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Introduction.

T h e  n o t io n  o f  th e  un iversa l h igher d ifferen tia l a lgebras of
commutative rings w as defined  by B e rg e r  in  [1 ]  a n d  Kawahara-
Yokoyama in  [6 ]  an d  they developed th e  general theory on them.

T he purpose o f th e  presen t paper is to  d iscuss properties of
complete discrete valuation rings of unequal characteristic, conce-
rned with higher derivations, using above notion. Important results
in  th is paper a r e  T heorem  6. 1 a n d  Theorem  7. 1. I n  Theorem
6 . 1  w e  p r o v e  th a t  f iv e  f i n e  p roperties o f  complete discrete
valuation rings o f unequal characteristic  re la ted  to  h igher d iffe-
rentials are equivalent to each other and by means of it we can clas-
sify those rings into two classes, differentially good and differentially
b a d .  T h e  d ifferen tia lly  good class contains a ll tam ely ram ified
o n es  a n d  th o se  w ith  p e r fe c t  re s id u e  fields. A lthough i n  this
theorem the equivalence among ( i) , ( ii)  a n d  (iii) an d  that between
(iv ) an d  (v )  a re  proven in  routine ways an d  analogous to facts in
differentials of order 1 (Neggers [7], Suzuki [10], [11]), the analogy
o f  t h e  equivalence betw een these tw o groups o f  statem ents are
not true in  case  o f o rder 1. In  Theorem 7. 1, it is proven that if
a  valuation ring  R  is in  th e  d ifferen tia lly  good c lass , th e  ideals
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coefficient ring of R  and a prim e element r  for n= 1, 2, ..., where
f  is  the Eisenstein polynomial over th is coefficient ring, satisfying
f (7) =0. I n  c a s e  o f  d ifferentials o f  o rd e r  1, w e  p ro v e d  an
analogous fact in  [10], th a t  is ,  i f  R  satisfies conditions analogous
to  ( iv )  a n d  (N) i n  Theorem  6. 1, th e id ea l ( f ' )  i s  in v a r ia n t . We
also proved the converse of th is fact in  [1 1 ]. However, t h e  con-
verse  p rob lem  o f Theorem 7. 1 itself is still open.

A  fairly large portion of the present paper (§1, §2 an d  §3) is
devoted to studying basic properties of higher differential algebras.
Especially, in  o rd er to  m ake up  th e  la c k  of basic discussions on
differentials of unramified regular local rings of unequal characteri-
stic in  [1] and [6], we start with a general argument on differentials
o f  form ally sm ooth algebras. I n  these p a r ts  w e  u s e  a  definition
o f higher derivations by Heerema i n  [3 ],  w h ich  a r e  higher deri-
vations with m ulti-indices, for the sake o f generalization.

As au  effective tool to discuss differentials o f  complete discrete
valuation r in g s  o f  un equa l ch aracteristic , w e ex ten d  in  § 5  the
notion of Neggersi num ber appeared in  [7 ],  [10] an d  [11].

Throughout this paper, a ll rings will be assumed to be commu-
ta tiv e  a n d  h a v e  id en tities . T h e  te rm  "d iscre te  v a lu a tio n  rings"
will refer exclusively to discrete valuation rings of rank one.

1. Generalities.

L e t  Z  b e  th e  se t  o f  integers. L e t  No b e  th e  s e t  o f  non-
negative integers.

L e t  a=  (ai,..., a . )  and b = . • •, 13.) b e  e lem en ts  in  Z  =
Z x x Z, a n d  le t  h  b e  a n  in te g e r . W e  d e f in e  a + b =  (ai +431,

a .+ 13 .) and  ha=  (hai, . ,  ha a < b  m ean s  th a t a; </3, for
all i = 1, 2, ..., m. W e deno te  o= (0, ...,0) and E a,.

i  = I

Definition 1.1. A  subset A  o f No' c  Z " is  c a lled  an  index
domain if  th e  following conditions are satisfied.

i) A#0.
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ii) I f  aE A , bE  N o' and b<a , then  bEA.
L et P  b e a  r in g . L e t  R  and  S  b e P-algebras.

D e fin it io n  1.2. (H e e re m a  [3 ]).  A  seq u en ce  o f  P-linear

maps a= (a'} ,EA o f  R  into S  is  ca lled  a  h igher P-derivation with
index domain A , i f  a satisfies the following conditions.

i) a°1=1.
ii) a"(xy) = abx.a`y, fo r all x , y E R  and a i l .

b+ e= a
cE A

I n  Definition 1. 2 , a °  becomes a  P-algebra homomorphism

a n d  w e  can  d e fin e  a n  R-algebra structure in  S  th rough  a°. In
case P= Z . w e  s im p ly  ca ll a a  higher derivation o f  R  into S  with
index domain A. I n  c a s e  m = I  and  A=No, w e  om it "w ith  index
domain A".

L et t1, . . t,„ b e  indeterminates. I f  a =  (a l, . . . ,  a . )  EN70:,
denotes th e  monomial B y  A  w e  d e n o te  an  ideal of
the pow er series ring S [[ti, t . ] ]  generated by all m onom ials t'
w ith  a E A .  L e t  go R t„,]]/ - A b e  a  P-linear map.
W e w rite as

0 (x ) =  E  (a .x )t. with a°,2; E S  for x E R ,
OEA

w here t; denotes th e  c lass o f  t ; modulo FjA fo r  each i = 1, 2, ...,
m .  T h e n  a= {al „EA  is a  h igh er P-derivation o f R  in to  S  with
index domain A  if an d  only i f  go is  a  P-algebra homomorphism.

D e fin it io n  1. 3. L et A  b e  a  P-algebra. Let d = .EA b e  a
higher P-derivation of R into A . A  is called  the higher differential
a lg eb ra  of R  o v e r  P  with in d ex  dom ain A  a n d  d  is c a l l e d  the
canonical higher derivation and  w e denote A  =Aph (R), d=c1,/, and
d' =c1",,,,, i f  th ey have the following universal property :

For every higher P-derivation a= ca.I.E, of R  into an  arbitrary
P-algebra S  with index domain A , there exists a  u n iq u e  P-algebra
homomorphism f  : A--- - ›S  such that a- f  o cl' fo r  ev e ry  aE A.

W hen w e refer to  an R -algebra structure of A  (R ), we always
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m ean that the structure homomorphism is d;,/p •
In  c a se  P = Z , we sim ply write as AA ( R ) ,  d ,  and clì ; in stead  of
(R ), dR ip a n d  Z i p ,  respective ly . I n  c a s e  m = 1  a n d  A=IsT,, we

w rite as A „ (R ) instead of 21,4 (R) .
L e t  ) :R - - -> R ' b e  a P-algebra hom om orphism , then  ç induces

canonically a P-algebra homomorphism :

A ; (R) >A; (R ').

For the proof o f each statement in Proposition 1. 1, we refer to
B erger [1 ] and Kawahara-Yokoyam a [6].

Proposition 1.1. 1 )  A ; ( R )  alw ay s ex ists and  i s  determined
uniquely up to R -algebra isomorphisms.

2) A ; ( R )  i s  a  m ulti-graded R -a lgeb ra . A ; (R ) = C ). A R ) ,
aGNo

where i f  x E A ;(R )  and y E A ;(R ) ,  then  x yE A ;" (R ), R  is isomorphic
to A° (R) a n d  A ;(R )  i s  the R-sub module o f  A ; (R )  generated by the

elements (d 'ix i) ( c l * r x , )  such that x 1 ,.. . ,x ,E R , a i , •  •  a, and

...-F a r= a  fo r a *o .
3) I f  e1 = (0 , . . . ,  0 , 1 , 0 , . . . ,  0 )  is in  A , then A  (R)

Qivp ( =the  module of P -d if fe r en t ia l of R ).

4) I f  a is an ideal of R  and R=R/%, then w e hav e A ; (R )=

A ; (R) / ,  where is  the ideal o f  A ; ( R )  generated by  the elements
x  with x E K  and aE  A.
5) I f  R  is a  .1'1-algebra and P , is a  P -a lg eb ra , then w e hav e Àpt,

(R)L--zA" ( R ) / ,  where is  the ideal of A ; (R ) generated by the elements
4 , y  with y E P i and a A-o.

6) If  I?, and R , are P -a lg eb ra s , then we have

A ; (R ,C ),R 2 ) A ; (ROO pA; (R2).

Moreover, it holds that

A ;(R1C),R2)-- 9 .A ;(R ) 0 (R2) for every aEN cr.

7) I f  {Ra} ,,E r  is  a direct system o f  P -a lg eb ra s and R =lint R„,
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it  h o ld s  th at  [114 (R.)) . e r  f orm s a direct sy stem  o f  P-algebras and
(R) lim ( R ) .

8) Let R =P [X ,],e r be a polynomial ring over P in  indeterminates
X ,, then w e have .ZU,' (R)f:-_•R[X,,„],e,,,,,EA_„ a  polynomial ring over R
in indeterm ina tes X „ ,  where cl;/,,X , corresponds to X ,,„ for every et E A-o
and CE  r.

9) I f  R 1=R [X ,],E r i s  a polynomial ring over R  in  indtemrinates
X „ then w e have A ',,̀ (R )[X , .],Er.„E4 a  polynom ial ring over
21,1(R ) in inaeterm ina tes X , ,„ ,  where X , corresponds t o  X ,  f o r
every eF T  and uE  A.

§ 2 . Differential algebras o f some important algebras.

Proposition 2.1. Let P  be a ring w ith  a  linear topology . Let
R  b e  a  P-algebra w ith a  topology induced by that o f  P .  We consider
a  topology in A ,1(R ) which is also induced by that o f  P .  Then R  is  a
form ally  sm ooth P-algebra (Grothendieck [ 2 ] )  if and only  if  il;! (R )  is
a formally smooth P-algebra.

Pro o f . L e t  E  b e  a  discrete P-algebra a n d  le t  CS: be a n  ideal
o f  E  su c h  th a t  G,2=. (0). L e t  : E-- - > E / E  b e  a  canonical pro jec-
tion. F i r s t  assum e th a t 11;,1 (R) is a  fo rm a lly  s m o o th  P-algebra
a n d  a  continuous P-algebra hom om orphism  : R - - > E /  is given.

L e t  it : A  (R)--->21.`,1 (R) / C) A ',(R) R  b e  a  canon ica l projection,
0 , 0

w h ic h  is  c o n t in u o u s . T h e n  b y  th e  fo rm al sm oothness o f  A',.4 (R),
th e re  ex is ts  a  con tinuous P-algebra hom om orph ism  : A
E , satisfying the com m utative diagram :

M (R) 9 

f tA

 E X
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Since p 0d1= idE, w e  h a v e  A  0 (0 0 c/;/,) = (o, w h ich  p ro v es the

formal smoothness of R .  Next, assume that R  is  a  formally smooth
P -a lg e b ra  an d  a  continuous P-algebra hom om orphism  is  :  M  (R )

-- > E /  is  g iv e n . L e t  a, and ,̀.5 A  be ideals in the fo rm al power

series  rings E [[t i,  t , j ]  a n d  (E/E) a t ,  t,W ,  respectively,
g en e ra ted  b y  m o n o m ia ls  r ' s  w ith  a E N g ',  a E A .  L e t  S t b e
th e  k e rn e l o f  t h e  n a tu ra l projection 7r : E[[ti, . •
(E X )[[t1 ,. . . ,  t ] ]/ ,7 5  A ,  w here w e regard both rings as discrete P -
a lgeb ras . T h en  w e  have h 2 =  ( 0 ) .  W e denote by t: the class o f t,
in  b o th  r in gs  fo r  each i =  1, 2, ...,m . W e  d e f in e  a  P-algebra
homomorphism / t , j ] /  Zs by g (x ) =  E

°EA
(X )  t "  for x E R . S in c e  0- is continuous, the d 7 , a re  P -lin e a r  and

R  and Ak1 (R ) have induced topologies, w e see that g  is continuous.
Therefore, by our assum ption there exists a  continuous P-homo-
m orphism  g : R - -> E [ [ t i ,  t ]]/ aA, w hich induces g. L e t  a=
fa.}.EA b e  a h igher P -derivation  of R  into E  su ch  th a t g  (x ) = E

.EA
( x )t ' -  with a'"xEE for x E R . T h e n  w e  have a P-algebra hom o-
morphism :  Ail (R ) - - - > E  su c h  th a t a- =0  o d1 , f o r  every aEA.
It is  eas ily  seen  th a t 0  induces s-b. I Since .211,' (R )  is generated by

p (R ) (a E  A ) an d  h a s  an in d uced  to p o lo gy , w e see  th at 0  is
continuous. This proves the formal smoothness of (R ).

Proposition 2. 2. L e t R  b e  a  P-algebra. L et S  be a  formally
smooth R-algebra with respect to the discrete topology. Then the canonical
S-algebra homomorphism 2 : SC),,A" ( S )  i s  l e f t  inversible
(,that is , there exists a n  S-algebra homomorphism p: M  (S)--->SOA,1
(R ) such that p o 2=identity).

Pro o f . L e t  A  and (h = 0 , 1, 2 ,  . . . )  be ideals o f SORIA" (R)
such that

a = 0--)S0 R A ;  (R ) and "'c'„ =C)SC),/17, (R ).
.oA 1.1>h

W e  put T=S0,11;' (R)A1'4, h (h = 0 ,  1 ,  2 ,  . . . )  and
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= lirn T / h .  I f  w e  in tro d u c e  multiplications in (-1-)SC),A7, (R)
a e A

an d  in  H  SORA;(R ), in the understandable way, w e have
.E4

T = C ) SC)RA;(R) and SC)RA(R)..E4 a e A

h a s  an R -algebra structure 0  d e f in ed  b y  0(x), (10d;1,x).EA,
x E R  and we consider an R -a lgeb ra  structure for T/„T5, induced
b y  0  fo r  every h = 0, 1 , 2„  .... S i n c e  w e  h a v e  a n  R-algebra
isomorphism T / 0 - . . -S  and S  is a  form ally sm ooth R-algebra, the

iden tical m ap  çoo : S - -> S o - '7 7 0  can  b e  su ccess iv e ly  lifted  to  R-
algebra homomorphisms ço, : „  (h= 0 , 1 , 2 , ...) .  T a k e  the

projective limit ço : S- 4 '  o f  ç&.h. T h e n  w e  have a commutative

diagram :

So 
> H S (R)

aEA

1.)

I
R

,  w h e re  t )  is  the structure homomorphism o f  th e  R -a lgeb ra  S.
G ive th e  co-ordinate w ise expression of ço, ça(x) = (a°x)acA, xES.
T h e n  a= { d } 4  is a  higher P -derivation  o f  S  into SC),A," (R)
with index domain A  and w e have commutative diagrams

  

a. s 0„A .,,(R)

1 C)d7vp

   

for a E

R

  

and a° is the structure homomorphism of the S-algebra SC)Rilg (R).
Therefore, i f  w e  d e n o te  b y  t t  th e  S-algebra hom om orphism  of
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i t ; ( S )  into SC),24`,1 ( R )  su c h  th a t  5°,11 o cl:/, f o r  aE  A, w e have
a com m utative  diagram :

- S CDRiV, (R)

S C),A.;>4 (R)

,  which proves our proposition.

Corollary . L e t k  b e  a  fie ld . L e t K  b e  a fie ld  containing k.
Let L  be a field which is a separable extension of K. Then the canonical
homomorphism ;

p : (L)

is  le f t inversible.

Pro o f . Since L  is  a  form ally sm ooth K -algebra (Grothendieck

[2 ] ) ,  our assertion is  a  d ire c t  consequence of Proposition 2. 2.

Proposition 2. 3. Let P  be a ring w ith  a  linear topology. Let R
be a  P-algebra w ith  a  topology induced by that of P. Assume th at R  is
a  f orm ally  unramified P-algebra (Grothendieck [ 2 ] ) .  T hen, for even,
open ideal i  o f  R  and aE  it holds that

AT, ( R )  KA°, (R)

and we have a  canonical isomorphism :

A ;,' (R)/)IA ;,' (R)

P r o o f  T h e  last assertion is  a n  immediate consequence o f th e
first a sse r tio n . To prove th e  first assertion, it is enough to prove
that f o r  ev e ry  ciE  A -o  w e  h a v e  d ',/ ,,R cW A ;(R ), because A; (R)

(S)

I i
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is g e n e r a t e d  b y  the cn/,,R. Assume th a t  th e r e  e x is ts  an aE A-o
s u c h  th a t  c11RcZ2TA",. (R). W e  m a y  assume t h a t  l a l= h  is the
le a s t  in te g e r  w ith  th is  p ro p e r ty . Let 3 and S t  b e  t w o  id e a l s  of
21,1(R) su c h  th a t 3 ,  E  (R )  and S =  E  A ; (R) . W e  put

1.1>h

E = A  (R) (R) +S t and E = a+ w A ,,,, (R) ( R )  ST.

T h e n  w e  have = 0 and E/E=  RP.A . Let ço and b  b e  t w o  P -
algebra  homomorphisms of R  in to  E ;

ço =4 ,  mod. '21. A " (R) +ST, =  E  c/70, mod. %A" (R) +S .
1.1<h

Since R  h a s  an in d u c e d  to p o lo g y , it  is  e a sy  to  se e  th a t  D  and 0
b e  c o n tin u o u s  w h e n  w e  regard E  a s  a  d is c r e te  P -a lg e b r a . On
the o th e r  hand, O çn  by our assum ption  and b o th  in d u c e  modulo

the canonical surjection R --4 ?/ 5 2 T . This contradicts th e  formal
unramifiedness of R  over P.

C o ro lla ry . Let R be a formally un ram ified  P -a lgeb ra  with respect
to  the discrete topology. Then we have A " (R) =A ; (R) R .

Proposition 2. 4. Let R  be a  P - algebra. L e t  S  be a  formally
étale R -a lgeb ra  w ith respect to the discrete topology . Then w e have a
canonical isomorphism

SC),A" (R) =A " (S ).

Proof. B y  Proposition 2. 2, SO„A" (S )  is  le f t  inversi-
b le . B y the corollary to Proposition 2 . 3 , w e  have A" (S) _= S .  There-
fo re  o u r  assertion follow s from  Proposition 1. 1, 5).

Corollary 1. Let r  be a multiplicatively closed subset of R. Then
we have a canonical isomorphism :

RrC),A" (R) =A " (R1).
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P ro o f .  T h is  fo llow s from  P roposition  2 . 4 , because R r is a
form ally étale R -algebra (G rothendieck [2 ]) .

Corollary 2. Let k  be a field. L e t  K  be a field containing k.
Let L  be a  separably algebraic extension of K. Then w e have a canonical

isomorphism

LC),,A" (K) (L).

P ro o f . I f  L  is a  f in ite  ex tension  o f K , L  is  a  formally étale
K -algebra (G rothendieck [ 2 ] ) .  H ence our assertion  follows from
Proposition 2. 4 and P roposition  1. 1, 7).

§ 3 . Differential algebras of regular local rings.

F o r  the proof o f  th e  following proposition, w e refer to  Berger
[ 1 ]  o r  K awahara-Yokoyam a [6], although fo r  th e  c a s e  o f  charac-
te r is t ic  0 , it  is  a n  immediate consequence o f P roposition  1. 1, 8),
a n d  Corollary 1 a n d  2  to  Proposition 2. 4.

Proposition 3. 1. Let K  be a  fie ld . L e t {c,} ,Er b e  a transcen-
dence base o f  K  in  c a s e  the characteristic o f  K  i s  0  a n d  a  p-
independent base in case the characteristic o f K  is p O .  T h e n  w e  have

A ' (K ) =K [d° c ,]EA  ,,er

,  where the rig h t h an d  s id e  is  a  poly nom ial ring over K  i n  distinct
indeterminates d'c,.

L e t  R  b e a  lo c a l  P -algeb ra . L e t  u t  b e  a n  id ea l o f  R .  We

denote by the  symbol the m - adic completions o f R - algebras.

Proposition 3. 2. W e have a canonical isomorphism

(1?)'=-_-A"(R).
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Pro o f . Let i : R -- ->E  be the canonical embedding. i  induces a
canonical homomorphism of A ,' (R ) to A,1 ( E ) ,  which is extended to

a  homomorphism : Ap" (E). ç o  is surjective, because
(R ) and A ',1 (E ) are generated by d',/,,R and d:/pR. ( a  A), respe-

ctively, and the a r e  continuous (in  m -a d ic  to p o lo gy). B y  the
continuity o f th e Z ip , th ey  are ex ten d ed  to  a  higher derivation

of E  in to  A  ( R ) .  H en ce  w e  g e t a hom om orphism  o f Ap" (E ) into

(R), which is extended to a hom om orph ism  :  A (R )— (R).
It is easy to  see that 0 o  ço =identity.

Lemma 3. 1. L e t A  an d  B  be R-algebras, such that
1) A  i s  a  form ally  sm ooth R -algebra w ith respect to m -adic

topology,
2) B/m"B is R /m "-f lat f o r all n>0  an d
3) there is an  R-algebra isomorphism 1'1: A/mA -->B /m .B .

Then th e  following assertions a), b )  an d  c )  hold.
a )  There exist R-algebra isomorphisms f„ : A /m"A B /m "B  for

n =1, 2 ,  . . . ,  making the following diagram commutative

 

n'A

         

A/m"

    

,  where the r ,  an d  th e  7 ',  are natural projections.

b) W e have a n  E-algebra isonzorphism

c) Every R-algebra lzonzanorphisnz o f  Â  into 14 which induces f,, is
an  isomorphism.

Pro o f . b )  fo llow s im m ediately from  a). W e prove a) by
induction on n. Assume that w e ob tain  fl• • • •• f ._ ,  w ith  the said
property. L e t  r . :  A --->A /m ".4  b e  a  natu ra l projection. Then
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by the formal smoothness of A  there exists an  R-algebra homomor-
phism g„:A ---›13/m "B  satisfying the com m utative diagram :

g .  in d u ce s  a n  R -algebra hom om orphism  f„ : A /InnA -->B / ritnB ,
which satisfies the commutative diagram in  a ) .  T h e  surjectiv ity of

f ,
f , i s  clear. A ssu m e  th a t 0 >K -->A/m BA--->B/nt"B--->0 is
a n  e x a c t  sequence o f  R/m"--modules. T h e n  w e  have an  exact
sequence :

R/nr-1) >K(DR/m. R/V-1-->A/nt"' A

- -->13/111"

S in ce  B/nt" i s  R / n tn -fla t, w e  h a v e  T o rr"(B / in " , R /n t"-1 ) =  O.
T herefo re  it ho ld s th at K O ,/,.. R/m "-'= 0, h en ce  w e  h a v e  K=0
by Nakayama's lemma fo r n ilpotent ideals. H ence w e have A /m"A

B / n i"B . The assertion c )  is c le a r  f ro m  the above argument.

Proposition 3. 3. L e t  P  be a  discrete valuation ring w ith a prim e
elem ent p , w here  p  is a prim e integer. L et { c,}  ,e, b e  a  s e t  o f  repres-
entatives of  a p-independent base of  P / pP. L et Z „„(cEr, aE  A -0 )  b e
indetermina tes. T h e n  w e  hav e a P-algebra isomorphism:

A " (P) =P[Z , ,„EA

,  w here th e  symbol denotes p-adic com pletions and the orpc, are
m apped to the Z,,„.
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P ro o f .  W e denote by th e  e , th e  c la s se s  o f  th e  c , m odulo  pP
a n d  b y  t h e  Z .,„ those o f  t h e  Z ‘,„ m odulo  p P [ Z ] .  Then by
Proposition 3 . 1  w e  h a v e  a  P -a lg eb ra  isomorphism : A " (P/pP)
P [Z ]/ p P [Z , . . ] ,  w h e re  t h e  ci; c, c o rre sp o n d  t o  t h e  2 , ( tE  r ,

a E A -o ). O n the other hand, since c 4 = 0  for every aE  A- 0 , it holds
th a t AA ( P /p P )  AA (P)/pA A  (P) b y Proposition 1. 1, 4). Hence we

have  an  isomorphism o ( P ) / p A "  , P [ Z l / p P [ Z „ 1 .  Since
P  is  a  formally smooth Zp-algebra, AA (P)  is  a  formally smooth Z,-

algebra by Proposition 2. 1. S in ce  P  i s  a  C o h e n  r in g , P  i s  a  f la t

Zn-algebra (G rothendieck  [ 2 ] ) .  H ence, P[Z ,A /p "P[Z .] is a  f la t

Zp/p"Zp-algebra f o r  ev e ry  n > 0 . T h ere fo re  b y  t h e  above lemma,

there exists a  Zp-algebra isomorphism 0 : AA (P) ,—  P[Z,,„-] eE T ,  E A ,
O n  t h e  o th e r  h a n d ,  w e  h a v e  a  P-algebra homomorphism
çI' : (P) such that 0(Z „.)  =d c ,  f o r  (E r, aE  A- a , which

induces a  homomorphism ç  :  P (P). S in ce  '0 induces
th e  isomorphism o-1, 0  is  su rjec tive  and  0 o ç1 induces th e  identical
isomorphism of P E Z „,d /p P [Z j .  W e app ly again  th e  above lemma
o n  0 0 0 a n d  get that 0 0 Ç̂I, is  a  Zp-algebra isom orph ism . H ence 0
is  an isomorphism.

Theorem 3.1. L e t R  b e  an unranzified regular local ring with

maximal ideal M .  Let

1) xi, . x„ b e  a  regular system  o f param eters in case R  i s  o f

equal characteristic, and

2) p ,  x i , . . . ,  x„ be a regular system  of parameters in case R  is  o f

unequal characteristic, where p  is  the characteristic of  R/nt.
L e t {c,} ,E r  b e  a set of elements in R  su c h  th at the set fej ,E r  o f

their residue classes modulo ni are
a) a  transcendence base of R / nt in  case the characteristic of R/ in

is  0 , and

b) a  p-independent base of R /in  i n  case the characteristic o f
R/in is  p#0 .
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Then we have :

A ' (R ) —o— o

5 where the latter is a completion of a polynomial ring ov er R  in distinct

indeterm inates d'c,'s and dbx /s, and the symbol denotes the ni-
adic  completions.

P ro o f .  T h is  is  a  consequence of Proposition 3. 1, Proposition
3. 2, Proposition 3. 3 and Proposition 1. 1, 8).

C o ro lla ry . W e retain notations and assumptions as in Theorem 3.1.

L e t  S  b e  a n  R -algebra and complete in  n t-ad ic  topology . A  higher
derivation a, {6°) OEA of R  into S  w ith index  dom ain A , w here 5° is the

structure homomorphism o f  S , is uniquely  determ ined assigning values of

a'c„ abx , @ E [',  1 <i<n , a , bE A -0) arbitarily  in S.

P ro o f .  Since every R -algebra homomorphism of A 4(R ) into S  is

uniquely extended to an R-algebra homomorbhism o f  A A  (R ) into
S , our assertion follows from Theorem 3. 1 and Proposition 1.2.

§4. Differential algebras o f complete discrete valuation rings.

W e list below  som e of notations and conventions w hich  are
common in  §4, §5, §G an d  §7.

R : a  complete discrete valuation ring of unequal characteristic.
: the maximal ideal of R.

7r: a p rim e element of R.
v :  the valuation of R.
k :  th e residue field  of R.
p :  the characteristic of K.

e : the ram ification index of R.
P :  a coefficient ring of R.

,E r: a  p-independent base of k.
c  (tE  I ')  : a  representative o f e  contained in  P.
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S : the polynom ial ring P [X ] in  an  indeterminate X  over P.
f (X ) =X ° d-p(a,_,X `-1+ ± ao ): th e Eisenstein polynomial over

P  such that f(7r) =0.

A : a segm ent (0, 1, 2, ..., /1 of No, where l  may be œ in  which
case A =No.

: a  symbol for the p-adic completion o f  a  P-a lgebra . (If

the P-algebra is considered as an R-algebra, represents also the
m-adic completion.)

ço : t h e  canonical R-algebra homomorphism : RC),,AA (P) ,
AA (R).

0 :  t h e  canonical R-algebra homomorphism : R C)Aa

AA (R).
d ix  (i E  A , x E  S ) : t h e  canonical im ag e  o f  d 'sx  (E  A "  (S ) )  in

RCM " ( S )  or in  R—C),AA (S).
Z ,, U h ,;(i>l, 0< e -1 , j>1 ) :1

Z„ eE r ,  i > 1 ) :

W e assign weight Z, = weight W 1  = i  fo r every eE T , 1 =1 , 2,....

W hen we say that a grade preserving R-algebra homomorphism

p  o f  a  graded  R-algebra H  in to  a  graded R-algebra K , is left
inversible, we m ean that there exists a  g rad e  preserving R-algebra

homomorphism w of K  into H  such that w o p=id„.
B y Proposition 1, 1, 8), ApA (S) is  a polynomial ring S [ci/,X ]1E4-.

in distinct indeterminates ( i E A - o ) .  W e  h ave  a  fo rm u la  fo r
every n=1, 2, ... (R ibenboim  [8])

i f(1) dipf  (X ) = (i) (,X ) E
J! ■ 1 1 - • • • - 1 - i i = n

,  which follows from th e  fact

E d  X . . . 4 7 ,X

= E E . . disin, X
=1

independent variables over R.
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(x)(,)
= E E cisii», X  for every

i i /I i,+•••+ii—

= 1 ,  2 ,  . . . .

B y a  slight m odifica tion  o f the  above proof, w e can  obtain  a
re la tio n  fo r  every n =1 , 2 , . . .  :

(2) d f (X )  = f(j) .(,X ) E  41X  . . . X +
z=i )1

pG„ X X ,  ;  

,  where G, (Z1, Z 2 5  •  •  * 5  U 0 , 1 5  U 0 , 2 ,  •  •  * 5  - L  — 1 , 1 ,  U  — 1 , 2 5  •  •  • )  is a polynomial
o f  t h e  sam e w e igh t n  and  has n o  te rm s o f  monomials o f  only
Z 's.

Since S  / (f  (X )) a n d  AA(S) =AA(P)Ed'sX],GA

(P[X ]® ,,A " (P))[4 .X ],e4_„ we have :

A" (R) (R C ),,A 4  (P))[d ' X ],e , /(d ' f  (X ))  ,,E

,  w h ere  (RC),A A  (P))[d X ]IE4-0
( P )  i n  (d'XI ,E4 -0.

T a k e  m - a d i c  completions
Proposition 3. 3

is  a  p o ly n o m ia l r in g  over RC),AA

o f  b o th  h an d  s id es a n d  w e  h a v e  by

A 1 1?) (R ® A 4 (M Ed' X liE A  - (d" f  (X )) .E A  -.)

(RV ' c ,] E r .  ,E A  —  [di X] ;EA  _ ./  (d" f (X)) ,,E  A  —

,  where R [dc,],E,,,EA _, is a polynom ial ring over R  in { dc,}  tEr,iE4 —o•

Expressing th e  d a ,  b y  th e  di c,, w e get a  re la tion  in  k O s i l l ( S )

f o r  every iz A -o  from  (2 )

(3) d" f(X ) f(i) (r )E  d"X X +
i=i j! i i+ • • • + j i= n

+pG ,(d  X , d2X, ; 

,  w h e re  ( i )  G„ (Z1, Z 2 5  •  •  •  ;  •  •  . 5  1  4  7 •  •  * )  is a  linear combination
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o f monomials o f  Z ' s  a n d  147,.;'s o f th e  same weight n  with coeffi-
cients in R , ( i i)  fo r every positive integer t  a l l  b u t  a  finite number
o f co effic ien ts  o f G „ a r e  in  n t i  a n d  (iii) G „  h a s  n o  term s of
monomials o f on ly Z 's.

Proposition 4.1. A  higher derivation a= t a l „ E ,  o f  R  in to  an

m - a d i c  com plete R -a l g e b r a  T  w ith index  dom ain A  such that a° =the

structure hom om orph ism  o f  T , is uniquely determined by assigning values
o f a ic ,  and a in  ( E r ,  j  A - a )  i n  T , satisfy ing conditions

ro)( 7)
(3') E E a"7  • •  •  a'ir+pG .(a1 7 , a2 7 , •  •  •  ; •  •  • 6'c, •  •  .)  =0j : ii+•••+i,=.

f o r all  n = 1 , 2 , . . . ,  1.

P ro o f .  B y the condition that a°= the structure homomorphism
of T , a  is un iquely determ ined by an  R-algebra homomorphism  g :
A^ ( R ) - - - * T .  S in ce  T  is complete, g  is  u n iq u e ly  ex ten d ed  to  an

R-algebra hom om orphism  g  : A  (R ) T .  H e n c e  o u r  assertion
follows from th e  above argument.

§5. Extended Neggers' numbers 4 ( r ) .

M ultiplying ( f '  W )2" '  on both hand sides o f  (3 ) , w e obtain a
relation for each  nE A -o

( 3 )
( f f  

(
r) )2. -2dnf (x )  _  ( f ,  (7 ) )  2. - ld n x  + f` ') .(7 )  ( f, (7 )) j -2

j=2 1!

E ( f (7 ))2 " -id iX  •  •  •  ( f (7 ))2 ti-Id iX (7)cliX ,

( f' (7 ))3 d 2 X ,... ;

,  where H „(f'(r)dX ,... ; d ' c „ . . . ) = ( f ' ( 7 ) ) 2 n - 2  (d 'X ,... ; d ' c„ . . . ) .

L ettin g  t h e  le f t  h a n d  s id e  o f  th is  r e la t io n  e q u a l 0 ,  w e can
successively solve ( f' (7 ))2 " - 'd " X  a n d  obtain  th e  follow ing relation

in  A" ( R )  fo r  it E  A -o , w h e re  w e  d e n o te  t h e  canon ica l images
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o f  th e  d'RX (iE A-o, xER) in  A" (R )  b y  t h e  same symbols.

(4) (f' (7) )2"-'47 = F „( . . d'Rc„ .)

, w here  F „(.. .,W  ,,„ . . .) is  a n  R-linear com bination o f  countably
m any m onom ials o f  t h e  117,,,(cE T, 1 < i< n )  o f  t h e  sam e w eight
n. T h e n  f r o m  Proposition 4. 1 a n d  th e  fa c t  th a t  R  is  a n  integral
dom ain a n d  f' (ur) # 0 , w e  c a n  e a s ily  d e d u c e  t h e  following.

Proposition 5. 1. A  higher deriv ation a, {6"1 „EA o f  R  in to  R
with index dom ain A  such that a°, the structure homomorphism , is uniquely
determ ined by  assigning values o f  a t c ,  and a ',  (c B r, iE  A -o) in  R,
satisfy ing conditions

(4') (f (r))2"-1a"77=F„(. . c,, .) fo r a l l  n= 1, 2, .. 1.

Definition 5. 1. W e define

47, (r) = m in  v(coefficient o f  F „ ) - (2 n - l ) v ( f '  ( r ) )

fo r  n =1, 2 , ..., w h e re  w e  u n d e rs ta n d  th a t
m in  v(coefficeint o f  F „)=  oo i f  F„ =0.

W e  c a ll 47, (7) th e n - th  Neggersi num ber for (P , 7).

Remark 5. 1. It i s  e a s y  t o  s e e  t h a t  4, (7r) i s  t h e  Neggersi

n u m b e r  d e f in e d  i n  S u z u k i [1 0 ], w h ic h  o r ig in a lly  a p p e a re d  in
Neggers [7].

Remark 5. 2. I f  k  is  p e rfe c t, T  is  e m p ty , h e n c e  2; (ur) = 00

fo r  n= 1, 2, ....

Proposition 5.2. ..r; Or) is independent of the choice of  { c,} ,er
for each n =1, 2, ....

T o  p ro v e  Proposition 5. 2, i t  is  e n o u g h  to  g iv e  an  a lternative
d e fin itio n  o f  47, (2r) w ith o u t u s in g  {c,} ,Er, w h ic h  is  g iv e n  in  th e
following proposition.
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Proposition 5. 3. L e t  n  be  a positive integer. T h e n  J",, (7 )= h

if and only  if  fo r  a  suf f iciently  large integer t  it ho ld s  that, fo r every
higher derivation a= ta° = id ,  . . . ,  al of R  into R  w ith index domain
{0, I , . . . ,  n} s u c h  th a t  v (a ib )> ti for all b E P  a n d  0 < i< n , w e have

v(i3r) >tn-Fh and there ex ists a higher derivation a w ith this property
such that min v(6"7)=tn-I-11.

P ro o f .  If k  is  perfect, our assertion follows from Remark 5. 2

and Proposition 5. 1. H ence w e m ay assume th a t k  i s  a n  infinite
field. W e  p u t  s = min y (coeffic ien t o f F „ ) .  L e t  t b e  a  fixed
positive integer. I f  w „,(cEF, 1 = 1, 2 , ..., n ) a r e  elem ents in  R
such that 7) (w,„) > t i, w e have v (F „ ( . . . ,w , , . . . ) ) > s + t n . As it
w ill be shown in  th e  lem m a below we can choose w„,is such that
v (F „ ( . . . ,w „ „ . . . ) )= s + t  n .  We choose t  sufficiently la rg e  so that
4 , ( r )  t j > 0  fo r every j =  1, 2, ..., n .  T h en  each  o f  equations for
the (9,77

( 7 ) " - l 6 "  =F;(• • • .) (1 = 1 , 2, • • n)

can be solved in  R .  O ur assertion follow s from  these arguments
easily.

Lem m a 5. 1. Assume t h a t  k i s  a n  in f in ite  f ie ld . L e t  F ( . . . ,
W „ ,. . . )  be a  linear combination of countably m any  m onom ials of W „,
of the saine weight n with coefficients in  R  such  that fo r  every positive
integer r , all but a  f inite num ber of coefficients of F are in W e
put s= m in  v(coefficient o f  F ) .  L e t  t  b e  a  non-negative integer.
T hen, there ex ists a  s e t  o f  elem ents {w,,,} Eri1 , 2,i n  R  such  that
v (w ,,,)> ti fo r cE and i= 1, 2, .. ., and y(F ( • • •3 •  •  • ) ) t n.
Moreover, i f  t= 0 , w e m ay  choose the w„, f rom  P.

P ro o f .  W e m ay assume that s#  co . L e t H ( . . . ,  We,,, ...) be a
polynomial consisting o f all terms o f F ( W ,  . . . )  such that the
values of their coefficients u n d er y  e q u a l s. Then w e can w rite
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a s  H ( . . W e,„...)=7e110(...,147,,,,...), w h ere  H o is a non-zero
polynomial in  th e  W ,,, such that all non-zero coefficients of Ho are
units in R .  Let k o  b e  a polynomial over k , induced  by H , modulo
nt. Then by our assum ption, there exists a  s e t  o f  elements ta I
•er,•=1, in  k  su c h  th a t  11( . • •  •  . )  # 0 .  T h e n  fo r an
a rb itra ry  s e t  o f  representatives (u,„) 4E r . i= 1 .2 , . . .  O f  ( f i t  , e Er,

i n  R ,  H o ( . . . ,  u „ , , . . . )  is a  u n i t  in  R. W e  p u t  w„,=.
fo r  CE  , 1 , 2 , . . .  .  T h en  v ( H ( . . . , t v „„. . . ) ) --=v(7r"'"Ho( • • • ,
u „ 1, . . .)) =s+tn. S ince the va lues o f the other term s o f F ( . . . ,
w , . . . )  are  always greater than s+t n , we have v ( F ( . . . , w , , . . . ) )
= s + t n ,  which proves our first assertio n . In  this argument, we can
choose th e  u „ ,  f ro m  P. T herefo re , i f  t =0 ,  w „,E P  fo r  tE F,
i = 1 , 2 , ... .

Theorem 5.1. The following three conditions are equivalent.
( i  ) J ( r ) for all nE A -o.
(ii) Every higher derivation 5= (6° (31, . }  o f  P  in to  P w ith

index dom ain A  is ex tended to a  higher derivation a= (5' . . . )
of  R  into R  w ith index domain A .

(iii) The canonical R-algebra honzomorphiszn : R C)A 4

(R ) is left inversible.

P ro o f . W e shall p rove our theorem  in  t h e  th ree  step s , (ii)
 ( i) , ( i) > (iii) a n d  (iii) > (ii).

(ii)    (i). If k  is  perfect, w e  have SI, (r) =OE) for n = 1 , 2 , ....
H en ce w e m ay assume that k  is  a n  infin ite field. L e t  n  b e  an
a rb itra ry  in tege r i n  A-o. B y  L em m a 5 . 1 ,  th e re  e x is ts  a  s e t
o f  elem ents fw,. 11 , e r ,■ = 1 ,2 ,  . .  i n  P  su ch  th a t v(F„( • • • • •)) =
min v (coefficient o f F „) .  L et a= (5 ', 3', be a higher derivation
o f P  into P  w ith in d ex  domain A  su ch  th a t 6°=icl,, a n d  ô'c, =w ,„
fo r eE T ,  i A - o .  L e t  a= (5°=idR, at, . . . )  b e  an extension of ô  to
R .  T hen  w e h av e  (f ' (7))2"-ia"r = „( . . w , , , ,  .  .  . )  b y  Proposition
5.1. H e n c e  0 , v (a"7r) =v (F.(..., w ,.„  . . .) ) - (2 n -  1 )  v ( f (7 r ) )  =
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m in v(coefficient of F„)- (2n-1)v  (f ' (r))  =4 (7r),  w hich proves our
assertion.

(i)   (iii). It was proved in  §4  that

A 1(R ) = (R C)A 4 (P)[d'X ],e4-0/ (d"f(X )).E4-0)•
Since 4;(7r) > 0  fo r all nE A -o, w e can  define  an R-algebra homo-

morphism p :R C),A (P)[d.X ],e, -->R C ),A 4 (P) such that p ( d c )  =

1C)d'pc, fo r cE r, A -o an d  p(d'' X ) = 1  , F„(. . .,1C)d'pe,, • • .) •
f  (702—

T hen  w e have p(d" f (X )) = 0  fo r every nE A -o . Therefore p indu-

ces an R-algebra homomorphism ç'f) : A" (R)--->R C ),A 4 (P) such that

ç"b o 0=the identical homomorphism of R C),A "(P).
(iii) >(ii). Assume th a t 3  is  g iv en . S in ce  6° =id p, there exists

a P-algebra homomorphism h : A ' (P) - - > P  such that 6" o cl; for

n e  A. Let :R O ,A .4 (P)-->R Œ A 4 (P) and : A ."(R )---›A "(R )
be canonical hom orphism s. S ince R  is com plete , 1®  h : RC)A A

( P ) - - › 1 2  induces an R-algebra hom om orphism  10h : RC),A 4(P)

Let ç  : A "(R )--›R C )pA " (P) be a homomorphism such that

ç'f, o ço= iden tity . W e pu t g=1C)ho "odri. T h e n  w e  h a v e  a  commu-
tative diagram :

  

A4(R)

                 

1C)h

       

S'b

        

A" (R) R C ) , A "  (P).

  

S in c e  '0 0 = id e n t it y  a n d  101/02= 1 C )h , w e  h a v e  goço=1C)h.
Therefore, th e higher derivation a= {al of R  into R  with index
domain A  such that a" =g04(nE A ), is  an extension of O.
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Definition 5. 2 ( N e g g e r s  [7 ] ) .  ( i )  A  higher derivation a=
{a° =id,„ o f  R  into R  with in d e x  dom ain A  is c a lle d  " in -
ducing", i f  a"mc in  f o r  every nE A , th a t  is ,  if  a induces a  higher
derivation o f k  into k  w ith index  domain A. (ii) A  higher deri-
vation a= {09=id1, a i , . . . )  o f k  into k  is called "induced", i f  there
exists a  higher derivation a= {a° = i d ,  ,  . } of R  into R  with index
domain A  which induces a.

Theorem 5. 2. M  (7 )  > 1  f o r  a l l  nE A -o if a n d  only  i f  every
higher derivation a= (0° =idk, a ', . . . )  o f  k  into k  w ith index  dom ain
A  is "induced". In  this case, every higher derivation a= ta° =id,,
of R  into R  w ith index domain A  is inducing.

Pro o f . A ssu m e  that 47(r) >1 f o r  a l l  nE A - o .  T h en  t h e  last
assertion follows from Proposition 5. 1. L e t  1/1,,,I,Er„EA b e  a set of
representatives o f  (0'e,),Er,1E4 -0 i n  P .  T h e n ,  b y  t h e  corollary to
Theorem 3. 1, th ere  ex ists a  higher derivation  8= (8° =iclp, 8', . ..)
o f  P  into P  w ith  index domain A  such that 5 'c ,=h„,(eE T , iE A -o).
By Theorem  5. 1 8  is  ex ten d ed  to  a  higher derivation a= (5° =idR,

o f R  into R  w ith  in d e x  dom ain A. S in c e  a is inducing
a n d  a'c,=h„, ( ( E r ,  i e A -o ) , a in d u c e s  a  N e x t, w e  assum e that
there ex ists a  positive  in teger n E A -o  su ch  th a t 47, (r) < 0 .  Then
k  is not p e rfe c t, h e n c e  it  is  a n  infin ite field. H ence by Lem m a
5. 1, th e re  ex is ts  a  s e t  o f  elem ents fw„ 1Ler.1E4 i n  R  such that
v ( F „( . . . ,w , , , , . . . ) ) ,m in  v (coeffic ien t o f  F.). L e t  to- b e  the
c lass o f  w ,„ m odulo m  f o r  tE r ,  iE  A - o .  L e t  'a= {a° =id„ ..
b e  a  higher derivation of k  into k  with in d ex  domain A  such that
(Te,=w-  „ ,  f o r  tE  ,  iE  A - o .  A ssum e th a t  th e re  e x is ts  a  higher
derivation a= {0° 01,...) of R  into R  which induces a. Then we
h a v e  d'c, (cE i E  A- o) , hence v (F „( . . Oc,, . ) )  = v

v (coefficient o f  F „) .  T herefore w e have

v(a'7r) = 4", (r) <0  b y  Proposition 5. 1, and  a is not "inducing", which
is a  c o n tra d ic t io n . H ence a is not "induced".
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A s an  immediate consequence o f Theorem 5. 2 , we have :

C oro llary . T h e  condition t h a t  4; (7r) > 1  f o r  all  n E is

independent of the  choice o f  P  and r.

§ 6 . The case

Lemma 6. 1. The follow ing tw o conditions are equivalent.
(i) 4; (7r) > 0 fo r all nE  N.
(ii) 4; (7r) > 1 for all 77E  N.

P ro o f .  It is enough to  prove that ( i)  implies ( i i ) .  Assume that
( i )  is  tru e  a n d  ( i i)  is false. Let n  b e  th e  le a s t  positive integer
such that 4; (r)  = 0 .  L et a= fa° =icl,, ai, . . .1  b e  a  higher derivation
of R  into R .  T h en  b y  Proposition 4. 1 , w e have

• or)
o=a". f(7c) = E ai

=i
•

27r, ................. , a.c„ . • •).a

H ere , w e  have f )  ( 7 )   E  1 1 1  for j < e  and

f(°) Or)E as,r= E
e!

15,1 ..........  je..................................................................15 1  j l

E 
• • • + i,— n e

.......... n)

In  th e  last expression, a ll te rm s excep t th e  last term  belongs to
in, because in  each  o f these term s at least o n e  i, is sm aller than
n  and  then  .Sph(7r) >1, hence a'h7rE m by T heorem  5 .2 . T herefo re
w e h ave  (a"7r) Em , hence  "7rE111. O n  t h e  other hand , since 2,
(7c) > 0  fo r a l l  i E No, fo r  w „ , E R  ( cE r , lE  N o ) arbitrarily given
there ex ists a su c h  th a t  a'c, = w ,,,  b y  Proposition 5 . 1 . Especially,
there exists a  ô such that 8"7r n t , because o f  th e  assumption that
47,(r) = 0 , Lemma 5 . 1  and Proposition 5. 1, which is a contradiction.
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By Theorem  5. 1 , Theorem 5. 2  a n d  th e  above lem m a, w e get
th e  following theorem.

Theorem 6. 1. The following five conditions are equivalent.
(i) 4 ( r)  .>0  fo r  all nE  N.

(ii) Every  higher derivation a= ta°  =id p , 6 ',.. .)  o f  P  in to  P  is
extended to a higher derivation a, fa° =idE, à , of R  into R.

(iii) The canonical R -algebra hom om orphism  0:R C),A (R )- 41.(R)
is le f t inversible.

( iv ) 47 , (7 ) >  1  for all  nE  N.

( y ) Every  higher derivation a, fa° =id,, s' , . .1  o f  k  in to  k  is
"induced".

Example 6. 1. If k  is perfect, R  satisfies conditions in Theorem
6. 1.

Example 6. 2. I f  R  is tam ely ram ified, that is , if  (e, p) =1, R
satisfies conditions in Theorem 6. 1.

Pro o f . We show th at 47, (7) >1 by induction on n , remembering
h o w  w e  d ed u ced  relations ( 4 )  fro m  ( 3 )  a t  th e  beg in ing  o f  §5.
Assum e that S p (r )  > 1  fo r 0 < j < n .  T hen , F1( ..., . . . )  can
b e  w ritten  a s  ( f '( 7 ) ) 2 - '7 rP , ( . . . ,  1 4 7 „ . . . )  ( 0 < j< n ) .  H en ce  the
relation ( 4 )  is

( j )( f  (7 ) )  2n  —  ldnR 7E . (f , (r)) 2n —2
fE 7r, E

.J=2 j! i i + • • • + i j =  n
.......... i j

(  •  • cnc„ •  •  . )  • • • ( d e , •  •  •)-P(f  (70)
2 n - 2

W (
O n the other h an d , w e have v ( p ) =e ,  v ( f ." 7r') . e  fo r 2 <j<e

.7!
and  v (f (2r)) =e - 1  because (e,p) = 1 .  H ence it is easy to  see that
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§ 7 . Invariant ideals.

Lemma 7. 1. L e t T  be a ring w hich is com plete in  the p-adic
topology . Let À  a n d  p  b e  homo7norphisms o f  P  in to  T .  A ssum e that
bo th  induce  the sanie homomorphism o f  P /p P  in to  T /p T  and 2(c,)
= p(c ,) for every t E  r . T hen it holds that 2=p.

P ro o f .  Since it ho lds that i f  a=b  (p ) , a'"_. b"(p"-") f o r  every
77> 0  i n  T, À  a n d  p  in d u ce  t h e  sam e  m ap  o f  ( P /p - " P ) "  into
T /p "-"T . L e t  e,(") b e  c , m odulo p"P for Since k =kqe,1,Er,
w e  h av e  P /p -" P =(P /p " lP ) '" [c ,`" +" ],e r. H ence 2  a n d  p  induce
th e  sam e m ap o f  P/p"-"P into T /p"-"T  f o r  e v e r y  h > 0 . S in c e  T
is com plete, we h a v e  2=p.

Lemma 7. 2. Assume th at R  satisf ies conditions in Theorem 6. 1.
Let À  b e  a n  isom orphism  o f  P  onto another coefficient ring P ' o f  R
such that À  induces an identical m ap on k .  Then À  can be ex tended to
an automorphism o f  R.

P ro o f .  Let 6=(ô°,61,— ) be a  higher derivation of P into R  such
th a t  ° = th e  c a n o n ic a l in je c t io n  o f  P  in to  R , 61ce=2(c,)-c,EpP

-
for t E  a n d  a'c, = 0  fo r  i > 1  a n d  cE T . T h e n  p(b )=E  O 'b (bE P).=0
is  a  convergen t sum in  t h e  p -a d ic  topology i n  R , because t h e  b'b
are  convergen t linear com binations o f  countable monomials o f  6'
c ‘'s  of order i, hence n E p i P .  H ence p  defines a  homomorphism
o f  P  into R .  Since p ( c )  = c ,  (2(c ,)-c ,) = 2(c .) a n d  p  induces an
id en tica l m ap  o n  k , w e h a v e  2 =p  b y  L e m m a  7 . 1 . L e t  "0 b e  a

g ra d e  preserving R-algebra homomorphism o f  A (R ) into R a .A (P )
su c h  th a t  ç  o  ¢ = id e n t ity . L e t g  : A (P) - - ->R  b e  t h e  P-algebra
homomorphism such  that  ö ' =g o  cr,, f o r  i = 0, 1 , 2 , ....  L e t  k:
RC),A  (P) >R b e  a n  R-algebra hom om orphism  in d u ced  b y  g.
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Then k (Roprii ( P ) ) c p 'R  for 1=0 , 1 , 2 , .... Let h: A (R)---->A (R)
b e  th e  canonical homomorphism. T h en  w e  c an  d e f in e  a  higher
derivation a z  (°, o f R  into R  s u c h  th a t  ai = k  qoh ocn ,
i ,o ,  1, 2, ... . T hen a is an extension of o  and  aibe p lt ,  for bER ,
1=0, 1, 2, ..., th a t  is , v (b ) ,  O b  i s  a  co n vergen t su m . H ence 2.)

i = 0

defines a  homomorphism o f R  in to  R .  S in ce  R  is a  complete
discrete valuation ring of unequal characteristic, 2.) is an  isomorphism
w hich is an extension of A.

Theorem 7. 1. A ssum e that R  satisf ies conditions in T heorem
6.1. T hen for each n > l ,  the ideal Cr (7 ), J.:: (7) f ( -")(,7 )  )  o f  R

2! 71:

is indepedent of the choice of P and

Pro o f . L e t  F .  b e  a  f r e e  R-submodule o f  R C )A ,(S ) =
generated by monomials of ofof weight n . Let

H . b e  an  R-submodule of F . generated by elem ents o f the form :

(2d;1p.f) (7) M (*)
, w here th e  M  a r e  monomials of disipX  o f  w eigh t n-m  (m =1,2,

n )  and

•
(c1' f).(z) = f (j) (7). E di) pX.

T h e n  w e  have A ( R )  F „/  H.. L et r ,  b e  th e  rank  o f  F„, which
is in d ep en d en t o f  th e  cho ice o f P  an d  17. T h en  th e  (r, - 1) - th

Fittings ideal of A ( R )  is  th e  id e a l o f  R  generated  by all coeffi-

cients o f  (* ). H en ce it is  ( f '  ( r ) , f '  ( 7 ) f(") ( 7 )   ). L et P ' be
2! n!

another coefficient ring of R .  T hen  by L em m a 7. 2, there exists
a n  automorphism 2.) of R , inducing th e  iden tica l m ap  o n  k, such
th a t  i) induces a n  isomorphism o f  P  onto P'. Let f ( X )  b e  an

Eisenstein polynomial over P ' such that l (v (7 ) )  = 0 . 1 ) induces an
isomorphism p  of A, (R )  onto A p ,(R ) su ch  th a t p(d/,b)=d;,/,,v(b)
for b E R . H ence p  induces an  isomorphism between th e  (N -1 )-th
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Fittings ideal o f A  (R ) a n d  t h a t  o f  A  ,(R) , th a t  is , th e  im a g e  o f
.1'(n) (7r \

(77) •  •  6 , j "  )  b y  v  is (f ' (r)) P") ( v )  ( 7 ° )  ) . S in c e  Rn! n!
is  a  d iscre te  valuation  r in g , bo th  idea ls a r e  th e  sam e one.

T h e  fo llow ing  exam ple  show s tha t even  i n  case  R  is tam ely
unramified, th e  id e a l (f" ( r ) )  o f R  is  n o t  ncessarily invariant.

Example 7. 1. A ssum e t h a t  p * 2  a n d  f (X ) =X " ' -1-pc,0 with

toE r .  T h e n  (f "(r)) = ((p+ 1 )P e -1 ) =  (e )•  L e t  P '  b e  a n o th e r
c o e f f ic ie n t  r in g  o f  R , c o n ta in in g  c , w i t h  E  c# to  a n d  c,0-1-72.
T h e n  t h e  d e fin in g  e q u a tio n  o f  7  o v e r  P ' i s  f ,(X )=X P-"-pX 2+p
(c,o-Fr2). T h e n  w e  h a v e  ( f "  (7 ) )  = ( (p +O p e - l-p )  = (7 ') . Hence
it  h o ld s  th a t  (f ',' (ir)) # (j" (7 )).

KYOTO UNIVERSITY

References

[ 1 ] R . Berger, Differential höherer Ordnung und K6rpererweiterungen bic Primza-
hlcharakteristik, S.-B . H eidergerger Akad. W iss. M ath . -N atur. K l. (1966), 143
—202.

[ 2 ]  A .  Grothendieck, Éléments de Géométrie algébrique IV, Publ. M ath. I. H. E. S.
(1964).

[ 3 ] N . H e e re m a , Derivations and autom orphism s of com plete regular lo ca l rings,
A m er. J. M ath. 88 (1966), 33-42.

[ 4 ] ,  Inertial isomorphisms of v-rings, Ganad. J. Math. 19 (1967), 529—
539.

5 , Higher derivations and autom orphism s of com plete local rings,
Bull. Amer. Math. Soc. 76 (1970), 1212-1225.

[ 6 ] Y . Kawahara and Y. Yokoyama, O n  higher differentials in commutative rings,
Tokyo Sci. Univ. M ath . 2 (1966), 12-30.

[ 7 ] J. Neggers, Derivations on p-adic fields, T rans. A m er. M ath . Soc. 115 (1965),
496 -5H .

[ 8 ] P. Ribenboim, Higher derivations of rings I, II, Rev. Roumaine Math. Pures Appl.
16 (1971), 77-110, 245-272.

[ 9 ]  S .  Suzuki, Some results on H ausdorff m -adic m odules and ni-adic differentials,
J .  Math. Kyoto Univ. 2 (1963), 157-182.

[ 1 0 ]  ,  D ifferential modules and derivations o f  complete discrete valuation
rings, J. M ath. Kyoto U niv . 9  (1969), 425-437, its corrections and supplements,
ibid. 11 (1971), 377-379.



52 Satoshi Suzuki and Jun-ichi Nishimura

[ 1 1 ]  ,  O n  Neggers' numbers o f  discrete valuation rings, J .  M a th . Kyoto
Univ. 11 (1971), 373-375.


