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Biharmonic Green's functions
and harmonic degeneracy*
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Leo SARIO

(Communicated by Prof. Kusunoki, April 17, 1974)

The harmonic and biharmonic classification theories o f Riemann-
ian m anifolds h av e  developed in  somewhat opposite d irections. In
harmonic classification theory , the ex istence o f the Green's function
w as first exp lo red , an d  th e n  its  re lations to  various harm onic null
c la sse s  established. In  b iharm onic c lassification  th e o ry , a  rather
com p lete  array  o f re la tio n s between quasiharmonic and biharmonic
n u ll classes has been developed, without any reference to biharmonic
G reen 's  fu n c tio n s . T h e  r e a s o n  is  th a t  n o  ex p lic it  te s ts  fo r  th e
existence of these functions h av e  b een  kn o w n . Su ch  tests have re-
cently been found for biharmonic Green's functions y  which, roughly
speaking, satisfy the conditions y = 4 y = o  o n  th e  ideal boundary of
the Riemannian m a n ifo ld  [5 ] , [6 ] . T h e  road is now  open to finding
relations between th e  class CP; of Riemannian N-manifolds which do
not ca rry  y ,  and o ther nu ll c lasses considered in classification theory.

T he p resen t s tu d y  is  d ev o ted  to  h arm o n ic  n u ll classes. T h e
f ir s t  question  h e r e  i s :  i s  t h e r e  a n y  re la tion  between CYX- and the
c lass O g ' o f  R iem annian N -m anifo lds that d o  n o t  c a r r y  harmonic
G reen 's functions? W e shall show :

T he strict inclusion

* )  T he work was sponsored by the U. S . Army Research Office, Grant DA-ARO-31-
124-73-G39, U niversity of California, Los Angeles.
MOS Classification 31B30.



352 Leo Sario

holds f o r  every dim ension  N >2.
I t  is  k n o w n  th a t Oi'j<OLI,<OZE<OZD--01,7,, w h ere  the O h ,

X = P ,B ,D ,C , are  the c lasses o f Riemannian N-manifolds not admit-
t in g  nonconstant harm onic functions w h ic e  a re  p o s it iv e , bounded,
D irichlet finite, or bounded Dirichlet fin ite, respectively. W here does
07 , fit in to  th is  sch em e? W e sh a ll p ro ve  th at its  b eh av io r is  qu ite
different from that o f the 01,`;, classes:

02,v- neither contains nor is contained i n  any o f  th e  c lasse s  O h
fo r a n y  X = P ,B ,D ,C ,  o r any N > 2 .

L e t  O N  b e  th e  complement o f  a  null class O N  w ith respect to
th e  to ta lity  o f  R iem annian N-manifolds. T h e  nonvoidness of the
classes eii"; n O ,  07. n O ,  O  n O h  offers n o  difficulty, b u t since
O r,< 0 1 ,' a n d  O r,< O ffp , any counterexam ple to  prove eY,' nOi`7,±0
m u st lie  in  th e  "n arro w " sp ace  e% n O r ip . W e  h av e  succeeded in
finding counterexam ples only in  th e  c a se s  N = 2  and N > 4 .  Fortu-
nate ly  the cases N = 3 , 4  can  be settled  by m eans o f  a  counterexam-
p le fo r N x n  O rip *0  recently constructed by L . C hung [1 ]; here  Q
i s  the fam ily o f quasiharmonic functions q, defined by 4,7=1.

W e also  take up the class O L , of Riemannian N-manifolds which
adm it no harmonic functions of finite L P  norm, p > 1 .  W e show that
th is c lass shares the property of the above O h :

The classes

n ô ,N,Lp , n  O h ,, 07. n 0;T- n Oh,

a re  a ll nonvoid f o r  every p > 1  a n d  every N >2 .

1 .  W e sta rt w ith  a  te s t fo r  0 .  Given a  Riemannian N-mani-
fold R , N > 2 , le t  4=da-Edd b e  th e  Laplace-Beltram i operator. On
a  regu lar subregion  2  of R , le t  ra(x, y )  be the Green's function for
th e  biharm onic equation d'u = dzIu= 0 ,  w ith  th e  biharm onic funda-
m ental singularity y , an d  boundary d a ta  r a = z 1 r ,= 0  o n  8 2 = 0 2 .  In
term s of the harmonic Green's function 9,(x, y )  on SZ, w e have

(x, y) =  f  ,(x, z)g,(z, y)dz ,
Q

w ith dz the volume element at z. We know that 4,7.2 (x, y ) = g 2(x, y).
As 2  exh au sts  R , w e obtain  the directed lim it
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r (x , y )  =lim  r (x , y )  = f  g R (x , z )gR (z , y )dz  ,

which, i f  it  e x is ts , is  th e  biharmonic Green's function r  o n  R ,  with

4xr (x, y) = g. (x, y).
T ake  a  fixed regular subregion R , of R , set So =R  — Ro, a0=0R0,

and  choose a  regular subregion S2 w ith  Ro c Q. L e t  H  b e  th e  family
of harm onic functions. On S2- n S'o, take

o2EH(S 2n So) n C (S2 n S o ) ,  coglao =1, 0) 82= 0 .

A ccord ing a s  t h e  limit w=lim 21o2  i s 1  o r  < 1  on S „ R  i s ,  by
definition, parabolic o r h yp e rb o lic . W e  d en o te  b y  01( th e  c la ss  of
parabolic N-manifolds ; it is know n that these a re  precisely those on
which lim  g 2  ( x ,  y )  0 0 ,

L et 03,7 be the c la ss  o f Riemannian N-manifolds on which r=00.
T he fact that the finiteness o f r  and the degeneracy o f  co a r e  inde-
pendent o f  x , y ,  a n d  S o  w i l l  b e  a  consequence o f  th e  following
simple te s t :

(1) R Ô'N=>coe 1,2 (S o) .

T h e test w as estab lished in  [5 ];  h e r e  w e  g iv e  a n  alternate proof
w h ic h  is  s l ig h t ly  more " d i r e c t "  in  th a t it  d o es  n o t m ak e  use of
Harnack's inequality.

F irs t suppose r (x , y )  ex ists fo r some x, y E R,

r (x, y ) =  f gR (x , z )g,(z , y )dz  .
a

S ince the existence of r  entails that o f  g i„ w e  m a y  assum e hence-
fo rth ' th a t R E .  W e  s h a ll  show  that co E  Lz ( S o ) ,  S o - -  R—  Ro, for
any regular subregion R , of R .  T ake regu lar subregions R1
of R  w i t h  Re u x u y c  R I c  c  S2 and  set ai = aRt, R— RI,

-- min g2 (z , x ), =  max g , (z,
z E „, :Ea,

M 2 2  =  min g,(z , y ),  Mu= max g 2(z, y),
z e a , zEcx

M 3 2  =  min cop , M32 = max w2,

M S 2  h M 1 3 2 M 2 S 2  
k12 —

M12M20 142

and  S2
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D enote by mi, M 2 ,  M 2 ,  M 3 ,  M 3 ,  k b  k2, the corresponding limits
as S2--->R .  Then

(02 (z) (z, x) g, (z, y)

on ceiu 82, hence on s n A fortiori,

(z ) <k ig , (z , x )g„(z, y )  on Si .

B y  the symmetry o f g,,

110122 -= (z)dz + f (02 (z)dz
so s,

< C  +  k1 g , (x , z )g ,(z , y) dz
s,

< C 1 +  k 1  g 12(X , Z )g R (Z , Y)dz

= C 1 +  ka. (x, y) < c o  .

T herefore, r (x, y) < c o  fo r  som e (x, y )  im p lies 0E L2 ( S o )  fo r  any
So = R  R o .

Conversely, suppose (DE L2(So) fo r  som e S o= R  R o .  T ake any
X, yE  R • and choose R1, S2 as above. T hen

(z, x) Us? (z, y) 5_ 420)2 (z)

on a1u 8 ,  hence on S2 n S i, and therefore

g, (z , x )g ,(z , y) <  kza)2 (z) on  S i .

It follows that

r (x, y )  C +  f  (x, z)gR (z, y)dz
s,

< C  +  le, (z)dz <c o  .

We conclude that a) E  L2 (S o) fo r some So= R —  Ro im plies r (x, y) <00
for any x, y E  R .  This proves our criterion (1 ) .  As a consequence, the
finiteness o f r (x, y )  and the nondegeneracy o f to  are independent of

x , y, and Ro.

2 .  B y m eans o f  (1) , w e now  tack le  our first p rob lem , that of
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determining the re lation  between 07, and O .

Theorem 1 .  CYj < 0 7  f o r  N > 2 .
P r o o f .  W e already observed  that CYJ c  0 ,  an d  w e  o n ly  have

to prove th e  strictness of the inclusion.
L e t  (x ,v 15 • • •  5  Y N - 1 )  be C artesian  coord inates, an d  ta k e  th e  N-

cylinder

T={(x ,y1 ,•••,Y N - 1 )1 x > 0 ,1 Y il< 1 ,i= 1 ,-•• ,N - 1} ,

w here fo r  e a ch  i  th e  fa c e s  y i= 1  an d  yi= —1 a r e  identified  by a
paralle l translation perpendicular to th e  x-axis. E n d o w  T  w ith  the
metric

N-1
d s 2  =  x a c l x 2

+xce/(N-1) E dyt2

a  a  co n stan t. F o r h (x ) E H,

dh (x) — X - a  ( X a X - a h ' ( x ) ) '  = 0 ,

hence h (x )= a x + b , w ith a, b arbitrary constants. For R0= {1 <x<2 },
,S0 =  {0<x<1} u  lx>21, the harmonic measure on {0 < x < 1 } is  to(x)
= x ,  hence T e  O .  O n  t h e  other hand, for a< —3,

11(01122 c xadx = co

and therefore T E  O .  T he theorem  fo llow s.

3 .  W e proceed to relations betw een 03-'  and the harmonic null
classes O h, w ith X = P, B, D, C. W e  re c a ll th a t OL'<Oh<OZB<0D
= OL (e .g . [ 7 ] ) .  To begin with, the Euclidean N-ball gives triv ially

617, n Oh, X = P ,B ,D ,C ,  N > 2 .

To see that

CY; n 01̀; x* O ,  X = P ,B ,D ,C ,  N > 2 ,

consider the N -c y l in d e r

T = {1 x 1 < co , i= 1 , • • • ,  N - 1},

with the Euclidean metric. Every h (x ) e H  has the form h (x ) =  ax+b ,
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which is unbounded for (1 0 .  Therefore, co (x ) . 1 ,  and  T  E <W iz.
M oreover, 110 ,2 >c f d x = co, hence T E  03/-7.

4. N e x t w e  g iv e  a n  N-manifold w h ich  c a rr ie s  H X  functions
but no r.

Theorem 2. ON ri (1-4/7x *O , X  =P,B ,D ,C , N >2.
P ro o f .  T ake  th e  " short " N -cylinder

T = f ix l<1 , < 1 , ••• , N -1 }

w ith  the metric
N-1

ds2 A2 (x) dx2 + A (x)2,(N_I) d y i2
i=1

w here ). E C 2  ( ( —  1)) . For h ( x ) G H ,

4h= A -2 (A 2 11-2 ) = 0 ,

h = a x + b ,  and the D irich let integral is

D ( h ) =  f 2 f i  A - 2 ,1 2 C li<0 9 ,

hence xE  H D  and  TE (74111, D ( ) h .  O n the other hand,

110122>c f  (ax +b)2A 2dx

F o r 2 = (1—x2)', ce < this gives ) 2 = ' 0  and T m O .

5. Our next problem  is to find a n  N -m anifold w hich  carries r
but no H X  functions.

Theorem 3 . CY,' n OL*0, X  =P, B , D ,C ,
T he proof w ill be g iven  in  Nos. 5-9.
T h e  case  N > 4  offers n o  difficulty. In  fa c t , o n  th e  Euclidean

N -space Eig w e have for every hm  HP (E"'), x  ,  r  r < R < c o ,
the  H arnack  inequality

( R  \ R —rx ) < ( R  \N - 2  R +r  h(o)
\ R d - r

h ( 0 )

-5-11( 12— r R — r

w h ich  fo r  R—› c o  g iv e s  h =c o n s t ,  ENE O iN fp  C  ONHX• T h e  harmonic
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measure o n  { r > 1 }  is  w ( x ) =r - N+2 and

110122= c r 2N+ 4rN -1dr < 00 9

hence E N E  CY".

6. T he above argument fa ils  i f  N < 4 ,  a s  then EN O .

 L . C h u n g  [ 1 ]  has communicated to the author th e  construction
of an intricate N -m an ifo ld  belonging to 61, n D ,  N > 2 .  Since 0 7 . c  02,;c,
a s  c an  re ad ily  b e  seen , th is  m an ifo ld  a lso  g iv e s  63-." n 07,..x*y5 for
N >2 .

7. Chung's exam ple does not apply to the case N = 2 .  For this
dimension we make u se  o f an  exam ple originally constructed to show
the strictness of 0  G < 0  H p  for Riemann surfaces [ 4 ] .  F o r our present
purpose the surface has to  be endow ed  w ith  a  m etric w ith  the pro-
perty  0 E  L2.

The surface is constructed a s  fo llow s. F rom  the unit d isk  1z1 < 1

remove th e  rad ia l slits

R =  17-•21 r < r 2 , + 1 ,  49=r • 2 7 t / 2 " 1 ,

w h ere  fi 2 ';  m ,  n =1 , 2 , • • ;  { q }  th e  sequence o f  odd prim es;
; y =1, • • •, 2 " x ;  the ).-= A (p) positive integers to be specified

later. I n  each sector

S , = -((k - 1)-27r/2 ' - '<y o<k •27r/2m - 1),

k =1, • ••, iden tify by pa irs those edges of the R , ,  that a re  sym-
m etrically located w ith  respect to  th e  b isecting half-ray c/mk of Smk,

th e  edges fac in g  dr„., being identified, and sim ilarly  th e  edges away
from c/mk. T he ed ges o f  a  s l i t  on  d m , a r e  thus identified , and the
left edge o f  a  s l i t  on yo=  (k - 1).271./2m - 1 is  id en tified  w ith  the right
ed ge  o f  th e  s l i t  o n  yo=k •7r/2 " .  D enote by p  and  p n i= p it (p ) the
points so identified on the slits. If p  i s  an  end  po in t o f a s l i t  on the
boundary of S ,„ , ,  there a re  2 '  identified point p ( p ) ,  i = 1 , • • • ,

After these identifications for each m  = 1, 2 , • • •, w e have a surface R.

8 .  T o  m a k e  R  in to  a  R iem ann  su rface  w e  en d o w  it  w ith  a
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conformal structure b y  m ean s o f  a  covering o f R  b y  open  sets V
and their homeomorphic mappings t =h (p )  onto parametric disks Itl < p
in  th e  fo llow ing m anner. F o r  a  point p  n o t o n  a  s l i t ,  le t  V  be a
d isk  about p  disjo in t f ro m  a ll s l its  a n d  le t  T.---h(p) — z (p )  b e  the
projection of p E R  in to  1z1< 1 .  I f  p  lie s  o n  th e  edge o f  a  s l it  but
is  n o t an  end  po in t o f it, V  is  to  consist of tw o half-d isks, about p
and pm (p), w ith diam eters on the co rrespond ing slits . T h e half-disks
a r e  tran sferred , by  rotations p ( p )  about z = 0 ,  to  fo rm  a  fu ll disk,
and the mapping h is  taken  a s  t =z (T i(p)).

If p  i s  an  end point of s lit  R„„ not on  the boundary of S„,,, the
neighborhood V  of p  is  to  consist o f  tw o  id en tica l s lit d isk s , about
p  and pm (p), transferred by rotations about z = 0  to  form  a  2-sheeted
R iem ann ian  d isk . T he mapping h is  taken  a s  t = [ z ( f i ( P ) ) ] " 2 .  If I)
i s  an end point of a s lit on the boundary of S ,  V  is sim ilarly chosen
to  co n sist o f  2 " `- ' s lit  d isk s  about the points pt,, (p), i=1,•••,2m - 1,
rotated about z = 0  to form  a  2m-1-sheeted disk. Now the mapping h
i s  t= [z (715 (p ))]' — .̀ B y m ean s o f  th e  covering {V }  an d  th e  map-
pings h so chosen, R  has become a Riemann surface.

9 .  T he rather in tricate proof that every h e  H P (R ) reduces to
a  constan t w ill no t be reproduced  in  th e  p ré sen t study w here  the
m ain in terest is  w ith  r. W e m ere ly  reca ll th a t th e  proof is based
on first showing that every h E HP has an  ax is  o f symmetry and then
proving inductively that there a re  infin itely m any axes o f symmetry.
Therefore h m ust reduce to  a  constant.

It rem ains to  turn R  into a Riemannian manifold which continues
exclud ing all nonconstant HP functions, but which nevertheless admits
th e  biharm onic Green's function r.

T h e function

co(z(p)) = —  loglz(p) I/log 2

is the harmonic measure on that part of R  which lies above {-1< lz i< 1 } ,
its value and harm onicity being unaffected by the rotations about z =
of the partia l regions com bining into the single or m ultip le d isk  V.
In  v iew  of N = 2 ,  endowing R  w ith  a  conformal structure does not
alter the harm onicity of co. Any conformal metric dso(p)=,1(t(p))1dtt
on R  can be reduced to another conformal metric ds(p)---- ti(P)dso(P)
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where, as p tends to the ideal boundary of R, ,u(p) —>0 so rapidly that
the volume of R is finite. S in ce  W E B,B , we have 10112< oo , and therefore
R E  Ô .  T h e  in tro d u ctio n  o f th e  conformal metric has no bearing on
the c lass HP, so  th a t w e  continue having R E O p c O .

T he proof o f Theorem 3  is herewith complete.

10. W e  n o w  tak e  u p  th e  c la s s  Ofnp of R iem annian manifolds
which do not ca rry  harmonic functions with a  finite L P  norm , p>1.
T he case p = co g ives th e  c lass H B  already d iscussed  an d  is there-
fore excluded  in  th e  s e q u e l. I n  v ie w  o f  th e  Euclidean N -b a ll we
have

ON n ôL n*q1, p>1 , N > 2.

To prove the nonvoidness o f th e  c la sse s  a); n CY; n ôr,,, and
n OÇLP, i t  tu rn s  out th a t w e  c an  m ak e  u se  o f  th e  examples ex-

hibited in  S a r io -W an g  [8 ], C h u n g -S a r io -W an g  [3 ], and  Chung-Sario
[2 ]  to establish the nonvoidness of the classes CYL n O L P, O x  n () L c ,
and enz nOi'L„ re sp ec tiv e ly . F o r the convenience o f the reader we
reproduce th e  q u ite  sho rt proofs, slightly m odified fo r  th e  present
purpose.

11. F irst w e exclude bo th  y and HLP functions.
T heorem  4 .  0 ' ;  n oLp*o, p>1 , N > 2 .
P ro o f .  W e know  from  N o. 3  that the N-cylinder

T =  ilx1<00, Iyd ir, i=1,•••,N-11

w ith  th e  E uclidean  m etric  belongs to  O L T , hence to  03-.T. Every
h E H  c an  b e  ex p an d ed  in to  a  s e r ie s  h -= E f „ G  w h ere  f . G . = -

f „( x ) G ,,( y )  E  H, y = (y ,, • •• ,y N _,), and G „ ranges over all products of
the form

N-1
G.(Y )= i l  i n y i

t = 1

w ith  n= (n1, ••• ,nN _,), the n i integers > 0 , and fo(x) =h0(x) E  H .  Set
772= E T : 1 1 n 1 2 .  In  v iew  of ( f .G . ) =  —  ( f .# G .— e f .G . ) = 0 ,  w e have

h = h , ( x ) +  Ei (aner +

w here the sum  E ' is  ex tended  over a ll n * (0 , ••• , 0 ).
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Assume there ex ists an  h E  HLP and choose a  continuous function
P 0 ( x ) > 0  w ith  s u P P  Po C  (0 , 1), flopodx =1. Suppose a „ ± 0  fo r some
n *  (0, •••, 0). Then for p t(x ) =  po(x —  t), ço, -= p,G„, w ith  t> 0 a  real
number,

(h , got) ce'" f1+1 19, dx=cet,

h e n c e  (h, 0)1---oo a s  t—>o c . B u t fo r

t+1

= p ,q d x ) = c o n s t< o o

for p >1 , and (h ,  ç )t)i 1111117,11g o =  c o n s t< o o  fo r  a l l  t > 0 .  It follows
that (4 = 0  fo r a l l  n *  (0, •••, 0). A n  analogous argument w ith  t < 0 ,

—  oc sh o w s that b,„ -= 0  fo r a l l  n *  (0, •••, 0). Therefore h = ho(x)
= a x + b .  But co  u n less  a -= b = 0 , an d  w e  h a v e  proved that

12. N ex t w e  exh ib it a n  N -m a n ifo ld  w ithout r  b u t w ith  HL P
functions.

Theorem 5 .  C4n-Ornp*o, p > i, N > 2 .
P ro o f. O n the N -cylinder

T = i=1, . . , N - 1} ,

choose th e  metric

i )  N -1

= e'dx2 + e- x 2 / ( N -  E dy,2.
i=1

F o r  h(x) E H  w e  h av e  h = a x+ b , an d  therefore T E  O L ` r < 0 .  On
the other hand, x E  H LP , since

11411, = c j x e 'd x < o o .

13. T h e remaining case is an N -m anifold  carrying r but no H L P
functions.

Theorem 6 .  CỲ; n OLp*O, p > 1 ,  N>2.
P ro o f. Consider the N -sp ace  M  w ith  the metric

N -1

d S 2  = g0  (r) + Ø (r) 1/(N -1 ) 1:
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where y9, OE C2[0, co),

i l  for r < , r 2 ( ' )  f o r  r<-1-,
ço(r)= 0 (r)  =

e - r  f o r  r>1  , er f o r  r> 1

and the A  are trigonometric functions of 0= (0,, • • • ,ON ,) such that the
m e tr ic  is  E u c lid e an  o n  {r < i } .  F o r  h ( r)  E H ({ r> 1} ), w e  have
4 h ( r )  -= —  (e rh ' (r)) ' = O. T h e re fo re , cû(r)  = e 1 '  o n  Ir> 1}-, and

110)112'
e2-2rdr < 00

hence M E  O .
T o  see  th a t M E  OLLp, expand h  E H L P (M )  in to  a  s e r ie s  h=

12f. ( r)  S .( 0 ) ,  w here f  „S „E  H  an d  th e  S „ a r e  spherical harmonics.
I f  f„o   /   0 fo r  som e n0>0, th e  maximum princip le app lied  to  f„„S,,,,
g iv e s  Ifn01>co>0 o n  [1, co).

In the case p  =1 , take q (r)E [ 0 ,  0 0 )  0< g< 1 , w ith  g (7- )=(2 r) - i
fo r r > 1 .  Then

1112111 .cl f  hgS nodV 1> Ici+ c2 f i-L ogdri

Ici + c0c2 gd)-1= co ,

a  co n trad ic tio n . If p > 1 ,  ta k e  q  with p ' + q ' = 1 .  Then gS n0E D ,
an d  (•, gS „0) i s  a  linear functional on L .  Since

1 (1 1 ,0 S .)1 =ic  r.f .0 0 d r1 = 00,

w e have a contradiction with hEL5 , a n d  conclude that ME OLP for
a ll p >1 .
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