2 n'

W e  n o w  a p p ly  the R]? th e o re m  [ 1 4 ]  to  convert a  K-theory computa-

t io n  to  a  cohomology computation and we find

s,o(r) [  VI <  ch W I/ 1( v —  s . ( r ) i - L ] ) T d  EL], [L l>

-= < (0 * (q go+ Td[ Vg ] g 2n, Td[ V1g2.+2,,) c h  s(r)(L )Td(L ), [L ]>

Td [ Vg ] < ço*  g2m ch s(r) (L)Td(L), >

for dimensional reasons provided that to  /  0. On the other hand

s.(T )[ Vf] = < eh (sol DI (7 — 1) s Jr) (L)) Td (L),

= < g2m+ Td [ V flg2,.+2n) c h  .3 (T) (L)Td (L ), [L l>

=  <So*  g2mch s.(T)(L) Td (L), EL]>

again provided co  /  0. Thus w e find

(*) O J T )  V ]  Td [ Vg ]  s . ( 7 )  V i l  mod q.

B y  (4.1)

o I vf 1 I C  m od torsion

and hence

s
—  

(r )Evf i s.(1-)E01 
(.1

provided u) * 0 .  U p o n  su b stitu tin g  th is  b ack  in to  ( * )  the result fol-

lo w s .  **
A lthough  it is  som ew hat p rem ature  a t th is point to  do so, we can

handle a  class o f spaces X (g , f )  a t  th is  t im e  s im p ly  w ith  the a id  of

( 4 .2 ) .  W e do so  in the expectation that the technical difficulties of the

general case w ill becom e apparent and o u r  main lin e  o f  argument can

be discerned through the tedious calculations of the n e x t section.

T h e o r e m  4 . 3 :  In  th e  n o ta tio n s  preceed ing  suppose given a

space X (g , f )  where ec(g)=- 1/ p  f o r  some odd p r im e  p .  Then

hom. dim. 4..f2,7(X (g, f)) < 2.
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P r o o f :  By localization techniques (see §6 ) w e m ay assume that

q--=1.1 for some integer t. Then according to (2.7) Td [ Vgl=pt-1. By

appealing to [12; A.71 we find that in —= 0 mod p - 1  and we may as-

sume that [  =p 1 - 1 1C P(p-1 )T 11P '.

Let p E denote the order o f Td [ V ] in  Zp t-i. We must show that

pE E (P t , Vg1)

for then (3.8) w ill y ield  the desired conclusion, According to the de-

finition o f e we have

Td [ V ]  0 mod p f - 1 ' .

A s e ( ; (g) E Q/Z has odd order it follows from (3.9) and localization that

we may assume [ f ]  E 7r,s2„_, has odd order. Applying (4.2) we obtain

the basic set of equations

(A) sM1V1= p" s.(r) DJ mod it': D  I  0

where [ 0 1 E DS/P .

Next we apply the results o f [1 0 ] to find a  closed manifold C2 ",

and integers a ,  b , such that

(B) 2a [0] = b [E 2 '1 + 0 [C 2 "]

where [E 2 "1 denotes the ( U , f r)  bordism class o f th e 2n-cell with the

special (U , f r)  structure described in  [1 0 ] .  Thus we may rewrite our

basic equations as

(c) 2a.sr,(y) V I=  bpi -  s(3-)LE 2 "1+ 's (r) [C 2 '] m odp t

for all non-empty partitions co. Next recall that

(D) Td E v]. 0  mod

Combining these two facts we find that

(E) s.(T)i V ]=0 m odp t - 1 - 6

for all partitions. Hence by the Stong [131-Hattori [6 ]  theorem

(F) E  v l p t - EL P l
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fo r a  suitable closed U-manifold P . T hus our basic equations may be
written as

(G) p T v i=

and hence our basic equations lead to

(H) 2as,o(r) bso,(r) [E2"1+ s„(r) [ C ]  mod p: to * 0

Now le t  c  be chosen such that c2" —= 1 mod p ,  and let

(I) f/\ =  [17 1— c [C 2 "1 [C P(p -1 0 11)- 1 .

Observe that by the product formula for K-numbers

sw(ro ic2ni rcp(p Sr(T) ic2ni

(J) +  s.-(r) Iczni s."(r)CcP(p —1)1m/P - 1

." # S b

= s o,(r)IC 2 "1 modp : w

since

(K) &,(r)1CP(p — 1)1s 0  mod p : w 0

for an y  positive integer s. Thus we find

(L) 2as.(r) bs,o(r)1E2"1 mod p: w  * 0 .

Now note according to [131 [ 1 4 ;  pp. 121-1241

(M) s(p- 1)(r) EM1--- 0 mod p

for any closed U-manifold M, while according to [101

(N) sp- i.(r)[E 2n 1 -=' ±_ 1 mod p.

Thus putting w -= (p — I.) into (L) and using (M ), (N ) we obtain

(0)0  2 u s ( p_ , )( r )  v ]  bs( p_ 1)(r)EE2 n1—= b  modp.

Therefore

(P) b 0 mod p.

Hence putting (P) into (L ) leads to
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(Q) sr,(7-)1P1—=0 modp: w * 0 .

Therefore by [11; 5.61

PEA l : m  n 0  mod p — 1,
(R) [  V ]  =

Td [V ][C P(p -1 )1 V 17 : m+ n — = 0 mod p - 1 .

Recalling (G) and ( I )  and m --=0 mod p — 1 we find

PIA] : n -/ - O mod p - 1
(S)

p T I/J= p i[A ] p t -  (cIC 2 1+ E C P(p-1)I 1 1 -1 ) [C P ( p - 1 ) 7 1P- 1

: n  0 modp — 1

and so p E[V 1 E (p t , p t - T IC P(p -1 )7 IP - 1 )  in  a l l  cases, as w as to  be
show n. **

Notation : L et a l  E 7r fr 3 , p  an odd prime, be the class introduc-
ed  b y  T o d a  [1 5 ] [1 6 1  o f  order p  and Hopf invariant 1  mod p .  Fol-
lo w in g  [1 1 ] w rite  V (1 / 2 ) for the stable com plex M O . D en o te  b y

r E ijo( V(1/2)) the canonical class.

Corollary 4 .4 : W ith the notations preceeding suppose tha t DC
E S2E21k , k >  0, and

Emir E hnI.Nr( V(1/2)) / 2 ',1“ V(1/2))}.

Then [M ]r = 0 E in( V (1/ 2)).

P ro o f :  Represent [M ] by

F: k V (1/2 ).

Observe b y  [1 2 ; A .5 ]  th a t  w e  m a y  assume k>2p—  2. W rite k = 2n
+ (2p —2) and introduce

: S 2 " + ( 2 P- 2 )

F V (1 /2 )c o — Fse

Then we readily see that
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X =  V(1/2)UFe 2 k + 1  =X (a i , 2).

Therefore by (4 .3 ) horn. bim. 2 S2,7(X) <2 . L e t  u s  write rE SjE
0
7 (X )  for

the canonical class. Clearly

A (0 = (p, CeP (p - 1)1, [M D .

According to [4;  5 .3 1  th e  g irth  o f  th e  ideal Am is  a t m o s t 2.

Since ( p ,[C P ( p - 1 ) 1 )  i s  a  p r im e  ideal i n  S2V, this implies that

[M ] E (p,1C P(p-1)1)-= A (r) and the result follows. **

N ote that ( 4 .4 )  provides an  alternate proof o f  t h e  key result

[11; 5.10 1 without (direct) recourse to Toda brackets and the numerous

unpleasant cases and computations of  [1 1 ;  § 5 1 .  It was primarily to

accomplish just this that the present study was undertaken.

It is  to  be hoped  that the reader will bear th e outline of the

preceeding arguments in mind through the tedious characteristic number

arguments of the next section.

§ 5. Some Characteristic Number Arguments

Our objective in this section is to provide the technical results

concerning characteristic numbers that a re  needed to complete Our

study. It is convenient to state the m ain result now, although its

proof requires many preliminary maneuvers.

Theorem  5 . 1 :  Let p  b e  a n  o d d  p rim e  and r, s, j ,  j  integers
satisfy ing the follow ing conditions

0 < s < r , i , j > 0

j—= 0  mod p - 1

s <v p (i)

w here vp ( i )  denotes the power of p  in  i. S uppose that [V I E  .S2r21
( i + j )

and D I E  Sni f r  are such that

s„(y )[V ] —=p r - s s.(T) EC mod pr +1 ,

for all non-em pty  partitions (o.
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T hen the order o f  [V ] in  ..(4/(p r ' 1 , I)" s iCP(p - 1)i i i P  1 )  is equal
to  the order of  Td1V1 i n  Z p .

The proof o f this theorem will occupy the entire section. As we

shall employ the results o f DO] at several key points in the argument

we begin by recalling these results in the form most convenient to our

needs.

Recollections on the structure of ,S4. f r /Torsion : Let

(E2n, s 2 n - 1 ) — >(BU, *)

b e  a  map representing 1 E 7r2 n (B U ,* ) .  Then 6  induces a  complex

bundle $  over E 2 "  with a  compatible framing on S 2 " - 1 . Clearly re-

garded simply as a bundle over E 2 ', $  is trivial. Thus we may regard
-E as providing (E 2 ", S 2 " 1 ) w ith  the structure of a ( U, fr)-manifold.

Denote by EE2 n
1E S21

2
/P  the bordism class o f  (E2", s 2n-1\)  with the

( U, f r )  structure E. (Th is is the same manifold denoted by [E 2 "1  in

th e  previous section.) According to DO] we then have :

Theorem : T here is a  basis f o r I2STVTorsionlOZE1/21 consist-
ing  o f  EE2 n  

and closed manifolds. **.

The K-theory characteristic numbers o f [E 2 " ]  were computed as

a  key step  in  th e  proof o f  th e  preceeding theorem. Among these

results [101 we have :

Propositon: L et p  b e  a n  odd  p rim e , n  a positiv e integer w ith
222] ( _ i )n+1n= . 0  m o d p -1 . Then mod p .  * *s( p _i ) (7)1E

This should be contrasted with the result o f  Stong [14; pp. 121-
1241 that for a closed U-manifold [C l, s i(r )1 C 1 0  modp regardless
of the dimension of [ C ] .  (O f course this may also be deduced from

the two results o f [101 preceeding.)
Combining th e  preceeding Proposition w ith  [11; 5.71 a n d  [12;
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Appendix] we find :

Proposition: L e t  p  b e  a n  odd p rim e  an d  n  a p o s it iv e  integer
satisfy ing n —  1 .  T hen there ex ists integers qt(n), g"(n) rela-
tively  prim e to  p  su c h  th at  p l '"P( n) (1'(n)LE 2 "1 is (U, f r) cobordant to
q"(n)ECP(p — 1)311 p-1 . **

Corollary : Denote by  0: DV< 9 g . f r the standard forgetful homo-
m orphism . T hen (DŒCP(p-1)1m ) is div isable by  p' '") , ( m) an d  no higher
power of  p .  **

W e a re  now  prepared to  begin  th e  proof o f  Theorem  5.1.

Proof o f Theorem 5 .1 . It is  conven ien t to  d iv ide  th e  proof into

tw o  cases, depending o n  s  <v  ( j )  o r  s >  p (j). T h e  first o f  these is by

fa r  th e  easier case  and  so  w e  w ill beg in  w ith  it.

Case I :  s<vp (j).

It  is  th e n  c le a r  th a t  s  < m in  { v ( i) , v p ( j)}  a n d  h e n c e  i n  v ie w  of

[1 0 1  th e  follow ing lem m a is clear.

Lemma 5 .2 : T h e  m anif o lds IC P(p - 1 )1 11P  1 ,1 6 T (p -1 )1 » " ,
IcP(p-1)1i+" - 1  a re  all div isable by  ps + 1  in  S n 'f r.

P ro o f :  O ne h as  m ere ly  to  n o te  that

Ivp(i)-F 1
s+1  I'n11" 1 IV (i) , V  p(l)}  + 1 <V p(i i )  + 1  <

p( D + 1

and  apply  DO]. **
Since  w e a re  ignoring th e  p rim e  2  w e find  accord ing  to  [1 0 1  that

w e m ay w rite

[01=inCE251+01c251
w here  C 2 i  is  a  c losed  U-manifold.
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Lemma 5 .3 :  W ith  the notations preceeding we may assume that

Td [C 21] = O.

P r o o f :  Let us set

[C, 2 1 1 -= IC 2i]  —Td [C 2./1[C P(p-1)1»P - 1

N ote  th a t  Td IC 2-11= O. N e x t  o b se rv e  th a t  a s  [C P(p-1 )]»P - 1  i s
divisible by p " '  in  S2V,' fr w e must have [101

s(r)E C P(p -1 )1 11 P- 1 ------- modp" 1

for all non-empty partitions. Thus we have

s,(T) modp"1 :ù   /  0

and hence

s (r ) [  V ] ---=--p r - s ms.(T)EE 211-Epr- S S ( T )  EC 211 mod pr +1

_ p r- smsw( r ) LE 211+p r_ ss w (r )L C  211 m o d  pr+1

as required . **
Henceforth we will therefore assume th a t Ec  =  Lc 2p-i,]  th a t is,

that Td [C211= O.

Lemma 5 .4 :  Let

=  v.] —pr - s1cP(p-1 )I11P- 1 CC 2 ' 1.

Then

sjr)E wl—,pr - smsJr)EE'il mod p r  : 0.

P r o o f :  B y the product formula for K  -theory numbers we obtain

s(r)E C P(p - 1 )1 i 1 P - 1 [C 2 '1-=T d[CP(p - 1 )1" P - i s.(r)[C 21 1

+ E  s„-(r)[C P(p-1)1i/P- .,,(r)Ec
4,° =

s.(r)1C P(p-1 )1 i1 P- 1  Td [C211.

From (5.2) it follows that
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s a (r)E C P(p —1)1 i1 P- 1 =--- 0 modps + 1  : a  I  0
and from (5.3) that

Td 1C2i] = O.

Thus we have for w  /  0

s .(r) IC P (p —1)1 i1 P- 1 10 1 - so,(r)1C 2 i1  mod ,

and therefore for a ll w  /  0

p r as s.(r)E[C13 (p — 1)]' P - 1  [C 2  j]]-  p r -  s.(y)C 0 1  mod p r '

Return now to the basic equation

s.(T)C vl —= pr - sms.(r)CE 211 +p r - ss .(r)  CC211  mod pr+1

valid  fo r  all non-em pty partitions co. A c c o rd in g  to  o u r  preceeding
discussion we thus find

.5 (r)E  vj.pr - sms.(r)CE 211
+pr - ss.(T)IECP(p — 1)11 I P- 1 1C 2i1 1  m od  pr +1

and hence for w  /  0

p r a s m s.W EE 21I1 s (r ) [ [  V] —pr - s1CP(p —1) i /P- 1 11C2.11 modpr+ 1

:=- s„(y ) IV ]  mod pr + 1

a s  was to be shown. **

Lemma 5.5: Td W] = Td EV].

P r o o f :  Immediate from the fact that Td [C2'1= O. **
Let p i b e  th e  order o f TclETV] in  Z p , - , .  Note that 0 < / <r —s

and that p l Td ETV1=--pr - s N  for some integer /V.

Lem m a 5.6: Let

[X ]= p 'E T V I— p r-sN IC P(p -1 )1 i+j1 P'.

Then
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T d [X ]=0

and for all non-empty partitions

s ,,(r)[X ]=- pr -  ' 1 ats„,(r)1E 2 .11  mod pr + .

P r o o f :  First of a ll w e  have

Td [X I=  p i Td I IV] —  p ' N  0.

Next observe that for all non-empty partitions

s.(T )ECP(p-1)1 i + l 1 1 ) - 1  0 m od p 1+1

b y  (5.2) and [1 0 1 . Therefore

s(y) [X ] =

b y  (5.4) and the result follows. **

pi s.(r) I rvi ---pr - s+ints.(r)[E v i mod pr + 1 ,

Lemma 5 .7 : L et p  be an  odd prim e , n  a positiv e integer satisfy-

ing n  0 modp — 1. Suppose that B  is a  closed U-manifold satisfying

s,,,(7)1B 1=qs.(r)CE 2 1 mod ' ) : w  /  0

for some integer q  an d  non-negative integer t. Then q m odp. I f

moreover Td EB ]= 0 then q O mod ' ) .

P ro o f :  L et to = (p — 1). Then we have

0  s ( p _ i ) (r)1B1= q( — 1 )" 1 mod p

which shows that q O m od p . Thus

s jy ) E B ] 0  mod p :w = ø .

I f  now  Td EB] =0 then  w e m ay conclude by th e  Stong
[61 theorem that [131 , --- p [ B i l .  Moreover if t > 1 an d  we
w e have

[131-Hattori
w rite q -=pq'

sn,(r)[13 1 1—=(1 sn,(r) FE 2n1 mod I,'

for all non-em pty partitions w, and as Td1B /1= 0 w e m ay repeat the



344 P. E. Conner and L arry  Smith

above procedure, etc. **

Lemma 5 .8 : Ex ] E p r +1 f ly  ( i  j ) .

P ro o f :  According to (5.6) w e have

Td [X]= 0

sro(r)1X 1-pr-s+/ m s. ( r )LE2ii modpr+i 0.

Suppose first that r + 1<r — s + /. Then clearly

s(r)EX -1 O mod pr + 1  : all to.

H en ce  b y  th e  Stong-Hattori th eo rem  w e have [ X ]  E  p r + 1 ,Q2
U

 (
(

+ i ) a s

requ ired . On the other hand suppose that rH 1> r— s--I -1 . Then first

o f all

so,(7-)1X1 =0 mod p r- : all to.

H ence by the Stong-Hattori theorem  there exists a  closed U-manifold

Y  such that

r x i - p r - s - " E  171.
Of course

0 =Td [X ] = p' - s + 1 T d  Y ]

and so Td  Y ] =  O. M o reo v er the equations

s.(T )E X 1=- p r ' l ms.(r)CE 2 l 1 mod pr + 1  : 0

im ply that for all non-empty partitions

s (y ) msjy) LE 21]  mod p ' '.

According to (5.7) w e then have

m=.0 modps - 1 +1 .

Therefore

s„(r)I Y1 —= 0  m o d p ' 1 : 7 ' 0
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and since T d [Y ]= O  we may apply the Stong-Hattori theorem to con-

clude

for some closed U-manifold Z .  Thus

E x i_ p r-s+/E E zi

and hence LX1Epr-Fi2E2/(i+i) in this case also. **

W e are now able to complete the proof o f (5.1) Case I  as follows.

According to (5.5) the order o f T d  V ]  in is W e must there-

fore show that p l T d  V] E (p r+i ,  p r - sEc p ( p  i )iiip - 1) According to

(5.4) we have

EV- 1=E IV ] mod(pr+i, p r - s E c p ( p  1 ) ] i i p - 1 )

and so it will suffice to show that pir PV] E (p r  1 , pr - sE C P(p œ l)I i IP- 1 ).

According to (5.6)

p'E ---=• E X ] mod (p r + 1 , p r - s 1CP(p — 1)1 11P- 1 )

and hence it will suffice to show that EX1E (pr + 1 ,  p r '[C P ( p - 1 ) 1 1P- 1 ).

However this last inclusion is clearly a  consequence o f (5 .8 ). Thus we

have completed the proof o f (5.1) under the assumption that s <v p (j) .
W e are now left to deal with the case s>Pb(j).

Case I I :  s> v b (j).
As in the preceeding case we shall require numerous preliminary

facts and figures. Our starting point will again be the basic equations

s,,(T) V ]  m y -  ss,o(r) CE 2.11+pr - ss.(r)E0 1  modp" 1 ,

for all non-empty partitions, obtained by writing

[01=in LE 2 f1+ Lc 2ji

with the aid o f [101.

Lemma 5 .9 : Let

rrj vj — pr-s[cp(p — oji/P-lic2j].
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Then

s.(7-)Etv11.--pr—smso,(r)EE'l mod p 1

P ro o f :  First o f all recall that s < v p (i). Therefore

so ,(r)ECP (p —1)1 i I P- 1  =. 0  mod p '  1

fo r  all non-empty partitions co. Hence by the product formula for K-
theory numbers

s„(r)E [C P(p-1)2 1P'[0 11=-,9 0,(r) ECil mod p's+

Thus we find for any non-empty partition

s (r )  L W1 = s .(r) L 17 1 ss.(y) ELT (p — 1)1i1P- 1 1 0 1 1

[ VII — p 's . ( r) 1 C 2 l 1  mod pr + 1

_ p r-smsro(r) EE + p r (r) [C J
— p r  s Sr,(r) EC211 mod p'

_Pr_smso,(y) L 2i1 m odp r +1

as required. **

Let t  be the smallest integer such that p t tn Td 1E 2j1 has denomi-
nator prime to p .  Thus there is an integer (1 0, relatively prime to
p , such that

qp`rn IE q'ICP(p — 1)] j i b - 1

for some integer (I  relatively prime to p.

i
Lemma 5.10: s0,W E C P (P - 1 )1 F 1 = - s . , ( T )E C P (P - 1 ) 1' IP-1 modps + 1

for all non-em pty  partitions.

P ro o f :  By the product formula for K-theory numbers we have

.s.(r)1CP(p P-1

= s„,•(r)1CP(p
=
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Now recall that a s  s <i) p(i)

s (r ) [C P (p - 1)111P- 1
—= 0  mod ps ' 1 : co  /  0.

Substituting a n d  recalling Td IC P (p  — I )/ P - 1  -= 1 now yields t h e  re-

sult. **

Lem m a 5 . 1 1 :  Let

ED ]=qp t 1W]—q f pr - s [C P (p -1 )1 ' + " - 1 .

Then

so,(y) [D ] = 0 m odp" : co-7LO.

P r o o f :  By d irec t computation (5 .9 ) a n d  (5 .1 0 ) we obtain

so,(r)ED]=qp t s.(r)C  W I— q'pr —s s .( r) IC P(p -1 )1 1+11P- 1

_ q p tp r-s msoh .) 2,] 9
, ,pr_ss c„(r)[CP(p-1)1J1P - 1  m odpr + 1

. p r — s (q pts,o( r )  E 2.11 — q's(7 -)E C P (p -1 )1 i 1P- 1 ) modpr+ 1

modpr + 1

a s  required. **

L em m a 5 .1 2 :  p`EVJE ( p '  p r - TC P (p - 1)1 1 )

P r o o f :  Since

[ V] =  IV ] mod (pr ' 1 , pr — s [C P (p -1 )1 i /P- 1 )

it w il l  s u f f ic e  to  s h o w  th a t  p t E w - i  E  ( p r+13p r - s i c p ( p

Since q  is relatively p r im e  to p  it is  equ iva len t to  s h o w  qptE W ]
Ep r - s E c p ( p  o i i j p - 1

1 )  a n d  hence i n  v ie w  o f  ( 5 .1 1 )  that
ED] E p r - T c p ( p ) However according to (5 .1 1 )  and
[12; A.5, A.6 1 w e have

[D ]= p r  + l [ A ]  Td IDTCP(p-1)1i+PP-1

and
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Td -= 0  mod rp

Now recall that we are assuming

Therefore

Hence

Thus we may write

and so

P ( i ) < S  < i )  p ( i ) .

P( i D.= V 13( :1) < s.

r—v b ( i+ j)> r— s.

Td [D ]= p r d

[DI= p r  + 1 1A1+ dp r  s ICP(p — 1)1 i
 - HP -

Thus by inspection [D J E (pr 4 1 , pr - sIcP(p -1 )1 1
'  

1
) .  

**

Lemma 5.13: p i Td E m o d p ' .

P ro o f :  According to (5.12) we may write

[ V ]  p r + 1 1241-kp r - s rB1 [CP ( p —  1)2 1P-
1

and so

T d  v] =pr4 - ' Td EA] H-pr - sTd [B ]

from which the result follows. **

Thus i f  we denote by p 1, O < 1 < r — s, the order o f  T d  V ]  in

Zb , w e  h ave  1 < t .  Thus th e  proof o f  ( 5 .1 )  C a s e  I I  w ill be

completed (in  view  o f  (5 .12)) i f  we can show / > t .  T h a t  is  it  w ill

suffice to show that there exists an  integer q ,  prime to p ,  such that

glin t Td LE 2 '1 E Z.

Lemma 5.14: The order of T dirV j in  Zp , - *  i s  equal to p1.
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P r o o f :  T h is  fo llow s from  th e  definition of [ W I  g i v e n  in

(5.9). **

Lem m a 5.15: p l E =-  p r  'CB] for som e closed  U-manifold B
of dim ension 2i+2j.

P r o o f :  According to (5.9)

p i s ,(r) [ IF ] -=--p ip ' s  1 n s(r )1 E 2 j ]  mod p " 1,

for all non-empty partitions to. By definition of 1

p i Td 11V1 ,---- 0 mod pr -

Therefore

Pl s.(r) Tv1= 0  m o d p 's

for all partitions co and thus an application of the Stong-Hattori theorem

is all that is required to complete the proof. **

L em m a 5.16: L e t  p  be a n  odd p rim e , a, b ,  positiv e integers

satisfying a ,  b= 0 modp —1. Suppose tha t [A ] E S22 a  satisfies

2 b 1 mod p tw

for some integers q  a n d  t  with t <1+ v  p (a). Then q  0  mod pt.

P r o o f :  Recall that DO] [1; 2.61 (or [12; Appendix])

s.(r)1C P(p 0 modp 1 P( a )  : (1)  0.

Thus of course

Let

Observe that

s .( r )E C P (p -1 )T IP - 1 =- 0  mod a) * Ø .

C A ]=[A ] —  T d  [A ]rC P(p —  1 )Ja/P-1*
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s.(r) P1 ----s.(r)CA]=qs.(r)IE 2 b1 m o d  : w 0.

On the other hand Td O. An application o f  (5.7) completes the
p roo f. **

Lemma 5.17: T here ex ists a n  in teger q  re lativ e ly  prim e  to  p
such that qp t rn Td EE 2 J1 E Z.

P ro o f :  Combining (5.10) and (5.15) we obtain  fo r  non-empty

partitions

P r -  s  s.(T)LBJ --- =p 1 p r - s  m s(ï)  LE "j mod p '.

Therefore

sn,(T)E.B] nisJT) CE 2j1 mod p s  1.

Recall that as we are assuming vp ( j ) <s  we must have

< s .  Hence of course

sa,(r)[B ]=-p i in s Jr)  E 211 mod p'1 , ( i +i)  4  1
.

Applying (5.16) we obtain

p l i n = 0  modp 1-"P ( i + j) ,

vp(i +1)—v p(j)

and since vp(i+ j)=vp(i)

p l m =— 0 mod p l . " P( ') .

Therefore according to [101 and El ; 2.61 we find that p i in T d [E 'l l
has denominator prime to p  which implies the desired conclusion. **

Thus w e have / >  t. Hence a s  noted prior to (5.14) w e  have

completed the proof o f (5.1). * *

To complete this section we shall discuss the computation of the

order o f Tdi V1 in Z ip

W e have employed the homomorphism Td flçjfr in  th e  fol-

lowing con text. For a  fixed odd prime, p ,  let Q( b ) C Q  be the subring

o f rationals with denominator prime to p .  There is induced by com-

position the homomorphism td : S2 (
2
1,;fr —).Q/Q( p ) . It is  a  corollary of the
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results proved in  L101 and discussed at the beginning o f  this section

that the im age of td : SZYfr —>Q/Q( p )  i s  a  cyclic group generated by

td LE 2 1 and having, i f  n =- 0 mod p — 1, order p"P( ' - ' ) .

Corollary 5.18:  U n d e r  the  hypothesis o f  (5.1), Case H , the order
of  T d[V 1] in  Z is equal to  the order o f  td (0 ) in Q/Q ( p ) .

Our proof o f (5.1) in Case II consisted o f  showing that p ' is  the

least power o f p  fo r  which there is an  integer q ,  prime to  p ,  with

qp`m Td LE 2f1 E Z .  Since Td (0)=nt Td (E 2 f) in  Q/Q(p ) t h e  corollary

follows.

In Case I  the situation is not as simple. It will be recalled, (5.4),
that in Case 1 w e  replace L V ] w ith  L W] so that Td1 V1= Td fV1,
I V ] W1 modulo the ideal (p r+i , p r-sE c p (p _  and

s ( y )  W ]  pr - srnso,(r) LE 2.11 modpr + 1

fo r  a l l  co 0 .  In particular, s „ (r ) 1V1= 0  m o d p ' for all co 0.
A ccord ing to  D C  aga in  th ere  is, therefore 0' E S2V(if_ f o r  which

0 L W] =pr - s0'. Surely the order o f  Td TV1=Td L V] E  4 . - s is then

equal to the order o f td (Or) E Q/Q ( p ) . In addition

sa,(y) 0' = nts„,(r) LE 2'1 mod /is + 1

for all co 0 .  Since we are neglecting 2 we may as before write

-= LD 2 ( i i ) ]  k 1E 2(i '1)1.

A s  always it is convenient to have Td [D 2 1 1 ) 1]=0.O. Since we are in
Case 1 then as noted in  (5.2) O I C P ( p - 1 ) 1 1 'f 1P- 1 Eps+ 112 (

2
1(if,f i ) . Thus

LD2 ( i + i) ]  may be replaced by

[D 2 ' ' 1] —Td ED 2 ( i + - 1 ) 1]E C P ( p - 1 ) 1 i 'f 1P- 1

therefore without loss of the congruence modulo p " 1, Td LD2 ( i +i)1= O.

Lemma 5 . 1 9 :  I f  t < s + 1  th en  n i=- 0  m odulo 13' if  and only  if
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P ro o f :  The congruence, for co 0,
s jr)  ED2 ( i + 1 ) 1  ks,(r)1E 2 ( i +l ) 1=mso,(r)CE 2 '1 modps + 1

yields upon specialization to o) =(p  — 1) the relation

ksp_i(r) E E 2 ( i +i)] —ntsp_i(r)IE 2 1 1 mod p

since S p_  irD 2 1—= 0 mod p.
A s  S  p  _ 1 ( r )  rE 2 "i ( — 1)" + 1 mod p  w h e n  71, 0  mod p — 1  w e m ay

conclude that k = 0  mod p  if and only i f  m  0 mod p .  Suppose k =pki,
tn pal l  th en  for w  /  0

8(r) ID 2 ( 1 + i) 1=p(m i s,o(r) EE 2 f J  —k1 s(r) LE 2 (i-i j)i) mod p .

Because Td ID2 ( i + i) ] = 0 w e then  see  from  the Stong-Hattori theorem
that there is a  [D r  +i ) ] E $2(

2
1
( 1 + i )  w ith  Td IDT ( t+ l ) 1=- 0 and p Epp +j)1

= ED2 ( f + 1 ) ]. Of course this immediately yields

sn,(r)E.Or + i ) 1+ k1s.(r) CE 2 ( f +i ) 1=ini s(r) EL 2-'1 modps.

W e m ay  p ro ceed  in d u c tiv e ly  to  e s tab lish  t h e  lem m a as long as

t < s+  1 . **

Lemma 5 .20 : I f  v p(m)< s + 1 then  v p (k) = v p (m).

P ro o f :  Since m =0 mod/0 ( m) a n d  vp (m) < s  1 it follows from
(5.11) th a t k =0 modp m ) a l s o .  I f  k =0 modyP ( ' ) ' I however we see
that m=0 modyn''' ", w h ic h  is  a contradiction of the definition of

up (m ). **
N ow  th e  v a lu e  of 2 (m ) ,  o r  v p ( k ) ,  determ ines th e  order of

m td [E 2J ], o r  td (0') =- k td 1E 2 (i +i)i, in  Q/Q( p ) . I n  o th er w o rd s, if

m =p 'P ( ' ) q, ( q ,  p ) = 1  th en  13' P( '") q tdEE 2 f 1  h a s  o rd e r  p 'p ( j ) - '1, ( m) + 1 .

Sim ilarly td (0 ') has order p '  P ( i  
p ( k )  4 1

,

Corollary 5.21: U n d e r  the  hy pothesis of  (5.11) Case I ,  if the

order of td (0 )E Q /Q ( p)  is  a t  le as t  p'P ( l ) - s+1 t h e n  the order o f  TdEV1

in  Z ip-, is
' P( i ) ord (td (0)). * *



On the complex bordism o f  complexes with few  cells 353

Since ord (td (0))=tn  tdiE 211) is  a t  le a s t  p"P ( . 1 ) - s + 1  it fo llow s that

v p ( m ) < s +  1 and  t h u s  b y  (5 .2 0 ) , v p (k )=  v p ( m ) .  H ence ord (td (0'))

k  t d  
LE2(i+Di) .= p vp(i+.0--,,,,(Dp v5(i)-m + i

ord (td (6)). A s  w e  n o te d  a t  the beginning the order o f  Td [ V ] in
Z - equal to the order o f td (0 ') in Q/Q( p ) .

If the order o f  td ( 0 )  is  le ss  th an  p 'P " )
- s + 1  

in  th is  case we can

only conclude that v p (k )> s  +  1  so  th a t the order o f  Td [ V ] will not

exceed

§ 6 .  Still More on Three and Four Cell Complexes

W e now have available the tools to settle the problem undertaken

a t  the end of section 3. Our semi-complete solution m ay be stated as

follows :

Theorem 6 . 1 :  Suppose given hom otopy  classes Del E 7r Z.-1, CR- 1
E Tc „,- i  and an integer q such that

qE8-1-0= E glIfl
0E <q, [fil>.

Fo rm  th e  c o m p le x  X (g ,  f )  a s  i n  sec tion  3. I f  q  is  o d d  th e n
hom. dim. 2 S 2 (X (g , f ))<  2.

P ro o f :  Let p  be a prime and denote by Z 1 1 /p 'l  the subgroup of

the rational numbers Q with denominators prime to p .  Let

)(3 Z [1 /p i l : X--÷ S2,7,(X)O z Z [V p i]

denote the bordism functor w ith coefficients in Z [ l/ p i l .  This localized
theory has coefficient ring 2V,OZ[1/p'1. Elementary facts [ 3 ]  about

localizations show that

horn. dim. 4 2 (X (g ,  f ) )_ < 2 <=>

hom. dim. ,r4 o z [ l i p, 3 2 ,7 (X (g ,  f))0 Z [1 / p ']_< 2 for a ll  primes p.

Suppose that q  is re latively prime to p .  Then
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Z,O ZE1/p'1 = 0
and one sees

sn (E
1 7 ( f ) ) 0 z E l/ p ' i4,(X (g, f ))®Z E1/111= 2727+1

s2 v6(s 2m+i y  s2m+2n F1)07
-1 1 / P t i

as 2 g O Z E 1 ip am o d u le s . Hence

hom. dim. p ti,o z c i i p
, i S2 (X (g, f ))0Z11/13/1= O: (p, (1)=1.

Suppose next that (p, q)=pr+1,  r>  O. T h e n  p  is  o d d . Let gp and f p

denote the p-components o f g  and f .  Observe that w e m ay form  the

complex X (gp , f p )  using p '  for q. Observe that

f ) ) 0 Z 1 1/ /1 1 -Z  (X (gp, fp))0Z1 1 /11 1

as S2,70Z11/p 11 - m odules. Hence it w ill suffice to show that

horn. dim. ,vi'z[1ip-1 2(X (gp, fp))0Z 11/111< 2.

Since ZE1/p'1 is  a flat Z-module it is sufficient to show

hom. dim. 127, S2V X (g  f t ) )  <2.

In  v iew  o f  (3 .9 )  it is  th erefo re  su ffic ien t to  consider the case

ec (gp)*  O. Let us assume th a t  ec (g )  = 1/p , w h ic h  w e  m a y  do

w ith o u t lo ss . In the notations of section 3  w e obtain  from  (4 .2) the

equations (recall remark following (3.2))

s ( r )  L V ] ----=- pr - s s ( r) D ] mod p
r +l

for some (U, f r )  manifold 0  of dimension 2 n .  Assume that n  0  m od
p - 1. A s  ec(gp) - 7L  0  it follows that m =0 mod p — 1 also. H e n c e  a c -

iscording to (5.1) the order of V ] in  S2 /(pr+', p r-sEc p( p  i )imip-r)

exac tly  eq u a l to  the order o f  T d  V ]  in  Zp ,--,. A n  ap p ea l to  [12 ;
Appendix] shows th a t w e  m ay  assume without loss o f generality that
EV,p1= pr - s[CP(p - 1)1m1P ' .  T h us th e  crite r ia  o f  (3 .8 )  applies to
show hom. dim. sg!,, S2g(X(gp ,  f p )) < 2  as required.

It rem ains finally to consider the case n / 0  mod p — 1. According
to  (4 .1 ) and [12 ; A .611 (recall q' -=p t)  it fo llo w s th at w e m ay assume
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O is a  closed U manifold. Note that s < v p(m ) and hence

so,(r)ICP (p —  1)7' 1P '  0  m o d p s  : ù ± 0.

Thus by the product formula for K-theory numbers

p r's„(y )  DJ IC P (p — 1 )7n/p-1
— s o (r) EC mod pr + 1

for all non-empty partitions. (Recall 0  is closed). Hence

s ( r )  Vs — pr - '101 IC P (p — 1)1m/P-
11=: 0  mod pr+1 : 0

so by [12; A.7 1

V] —pr -  sICICP (p — I P - = p r-1-1[Al .

(Note n  m  / 0 mod p — 1.) Thus

[V I E  (pr + 1 , pr - s IC P(p -1 )1 m /P- 1 )

and an application of (3.t3) yields that hom. dim. f2 t,i,S2,u, (X (g p ,  f p )) <2 in

this case also. **

With the aid o f (6 .1 ) and the type of argument employed in  (4.4)

it is  possible to describe

Im {.S2 ,V (X  (g)) --> in(X  ( g))) -

The details are left to the reader.

The preceeding result suggest that one try to study complexes of

the form

x .= s ou a e l u e n t-i

where q  is odd and n  < n2 < • • • < nh and try to show horn. dim. D u* S2 (X )

< 2 .  W e have no idea how to deduce such a  general result with our

present techniques.

Added in  P ro o f .  Some results on the annihilator ideal of the

canonical class in  s2g(x) may be found in a publication of the second

author that is to appear in the Indiana Journal of Math.

THE UNIVERSITY OF VIRGINIA
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