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Introduction. I t  w a s  p ro v e d  in  [ 3 ]  th a t  i f  D  is  a n y  (n o n -

com m uta tive ) division ring, th e n  th e r e  e x is t  non-free projective

ideals in D [X , Y ] .  T h e  a im  o f th is  p a p e r  is  to  s tu d y  the set of

isomorphism classes of fin ite ly  genera ted  projective modules over
D [X , Y ] ,  vhere D  is  a division algebra which is finite-dimensional
over its centre. In  §1 . we prove a proposition on projective modules

o v e r  m a tr ix  rings and deduce  (Cor. L  3 )  t h a t  i f  D  is a  finite-
dim ensional central division algebra  of dimension 772 over K  and L
a sp litting  fie ld  fo r D , t h e n  fo r  any finitely  generated projective
module P  o v e r  D[X , L C )P is  free o v e r  M .(L )[X , Y ] .  I f  we

choose a splitting field L  for D  w h ic h  is  a  f in ite  Galois extension

o f  K  w ith  Galois group  G  and an isom orphism  L C)D[X ,

M ,,(L )[X , Y ] ,  w e  g e t  a  cocycle f : A u t  L c x ,n - a / g M n ( L ) [X ,  Y].

For any  in teger m > l, let Z '( in )  deno te  the set of m aps T :

Aut Ltx,n/IL (L )[X , Y ]', w here T  satisfies a suitable cocycle condition

and T (a )  is f(a)-sem ilinear for every  rIE G .  W e p ro v e  (T h . 2. 1) in
tha t for m > l, the set of isomorphism classes of finitelygenerated

projective modules of rank  m  (w here  rank  is  de fined  in  a suitable
m anner) is  in bijection w ith a quotient set 111 (m) o f  Z t(m )  modulo

a n  equ iva lence  relation. I n  §  3 , w e  show (Cor. 3 . 2 ) t h a t  the

I) W e  th a n k  the referee for critically reading the manuscript.
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isomorphism Z_C-__--->iK ° (D )" -K ° (D [X , 1 1 ) im p lie s  th a t t h e  coho-
mologies 111 (m) a r e  's tab ly  trivial'. I n  §  4 , w e  g iv e  a n  explicit
description, in terms of matrices, of projective modules over HEX, Y],
H  being th e  algebra o f  rea l q u atern io n s. In  th e  f in a l se c tio n , we
p ro ve (P ro p . 5 . 1 ) th at tw o  p ro je c t iv e  m o d u le s  o f  ran k  1  o v er
HEX, Y ] a re  isomorphic i f  a n d  only if  c e r ta in  systems o f equations
over REX, Y.] h av e  so lu tio n s . In  particular (Cor. 5. 2), a projective
m odu le  o f rank  1  is  f r e e  i f  a n d  o n ly  i f  a  c e r t a i n  diophantine
eq u atio n  is  so lvable  o ver R E X , Y ]. U sin g  th is , w e in c id en ta lly
prove that there ex ist in fin itely m any non-isom orphic projective
m odules of rank 1 over HEX, Y].

A ll rings considered here a r e  assum ed to  h a v e  u n it  elements
a n d  a ll m odules a re  u n ita ry . B y  a  m odule, w e generally m ean a
fin itely generated left module.

§1. Projective modules over matrix rings.

Proposition 1. 1. Let A be a ring such that every finitely generated
projective m odule is free. Then every f initely  generated projective module

o v e r M , (A )  is  iso m o rp h ic  to  C) A " ,  A "  b e in g  the standard lef t
M, (A )-module.

P r o o f .  W e  h a v e  [1 , p. 6 9 ]  a n  equ ivalence o f  categories

mod A  >  mod M „(A ) given by M i— >A "C)M , A" being considered
A

as a right A- and left M„ (A)-module. Since this equivalence preserves
projective m odules, it  fo llo w s th a t ev e ry  p ro je c tiv e  m o d u le  over
M ,,(A ) is  o f  the form  A "C)P, where P  i s  a projective A -m odule.

A

By our assumption on  A , P  is f r e e .  This proves the proposition.

Corollary 1. 2. Let L  be any  f ie ld .  Then any projective module
ov er M„(L)[X , = M „ ( L [X ,  Y ] )  is isom orphic to a  d ire c t su m  o f

copies of L [X , Y]".

P ro o f. Immediate from the  above proposition, using Seshadri's
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theorem on projective m odules over L [X , Y].

Corollary 1. 3 .  Let D  be a  f inite dim ensional central division
algebra over K  and let L  be a  splitting f ie ld  fo r  D  so that L C)D

M L ) .  I f  P  is  any  projective module ov er D [X , Y ] ,  then  L O P is

free over M „(L [X , Y ]).

P r o o f .  B y Grothendieck's theorem [1, p. 643], we know that
th e  in c lu s io n  D .— ) D [X , Y ]  induces a n  isomorphism K°(D)f-----1
K °(D [X , Y ]), th e  inverse m apping being induced by t h e  supple-
mentation D [X , Y] D  defined by X i- -> 0, Y1-- - >  0 .  Thus if
P  is  a n y  projective m odule  over D [X , Y ]  and  in =dim D(D P),

D [X ,Y ]

th e  im a g e  o f  P —  D[X , IT  in  K ° (D) is  zero  so  that P — DEX,
= 0  in  K ° (D [X ,Y ]) . T his  im plies that PC)DEX , Y ]r:--;D[X ,
f o r  som e integer r. Tensoring w ith  L , w e  g e t  a n  isomorphism
L O PO M „(L [X , Y ])r M „(L [X , Y ]) '+' o f  111,,(LEX, 11)-modules.
By Corollary 1. 1 , w e  h a v e  L O P  is iso m o rp h ic  to  (L EX , Y r ) .
Comparison o f  ranks over L [X , Y ]  y ie ld s sn+rn2=(m +r)n2, i .  e.
s=m •n  so that L [X, Y]"--; C)M,, (L [X , Y I).

I f  P  is  a  p ro je c tiv e  m o d u le  over D E X , Y , the  d im ension  o f
D P  a s  a  vector space over D  is c a l l e d  t h e  rank  o f  P  over

D [X .Y ]

D [X , Y ] .  I f  rn  i s  t h e  ra n k  o f  P  o v er DEX , Y I ,  th en  LC)Pc--,.
(M„(L[X , Y ]))"' •

R em ark . I n  [2 , p . 18], Bass states th at th e  c o n s tru c tio n  o f
non-free projective modules over DEX , Y] given in  [3, p. 504] holds
fo r  an y ring A  in  which there exist units a, b  such  that ab—ba
a  u n it  a n d  over which free m odules have well-defined ranks. This
statement, however, is not true unless A  is  a  d o m a in . L e t  u s  take
fo r  in s ta n c e  A =M „( K ) , K  b e in g  a  fie ld . L e t  a, bE M „(K ) be
invertible such that ab — ba is a lso  invertib le . L e t  P  be defined by
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th e  e x a c t sequence

0 > M„ (K[X, M„(K[X, Y]) —> 0,

where (1, 0) =X+a, (0, 1) =Y+b. B y  P roposition  1.1, P  is
isomorphic to K [ X ,  Y]" a n d  a  comparison of ranks over K[X, Y]
in  th e  above exac t sequence shows that in = n . Thus P:-;.C)K[X, Yr

M„(K[X, Y]), i. e .  P  is  free.

F o r exam p le , i n  t h e  c a s e  w here A = 1112(Z2) , a = (10 b=

),k
I 1 0 ab—ba being 1, the  p ro jec tive  m odule  constructed a s  abovei 1
is isomorphic through th e  first projection  to  t h e  ideal generated by
(1+X +Y +X Y 1+ Y  )

a n "  
(1+172 0

.  T h i s  i d e a l  in  f a c t1 +X X+Y+XY 0 1 +  Y '
1+Y 'is  principal, generated  by ( (1 +x) (x+y+  xy ) ? ), in  v iew  o f th e

equations

(1 + X + Y + X Y  1 + Y  ) 1+X ' 1+Y
1+X X + Y + X Y  1 + X + X 2 + X 3  X + Y + X Y )x

( 1(1 + X)(5t +172 Y +XY) 131)
(1 -10-Y2 1+0 172) _( 4_ x) (x1+ y + x y )  + 0  r )  x

( (1 + X)1)(+C+Y2Y+ XY) Ol)

§2. A classification of projective modules over D [X , Y].
I n  this section, we shall write A = D[X, Y], D a central division

algebra over K .  I f  P  is  a  p ro jec tive  A -m odule  o f rank i n  (in  the
sense defined in  § 1), we know that P A '  f o r  some r. If
in > 3 , since dim  m ax K[X, Y ] = 2, it fo llo w s b y  t h e  cancellation
theorem o f B ass  [1, p . 184] that P-4 A ' , i. e . P  is  f r e e .  Thus any
projective m odule over D[X, Y ] is e ither f r e e  o r  is  o f  ran k  <2.

L et L  b e  a  finite Galois extension of K which is a  splitting field

fo r  D .  L e t G=G(L/K) a n d  q5 : LC)D  M. (L) b e  a n  L-algebra
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isom orph ism . T h is  g iv e s  r ise  to  a n  L [X , Y]-algebra isomorphism

LC)A M „ (L [X , Y ] ) .  T h e  group G  operates o n  L  a n d  hence
X

o n  M „(L [X , Y ] )  entrywise. F o r  e a c h  a E G , t h e  m a p  f (a)

M „(L [X , Y ])  > 114„(L[X , I I )  defined by f (a)  o  0  o 0 . 0 1  o  0 '

is e a s i ly  c h e c k e d  to  b e  a n  L [X , Y]-algebra automorphism of
M „( L [X , Y ]) .  It is also easily seen that

f ((,7) = 7 - 1  o  f ( a )  o  o  f ( r)  ; î ,  vE  G.

Changing th e  isomorphism 0  is equ ivalen t to  a ltering f ( a )  i n  its
cohomology class. I n  what follows, however, we shall fix a  0  and
therefore an f ( a )  o n c e  a n d  fo r  a ll.

L e t  P  b e  a  p ro jec tive  m odu le  over A  o f  rank m a n d  0 :L O P

M „(L [X , Y]) '" a  0-semilinear iso m o rp h ism . T h e  G a lo is  group G
operates o n  M „(L [X , Y ] ) '  in  a n  obvious m anner. F or any aEG,

define

T ( i )  -,a-1 0 0  0 o-C)1 0 0-1

Clearly, T, (a )  is  a n  a d d itiv e  m ap  a n d  f o r  2E M „ (L [X , Y ] ) ,  x E
M „(L [X , Y ] ) " ,  w e have

T , (a) (2x ) =a-' 0  0  0 a01 (0-1(2) • 0-1 (x)) (s in c e  0  is 0-sem i-

linear)

=o--1 o (aC)1 (0-1(2) • aC)1 (0-1(x )))

=a-1 (0  0 aC)1 0 0-1(2) .0  0 a01 0 0-1(x ))

= f (a) (A) • T, (a) (x ).

I n  particu lar, I ', (a) is L [X , 11-lin ear. F o r a, 7EG,

T ,(ar) = (o-7)' o çb o az -01 o 0'

o T, (a) 0 7o T , (7).

Thus f o r  each  a E G , T ,( a )  is  a n  f(a)-semilinear automorphism of
M „(L [X , Y ] ) " .  I f  0 ' :L ® 1 M „(L [X , Y ])'" is another 0-semi-
linear isomorphism and  T ( a )  =a' o 0' 0 aCD1 then
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a o M a )  -= (0' 0 Stri) 0 a 0 Tp(a) O (0' o

=0  0 a 0 T p(a) 0 0',

w h e r e  0 , 0 ' 0 is a n  M „(L [X , Y ]) - lin e a r  a u to m o rp h is m  of
A L (L [X , Y ])" . In  p a rticu la r , changing P  in  th e  isomorphism class
o f P  amounts to changing T ( a )  in  th e  above manner.

F o r  any integer in l, le t  Z ' (m )  d e n o te  t h e  s e t  o f  all maps
T :  G Aut M „(L [X , Y ])" such  that :  ( 1 )  f o r  ev ery  crE G ,
T(a) is f(cr)-semilinear and  (2 ) for a, r E G , T(ar) = 7 '  o T (a) o r 0  T ( 7 )  .

W e  d e f in e  a  relation o n  Z '( , n )  b y  se tt in g  T T '  i f  a n d  only
if th e r e  e x is t s  a n  M ,(L [X , Y ] ) - l in e a r  a u to m o r p h is m  0  of
111„(L[X , Y ])" su ch  th a t T' (a) = ( a '  0 0 0 a ) 0 T(u) 0 0-1. T h is  is
a n  equivalence relation a n d  w e denote by IP ( iii)  the  quo tien t se t
Z'

Theorem 2 . 1 . L e t g (m )  denote the set of  isomorphism classes of
projective modules of rank m  over A .  L e t  i  b e  th e  map

(m ) given by i([P])=--[T e] where [T e] denotes the  class o f  7 ;  in
( m ) .  Then i  is a bijection.

P ro o f. W e first ch eck  th e  in jec tiv ity  o f  th e  m ap  i. L e t  P,
P ' b e  projective  m odules of rank n i over A  such that [T ,,]= [T,,,].
L et 0 be an  M „(L [X , Y ])-linear autom orphism  of M„ (L [X , Y ])" such
that cr o Tp, (a) ,...-O o a o  T , ,  ( a )  o  0 '.  Let :LC)P M „(L [X , Y ])",
çb' : M , (L [X , Y ])" b e 0-semilinear isomorphisms such that
0 0 0' 0 1 0 0- 1  0 .  0  T,, (a), o o-C)1 o o ( a ) .  T h e  map
o 0 : LC)P > L C)P' is L OD[X , Y ]-linear  and o

= 0-01 o sb'x' o 0 o sb. Thus 0'-1 o O o çb in d u c e s  a  D [X , Y]-isomor-
p h ism  o f  P  onto P ',  which proves th e  in jec tiv ity  o f  i.

W e now prove th e  surjec tiv ity  o f  i. L e t  [ T ]  b e  a n  element
o f  111(m) a n d  TE  Z ' (m ) b e a  representative. Define

{ x E M „(L [X , Y ])" I a o T  (a) (x ) =x , va.EG) .
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W e w ill show th a t  [ P ]  g ( m )  a n d  th a t  i ( [P ] )  =  [T ] .  S e t  B =

M .(L [X , Y ]) .  W e  r e g a rd  A  a s  a  s u b r in g  o f  B  th rough  the
isomorphism 0 : LC)A   B  and  consider B  in  what follows as  a

right A -m odu le . T he isomorphism 0 induces a  r in g  isomorphism

(End„ L ) > End, (LC)A)L-1 End, B,
X X

where is defined by 0 (g )= 0 0 g 0 0 - ',  for gE End, LC)A . By the

normal basis theorem, End„ L is generated as a K-algebra by G and
L  so  that (E nd,, L )C )A  is g e n e r a te d  b y  L O A  a n d  6 0 1 , 6 E  G.

Thus End, B  is generated by 0-(a01) o f(a), o-EG and B, where
B  is regarded as a  sub rin g  o f End, B  th ro u g h  le ft multiplication.
The relations between these generators a re  given by

a ° f (a) • r ° f(r) =ar  o  f(a 7)

a 0 f(a)•b o f(a) (b) • a f(a); a, rEG, bE B.

These relations are obtained from th e  relations between G  an d  L
in  End!, L  an d  a re  therefore the only relations.

O n  th e  o th e r  h an d , th e  elem ents a o T (a), o-EG  belong to
End, B  and  satisfy the relations

o T (a) o r o T(r) =as- o T(ar)

and a  o T (a )o b = a o  f (a )(b )o o -o T (o -),

where B End, B ' as le ft m ultiplications. W e therefore have a
K-algebra homomorphism

a : EndA B > EndA B'" ,

defined by a (a 0 f (a)) =a 0 T (a) ,

a (b) =b.

L et cr./3' denote B ' regarded a s  a  left E nd, B -m odule through a.
By M orita equivalence applied to th e  p a ir  (A, EndA [ l ,  p. 69],
w e have an  End, B-isomorphism

B O H O M- liny l ( B , „B"
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in d u ced  b y  ( b ,  g) –  b  g ( 1 ) ,  b E B ,  g E H o ln n d A t i ( B ,  B " ' ) .  We
assert th a t u n d er th is  isomorphism, HomEnd,B(B, “B ")  maps onto
the module P  d efin ed  ab o ve . F o r , if  gEHomEndAB(B, , B '" ) ,  then
a o T (a) • g (1) = cr  o f(a ) •  g ( 1 )  ( b y  t h e  definition o f  th e  E n d , B-

module structure on ,,B ' )  = g ( a  o  f ( u )  ( 1 ) )  (since g  is End, B-linear)
= g(1), i .  e .  g ( 1 )  E P  fo r every gEH o

l n E n d A H
(B , „B"'). Conversely,

le t  x E P .  Define g :  B  >  „ B "  by g ( b )  = b x  fo r ev e ry  b E B .  We
prove that g  is  End, B - lin e a r . Since End, B  is generated by B  and

o  f ( u ) ,  o -E G , an d  since g  is c learly B-linear, it is enough to check
that g  ( ( a  f  (a) • b) = f ( u )  •  g  ( b ) .  Now g (o - o  f (a ) •b) = g  o  f ( g )

( b ) )  =a o f (a) (b ) •x  and a  f ( o - ) • g ( b )  = a  f( o - )• b x = o .  o T (a) •bx (by
th e  definition of module structure on „B ') = 0  o  f(u )  (b )  • T ( o - ) ( x )

,a  0  f(u )  (b )  •  x , x  being in P. Thus g  i s  End, B -linear an d  g(1 )

= 1 .

The m odule „R "  over End, B  is  A -free  an d  hence is End, B-

p ro je c tiv e . (For example, through a  choice o f  a  basis o f  B  over
A , w e can identify End, B  with Mh ( A ) .  If : 114",(A)' - - - >  „ B '  is
a  B-linear epimorphism and t : — >  Mk (A )' is an A-linear section
to  )7, E e1te1,  e , ,  b e in g  th e  s tan d a rd  basis of M ,, (A ) o v e r  A,

is  eas ily  ch ecked  to  b e  an M ,, (A )-lin ea r  sec tio n  o f )7). Hence,
H omE ndA B(B , „B ) an d  therefore P ,  is A-projective. T h e  in c lu s io n

P  B '  gives rise to  a n  isomorphism V, : LC)P:-_–_,13'. W e prove

that o--1 o 0 0 (101  o r  = T ( u ) .  In fact, for 1E L , xE P , ç  0 a-01 (10x)

= 0 (o -(1 )C )x ) = u (1 ) •  x  a n d  0 T (a )  o  0 (1 0 x )  =a o T (o-) (Ix ) = o-(1)

o  T ( u ) ( x )  (since T ( a )  is  L-linear) = o-(/ ) • x. T h is  proves the
surjectiv ity of i  an d  th e  proof o f the  theorem is complete.

§3. Stab ilisation .
W ith the notation of the previous section, for integers in , a  > 1,

w e  h a v e  a  m ap  a :  ,9 (m )  x  Y (m d -m ') g iv e n  b y  U P I

[ P T  1— >  [P P '].  W e  a l s o  h a v e  a  m ap  p : Z i(m ) x Z 1(m /)--->

Zi (m  ± m ') , g iv e n  b y  (T , T ')  T O T ' ,  w h ere  T T '  : G  - - >

AutLE,,,3111„(L[X, 17])"'±"" is d e f in ed  b y  (T O T ') (o-) = T (o.)C )T ' (a).
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Let T1, T2E Z ' (ni), T ;,  T E  Z ' (in'), an d  le t 0,, 0, be
automorphisms o f M „(L [X , Y ] ) , M „(L [X , 17]) " respectively, such
that a 0 T,(o-) =01 0 a 0 Ti (a ) 0 0;-', a 0 (a) =02 0 co  T ( a)  0 for
every a E G .  Let 0 :  M „(L [X , Y ])"+"  > M „ ( L [ X ,  Y ] ) " "  be the
automorphism 0,C)02. Then, clearly, a  (T ,C )T ) (a) - 0  a o (T iCT O
(a )  o Thus th e  m ap 13 induces a  m a p  o f  t h e  quotient sets

19(m ) x  H' (ni') (ni d-m '). We write 18([Ti], [T ,])=[T ,](D [T ,].

Proposition 3 . 1 .  T he diagram

a
.9 (in) x  (in ')  — >  ( m + m ')

(m ) x  ( i n ' )  - - >  H' (in +

is com m utativ e ; i.e .( [ P P '] )  = i  ( [ P ] )  ( j )  i( [P ] ) .

P ro o f. L et T , T ' be representatives in  Z O O , Z i( in ')  respec-
tiv e ly  o f  i  ( [P ])  a n d  i ( [P ']) .  L e t  0  : L C)P M „ (L [X , Y ])",

: M „(L [X , Y ]) ' be 0-semilinearKisomorphisms such that
a-1 o o  (6 -0 1 )  o  0 -1 ( a ) ,  a ' o çb' ( a ® 1 )  0 =T ' (a).

W e have a string o f isomorphisms
2

LC)(PC)P'):--4LOPC)LC)KP' — >  M „(L [X , Y ])'"C )M „(L [X , Y ])"

=M „(L [X , Y ])"+",

w here 2 is canonical. L et 0", (0ED0') 0 2. It is  eas ily  ch eck ed
th a t a '  0 0" 0 0-01 0 0"" -= (a "  0 0  0  a01 0  0 ', a "  0 0 ' 0 401 0 0'")

=T (a) T ( a ) .  This proves the proposition.

Corollary 3 . 2 . F o r  an y  T E  Z ' (m ) , T 0 f 2 " - f " " , w here f o r  any
integer k, Z ' ( k )  is  dif ined by f ( a)  =f  (a) ' : M „(L [X , Y ])* — >
111„ (L[X, Y ])k

P r o o f .  For the free m odule D [X , Y r  = / , ' o f rank k , taking
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0 , 0 k ,  we see that 7 ;(6 )  =A ar . O n  t h e  other h a n d ,  f o r  any
projective m odule P  over D [X , Y ], o f  rank m 1 w e know  that
PC )D [X , Y ]2-4D [X , Y ] +2. Hence 7 ,,C)

§4. A description of projective m odules over H [X , Y].
L e t  H  denote the division algebra of quaternions over the field

K  o f  either real numbers o r  rational numbers. Then L =K ( i)  is a
splitting f ie ld  o f H .  The G alois group G =G (L /K )  is generated by
th e  automorphism a which takes i  to — i. A n L -algebra isomorphism

: LC)H M2 (L )  is given by

„ A O y  ad - ib
(20(a+1.b+lc+k (1)) — (0 — cd-id a— ibp

so that is given by

6-, (21+122, p i+ip 2 ) _
+ i62

( 2 i + 3 i 2 2 - 32 +k  p2+ 1)2  )
2 2 2 2

(çA +5  ; 2,   p2—+ k tti
-1-'-‘)( 2 2 2 2 2 2

T h e  map 0  induces a n  L [X , Y]ealgebrai somorphism  ç1 : L O H [X , Y]

1112 Y ]). Then f (u )  =6 - ' 0 0 o aC)1 o where

In t a  denotes th e  inner autom orphism  o f  11/12(L[X, Y ] )  given by
/0 —1 \

a =  1 0)*
L e t P  be a  pro jective  m odule  of rank two over H [X , Y ] . L e t

: L C )P   M 2 ( L  [X , Y] ) 2 b e  a  0-sem ilinear isomorphism and

le t  T (a) =a-` 0 çb o 0-01 0 0-1. T h e  m ap T (c )  : M2 (11X) 11) 2- >
1112 (id  [X , Y ])2  is u n iqu e ly  d e te rm in ed  b y  its  v a lu e s  o n  th e
standa rd  basis ( e i ,  e )  of  1112(LEX , Y V , since it is s e m ilin e a r . Let

T(u)(e.)=A ,,e,-FA ,2e2,  1= 1, 2 ; A,, E  M2(L[X , Y ] )  ;  Then

T(c) (2, e, ,12e2) • (Ailei +Al2e2) -1-a22a • (Azle' -EL/Inez),

21, 22 E  M 2(L [X , 11).
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T he c o c y c le  condition for T ( u )  gives Id =T  (az ) a  o  T ( a)  o  a o  T ( a) ,

so that

e1 = Id (e i)  =T  (a ) o a o T  (a) (e1)

, T ( a ) ( A u e ,  +Al2e2)

-= a A iicz ' •  (A 1 1 e 1 +A l2 e 2 )  a A iz a ' •  ( 421e1+-A22e2)

w here b a r  denotes t h e  effect o f  a. A lso

e z =u  o I d ( e 2 )  =T ( a )  o  q o  T (u )  (e2)

— aA 21cz  (A ne, -1-Al2e2) -1-aA22a ( 4 21e1 ±A22e2) 3

W e thus have

(c() .()t) (4  2" 11222)(g
a0  i )  ( l , 2pi 2: 1: 2) _ (Id

U I
(1)

1 1 2Conversely, every block m atrix ( 1 1 1 ) ,  A „ E 1 1 4 , ( L [X ,  Y ])  satis-

fying th e  above condition gives rise to a  c o c y c le  T. T h e  cocyc le

which corresponds to  th e  f re e  m o d u le  o f  rank 2  over H [ X , Y]
( Id  

/ 4
0

.gives t h e  matrix Two such block m atrices (AA:: AA2'22) and
0 

2I B 2 2

B i2 )  give rise to equivalent T  i f  a n d  o n ly  i f  th ere  ex is ts  an
B

invertible 2  x  2  matrix ( C „)  with entries in  M z ( L [X ,  Y ] )  such that

(AA:: 1:22) ( g  a0) (g12: g 1 2 2 2 )  1 ( g a0 i)(BB21: BB,122)( 1.2: g 2122) ( 2 )

Thus th e  s e t  o f  isomorphism classes of pro jective  m odules of rank

2  over H[X, Y ] is  in  b ijec tion  with th e  se t o f c la sses  o f m a trices
(A

23

,  A A,, E  M2 (L [X, Y ] )  satisfy ing ( 1 ) w ith  t h e  equivalence
11 A l2)22 3

re la tion g iven  by (2 ) .

R e m a rk . T h e  result o n  stabilisation proved i n  §  3  applies in
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th is particular case to show  that g iven  any block matrix (
A i, Al2\
A2, A22)'

(A 1 1  A l2  0 1 0\A ,,E M 2 1  -2 2  -2 (L [X , Y ])  satisfy ing (1), th e  m atrix  A  A  0- 1 2 ( 0  1 ) '0 0 12
(1 , 0  0

is  equ iva len t to  0  12  0  .
0  0  1,

W e now consider projective modules o f  rank 1 over H [X , Y].
L e t  P  b e  a  p r o je c t iv e  m o d u le  o f  ran k  1  o v e r  H [X , Y ]  with
a n  isomorphism 0 : LC)P   M z ( L [ X ,  Y ]), w hich is 0-sem ilinear.

T h e n , T (a) =a-' 0 0 0 0.01 0 :  M y  (L [X ,  Y ]) —÷ 114.2(L[X, Y ] )  is
uniquely determ ined by T(a ) (1 ) . Let T(a) (1) =A . Then T(a) (2) =
f(o-) (2) T (a) (1) =a2a-'11 fo r  every 2E M 2 (L [X , Y ]).  Id = T (a 2 ) =
a ' o  T (a)  o a o T ( a )  gives th e  following condition on A

a A a 'A =  Id. (3)

Conversely, any AE M 2(L [X , Y ]) sa tis fy in g  t h e  ab o ve  condition
represents some T .  T h e  cocycle f  which corresponds to  th e  class
o f fre e  m o d u le s  o f  rank 1 over H EX, Y ] gives th e  identity matrix
/1 0\

l r  Two m atrices A , B satisfying th e  above condition represent

equivalent T  i f  a n d  only i f  th ere  ex ists a n  invertib le m atrix  uE

M y (L [X , Y ] with

B =au-la 'A a . (4)

Thus, th e  s e t  o f  isomorphism classes of projective m odules of rank
1 over HEX, Y ] is in  b ijec tion  with t h e  s e t  o f  equivalence classes

of m atrices AE M z (L[X, Y ])  satisfying (3), t h e  equivalence being
defined by (4).

R e m a rk . A s  i n  t h e  r a n k  2  c a se , g iv e n  a n y  m a tr ix  AE
A  0  0  )

m2(Llx, y ] )  satisfying (3), t h e  m atrix  0  12  0( is eq u iva len t to
0  0  1 ,  
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0 0(12
0 12 0

0 12).0

§5. Some explicit computations for rank 1 projective

modules over the polynom ial ring o v e r  th e  real

quaternions.
Let A E M 2(C [X , Y ])  such that a  A -a -1 = A '.  Then

det A •d e t A =1 ,  i. e. det A =e " ,  0  r e a l .  T h e m atrix B =att-la'A z 7 ,

where u = (
e " / 4  0

e'°/4
)  

is equivalent to  A  a n d  has determ inant 1.0 
T h u s  to  f in d  o u t  w h eth er tw o  m a tr ic e s  a re  equ ivalen t in  th e
sense defined in §4, w e m ay and do assume th a t the matrices have
determ inant 1.

Let A =  (a  b ) w ith det A =1.c  d Then clearly A  satisfies (3 )  if

and  only i f  a = a ,  d = d ,  b = c ,  (b ar denoting complex conjugation);

i. e., th e  matrix A  has th e  form Icti bi±ib2)
kb1—ib2 with a1, b2, cl,E

( a ib 1 + 1 b 2
kb1—ib2

w ith det A = 1  satisfies ( 3 ) .  I f  B = (el; ifiii+if 2 )  is another such

matrix which is equivalent to A, we know that there exists an inver-

tible m atrix u = (2 1 +
-Fi

1.22 11±iP2)EM 2(C[X , 11) such  that condition
v2 ai+ia2

(4 ) is  satisfied . S ince det A = det B =1 , det u is real. B y  rep lac in g
1

u  by u ', u ,  w e assume that det u= -F- I. W e  have
Videtul

det u= (Ai -1422) (ö1+162) — (14-Fl 112) (v +1v2)

=2 151— 2252— fil21)2, (5)

since det u is  rea l. E quating  the real and imaginary parts of matrix
entries in  equation (4 ), w e get th e  following sets of equations :

R [X ,  Y ].  Conversely, any m atrix A  o f  t h e  form
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do.), = — (f i— b1) 2 +  (f2 +b2) 22
d1.,2 =  e1ti2+ (f2— b2) 4 — (fi +b,) 22
d 1 6 ,= h 1 2 1 — (f2+b2) 122
d132-= —h122+ (f2— b2) (fi —b1) /12

and

a 121 = (fid-bi)V 1—  (f2-Pb2)1.)2
a122= —  eit72 — —b2) vi (fi b i )
a1tt1--=-1z 1v 1+ (f i— b1)(3,—  (f2+b2)32
a 02 = 11,1)2—  (f2— b2)(3, —  (f , .

Since det A =  det B = 1 , w e have aid, =-1 +MH-b22 and e1h1-=1

In particular, d ,  an d  h ,  are  n o n -zero . U sing  these  fac ts , o n e can
v e r ify  th a t  ( 6 . )  is  a  consequence o f  (6). W e  sh a ll show, for in-
stance , how  one obtains the first equation  o f  ( 6 . )  f ro m  (6).

di fa,— (f2+b2) v21 =-eiclial—  (fi+b,)clo), —  (f24-b2)clo.,2

=e1f11121—  (f, +b1) IA + (f2+b2) /121

— -Fb1) f (f, —131) 21+ (f2-Fb2) 221

—  (f2+b2) tei 1/2 (f2 —b2) — (fi ±b1)221,

using  (6).

T h u s , w e  have

feiai — (f id-b1)v ,—  (f2-Eb2)V 21 = 4 = a di 4 .

T h e first equation o f (6, ) now follows by cancelling d i  in the above.
Substituting for a a_2 ) 1)1) 1)2 f ro m  ( 6 )  in  th e  eq u a tio n  ( 5 )  and

using th e  fac t tha t f =  1 , w e get

h id , det u = (hi4 +f2P2) 2 + (h122 —fitel —ft ti2)2 + JP-4  +  g • (7 )

Proposition 5. 1. A  necessary an d  suf f icient condition th at the
)  B _, (e,

=-(
b i—  ib  ,  d i

a, b i+ib , fhli ± i f 2 )  w ith  d et A = d e t  Bm atrices A  

= 1  a re  equ iv alen t is  that there  ex ist 2  2  a a  E R [ X ,  Y ]  such—2) 4 -1 )  ,2

th at  the four ex pressions on the right hand side o f  (6 )  be long  to  the
ideal generated by  di an d  such that

(1z121 — fp  “2/12) 2 + (/1122 —f2P1 f1P2) 2 +

(6)

(6 .)
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w here s= +1.
(N o te  th at  at  the m ost one of +h ,d , can be w ritten as a sum  o f

four squares in REX, Y] !).

P r o o f .  T h e  rem arks p reced ing th e  p ro p o s it io n  p ro v e  the

necessity of the  cond itions. S uppose  conversely that the conditions
o f the  p roposition  a re  satisfied. T hen, we can solve for ,  3  31, 2, -1, - 2

from  (6 ) a n d  th e  matrix u=  ( Au
-
+7.A2 P,1-11 clearly satisfies au a' B

vi iv2 01+162
= A u .  Further, by th e  very choice o f  u ,  equation (7 )  is satisfied.
H ence h id , detu =h id ie  which im plies that det u  =s  and u is inver-
tible.

Corollary 5.2. T h e  m atrix B = e l( f l± if 2 )  w ith  det B=1h,
is  equ iv alen t to  the id e n tity  m atrix  if  a n d  only  i f  th e  diophantine
equation

h1 =(h121 + (h122 - f 2 p i  -fix) 2 +  + te22
is solvable fo r  A I, 22, Ito ttzE 17].

T h e  e x a c t sequence

0 P H [X , Y]22 > H [X , Y] 0,

w here 7)(1, 0) =f +i ,  ) 2 ( 0 ,  1) = g + j ,  f ,  g R [X , Y ],  gives rise to a
projective m odule P  o f  ran k  1 o v er H E X , I/ . W e  co m p u te  the

matrix A  corresponding to P .  It is easily seen  that P  is generated
b y  (1 — ( f +i) k ( g +j) ,  ( f + i ) )  a n d  ( - - V g +j) k ( g +j) ,  1 +

- - ( g + j ) k ( f + i ) ) .  T h e  f irs t  porjection o f  HEX, Yr onto HEX, Y]
maps P  isomorphically onto a  le f t  id e a l a  o f  HEX, Y] generated
b y  1 ( f +i) k  ( g  +j)  and ( g + j ) k  ( g + j ) .  U n d er t h e  isomor-
phism  0 : C (7H[X, Y] M 2 (C [X , Y ]), t h e  im a g e  o f  CC)ct in

M2(C[X, Y ]) is generated by (1 +;(1 + if )  V i f i f  l a n d (
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T h e equations

(1 + if g (1 — if)\ ( 1  0 ( 1 + if f g
(1 + i f )  1 — i f  )— — g  (1  — i f )  — ig ( l+ i f )  1  — i fg ) x

(1 fg2  g  (1  +  f g2  )

l ig (l +if) —1g2 (l +if) —21

(0 1 +g2) _ f g )  i ( 1  + i f ) \ x
1 +g2 0 — (1 — fg) (2 +ig —  fg2) )

( 1 + i f fg — —zfg2 g  (1  + i fg 2 ) \
g (1 +if) +1 — ifg2 V g (1 +if) — ig2 (1 +if) —2i)

show that cOa is contained in  the principal le ft id ea l of

1 —ifg2 g  ( 1  + i f e )M ,(C [X , Y ])  gen era ted  b y  c=  (ig(1 + i f )  _1g2(1 ±if) —2z )
O n the other hand,

(  f+ i 0  \  _  ( 2 fg f g 2  f  + i f 2 g 2 ) (  g  1 )
ck0 —i) — g(1 +if )2 —1 g

show s th a t  cE im a g e  o f  c O a . T h u s  th e  im a g e  o f  C C )a  in

/14"2(C[X, Y ])  is  the principal left ideal generated by c. Hence the
isomorphism 0  : COa M2(C[X, Y ])  is  g iv en  b y  the composite

R
m ap C(De  /1 /2 (C [X , Y ]) . c  M2 (C [X , Y] ) ,  where j ( c ) = l .

W e sh a ll n o w  co m p u te  A' =T (a) (1) =a-1 o  o  0 .0 1  0  0 -1  (1 ) =

o g5o ao 010 r ( c ) .  Noting that for any (21, E  M2 (C [X , Y ]),

0  6 0 1  o 0-1(1,2  Pa)=(_416- ) ,  w e have,

A ',  T (a ) (1)
•

=  o  (ie (1 —1f) +  ig (1 —if))
—g (1 —ifg2) 1  + i f e

( — (4 +g2 (1 + f2 ))
+1) —  ig(1+ tg2))

_ i ( f g ( g 2 + 1 )+ ig ( 1 + fg 2 ) ) )
.(  d - f2g4)

Taking out the sca la r — ii, w e get a  matrix

A = (4 ±g2 (1 +12)
fg (g2 + 1) +ig (1 + f2g2))

\fg(g2 +1) —ig (1 + f2g2 ) 1  +
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which represents the  p ro jec tive  m odule  P.

P ro p o s it io n  5. 3. The projective m odules P ,  and P 2  constructed

as  above with f = X ,  g = Y "  an d  f = X ,  g = Y ' are  not isomorphic i f

n#m , 77> 0 , m  O.

P r o o f .  L et M < 7 1 .  T h e  matrices corresponding to P ,  a n d  P2

a re  respectively

1-1
(1-FX') XY' (1 + Y " )  +/IT' (1 -F X 2Y 2'))

—2 "(Y 2m  +1) — iY " (1+X 2Y 2') 1+X 2Y "

and

XY" (1 + I"") -FiY" (1 + X2 Y2") )
2 VY" (1 + (1 +X2Y2") 1 +X217"

W e  sh a ll sh o w  th at th ere  can n o t ex ist A i, 22, p i ,  p2, REX, Y]
satisfying

e (1 d-X2Y4) (1 + X 'Y 4') = (h,21— ,f2p2)2

(11122— f2111— .f; li2)2 (8)

w h e re  h , =  -EX2Y4", c11=1  + X 'Y 4, =XY" (1 ± Y2'), = IT" (1 ±

2X2Yz"). Suppose there exist 2 n  2  n  satisfying (8) ; then e = ±

a n d  each  o f  17121 — fit!, fo,u2, 102— f2p, — p2, [ 1 2  is  of X -degree< 2
a n d  Y-degree <  2 m  ± 2 n .  L e t tet =bo+0 ,X +02X 2 , p2 =-co+02X +04X 2,

h,2,— Au1d-1.412=4 + OiX + 0,X2, 1422 — f2pi —fi112=e0±q52X+04X2, where
bo, co, do, eo, 0 , ,  0 ,  a r e  all polynomials in  Y  o f  degree < 2 (m  +n)
comparing t h e  degrees o f  X  a n d  Y  in  th e  last tw o equations, w e
s e e  th a t  X -d e g re e  of A, 2 a n d  Y-degree o f  2 n ± 2 m ,  i=  1, 2.
L e t  2, =go+g,X ±g2X 2, 22 =gio+glX ±g0C2, where g ,, g ; a re  polynomials
in  Y  o f  degree< n  2 m .  From  ( 8 )  w e have

(1 + X217") (1 -FX2Y4") = (do + 95,X + 03)0)2 + (eo+ 952X + q5,,X2)2

(bo+ 0,X + 03X 2)z + (co+ 02X + 04 X2) 2.

Treating both sides as polynomials in  X  a n d  comparing the constant
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terms and the coefficients of X ', w e get, do, co, 1)0, c0 E R and  03 =.

d 2 1 7 2 ("+ " '),  0 4  =e2Y2("± 03 —173172'  '" 04 — c2Y2("+ c/2, e2, b2, C2 E  R.
Comparing the coefficients of X 2 , we get

02i + g5 +C+0= Y" + Y"' — 2 Y"" ") (dodo + eoe2 +bob2 + coc2) •

This im plies that degree O„ degree 0 ,  are< 2 n  an d  Y " divides each
o f d i and  0 , i =1, 2. L et d, = Y2"' 01 =172" i = 1 ,  2 . Substitu ting
these expressions in hi21— Atli+ f2,u2 and 12122— fopi— fi [12, w e have

(1 + X 2Y ") (go +giX  +g2X 2) — X Y " (1 + Y 2") (bo +(J1x+b2Y 2("+' X 2)

+ Y" (1 + Y 2" X 2) (co+ 02X + c2Y 2("+"' X 2) =do+ diX+d2Y""+ ' X '  (9)

(1 +X2174") (g-12 +g-1X +gX 2) —  Y" (1 +Y  2" X 2) (b0 + 01X +b2Y 20"+"' X 2)

—  X Y " (1 +Y 2") (co+ 02X  + c2Y 2("") X 2) =eo+ ¢2X  +e2Y 2("+' X 2 (10)
n+2m m-1-2m

L e t g 1 =  E11Y1, g =k , Y ' .  W e  re g a rd  ( 9 )  as a polynom ial

equation in  X  and com pare the coefficients of various pow ers of
X .  Equating th e  term s independent o f  X ,  w e  g e t  go =do — coY"
Comparing th e  co effic ien ts  o f X ', g2= —  c2Y "'" ; com paring the
coefficients of X ', w e have

Y "  E  11Y1—b2Y2"' (1 + Y2") +02=0. (11)
i =0

Since deg 02< 2 n , 12, +„ =b2, 1, = 0 for i  =n  +1 , .  .  2 m  +n  —  1.

Comparing the coefficients of X , w e have

—0 7117' +b2Y'") —boY" (1 + Y2") +02Y" =g5i•

Since Y 2  divides v5i, comparing th e  terms o f  degree <  m ,  we get
=6 -  for i =0 , .1 ,  . . .  o n .  Thus,

E +b2Y2"'+" —172Y" (1 + Y2') +02Y" =ç51.( 1 2 )

Substituting fo r 02 f ro m  ( 1 1 ) ,  we get

01 = E 11Y i +2b2Y2' —boY" —bor" — Y2" ( E  11r ) .
i =r, +1 +1
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Since 172" divides 0,, Y2 divides 4Y' —boY", i. e. /X ' = /Jr .
i =m +1 i =m +1 i =2.n

Hence,

= E +2b2Y2'+' —bor —bor" — Y"( /Jr ) .
i =.2m

S ince  deg  01< 2 n , equa ting  to  zero te rm s o f  degree> m ax (2n , 2m

+ n ) ,  we get —boY" — Y2"( /Jr )  = 0 ,  i . e .  E —boY". Thus
i =2rn i-=2rn

w e  have 0, = — 2boY" ±2b2Y2'+", 02=b2Y2'" +bor , g,= —boY" +b2r+2'.
A  sim ilar com parison of coefficients in  (1 0 )  gives

952= —2c0Y" +2c2Y , 0,=—c0V"—c2172", —cor +c2Y" + 2 " .

Substituting these values of 0 „  ç i, g , and g  in  ( 9 )  a n d  ( 1 0 )  and
equating  the coefficients of X ',  w e get

doY2" ±2c2Y"'" =d2Y.2",

eorn —2bor —2b2Y"' =e2Y2m. (13)

W e now  consider tw o  cases.
C a se  ( 1 ) .  m = O. F rom  (13), w e  ge t, c2=  — co, b2=  —bo, d2 =c10

= e 2 = e 0 = 0 . S u b stitu tin g  th e se  v a lu e s  in  ( 8 )  a n d  e q u a t in g  the
coefficients of X ',  w e  have 1A-i-c = 1  a n d  12 (M ±cD  = 0 ,  a  contra-
diction w hich proves the proposition in th is  case.

C a se  ( 2 ) .  m I f ,  e i th e r  n < 2 m  o r  n > 2 )n , fro m  (1 3 ) w e
g e t  do —d, — co — c2 — eo — e2 — 1 )2 —  0. S u b s t i t u t in g  i n  ( 8 ) ,  w e  g e t

= (1 + X2174") (1 + X2Y4"), a contradiction a g a in .  I f  n = 2m , from
(13), w e have do= —2c2, d2=2co,e0=2b2,e2= —2bo. Substituting these
values in  ( 8 )  an d  equating  the constant te rm s, coefficients of X ',
o f  X ' a n d  o f  X ,  w e  g e t  M-F-c,22+4M-F4c;=1, b--Fcd-4bd-4c20=1,

boc2—b2co=0 and  coc2+bob2=0, i . e .  w e  have M -h c= b d --c=  1 /5  and
c0c2d-b0b2= 0 =b0c2 —kco. This is  impossible. This proves the proposi-
tion.

Corollary 5. 4. T he projective m odule P  corresponding to f= X ,
g=Y", n,.>-1 is  n o t free.
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P r o o f .  B y  the above proposition, P  is not isom orphic to the

projective module Pc, obtained by taking f= X , g = Y °  = 1 . Since Po
'comes from' the projective module o ver H [X ]  (defined  as the

kernel of the m ap H[X]2 H [X ], v(e,) =X-1-i, (e2) = 1 +j), it  is
free . Th is  proves the corollary.

R e m a r k .  The results o f this section are valid for the quater-
nion algebra over the field of rationals, with suitable modifications.
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