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§ 1. Introduction

W e consider the m ixed problem s fo r th e  first order hyperbolic

systems in a quarter space, t > 0, x >0, y  E R"- 1  ;
1  0  Ot u(t) =-  L u (t)  f  ( t)

u (0) = g 

B u(t)I x , o =h,

0 n - 1 0where L =A + E B +K , A , B . ; and K  are N x  N  matrices and
O x  j= 1 yi

B  is  a / x N  matrix.
The a im  o f th is  article is  to  d erive  en ergy  in equa lities  of the

solutions for the mixed problems (1.1).

W e assume as follows;
A. I) The coefficients of (L , B ) are independent of t ,  sufficiently smooth
w ith respect to (x , y) in  R" and constant outside a compact set in W .
The coefficients of L  are real valued and A  is  non singular.
A . H )  is strictly hyperbo lic , that is, A e+273 1h a s  o n ly  r e a l  distinct
eigen values for (x , y) E R", (e, v ) E ( e, 77) 0. Hence

M (x, y; 2, 0 =  A -
1 (2 —  Bp2; ), Re 2> 0, V ER " '

h as  n o t rea l eigen values. Let k  o f eigen values have negative real
parts. Then we can find a smooth NX N  m atrix  U(x, y : 2, 77) homo-
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geneous o f degree zero w ith  respect to  (2,77) such that for (x, y) E R",
E Rn —1 ,  Re 0, (2, 72)

U (x, y: 2 , v)1 U - 1 (x , y : 2, .1)1 const. ,

and

U-1(x, y :  2, ri) M( x y: 2 , 77) U (x, y :  2, 72)

(M i(x, y :  2 ,V)

0 M2(x, y : 2, 72)) '

where M i (resp. M2) is  a  k  k  (resp. (N — k) x (N k)) matrix which has

only eigen values with negative (resp. positive) rea l parts. Let decom-
p o se  U-=(U i, U2), w h e re  Ui(resp. U2) i s  a  Nxk(resp. N x (N — k))
matrix.
A. III) (L ,  B )  satisfies the uniform Lopatinski's condition, th at is, 1=k
and the 1x 1  m a tr ix  (B(y)•111 (0, y ;  2 , 72)) is  non singular for yE

vER n - 1 , Re2.0, 1 2 12 +1 7;1 2 = 1 .

Moreover we assume

A . IV )  A =  A (x ) is independent of y in

Then we have

Theorem . Assume A I ,  A .I I ,  A .I I I  and A.IV. Let u (t) belong

to  d'7(H 1 (117,)) and dl(L 2 (11)). Then there exist positive constants C

and Po such that

u(t)II 2 +1
o
P11e -s ) 1I2 + < C ." u(s, 0)> 2 ds

C. {11g112 + 0  -i t -  H e "1 . (s)
 + < e - "h (s )> 2 ds} ,

for t >  0, (Notation is explained in the next section.)

§ 2. Notation

H (C " ) :  n-dimensional rea l (complex) Euclidian space.
111.: the set {(x , y ); x> 0, yER" - 1 }.
Hs(11n)(1/s(111.)): the space of functions of which s times derivatives are

square integrable in  fin(R1.).
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é ' ( E ) :  the space of functions of which p  times derivatives are continu-
ous in E  with respect to  t.

( ,  ) :  the inner product in L 2 (R ) .
<  ,  >  :  the inner product in L2

( R n - 1 ) .

11•11(< • > ) :  the norm o f L 2 (R ) ( L 2 (11" - 1 )).
[21, B ] :  the commutator o f two operators A  and B.
110 : the extension of u in L 2 ( R )  such that

{u (x , y), for x>0
uo (x , y):=

0 for x<0.

û(E, 77): the Fourier transform o f u(x, y), x E R1 , yE R" -
1

(e, 77) =  e . - - i x - i 'Y ' 9 1L (X , y) dx d y.

(77): the Fourier transform o f u (y ), yE  R ' l

(.0 = u(y) d y.

L ( I ; E ) :  the space o f functions u (t )  which satisfy

Ile-,tu(0112dt < 0 0 ,

where I  is  (0, 00) or ( -00, 00) and p  is real number.

§ 3 .  Stationary problems and Ad joint problems

Let us consider the following boundary value problem with a  pa-
rameter 2, Re 2 > 0, in the half space R!:

(3.1)
1 (2  f ly =  f in Rn,

1B v  lx=o-=h in  11"-
1 .

The basic apriori estim ate o f th e  so lu tio n  o f (2 .1 ) has been
obtained by O. K . Kreiss [4] as follows;

Lemma 3 . 1 .  Assume that A .I, A .II and A .III a re  va lid . Le t v
be in  H 1 (R I). Then there exists a positive constant p o such that it
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holds for any A with Re A= le I t o

(3.2) P1102+ < v ( 0 ) >2 < const.  1   11f112 + <h> 2 ).

W e shall ob ta in  the existence of the solution to  the problem  (2.1)

b y  use o f  the estim ate  (3 .2 ). For th is purpose w e consider the adjoint

problem o f (3.1) ;

{ (2 — L(* ))w -=- yo in li n
+

k w  1 x=0= 0 in Itn- 1 ,

w here  L ( * )  i s  the form al adjoint of L  and B ' i s  a  (N — l) X N matrix

o f w hich  kerne l is  the complement o f (A(0, y ) Ker B( y ))  in  C.

Lamma 3.2. I f  (L , B ) satisfies th e  assumptions A . I , A . II  and

A. III, so does (L ( *) , B ').

Moreover the following Green's formula holds ;

Lemma 3.3. L e t v  an d  w be i n  1.11 (1C1). There exist a  l x N
matrix C and  (N — l) N matrix C' such that

(3.3) ((2 — L) v , — (v , — L( * ) ) w)

= < B v (0) , C' w (0) > < C v (0) , B w (0) > ,

and

(3.4)
{

< V (0) > <- C011St. ( < By (0)> + <Cv (0)>)

< w (0) >  const. (< B 1 w (0)> + <C' w (0)>).

T h e  a b o v e  tw o  le m m a s sh a ll b e  p ro v e d  in  th e  appendix . F rom

Lem m a 3.2 and 3.3 w e  have as the corollary of Lem m a 3.1;

(3.1)*

Lem m a 3.1.( * ) L e t  w b e  i n  H 1 (RT). There exists a positiv e
constant ,e4  such  tha t it ho ld s  fo r any  com p lex  num ber 7\, with
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Re%=p>

(3.1)* /611 2 + <w( 0 ) > 2

 
Gconst. ( 1 H O F+ <O> 2 )*

L e t f  a n d  h  be i n  L2 (11. )  a n d  L2 (R" - 1 )  respectively. Then we

say that y  in  L2 (111) is a  weak solution of (3.1), i f  it holds

(3.5) (f , w)— (v , (5■,— L( *) ) w)=- <h, C w(0)> ,

fo r  all w  in  H I (M )  with B'w (0)=0.

I n  order to prove the  ex istence  of weak solution of (3.1), we need

a n  essential lemma given by Lax a n d  Phillips [5 ]. We denote by

H - 1 (W - 1 )  th e  dual space o f  H 1
 
( R n - 1 ) .

Lemma 3 .5 . L e t  y  b e  a  w eak  so lu tio n  o f  (2.1). T hen  v (x )
belongs to Pl(H - 1 (R" - 1 ) )  and

limBy(x)-=h in  H -

P ro o f. Denote by p ( y )  a  mollifier in  R" - 1 . We write v,-=p,*y.
Since y  satisfies (3.5), We have

(2 — L) v = f

in  distribution sense in R .  Hence v , belongs to H 1( R )  a n d  satisfies

0  A  
 a x

8   y,-=(2—EB ; )v e +  f [B ; Pelv—f6,u y; u  y i

where f 5 =p e *f. Since A  is non singular, we have for almost every Y,

v ,(x )— va x ')= 1  A
- 1 2 —  2T ;  

 8   )1 4+ ELB; a
 ,  ()Ely

— d x .ay; a y ;
Hence we have

<v,(x)— v E (x')>Y1-1 ( R )

const. x — 1(11v EV +110 2 +  f a



454 Kunihiko Kajitani

-This shows that v 6 (x )  belongs to 61)(H -
 Rn 1 ) )  fo r  any e > 0 . And

for any e, e' > 0 and every x>0

<Y 6 (x)—v 6
, (x )> 2

H -1( R.-1)

<const. (Ilv, - - vell 2 +11f, — fell 2 +11ge — ge112 )

where g,= EL13 ; , p,1 v. S in c e  it  h o ld s  g ,  convergés to  zero in

OM) for e—>0, v 6 ( x )  converges to  v(x ) uniformly in  61)(H - 1 (R -1 )).

Moreover by Green's formula, we obtain

( f  6 , — (v 5 , —  L ( *) )

=(g e , w)-k < JO), w (0)>

=( g e , w)H- <Bv 6 (0), C'w(0)>.

Hence taking e we obtain from (3.5)

<B y (0)— h, C'w(0)> = 0

fo r a l l  w  in  H 1(11'1) w ith  k w (0 )= 0 . I n  view  o f  (3.4), we obtain
Bv(0) = h  (c.f. Appendix). q.e.d.

A s the corollary of the above lemma we have

Lemma 3.6. I f  v  is a  weak solution of  (3.1), then v  satisfies the
inequality (3.2).

P ro o f. L et put v ,= p ,* v .  Then v, satisfies

(A — L) v 5 =  f  C ,v

1B v  ,(0 )=h , H 5 v(0),

where CE =A [A - 1 (A — EB;  n5  5 -  61 ) H E =  [P E ) /3 ] •  f8 = -2106*(A - V )

and h,= po<h. Since y, is  in H ' (1 ) ,  w e have

(3.6) ,a I I v,112 + < v,(0) >
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1 <const.  (Il feli2+11C6v112)+ <116> 2 + <H 6 v(0)> 2 1.

From  the fa c t  th a t y  i s  in  L z (R!,) and y(0) in H - 1 (Rn - 1 )  it follows
th at 11C8 y112 — 0 and  < I / 8 v(0)> 2 -÷ 0  for 0 respectively. Taking
e-+0 in  (3.6), our assertion is proved. q.e.d.

Theorem 3.1. Assume that A.I, A.II and A.III are  valid. Then
fo r  an y  f  in L 2 (R )  and h in L 2 (R" 1 )  there ex ists uniquely  the weak
solution v  of (3.1) w hich s a t i s f i e s  the inequality  (3.2).

P ro o f. W e first co n sid er th e  homogeneous boundary condition,

th a t is, h= O. W e  d e n o te  b y  g(L ( *) )  the graph norm closure of the

setlw E 1/1 (R ) ; B' w(0) 0 1  .  T hen  g(L ( * ) )  i s  a  H ilb ert space with
the inner product

= ( ( %. —  L ( *))w, _ L ( * ) )
 w).

S in c e  ( —  L ( * ) ) f  IIII(x - L(*))wIl for any wE g(L ( * ) ) ,  b y  Riez

theorem we can find g  in (L (*))  such that

( f ,  (2— L(*)) w) (g, iv)o(L(*))

H ence i f  w e  put y =()— L ( *) )g, y  i s  a  w eak  solution of (3.1) with
h= 0. W e next consider the case h * O . Let 111,1 in  C7(Rn - 1 )  be the

sequence such that

<hn — h> — >'0(n — > 00).

Then we can find çon in  H 1(R1.) such that

Bçon (0)= h„

Let v ,Ç b e  a  weak solution of

(A —L) L= f —  (A — L)

B '14(0)=0 .

T h en  yn = çon +14, i s  a  w eak  solution of (3.1) w ith  h ,  and satisfies
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(3.2). Hence taking n 00, T)„ converges and it's  lim it y  is  a  weak

solution of (3.1). T h e  uniqueness o f  th e  weak solution is assured

by Lemma 3.6.

We next investigate the regularity o f th e  weak solution of (3.1).

Theorem  3.2. Assume that A. I, A. II an d  A. III a re  v a l id .  Then

f o r any f  in H m ( R )  a n d  h  in  1-1m(1?" - 1 )  there exists a solution v  in
H m (R ) o f  (3.1) which satisfies

(3.7) E I 21 2 <D L v (0)>i_ i_ ii+J=c1

< const.{ t2
1=0 1

2 121 ( 1 IlfIlLy+ <h>gi_ ; )} ,

for

Proof. It suffices to prove that our statement in  case  m =1
holds. We shall show that Dy j V  belongs to L 2 (R T )( j= 1, n  —  1 ).

From the fact that A  is non singular it follows that D v  is in L 2 (Rn, ).
Let us put Vo

 t (D y i  y, Dy ,,_,v). Then Vo ( x )  is in  eiI(H -
2(R" -

1)),
because y(x) is in 61(1/

- 1 ( R n - 1
) )  by Lemma 3.5, and Vo ( x )  satisfies

f(A —L)V 0 F in distribution sense

1f3 V0(0)=H in H-2(Rn-1) ,

where

A B;
A  o )  

% .  OP + (A  2 (A -1 B  j ) )
0 X • -

(  0  . .A ) 0 13;
yi

(IC (A (A
_

IK )v -  -  A  2 (11 -
1f )

0  , F= •
8  A (A -1K )v + A (A - 1f)

v  Y n-yn_
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(2  h—(  Bv(0)
u , = (B  ... 0\ .

H=
h  B) v (0)) B

yn-i yn-1

In  th e  other h a n d , w e can  sh o w  analogously to th e  proof o f  Theorem
3.1 that there exists a  weak solution V in  L2 (R1) such that

(2 — L) V = F

th V(0) = H,

an d  satisfies

(3.8) <17(0)> < const.  1   111 1 1 2 +  <H> 2 ) .

O u r a sse r tio n  is  th a t  V-
0 i s  e q u a l  t o  V. W e  p u t  W= V— V 0 . W e

define A , such that

1
AX= (101 12 - A

Y )  2 3

where zly i s  a  Laplacian in  R" - 1 . T hen w e can  see easily  that Ax

is  in L 2 (R ) a n d  satisfies i n  a  weak sense

j (2— L) A,W =

A,PV(0)= ,

where Fx= A LA , A - 1 (2— 27 B o-q-T )1W a n d  H,=[A,, B1W(0). Hence

we have  by (3.8)

(3 .9 ) PliAxTV112A , P  ( 0 ) > 2  . .const.(  1   liFx112 +  <H,.> 2 ) .

O n  th e  other hand we can show  easily that

I I Fx II < const. IlAxwIl,

and

1<Hx> const. <A,. W(0)>



0 v„(t)=— L*v„(t)—  ite - 2 yon ( t )
at

in  RI.
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Hence there exists a constant p i  such that for it . ,tt 1 w e  have A j r ----0.

This completes our assertion. And (3.8) implies (3.7) w ith  in=1.

q.e.d.

Rem ark. Theorem 3.1 and 3.2 are valid for the adjoint problem
(3.1)*.

§ 4 . Energy Inequalities.

To derive the energy inequality of a solution u ( t )  o f th e  mixed

problem (1.1), w e shall use the solution of the adjoint problem o f (1.1).
This idea is in troduced  by R . Sakamoto who treated the single higher
order hyperbolic equations [ 7 ] .  In  th is section w e impose the assump-
tions A.I, A.II, A.III and A.IV  stated in the introduction.

L e t  u ( t )  b e  in  g((0, 00); H l (R T )) an d  a
a
t u ( t )  in  L (( ° , 00);

L 2 (1 1 )) fo r  ,u> 0 .  Let v ( t )  b e  eq u a l to  u ( t )  fo r  t > 0  and to  zero

for t < 0  and OW be equal to  Cu (t, 0) for t > 0  and to  zero for t <0.
H ere  C  is com posed in  Lem m a 3.2. T h en  w e  can  f in d  q ( t )  in

CT(R1.+ 1.) and On ( t )= 0 „ (t , y) in  C ( R )  such that

9„(t)—>9(t) in g((—  00, 00); L2  (RI)) ,

and

On (t)---* OW in g q -  0 . ,  . ) ;  L 2 (lin - 1 ) ) .

Then we have

Proposition 4.1. Fo r v n ( t )  an d  0 ( t )  there exists functions v ( t )

such that

i) v ( t )  is in  L.2.„((— 00,00); H 1 (1=0.)) an d  : t   v ( t )  in  L , ( (—  0 9 , c°);

L 2 (R T )) and satisfies

B 'v n ( t ,  0 )= e ' ' '0 „ ( t ) in  1?" - 1 ,
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fo r  t E( — Do, )  and it > /t o > 0 , w here L * is a f orm al adjoint of L.
ii) It holds fo r  u> po>0,

Pile ' v n(t)112< e 4  vn (t, I))> 2 dt

<  const.1 iille -
l a Vn(t)11 2<  e - P.1 (t) > 2 dt,

iii) and

n(0 )112 <const.V  . fille -
4  4 9 n(t)112 < e - id  „( t ) > 2 dt

P ro o f. L e t  n ( 2 )  an d  ( ,,(2 )  be Lapace transforms o f  yon ( t )  and
On ( t ) respectively, that is,

n(2)= L e -
 n (t)dt,

and

( b ( 2 )  = 1  e ' n (t)dt,

where 2= ,a+ i6, ,a> O.

Then we note that

(4.1) 17_110n(2)112 do' -1'tçon(t)112 di

and

(4.2) <C ,(2)> 2 d = „ ( t ) > 2 dt.

Let w ( 2 )  b e  the solution which satisfies

(4.3) (A —  L ( * ) )w .(2)= —  ILO n(2) in RI-,

B w „(2 , 0 )= „GO in

It follows from Theorem 3 .1  and 3 .2  that w ( 2 )  is sufficiently smooth

and satisfies

(4.4) filltv.(2)112 + <wn(a, 0)>2
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. const. (PliOn(A)11 2 + <0 n( 2 ) > 2 )

We define v ( t )  as follow for go,

1 -vn(t)— 
2 r

x w„(2)da,

where 2= Ad-icy.
Noting that

Ile t v,z(t)112 dt= LIwnA 2 do-

and

2 =•:.

dt -= IIN.wn (2)112 do" ,

  

we obtain 0 from  (4.3). And integration of (4 .4 ) with respect to 6
implies ii). To prove iii) we need introduce the symmetrizer of the
operator L.

L em m a 4.1.4.1. Suppose th at  a(x, y; 6, 77)=Ae+ B, 77;  h as  o n ly
1=1

re al distinct eigen values for (x , y) E Rn, ($, 72) E W , ($, v) * O .  Then
there ex ists the m atrix  r(x , y; 6, v) w hich has the following properties:

r (x , y; e, 77) is  a symmetric and positive definite matrix  homo-
geneous of degree zero w ith respect to (e, v),

ii) (ra )(x , y; 6, 79) is symmetric.

iii) r (x , y; C, 0) is independent of C (denote by  ro(x; y)),
iv) r(x , y; e, 77) is suf f iciently  sm ooth fo r  (x , y) E R", ($, 7y) E Rn ,

(C, v) *0 and for an y  a, j, r ( x ,  y; e, 77) is analy tic w ith respect
to  e in  a  strip

lime I __(7 I I, v*o ,

where 0 is  a positive constant.

We decompose r (x , y; C, 77)==r(x; Y; 6, V) — ro(x, y)-Fro(x, y ) and

write ri(x, yl e) 77) =r(x; y; E; 77) — ro(x, y ) .  Let be R  and R 1 singular
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integral operators with it's symbol r (x ,  y ; e ,7 2 ) an d  r i (x , y ; E, 7i) re-
spectively. L et u  be in L 2 ( R )  and u 0 is  equa l to  u  fo r x > 0 and to
zero for x > O.

Lemma 4 .2 . T here ex ists a p artit io n  o f  un ity  .(a 11  i n  R " such
th at  Ea3-----71 and  f o r u EL 2 (M )

1 (4.5) E (cti (R+R*)a f uo, u)_(312 u112,

where is  a positiv e constant and R* is  the adjoint operator o f  R.

We write

1 1H= E c t i (R +R *)ce j , 1-11 —  2   E f a i R i a ;2

and

1 H 2 = E a.,(R* — R)cei .2

Then it is obivous that H1 u 0 and  H 2  u 0  a re  in  1/1 (It n )  for u E1/ 1 (R ) .
Hence integration by part gives

Lemma 4.2. Fo r uE H l (Rn+ )  it holds

(4.6) (H(Lu)o, u)1- (Huo, L u)

= ((HL + L ( * ) H) UO, U ) -  < ( ie rO U )(0 ) , U (0 )  >

—2Re<(A*H i  u 0 )(0), u(0)> — 2Re< (A* H2 u0) (0 ), U (0 )>

Rem ark. W e note that it holds for uE H 1 (11)

(4.7) < (H2 u o) (0)> 2 <const.HH2 uollinie) S

Furthermore we can estimate roughly

< (H1 u o) (0) > 2 c o n s t .

because th e  symbol r i (x , y ; E,77) h as th e  following estimate fo r any
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multi integer ( j ,  a )

(4.8) MD; ri(x , y; e, 77)1 < c o n s t . 77 

for Œ 0, E R " ,  (x , y )  ERn . And it follows from i i )  in  Lemma 3.1
that

(4.9) II(HL +L (* ) H) <const.

T h e proof o f  i i i )  of Proposition 4.1; since  v ( t )  satisfies 0 ,  we

have

8 (Hv n (0)0, v n(0)) = — 1 (He v n(t)o , e t v n ( t))d t
o ot

=  12R e ePt(H(L * v n (t))0, v,i(t))—  2 P(H e l vn(t)o, e" t vn(t))

— 2,a Re (Ilço n (t) 0 , v n (t))}  dt.

According to Lemma 3.2, (4.7) and (4.9), we have

(4.10) (Hv.(0)0, vn(0)) <const. 5 Ifilleiavn(t)11 2 + 4n(t)H 2

+ v ( t , 0)> 2 + < e'd (H i v n (t) o ) ( 0 ) >  d t ,

for > Po > O. T he m ain  po in t o f this artic le  is  th e  proof given in
the next section that for ,a> go > 0,

(4.11) S-.< e'd (flivn (t)o )(0)>  dt

<const.{ 1 vn(t)112 0 n(t)ii 2

<e l a  v „(t, 0)>1- dt} .

The assumption A. IV) shall be used in  order to derive this estimate.
From  (4 .5 ), (4 .10 ), (4 .11 ) a n d  th e  estimate i i )  it follows that the
estimate iii)  holds. q.e.d.

Theorem 4.1. Assume that A. I, A. II, A. III and A. IV are valid.
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T hen these ex ists a constant Ito such  that it ho ld s f o r  u ( t ) ,  a solution
0o f  (1.1) w h ic h  is  in  MAO, 00); 1/1(R'+ ) )  and —

0 t  
u ( t )  in  MAO, 00):

L2 (111-)) f o r an y  f i > / lo ,

(4.12) '.*0,alle-'̀ Iu(t)112+ < C 4  u(t, 0 )> 2 dt

C-<const.{11811 2 ±
1

) 0I l e (t)J 2 + < C la h ( t )> 2 dt}

P ro o f . Let v ( t )  b e a solution of the adjoint problem stated in
Proposition 4.1. Then according to Lemma 3.3, w e have

o
—  L)u(t), v n (t))— (u (t) , (— — L( * ) ) v „ ( t ) ) d t

at

=-- —(g, v n (0 ))+ Vo < B u (t , 0), Cvn(t, 0)>

< C u(t, 0 ), v ( t ,  0)> dt.

B y i) in Proposition 4.1, we obtain

I t ( e ' t u ( t ) ,  e ' d  n ( t ) )+  e - F t C u(t, 0 ), e' d  n ( t )>  d t

vn (0 ))+ Vo (e - P if(t), e tv .(t))

— < e ' d  h (t), e l a  C 'v„(t, 0)>  dt

H ence, when we take n  —> 00, b y  use of Schwarz inequality, ii) and

iii), we have

Vo illle - i d u(0112 ± < e - 4 Cu(t, 0)> 2 dt

const.{1411 2 - T o
-

p
l - iie- 4 f(t)11 2 + < e - Pi lt(t) > 2 dt}

+ 1 5 - fille 'd u(t)112 - F < C 4 Cu(t, 0)> 2 dt.2 o

This estimate and (3.4) imply (4.12). q.e.d.

Rem ark. In  the case of the homogeneous initial data, that is,
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8-----0, th e  estimate (4.12) was derived by O. K . Kreiss [4].

Thorem 4.2. Under assum ptions o f  T heorem  4.1, there ex ists a

constant po > 0 such that f o r it > go

(4.13) Ile- 'a u(t)112 <const.{411 2 +5: p
l  H e ' sf(s) 2 + <e - l`sh(s)> 2 ds}

f o r t  in  [0, co).

P r o o f .  B y  th e  sam e w ay  a s  t h e  proof o f  iii) in Proposition 4.1,

w e have

(4 .14) (Hu - id u(t) o , e - 'd  u(t)) —  (11140)o, u( 0 ))

--=
o
—  (  e - i's u(s) o , e - Psu(s))ds

1t

H

 : s

=5
t

o
2Re(He - P s (L u(s))o, e' s u(s))+2Re(He - P s f (s) o , e - '"u(s))ds

t
— 2 ( H e u ( s ) 0, e - "u(s))ds

<const.1 t lie u(t)I12+ 1 H e ' sf(t)11 2 + <e - Ps u(t, 0)> 2

it

+ <e - Ps(Hi u(s) o )(0 )> 2 ds.

Then it holds

(4.15) y < e t H i u t o  (0» 2 dt

.<const.ilig11 2 + -
0 ,ulle- i't u(t)II 2

+ -1
/-,--11e- laf(t)112 + <e - id u(t, 0)> 2 c/t}.

T h e  m a in  p o in t  o f  th is  a r t ic le  is  to  p rove th is inequality  together

w ith  (4.11). It's proof shall be given in  th e  next s e c t io n . From (4.5),
(4.14) a n d  (4.15), w e have

Ile- i d  u(t)112 < eonst. 1116, 112 +1: fil le- Asu(t)112 + 1
,„ Ile-P•sf(s)112
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< e - Fsu(s, 0)> 2 ds} .

T h is  a n d  (4.12) imply (4.13). q.e.d.

Noting that fo r  t < to t h e  s o lu t io n  u ( t )  o f  (1.1) is independent of
f  ( t )  an d  h ( t)  fo r  t > to, we can obtain our m ain  theorem stated in  the
introduction from Theorem 4.1 a n d  4.2.

§ 5 . Estimates of Mean Boundary Values

We shall prove t h e  estimates (4.11) a n d  (4.15). T o  d o  so we
shall make u se  o f  th e  method which was introduced by Friedrichs and
Lax [1].

5 .1  The case of constant coefficients. Here we assum e that
the coefficients of L are  constan t and  that L is strictly hyperbolic. Let

u ( t )  be in  4((O, 00); H 1 (11 )) a n d  8
a
t u ( t )  in  4((O, 00); L 2 (111.)) for

,a> O. A nd u ( t )  satisfies

(5.1)  u(t)= Lu(t)+ f (t)at fo r  t >0,

where f  ( t )  is in  L((0, 00); L2 (M ))
Then we have

Theorem 5 .1 . A ssum e that the symbol r i ( $ ,v )  is homogeneous of
degree zero w ith respect to ( e , v )  in  R", analy tic function o f  6 in  a  strip

i lm E I - 6 1771, V* 0 ,  and  satisfies

(5.2)

T hen it holds

(5 .3 ) 1- <e - Pi (R iu(t)o) (0) > 2 dt

const.{11 6'11 2 + - 1: I l
l "  f  ( t ) 1 1 2 - - u (OP

r i ( e , < const. for C O.
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<e - Fi u(t, 0)> 2 dt} ,

f o r u ( t )  satisfying (5.1), where g  u ( 0 ) .

Proof. We denote by v (2 )  the Laplace transform o f  u ( t ) ,  that

is, Re2=fi>0,

0 e ' u t  d t

Then we can write

(5.4) (Riv(A)0)(0, y) —   1(27r)n 1 e i " 77) ( 2, e, 77) de dV,
 R .

where 1(2, $, 77) stands for the Fourier transform o f  v(2) 0 which is

equal to v (2 )  fo r  x > 0  and to  zero for x < 0 .  Hence 02, C, 77) is
analytic with respect t o  e  in  Im e < 0 . By assumption ri(e, V) is

analytic in a strip jIm e I <6  I'? I. So w e m ay shift the line of integra-

tion with respect to in (5.4) into the complex plane, that is,

(5.5) ri(e, 71) 0 2 , E de =1 ri($ , P(2, $ , 77)de,

where 0<m<S?).

Lemma 5.1. ([1 1, [3 1) There exists a positiv e  constan t k  such

that

i) f o r  I AI .<2k I771 there exists a m  -=m (2, 71) in the range

(5.6) 1-11.</n<diVi,2

such that

(5.7) (2— ia(E' 91)) I < const  1  

le

f o r e  with II n e —  m (2, 77), where a(E , 77)= A e .13 pb,
k,ii) fo r  121> IV  *A , V ) = A - 1 (2 -  iE B J v i )  has distinct eigen values
2
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&K2, v)(j=1, N )  and  satisfies

1Re v)I <const.

f o r j =1, N.

In view of ii) we have

Lemma 5.2. T here ex ists a  N x N  matrix S(A , 77) homogeneous
o f  degree zero an d  symmetric positive def inite such that S (2, 0 ) i s  a
constant m atrix  (= S 0)  and

(5.8) Re (S ( 2 5 77)M( 2 , 7)))1 <const.

f o r IAI > j
2L - 1771.

By virtue o f  Lemma 5.1 and 5.2 we can estimate (5 .5 ). We

assume I Al < k i v I .  Since v(A, ç, 72) satisfies

(2 —ia($ , 77)) v(2, $, 72) = g(e, 77)+ (2, Ç , v )  A-02, 0, v),

where R(6, 77) is  the Fourier transform o f g(x , y ) °, (2, C, 77) is  the

Fourier-Laplace transform of f (t, x , y ) 0 and  02, 0, 77) is  the Fourier

transform of v(2, 0, y )  with respect to y ,  we have by virtue of i) in
Lemma 5.1 for Im E= —m

(5.9) 1'02, e, 77)1 <const. 
 I e I

II R(E, + I (f(2, e, + 102, 0, 011.

We denote by Ri v(2)0(0, 7 1 ) the Fourier transform o f R1v(2)0 (0, y)
with respect t o  y. Then by virtue o f  (5.2), (5.9) and Schwarz

inequality, we have for HI I < 0 771,

(5.10) I Ri v(A)o (0,72)1 2 = 1 D(A, $, 77)Gle"

<const. 7715
I m e = - m

1P(A, e  )1 2 d$

2
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_<_.const.{
1771

1 ( 1  (E, 77)12 + ( 2 , Œ, 771 2 )(1Œ+ 1i5(2, 0 , 77)1 21-

Hence we obtain

(5.11)
SIN,I ttl,71

1Riv(2)o(0, 77)1 2 do"  <const.{11fr(e, 77)1 2 d

+ 1771I f  (A, Œ, 77)1' dE d6 +11 -0A, 0, 77) I2 d6}.

W e n ex t assume 12 1>k1721. We denote by x, 77) the Fourier

transform o f v(2, x, y ) with respect to  y .  Then 15(2, x, v) satisfies

x, 72)-= M (A, 72) 01, x,7?)+ A - 1 (g(x, 77) +f (2, x, 77))•dx

Hence we have

(5.12) S(A, 77)02, 0, 77)•13(2, 0, 72)

d
d
x  {e - n olxS(2, v) 13(A, x, ).13(2, x,77)} dx

-
=2617711 0 e- 2 8 '  S  (A, 77) “2, x, 77) •13(2, x, 77)dx

-2Re1 - e- 2 6 0 1 xS(2, )M(2, )13(2, x, ).13(2, x ,v )dx

77)A- 1 (g(x,v)+ f(2, x,77))-15(2, x,v)dx.

Since S(A, 72) is symmetric and positive definite, we have

v(A, x, v)1 2 <const. (S(A, x, 72)7,3(2, x, 77)• v(2, x, 77)).

Hence by virtue o f (5.8) and (5.12) we obtain

r -

(5.13) 1721
. o  

e- " Ix D'(2, x, 77)1 2 dx

<const. {ReVe - 2 8 0 1 xS(2, v)21- 1 g(x,v)• 13(2, x, 7i)dx

-+ç 1   -

0  ,11
 I f (2 , x, ) F+ u I p(2, x , 7?) I 2dx
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+ I p(2, 0, 72) fo r 12 1> k l 771•

Considering that S(2, 0) is  a constant matrix, that it holds

S(2,0—  S(2,0) l <const.

and that

17r  5.1.3 ( 2 ,  x ,  v )d o ._  1
2

 g ,2( x ,  7/ ),

w e have

(5.14) Re1 do).-e-2sivIxs(2, 71) A-1 3 ,-(x 5 )  i3(2, x,v)dx
O

<const.6 :i e x , 2 dx+ 1771 d j e " (2 ,  x ,  72)1 2 dx

e
_zal,711  

o

ixi k171 211 g (x, )1d77)1•1i) ( 2 , x, 77 (  rdx}.

Noting that

const. e
_2s1,1  

A I g (x  • ) l 1 ( 2, x, 77)1 dadx

<1 771(
d C i e

x, 77) 2 dx
2 Jp..iki n i o 

I
 

-
+ const. e x ,  77)1 2 dn,

we obtain by (5.13), (5.14) and (5.10)

(5.15) 1771 le-s171x(2, x, v)1 2 dx
O

const.{V I g (x , 77)1 2 dx

471
(x ,  77)1 2 +,11(2, x, 77)1 2 do dx

-+Ii",(2, 0,77)1 2 dal.

7?,1  



at
L ( ( —  co , co): L 2 (W )), v ( t )  satisfies f o r t E  —  00 , 00)

Corollary 5 .1 . L e t  v  ( t )  b e  i n  L 2 ((— 00 , 00): H l ( R T ) )  and
a v ( t )  in  L 2

 p ((— 00 , 00): L 2 (R ) )  for > 0 .  I f  f o r  ço(t) in
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Hence i f  we decompose

v(2)0 (0)> 2 d6= d77 R i v  (A) (0 , 77)1 2 do-

Rn

<const. R ._ 1 62{ I 7/ d 6 1  e - mx (2, x,v)1 2 dx
O

+ 1 7 7 1 1 do- 1  I e - 8 1 '11x 0A, x, dx},
poki,i

in  view  o f (5.11) and (5.15) we obtain (5.3). q.e.d.

(5.16) 0  v(t)= — L ( *) v (t)+ 0(0at in  R ,

it follow s that it holds

< e 4 (R iv (t)o ) (0) > 2 dt <const. i5  fill e d  v (0112

+ 1 Ile 4 49(0112 +  <es t v (t, 0 )> 2 dtt.

5 .2  The case of variable coefficients. H ere  w e  assume that
the coefficients of L  are constant outside a compact set in R" and A
is independent o f  y  in  R" - - 1 . L e t R  be a  pseudo differential operator
w ith  it 's  sym b o l r (x ,  y ; E , v ) which is homogeneous o f  degree zero

w ith  respect to  (E, 77) and is independent o f  (x ,  y )  outside a compact

set in W .  Moreover we assume that r (x ,  y ; E, v) is sufficiently smooth,
(Ç, 77) *0, and th a t  MD ) ,"r(x, y ; e', v )  are an a ly tic  w ith  respect to
in  I Tm Ç I<6 IV , >0 and satisfy

(5.17) I D'ID c; r(x , y ; e, 72)I <C ice  V
e

for a l l  ( j ,  a).
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Then we have

0Theorem 5 .2 . L e t  u (t ) be  i n  L (( °, 00); H l (R1.)) and u(t)
Ot

i n  LWO, 00); L 2 (F t ) )  f o r  ,a > 0 . I f  u (t ) satisf ies (5.1) f o r  t> 0 , it
follow s that there ex ists a positiv e num ber /t o such  that

-
(5.18) 0< (Ru (t) 0  (0) > 2 dt

< co n s t i l l + Yo : I f  ( 0 1 1 2 + ide - Ptu(t)11 2

<e - la  u(t, 0)> 2 dt},

for it > flo.

P r o o f .  Since the symbol o f R  is independent o f  (x, y )  outside a
compact set in R.', we can decom pose

R  R i +

w here the sym bol o f  R _  is independent o f  (x , y ) a n d  th e  symbol

r i (x, y: 77) o f R 1 h a s  a compact support in R" with respect to (x, y).

H ence it is  su ffic ien t to  p rove (5.18) fo r  R 1 . M oreover we assume

without generality that the support of u ( t )  i s  in  B 8 (0 , yo)= {(x, y ) in
Rn : x1 2 +  y— yol 2 <6 2 }.

Let QJ  b e  the j-th path in Rn- 1  and p ;  b e  the distance of Q . from
the origin such that for 77, 77' in Q.;

(5.19) I — 77' I <6 I 72 I
1and E  —  is  convergent.
to;

Then w e can construct a  Garding-type partition unity such that,

(c .f . D J)

Lemma 5 .3 . There ex ists a se t o f  C- (Itn - 1 )  functions pf (v ) where
the support of  pJ (v ) lie s  in  QJ  an d  such that f o r 77 Eltn-1



472 Kunihiko Kajitani

Ep3(77)= 1,
and

(5.20) D , p i ( v ) 1 < ic+onsI vt.I 

where constant is independent of  J.

We denote by p,(D y )  the pseudo differential operator with symbol

p i (v). Then pi(D y )  are bounded, real symmetric operators and satisfy

(Dy ) -= 1.

We denote by v(À) the Laplace transform o f u ( t ) .  We write

(5.21) < (R1 v(2)0(0) > 2 = E <(p i (Dy ) R1 v(2)o) (0) > 2

= L < (R1 v3( 2 )o) (0)> 2 + L  < (6; v(2),) (0)>

where

vi(A)=p.i(Dy) v (2 )  an d  C.; = [ R1, p(D y )I].

Then we have

Lemma 5.4. It holds f o r all j

(5.22) < Cliv(2)0(0)> 2 <const.  1 Ilv( 1 )112 •

P ro o f .  W e d en o te  b y  C; vo (0, 77) the Fourier transform of

vo) (0, y ) with respect to  y .  Then we can express

(5.23) C. ; v(0, 77)

= —
1c l v i V  qv C,71)(pi(72') — pi(72))D(2,$,77)cle,2 c  Rr . - 1

t 167

where

—n' : =  R „e - i ' ( ' ' ' ' ) r 1(0 , e, Vi )d y,
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which is analytic with respec t to  $  i n  I flue _< 6  IV' I a n d  in  view of

(5.17) satisfies fo r  $ with I 'me I <6 177' 1,

(5.24) t .i(v  77/ 6 , c o n s t .  7/ I 
i i (IV - - 7 71 1+ 1 ) n + 1  I $1 •

Hence by virtue o f  (5.20) we h av e  fo r 72' E

1 1 •(5.25) I i (v —  : C, v i )(p i (v) — b (e)) I const. 
+ 1 ) n  1 $ 1 + P i '

with I Im $ I - Iv ' . O n the  other hand, since fi( 77 , 77') is analytic
i n  I IM $1 6177' I  a n d  OA, E, v i )  is analytic in  Im $< 0, we may sift a
line o f  integration o f  (5.23) into th e  complex plane, that is,

(5.26) Y ' Pi(/ — 71'; e, 77') (2, e, 77')d$

qv ; C, 77') 02, C, 72')dŒ.

Therefore applying Hausdorff-Young's inequality to (5.23), we obtain

(5.22) by mean o f  (5.25). q.e.d.

We shall estimate t h e  first term in  t h e  right side o f  (5.21). To
d o  s o ,  w e m u s t  give two different a rg u m e n ts  fo r  I A I kpi  a n d  f o r

I A I > k p .i .

Lemma 5.5. It holds f o r  IA I <kp i

(5.27) <R1 vi(A)o (0) >2

const. { p
l

. (lIgill 2 + Ilfi(A)11 2 +11v( 2 )112 ) + 0)>2},

where g i = p J (D y ) g and f (A )  are the Laplace transforms o f p i (D y ) f  (t).

Proo f. L e t v( i) be in Q .  Th en  w e p u t mi = m(2, v" ) ). Since we
h a v e  I AI <2k  iv' I f o r  I A I < k p i  a n d  f o r  i n  0 ,  Pi(77 — 77'; $, 7/') is
anlaytic i n  I Im $ •< mi . Hence we can express
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(R17 7 ;(2) o) (0 , 71)
i f

 ti(n—v1;e,71')i);(2,$,77')27r

Therefore we can estimate by virtue of (5.24)

(5.28) <R1 v J(A)o (0) > 2 < const. rn; < $)>2dŒ.

Applying the operator p 1 ( D )  to the relation (A —  L ) v (A ) g +f  (A ), w e
can write

(5.29) (A —  L) v1(A) = h1(A)

where hi = p i (D y) ( g  f  (A)) + Ci v(A ) and  where C1 is  th e  commutator

of p ( D )  and L.

Define the operator L. a s

a.L1 = A (0) 0  x  t  B 1 ( 0 ,  yo)Vih ,

and denote its difference from L  by M;

Mi = L — L1.

Then we have

(5.30) const.{(s2P3+1)iivill2+11412}

For, by definition of M1 , we write

Mi v1 , (A (x )— A (0))  o
a
x v1 + E (B i(x , y ) - 1 3 1(0, yo)) o

a
y i

 vi.

+  131(0, yo)( o
a
y i

 — iv i ( j ) )  v; + Ky .

Since v; satisfies

 v • =  A -
1(A — E B 1  ,a

i

 — K ) v; — A-1 1thx OY y

we can write

(5.31) _111;  v  = (A (x) — A (0)){."1 - 1 ( 2  —  B  n
i°v ;  —  A -

1h; }uy
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+ E (B i(x , y) —  BI(0, yo)) 8  y  •
y i

+ E 131(0, yo)( -  i v (1 )) y 1 +Kvi .

Since the support of vi(x, y )  is sufficiently small, I A (x) — A (0)1 <a and

B1 —
 B , ( 0 ,  y o ) < a. Hence for I A 2kp; t h e  norm o f th e  first term

and the second term in  (5.31) is not greater than const. (rp./117.)AI + 1110)•
A n d  th e  norm o f  th e  third term is estimated by const. spjIIvjH  from
(5.19). Hence we have (5.30).

The relation (5.29) can be rewritted

(5.32) (A— .L.,)y ; = 111;  yi d-hp

We take it's Fourier transform with respect to x ,  we have

(5 .33) (2 —  ia(e, 77( i ) ) P;(2 , $)=
 M,

 vi( 2 ) (e) 4,;(e) + A( 0 ) vi( 2 , 0 ) ,

where a(e, 7/(1 ) ) -= A(0) $-+ yo)77(/). According to (i) o f Lemma

5.1, for any $ there exists m(A, V( i ) ), 6 77" )  < m ( 2 , 77( 1 ) ) <6
such that

(5.34) I ( A  ia(e, 77"W -1  I < const  1  

e

for all $ with Im $=- — m(2, 77 ( 1 ) )  and A  < k p  ;  .  Noting that

(5.35) a.

 Pi \ M  
»

.'?

we obtain from (5.33) and (5.34) for Im = — mi  a n d  I AI <k p ;

-(5.36) G 1f); (A, $)> const. 2 <  M j V j ($ )>
2 <  kW> 2 )

P

1 + e  12  <y ; (2 , 0 )> 2 }.

Noting that

11 clE <  const. ,
L - m j 1$1 2 pi



476 Kunihiko Kajitani

and
-

(5.37) 5Inq—mi< Vi(E) > 2 de 5
o  
< e- mix v1 (x )> 2 dx,

we obtain by (5.36)

(5.38) 5 < V;(2, E)> 2 d e  const. s1 e) > 2 de

+C011St. { 1 2 114 21 1 < v1 (2, 0) > 2 }
Pi P;

1f o r  A < k toi . For s  with const. s < -  (5 .3 7 ) implies2

(5.40) <Dj(2, e) > 2 de <const.{ 1   i11111
Pi

2 < Vj(2, 0)>

which and (5.28) lead us to (5.27) in  view o f (5.35) and of the fact

that Hhill  <const. (H gill + HL(A)ll +11v(A)D• By integration o f  (5.27)
with respect to 6 .=-Im 2, we have

(5.41) <(Ri. v.f(A)o) (0) > 2 do'

const.{14/112+1-  1 
- -  pi

< v ;(2, 0) > 2 dal .

( II fiG0 112 + II v(A) II z)

Next we m ust consider the argum ent for IA I > k p i .  In  view of

(5.28) and (5.37), we have

(5.42) < (R1 v ;(2 ) 0) (0) > 2  <const. irT o < e- m g vi (2 , x)>  2 dx.

Lemma 5.6. T here ex ists a positive fic, su ch  tha t

(5.43) mj5 do"<e-mix v; (2 , x)> 2 dx

const. 111602 H 11Ji(A)H2 +Idly/MP <v(A ) > 2 du
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1   (311v(2 )112 c16 + 19;1 d6<e-m1xy;(2, x)> 2 dx}
m;

for p>110.

P ro o f. The equation (5.29) can be rewritten

0  (5.44) vi= M(2, D y )y i +h ;x

where M(2, D y ). -= E B 1 )  and h1 =- gi -F f i (2)+C5 v (2), and

where gi = p; (A -
1 g), f f (A).--- p; (f(A )+  K y (2 )) and C5 = [M (2, D,), p(D y )I1.

According to (ii) of Lemma 5.1, there exists a N x  N  matrix s(x , y; A, 77)
which is homogeneous o f degree zero, symmetric, positive definite and
satisfies

(5.45) I Re s(x , y; A, 77)•M (x , y ; A, 77)1 const.

fo r  AI > 2
1  1721I. W e define the pseudo differential operator S (A, y)

with it's symbol s(x , y; A, 77). Since s(x , y ; A, v )  is symmetric and
positive definite, we have for v(x, y) which support is sufficiently small,

(5.46) ( (S +  S * )  y, y)>const.Ily11 2 ,

where S *  is the adjoint operator o f S (A, y).

Since vi (A ) satisfies (5.44), we have

(5.47) <(S-F S*)v i (2, 0), y5(2, 0 )>

= —6 {e - 2 7 n lx <(S+ S*)v ; (2, x), v f (A , x )> }d xo x

<(S + S*)e - mix y; (2, x), e - mixy; (2, x)> dx

— 2Re < (S +  S *)M y ; , y; > dx

—2ReVe - 2 mix<(S+ S *)hj, vi> dx

—2ReS-

o 
e - 2 m 1 x <(S + S *) x vi, vj > dx.
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In view  of (5.45), we obtain

2ReY' < S+ S*)Me - mixvi (2, x), e - mixv,(2, x)> dx

-
<const. ,c‘ 

o
<e - mix v,(2, x)> 2 dx,

f o r  A 1> kpj . Hence from this, (4.46) and (5.47) it follows that

-
(5.48) dcr

o  
< e- nifx v; (2, x)> 2 dx

< const. {2Re1 ezmix < (S+ S *)h j , > dx

+ v;(2, 0) > 2 + ,11 I vi(2 )112 dol.

By definition of hi , we can write

2ReVe -
2m 2x< (S +  S*)h i , v1 (2, x)> dx

2Re
o 
e- 2 "ilx(<(S+ S*)g i , v1(2, x)>

+ < (S+ S*) .1;(2), v; (2 , x)> + <(S+ S*)C ;  v(2), vi >)dx.

Since by assumption A  is independent o f y, it follows that

-= IM (A, D ,), p(D )1

= --[21 - 1 EB I 0
19
y i  ,  p i (D y ) ]

are bounded. Hence we have b y  Schwarz inequality

-
(5.49) const. Re e - 2 'n ix < (S+ S*)Ci v, y1 > dx

<  1  m1 1-  <e - ni, x v; (2, x)> 2 dx 1const. 111);( 2 )112 .4 o m;

W e note that s (x , y; 2, 0) is independent of A. Denote it by S o . S in c e
s (x , y; 2, 72) is homogeneous of degree zero, it satisfies

I s(x , y; 2, v) —  s(x, y; 2, 0)1 < const.1  1.
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Hence we have

< (S —  So )v i>  < const. < v • >
•

Moreover since s(x , y ;  2, oti) is symmetric, th e  norm o f the difference
1 S —  S * is not greater than const.  . Hence we have

I

(5.50) const. do- 1 
o

e -
2 m1x < (S  +  S *)g i , v1(2, x)> dx}

<const.{ cla
o  
Re e < So gi, vi ) 2, x)> dx

-2m,x
d c (   e <  g i >  < v i (2 , x )>JO I Al

-mxe < g i>  <vi>  dx}.

Considering that

1- r-L v i ((2) T--=  2
1  A g i ,

we obtain
-

clo* Re e - 2 m lx  < So gi, v1 (2)> dx
O

<7r -
o Ree - 2 "iix <S o gi, Ag i > dx

+1 IX IS kp j (3, 

Re e - 2 m•1' <S ov 1(2)> dx

const. clo•V vi(2, x)) 2 dx}.
JO

From this, (5.48), (5.49) and (5.50), it follows that

d a  e - mixvi (2 , x )> 2 clx
IX I^ h p jJ O

const. 4 -11711fiG0112+fillvi(2)112+ 1 Ilv(A)112 do-
M j
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-
+ pf 1 do-

o
<e-mix v ; (2 , x )> 2 dx}

, 1  m; d c r  < e - mi' v; (2 , x )> 2 dx,2 51XI kp,J o

which implies (5.43). q.e.d.

In  view  o f  (5.40), w e obtain  our assertion (5.18) from (5.41),
(5.42) and (5 .43). This completes Theorem 5.2.

The analogous result for the solution of the adjoint problem holds,
that is,

Corollary 5.2. Let the symbol r 1 satis f y  the sam e assum ptions as
Theorem 5.2 . Then fo r v (t)  which have the same properties as Corollary
5.1 it holds

(R i v(t) o ) ( 0 ) 2 >  dt

H e ' d  (0 (01 2 + v(t)112 < e i d  v (t, 0)> 2 dt}

Appendix

H ere we shall prove Lem m a 3.2 and 3.3. Let u s consider the

following differential equation with parameters (2, 77), Re 2 >0, E  R",

dx  u(x ).= M (2, v )u(x )+ f  (x )

B u(0) g,

where M(2, 77)=. A - 1 ( 2 —  B ; 7?; ). W e m ay assume without generality
that A  has the form

( A 1  0)
A =

0  A 2

(A .1)

where A 1 (A 2 )  has only negative (positive) eigen values. Hence U(2, 0)



(mi(a, 77) *
U- 1 (2 , 77) M(2 , 77) U (2 , 77)=

Om 2 ( 2,  72)
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becomes the un it m atrix . H ere  U(2, v) i s  th e matrix constructed in
the introduction, that is,

where M 1 (M 2 )  has only eigen values with negative (positive) real parts.
I f  B  satisfies th e  Lopatinski's condition, i . e ,  det(B .U1 (2, 77)) *0 for
(2,7y), Re 2> 0, 1 2 12 +1 7712 = 1 , B  has the form B =(B i, B 2), det B i *O .
In  fa c t , w e  have B U1 (2, 0) -= B i  s in c e  U(2, 0 )  i s  th e  u n it  matrix.
Hence we may assume that B  has the form (II, B 2), w h e re  I  is  the
1 x 1 unit m a tr ix . L e t B ' be a  (N — 1)x N matrix o f which kernel is
the orthogonal complement of (A Ker B ) in  CN . Then we have

Lemma A .1 . B ' has the following form,

(A.2) B' -=(—(Ai B2 Ai l ) * ) in-1)•

P ro o f. Assume th a t B ' h as th e  form A .2 ) .  L e t  y  b e  in  CN .
Decompose v 2)2), v1 EC 1, v2 E CN - 1 . W e  p ro v e  th a t Ker B ' is
equal to (A. Ker B) ± . L e t v  b e  in  K er B ' and u  in  Ker B , that is,
v2 = (A1B2 A -21 ) * Y i and u1= — B2u2. Then we have

<A u ,v >=<A lu i,v 1 >+<A 2  U 2 ,  V2>

-=  -  < A 1  B2 U2, VI >  < A2 It2, (A l  B2 A2 1) *  y 1 >

= 0,

fo r a l l  u  in  Ker B .  Hence v  belongs to (A•Ker L et v  b e  in
(A Ker B) ± . Then we can write for a ll u E Ker B

0= <A u , y >  < u 2 , v2—(AiB2) *  vi> •

T h e above formula holds fo r a l l  u 2 i n  CN - 1 . Hence v  belongs to
Ker B'.

Lemma A .2 . T here ex ist matrices C and C ' such that
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(A.3.) <A u , v > = <B u, C i v > <C u ,  B 'v >,

f o r u, y  in  CN .

P ro o f. We can write

<A u , v > = <A 1 u t, v t> + <A2 /12, V2>

= <(B u— B 2  IL O ,  A t V 1 >  < A 2 u 2 ,  (13' v +(211132Ai l ) * vi.) >

= <B u , A lk y l >  <A 2u2 , k v >.

Putting C'= (A t, 0) and C-= (0, A 2), w e have the formula (A.3).
q.e.d.

 B
 — where(

A  tSince the N  x  N  matrices ( VI
B ( // B 2 `

C A2
)  and C '

= —(A 1 B2 A2
- 1 )*, are non singular, we obtain (3.4).

H ere we assume th a t  ./1 + EB ;v1 h as  rea l distinct eigen values

and A  and 131 are rea l. T hen  w e have

Lemma A .3 .  [1 ]  I f  a n d  o n l y  i f  B  satisfies the u n if o rm

Lopatinski's condition th at  is ,  det (B• U1(2, V))z 0 f or (A , 77), Re 2 > 0 ,
12 12 + Hil 2 = 1 ,  it f ollow s that there ex ists the unique solution u (x )  of
(A .1) f o r all  (2, 71), Re 2 >0, an d  satisfies

-(A.4) p1
o

lu(x)1 2 d x u(0)I 2 <const. 1i
o  p

(x)I 2 dx 1h12 }

f o r all  p= Re 2 > O.

We prove that B ' satisfies the uniform Lopatinski's condition by use of

Lemma A.3. Let us consider the adjoint equation

(A.1)*
I d

 x v(x) = — (A*) - 1 (\ B  v i )v(x)+ ço(x)

B ' v(0)=h.

Lemma A .4 . I f  and only  i f  u(x ) o f  u(x ) of  the  solution of (A l)
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satisf ies (A.4), it f ollow s that it holds fo r  v (x ) of the solution o f (A.1)*

(A.5) 111: iv(x)1 2 dx -Elv(0) I eonst. /e
l 1 v(x)1 2 + 1011 ,

fo r  all  (2, 77), Re2=p>0.

P ro o f. F ro m  (A.3) w e  have

(A.6) A f (x ), v (x )> d x < u (x ), A - ço(x)> dx
0 0

= — < g, v(0)> — <Cu(0), çb>

W e  p u t  Af (x)= ,uv(x) a n d  g  C ' v (0 ). T h e n  u (x ) satisfies by virtue

o f  (A.4),

-
(A.7) 01 u(x)I 2 dx + I u(0)1 2 <const.(1 0 ,u1v(x)1 2 dx+ IC' v( 0 ) 0 ,

F ro m  (A.8) we obtain

iv(x)i 2 dx+ IC i v(0)1 2

u(x), A * S0(x)>dx — < Cu(0, Ø>.

H ence  in  v iew  o f  (A.7) w e  have  by Schwarz's inequality

1 
0

111-  Iv(x)1 2 dx+ ICI  v(0 ,,.....,)1 2 C 0 1 1 .9 4 I g 6 (X )1 2 d X +  412 13
0  ,a

w hich a n d  (3.4) im p ly  (A.5). q.e.d.
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